
Applied Statistics 
Correlations 

“Statistics is merely a quantisation of common sense”

Troels C. Petersen (NBI)
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Are there any correlations here?

www.guessthecorrelation.com

http://www.guessthecorrelation.com


Correlation
Recall the definition of the Variance, V:

V = �2 =
1

N

nX

i

(xi � µ)2 = E[(x� µ)2] = E[x2]� µ2
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Correlation
Recall the definition of the Variance, V:

Likewise, one defines the Covariance, Vxy:

V = �2 =
1

N

nX

i

(xi � µ)2 = E[(x� µ)2] = E[x2]� µ2

Vxy =
1

N

nX

i

(xi � µx)(yi � µy) = E[(xi � µx)(yi � µy)]
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Correlation
Recall the definition of the Variance, V:

Likewise, one defines the Covariance, Vxy:

“Normalising” by the widths, gives Pearson’s (linear) correlation 
coefficient:

V = �2 =
1

N

nX

i

(xi � µ)2 = E[(x� µ)2] = E[x2]� µ2

Vxy =
1

N

nX

i

(xi � µx)(yi � µy) = E[(xi � µx)(yi � µy)]

⇢xy =
Vxy

�x�y

�1 < ⇢xy < 1

�(⇢) '
r

1

n
(1� ⇢2)2 +O(n�2)
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Note how ALL of the bottom distributions have ρ = 0, despite obvious correlations!

Correlation
Correlations in 2D are in the Gaussian case the “degree of ovalness”! 
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Correlation Matrix
The correlation matrix Vxy explicitly looks as:

Vxy =

2

6664

�2
1 �2

12 . . . �2
1N

�2
21 �2

22 . . . �2
2N

...
...

. . .
...

�2
N �2

N2 . . . �2
NN

3

7775

V =

2

6666666664

E[(X1 � µ1)(X1 � µ1)] E[(X1 � µ1)(X2 � µ2)] · · · E[(X1 � µ1)(Xn � µn)]

E[(X2 � µ2)(X1 � µ1)] E[(X2 � µ2)(X2 � µ2)] · · · E[(X2 � µ2)(Xn � µn)]

...
...

. . .
...

E[(Xn � µn)(X1 � µ1)] E[(Xn � µn)(X2 � µ2)] · · · E[(Xn � µn)(Xn � µn)]

3

7777777775

.

Very specifically, the calculations behind are:
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Correlation and Information 
Correlations influence
results in complex ways!

They need to be taken into
account, for example in
Error Propagation!

Correlations may contain
a significant amount of
information.

We will consider this more
when we play with
multivariate analysis.
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Rank correlations
Sometimes, variables are perfectly correlated, just not linearly:

In this case the Pearson
correlation is not the best
measure.

Rank correlation compares
the ranking between the
two sets, and therefore gets
a good measure of the
correlation (see figure).

The two main cases of rank
correlations are:
• Spearman’s rho
• Kendall’s tau
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Rank correlations
An additional advantage is,
that the rank correlation is
less sensitive to outliers:

The two rank correlations are
special cases of a more general
rank correlation.

Typically, Spearman’s rank
correlation is used.

The definition is:

where ri and si is the rank of the i’th element. 14

⇢ = 1� 6
X

i

(ri � si)
2/(n3 � n)

<latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="xOqSAjidZrSM57hMvdBm5MqrmlM=">AAAB5HicbZBNS8NAEIYnftb4Vb16WSyCp5J40aPgxWMF+wFtKZvNpF262YTdiVBC/4AHLyJe/U3e/DduP0BtfWHh4Z0ZduaNciUtBcGXt7G5tb2zW9nz9w/8w6Pj6knLZoUR2BSZykwn4haV1NgkSQo7uUGeRgrb0fhuVm8/obEy0480ybGf8qGWiRScnNUYVGtBPZiLrUO4hBosNah+9uJMFClqEopb2w2DnPolNySFwqnfKyzmXIz5ELsONU/R9sv5mlN24ZyYJZlxTxObu78nSp5aO0kj15lyGtnV2sz8r9YtKLnpl1LnBaEWi4+SQjHK2OxmFkuDgtTEARdGul2ZGHHDBblkfJdBuHrxOrSu6qHjh58woAJncA6XEMI13MI9NKAJAmJ4hldv5L14b977onHDW06cwh95H98YPIsC</latexit><latexit sha1_base64="dXp1Hem+SwrDZ+5RXyQ2Hk1Xxgg=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvQgq0zFdSNILhxWcE+oJ0OmTTThmYyQ5IRSulPuPFX3LhQxK3gzr8xfYDaeiDh5Jx7ubnHjzlT2ra/rNTS8srqWno9s7G5tb2T3d2rqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX4/9+j2VikXiTg9i6oa4K1jACNZG8rLHLdmL0CVyUBGdtVQSegzlpbmKSHms0C6jE5QX7VPzFgUvm7NL9gRokTgzkoMZKl72s9WJSBJSoQnHSjUdO9buEEvNCKejTCtRNMakj7u0aajAIVXucLLVCB0ZpYOCSJojNJqovzuGOFRqEPqmMsS6p+a9sfif10x0cOEOmYgTTQWZDgoSjnSExhGhDpOUaD4wBBPJzF8R6WGJiTZBZkwIzvzKi6RWLjmG3/6kAWk4gEPIgwPncAU3UIEqEHiAJ3iBV+vRerberPdpacqa9ezDH1gf391amck=</latexit><latexit sha1_base64="dXp1Hem+SwrDZ+5RXyQ2Hk1Xxgg=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvQgq0zFdSNILhxWcE+oJ0OmTTThmYyQ5IRSulPuPFX3LhQxK3gzr8xfYDaeiDh5Jx7ubnHjzlT2ra/rNTS8srqWno9s7G5tb2T3d2rqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX4/9+j2VikXiTg9i6oa4K1jACNZG8rLHLdmL0CVyUBGdtVQSegzlpbmKSHms0C6jE5QX7VPzFgUvm7NL9gRokTgzkoMZKl72s9WJSBJSoQnHSjUdO9buEEvNCKejTCtRNMakj7u0aajAIVXucLLVCB0ZpYOCSJojNJqovzuGOFRqEPqmMsS6p+a9sfif10x0cOEOmYgTTQWZDgoSjnSExhGhDpOUaD4wBBPJzF8R6WGJiTZBZkwIzvzKi6RWLjmG3/6kAWk4gEPIgwPncAU3UIEqEHiAJ3iBV+vRerberPdpacqa9ezDH1gf391amck=</latexit><latexit sha1_base64="X7IMXqVtQbY1zFH8s8Gnn6n4uYg=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZCupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//GtJ2FVg8knJxzLzf3+DGjUlnWl5FbWl5ZXcuvFzY2t7Z3zN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXUb98TIWnE79Q4Jm6IBpwGFCOlJc88dsQwgpfQhhV45sgk9CgsCX1VoPRouVeDJ7DEe6f6zcueWbSq1gzwL7EzUgQZGp756fQjnISEK8yQlF3bipWbIqEoZmRScBJJYoRHaEC6mnIUEumms60m8EgrfRhEQh+u4Ez92ZGiUMpx6OvKEKmhXPSm4n9eN1HBhZtSHieKcDwfFCQMqghOI4J9KghWbKwJwoLqv0I8RAJhpYMs6BDsxZX/klatamt+axXrV1kceXAADkEJ2OAc1MENaIAmwOABPIEX8Go8Gs/Gm/E+L80ZWc8++AXj4xsEw5pL</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit><latexit sha1_base64="sgBOUBcM2q3oiZa4rj/5BBqcQsU=">AAACFXicbVDLSgMxFM3UV62vUZdugkVowdaZKupGKLpxWcE+oDMdMmmmDc1khiQjlKE/4cZfceNCEbeCO//G9LHQ1gMJJ+fcy809fsyoVJb1bWSWlldW17LruY3Nre0dc3evIaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cDP2mw9ESBrxezWMiRuiHqcBxUhpyTOPHdGP4BW0YQmeOzIJPQoLQl8lKD1a7FTgCSzwzql+86Jn5q2yNQFcJPaM5MEMNc/8croRTkLCFWZIyrZtxcpNkVAUMzLKOYkkMcID1CNtTTkKiXTTyVYjeKSVLgwioQ9XcKL+7khRKOUw9HVliFRfzntj8T+vnajg0k0pjxNFOJ4OChIGVQTHEcEuFQQrNtQEYUH1XyHuI4Gw0kHmdAj2/MqLpFEp25rfneWr17M4suAAHIICsMEFqIJbUAN1gMEjeAav4M14Ml6Md+NjWpoxZj374A+Mzx8GA5pP</latexit>



Non-linear correlations
Non-linear correlations (associations) are harder to measure, but possible:
• Maximal Information Coefficient (MIC), see reference and Wikipedia on MIC.
• Mutual Information (MI), linked to entropy, see Wikipedia on MI and SKLearn.
• Distance Correlation (DC) between paired vectors, see Wikipedia on DC.

15 Original paper: "Detecting Novel Associations in Large Data Sets” (2011). Science 334 (6062): 1518–1524.

https://en.wikipedia.org/wiki/Maximal_information_coefficient
https://en.wikipedia.org/wiki/Mutual_information
https://scikit-learn.org/stable/modules/generated/sklearn.metrics.mutual_info_score.html
https://en.wikipedia.org/wiki/Distance_correlation


Non-linear correlations
Non-linear correlations (associations) are harder to measure, but possible:
• Distance Correlation (DC) between paired vectors, see Wikipedia on DC.
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https://en.wikipedia.org/wiki/Distance_correlation


Correlation Vs. Causation 
“Com hoc ergo propter hoc” 

(with this, therefore because of this)
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It is a common mistake to think that correlation proves causation…



Correlation Vs. Causation 
“Com hoc ergo propter hoc” 

(with this, therefore because of this)
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