
Applied Statistics 
Project evaluation

“Statistics is merely a quantisation of common sense”

Troels C. Petersen (NBI)
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Project evaluation
Pendulum:
• Did you measure T ± σ(T) correctly? Combine with Chi2 and comments?
• Did you measure L ± σ(L) correctly?
• Did you provide the individual precisions?

Ball on incline:
• T ± σ(T)
• L ± σ(L)
• θ, ∆θ obtained correctly and 
• d, R and errors propagated correctly?

Generally:
• Correctly propagated uncertainties, showing individual contributions. 
• All necessary figures and tables there? 2-3 essential figures needed.
• Text enough to understand results? Clear and fitting captions?
• Comment on result, especially inconsistencies.
• Significant digits.

} ⇒ a ± σ(a), with Chi2 and comments.



Pendulum - comments
Time measurement:
Many independent measurements, little systematic  ⇒  Good error estimate

Length measurement:
Some independent measurements but also some systematics  ⇒  check difference
between instruments.

You can not reduce the
uncertainty by multiple
measurements, if the
main limitation is some
inherent systematic!

Several groups managed
to get uncertainties
below 0.1%.
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Very importantly:
RMS of residuals = your single measurement precision.
Uncertainty on fit slope = pendulum period precision.
The latter is MUCH smaller!
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Defining the uncertainty to be the RMS, one gets a good Chi2 value:

N single measurements (t1 to t2) does not rival
the precision of N consecutive measurements.
OK… no more grey boxes here!



Ball on incline - comments
Time measurement: Insignificant uncertainties, so repetition doesn’t help!
                                     However, it is helpful to detect unknown systematics.
Length measurements: Some uncertainties, some systematics, but OK errors.
                                          Note that diode position is not central!
Angle measurement: This is the real challenge! And angle vs. lengths have 
                                       very different systematics, so they are good to combine!

Did you remember:
• To fit five points with three variables?
• ChiSquare - to check that input (lengths) are OK?
• Including the result of all your fits, preferably
    shown on the fit and otherwise in tables?



Ball on incline - comments
Time measurement: Insignificant uncertainties, so repetition doesn’t help!
                                     However, it is helpful to detect unknown systematics.
Length measurements: Some uncertainties, some systematics, but OK errors.
                                          Note that diode position is not central!
Angle measurement: This is the real challenge! And angle vs. lengths have 
                                       very different systematics, so they are good to combine!

Did you remember:
• To fit five points with three variables?
• ChiSquare - to check that input (lengths) are OK?
• Including the result of all your fits, preferably
    shown on the fit and otherwise in tables?

Why measure the angle in two different ways?
Well, imagine that it was not a simple angle…



Ball on incline - comments
After searching my soul (and trigonometric rule tables), I found that there is in
fact an analytical solution for obtaining ∆θ. Both solution can be found on ERDA. 



General comments
Tests and cross checks:
• For weighted average, calculate Chi2 and p-values (to test consistency).
• Never combine inconsistent numbers (then you are SURE to make a mistake!).
• Comment (heavily) on inconsistent numbers.

Correlations:
• Careful in not combining correlated numbers.
• Careful not to repeat measurements that are small or systematically dominated.

Structure of report:
• Plan your plots. Here 3-4 is fitting. At least length vs. time for both experiments.
• Plan your tables. Make sure they are readable and complete.
• Put results and conclusions in abstract. Meant for saving readers time.
• Be short and precise. Label carefully and refer to these labels.
• Always remember correct number of significant digits.
• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Don’t put definition of mean, RMS, etc. in your text. Considered known to all.
• Be VERY detailed about removing data. Show explicitly why. Give p-values.
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Structure of report:
• Plan your plots. Here 3-4 is fitting. At least length vs. time for both experiments.
• Plan your tables. Make sure they are readable and complete.
• Put results and conclusions in abstract. Meant for saving readers time.
• Be short and precise. Label carefully and refer to these labels.
• Always remember correct number of significant digits.
• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Don’t put definition of mean, RMS, etc. in your text. Considered known to all.
• Be VERY detailed about removing data. Show explicitly why. Give p-values.



Measurement situation
There are four possible situations in experimental measurements of a quantity:

One measurement, no error:

X = 3.14

Situation: You are f***ed! 
   You have no clue about uncertainty, 
   and you can not obtain it!

Several measurements, no errors:

X1 = 3.14 
X2 = 3.21 
X3 = …

Situation: You are OK 
   You can combine the measurements, 
   and from RMS get error on mean.

One measurement, with error:

X = 3.14 ± 0.13

Situation: You are OK 
   You have a number with error, 
   which you can continue with.

Several measurements, with errors:

X1 = 3.14 ± 0.13 
X2 = 3.21 ± 0.09 
X3 = …

Situation: You are on top of things! 
   You can both combine to a weighted, 
   average and check with a chi-square.



Specific comments
Pendulum experiment:
• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Pendulum line may be stretching. Requires times and lengths for individual g.
• Swinging pendulum at 90 degrees is a good check of impact of hook.
• Combine lengths (L) with normal mean, and get uncertainty from RMS.
• Combine periods (T) with weighted mean and use Chi2 to check consistency.
• Large swings (e.g. 7 degrees) result in 1/1000 violation of formula assumption!
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• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Pendulum line may be stretching. Requires times and lengths for individual g.
• Swinging pendulum at 90 degrees is a good check of impact of hook.
• Combine lengths (L) with normal mean, and get uncertainty from RMS.
• Combine periods (T) with weighted mean and use Chi2 to check consistency.
• Large swings (e.g. 7 degrees) result in 1/1000 violation of formula assumption!

Note: Getting precise timing from a camera (16 f/s) is actually not that easy: 



Specific comments
Pendulum experiment:
• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Pendulum line may be stretching. Requires times and lengths for individual g.
• Swinging pendulum at 90 degrees is a good check of impact of hook.
• Combine lengths (L) with normal mean, and get uncertainty from RMS.
• Combine periods (T) with weighted mean and use Chi2 to check consistency.
• Large swings (e.g. 7 degrees) result in 1/1000 violation of formula assumption!

Ball-on-incline experiment:
• Rerunning ball a few times to get σ(t_gate) only gives you σ(t_magnet release).
• Write IMPACT on g from each input variable. Each term in error prop. formula.
• Write fit function with constants in front, i.e. 0.5 * a * t2. Gives correct errors!
• Different ball size give different results. 1-2% variations (10-15mm).
• No, you can’t measure the angle with 0.001 degree precision!!!



Discussion

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!



Correlated measurements
If measurements are independent, then they can be combined to decrease the 
uncertainty.

When are measurements correlated?
• When they are (partly) based on the same sub-measurement/input?
• When they are measured with the same instrument repeatedly?
• When they are from different methods for measuring the same quantity?
• When they involve a commonly extracted quantity?

Examples from the experiments:
• The gate positions in the Ball-on-Incline experiment, when they are measured  

a) as positions on one ruler placed in a fixed position?  
b) as distances between each adjacent gate?

• The pendulum times as measured by different people at the same time?
• The accelerations when repeating the balls roll?
• Two measurements of g based on turning setup around and measuring angle  

a) with a goniometer (i.e. angle measuring device)?  
b) using trigonometry?



Correlated measurements
If measurements are independent, then they can be combined to decrease the 
uncertainty.

When are measurements correlated?
• When they are (partly) based on the same sub-measurement/input?
• When they are measured with the same instrument repeatedly?
• When they are from different methods for measuring the same quantity?
• When they involve a commonly extracted quantity?

Examples from the experiments:
• The gate positions in the Ball-on-Incline experiment, when they are measured  

a) as positions on one ruler placed in a fixed position?  
b) as distances between each adjacent gate?

• The pendulum times as measured by different people at the same time?
• The accelerations when repeating the balls roll?
• Two measurements of g based on turning setup around and measuring angle  

a) with a goniometer (i.e. angle measuring device)?  
b) using trigonometry?

Note that correlations can be used to your advantage!

Imagine measuring the pendulum length with the laser.
You have 1mm precision written on the instrument, but
you actually don’t know, and it is hard to claim anything
better.

However, if you measure the pendulum length from
the floor and up to the pendulum, and from the floor to
the ceiling, then any bias will cancel, and repeated
measurements can improve the precision beyond 1mm! 



Examples from reports

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!



Great figures

These figures are just 
a selection of the 
many great figures 
produced in your 
reports. Thanks a lot 
for that.



Great figures
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Great figures
I like this figure….

It argues very strongly, why this data was discarded.

While such plots are not easy to put into publications, they server very well in 
the appendix of a thesis.



Great figures



Great figures, but…



Great figure, but…



Great figure, but…



Great tables



Great tables



Great table, but…
The two bottom values are probably correlated, and thus not fit for a weighted 
mean.



Great table, but…
I’m quite convinced that the three Ball-on-Incline experiments are very 
correlated, and hence their combination is not that straight forward:



Even great equations!



Older examples

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!



Examples from other reports
Using different ball sizes gave variations in the result (10, 12.7, and 15 mm).

Table of (changing) impact is GREAT:



Examples from other reports
The table shows a great example of reporting the inputs for the measurement of 
g, along with their impact on the final precision.

The figure shows the result of 10 period measurements and their weighted 
average, where the ChiSquare reveals, that one measurement seems flawed.



Examples from other reports
Here are some very nice tables and figures:



Examples from reports
Which method is best for obtaining good precision on the pendulum timing:
• When the pendulum is at speed in “the middle” (resting position)?
• When the pendulum is still on “the side” (outer position)?



Examples from reports
Which method is best for obtaining good precision on the pendulum timing:
• When the pendulum is at speed in “the middle” (resting position)?
• When the pendulum is still on “the side” (outer position)?

That can be measured:



Examples from reports
Careful of combining (unknowingly) correlated measurements:

The main uncertainty in the accelerations are the lengths, which are common!!!



On weighted means and Chi2
These values are 
so well measured,
and agree well.

But this is not 
tested, nor are 
they combined 
with a weighted 
mean.

The second set 
agrees less well.

Fortunately, this 
was at least 
commented on.



Examples from reports
Remember to only put 1-2 significant digits on the error, and then the SAME 
number of digits on the result.

Furthermore, remember to COMMENT on your Chi2 probabilities!
This is very important, because a test is worthless, if not acted upon.



Examples from reports
Sometimes, single measurement are clearly off… consider/comment on these!



Examples from reports
Think (a lot) about constraining points in the fit (i.e. by giving 0.0 in error).
Also, it is a good idea to fit with all constants in place in formula, i.e. factor 1/2.

x(t) =
1

2
at

2 + v0t+ x0

This is a/2… with σ(a)/2!!!



Your results and errors

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!
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1.9σ away from “truth”
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Ball on InclineYour results - Ball on Incline

Group F14: 
(9.80 ± 0.02) m/s 
-0.8σ away from “truth”

(9.210 ± 0.001) m/s 
-605σ away from “truth”



Various uncertainties

My best estimates of a “minimum” uncertainty: 
2016:       0.0002s     0.0005m            0.002       0.005    0.20           0.02               0.05    
2017:       0.00015s   0.0005m            0.0015     0.002    0.02 (trig)  0.02               0.05 
                                                                                         0.10 (gonio)



Various uncertainties

My best estimates of a “minimum” uncertainty: 
2016:       0.0002s     0.0005m            0.002       0.005    0.20           0.02               0.05    
2017:       0.00015s   0.0005m            0.0015     0.002    0.02 (trig)  0.02               0.05 
                                                                                         0.10 (gonio)



Individual tabbing precisions
The individual precision varies quite a lot… who is then “Captain Accurate”?
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Individual tabbing precisions
The individual precision varies quite a lot… who is then “Captain Accurate”?
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•Peter:   σ = 0.02? s
•Malte:  σ = 0.024 s



General considerations
Be careful with error estimation and propagation:
• Systematic errors do not decrease with repetition!
• Correlated quantities can not simply be averaged over.
• Propagation of error needs consideration - not always in quadrature.
• Be conservative, if you are uncertain about your errors.

Always show/check what you’re doing:
• Make good plots.
• Give measurement tables.
• Compare the difference between results and methods.
• Combine results with uncertainties with a weighted mean and Chi2.

Also:
• Put the result in the abstract.
• Explain your symbols in formulae.



An idea…

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!



Additional ideas
It is possible to “leave” the pendulum swinging between to sets of 
measurements. This maximises the period over which you measure, 
without requiring your activity all the time…
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Graph

First check: 
Do the two periods agree? 
dT = 0.00121 ± 0.00101  (1.2σ)… Yes!



Additional ideas
It is possible to “leave” the pendulum swinging between to sets of 
measurements. This maximises the period over which you measure, 
without requiring your activity all the time…
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Second check: 
Is the number of unmeasured periods 
consistent with one (and only one) integer? 
N = 39.987 ± 0.008 periods (-1.6σ)… Yes!



Additional ideas

Period number
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Result of the fit:
 0.0119 s±Offset = -0.8009 
 0.00021 s±Period = 7.52312 

Uncertainty on time measurements
obtained from RMS of residuals

N unmeasured tim
es
 0.008
±

from fit 
= 39.987 
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Time residuals (s)

Distribution of time residuals

Time residual (s)
0.2− 0.15− 0.1− 0.05− 0 0.05 0.1 0.15 0.2

Fr
eq

ue
nc

y

0

2

4

6

8

10

12

14

16

18

20

22

(t) = 0.029 sσ

After checks, fit the entire time span to get “insanely great” precision.



Bonus slides

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!


