Classical solutions. Instantons and solitons.

A very wide and useful class of methods exploited equally fruitfully both
in condensed matter and particle physics, are semiclassical methods. They
are applicable if, for some reasons, a path integral has saddle point(s) and,
in addition, saddle-point calculation is justified by some large (or small)
parameter. It happens quite often.

Two cases should be distinguished from the start. Case one: the action
has a saddle point. The corresponding solution of the Euler—Lagrange eqns.
of motion is generically called an instanton ('t Hooft's term):

Z = \ D¢(z,t) exp — \ dt \ d%x L(p, ¢, 0¢)
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Case two: the energy functional has a saddle point
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Then the solution is generically called a soliton.

e instanton is a saddle point of the action

e soliton is a saddle point of the energy

An instanton in d dimensions is often a soliton in d + 1 dimensions.
Instantons are more easy to deal with, so let us start from instantons.



Quantum mechanics, double-well potential
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All levels are split into two. One can calculate level splitting in two ways:

e Solving Schrodinger eqn

e From instantons [A. Polyakov (1974)]



Schrodinger eqgn:
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We shall use units h = m = wp = 1. Neglecting the influence of the other well the
Schrodinger eqn becomes
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Approximate ground-state wave functions for the double-well potential:
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Let us solve the double-well Schrodinger eqn more accurately. Near x = —xg
(@) = e D1 (—(x + a0))
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where D, (x) is the parabolic cylinder function. It decays at x — —oo but grows at
xr — +00. Near x = x

Yu(@) =cn D _1((z —20))

It decays at * — +oco but grows at £ — —oo. Under the barrier one writes the WKB
semiclassical wave function being a linear combination of rising and falling functions,
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Now one has to find the coefficients cr 11 from ¢ by matching the wave functions and their
derivatives near the two regions where the wave functions ‘dive’ under the barrier. That




gives the eigenvalues €,;:
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Conclusions:

e Splittings are exponentially small in the barrier hight Vj

e Splittings increase with the level number n.



Instanton

We shall now derive the same result for level splittings using quantum field theory. Recall



Feynman's path integral:
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Classical equation of motion



—&% — V,(x) =0 or, since E =0,

lts solution with zero Euclidean ‘energy’ is a kink:

t
x(t) = x¢ tanh 5"



It Is the instanton

trajectory is
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of the O + 1 dimensional field theory. The action along the tunneling
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Tunneling amplitude

16
A~ exp(—S) = mwaIM 0) < 1.

Quantum fluctuations about the instanton

What is [ Dz(t) ? We write a general trajectory z(t) as a sum of a classical trajectory
and of presumably small quantum fluctuations about it,

z(t) = za(t, &) +y), |y < |zalt)l,

t — 1o
I tanh %u m = 1g.
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& is the set of ‘collective coordinates' characterizing the classical solution, of which the
action is independent. In this simple case there is only one collective coordinate, the time
to when the tunneling from one well to another happens. It is also called the ‘instanton
center’.
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To make the above decomposition unique one has to impose conditions on the small
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fluctuations y(t): they must be orthogonal, in the Hilbert space sense, to changing the
collective coordinates. The partition function is, loosely speaking,

Z = \Ua@ e S0l

We insert a unity a la Faddeev—Popov:

1 = [ag [ Dy 6 (a(t) - wa®) — y(t)
5 [dtot,e)yt)) @)

where ®[x(t)] is a functional fixed from the requirement that the r.h.s. is indeed unity,
identically. Therefore, we get by definition,
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We expect to find from the d-functions:

&=¢  yi) =y,

so we can expand
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We use this -function to integrate [Dy’(t) and get using [da §(ab) = ;
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where we have substituted (¢, &) by the first [...] and y'(¢) by the second [...] We
need not an abstract & but the one inside the partition function which includes the
§ ([dt(t,€)y(t)). Hence the leading term is zero, and we obtain
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Finally, the well-defined partition function is written as an integral over p collective
coordinates &; and a path integral over small oscillations y(¢) about the classical solution,
subject to a constraint that they are orthogonal to p functions v;(t, &):

z = [Dy®]] [dses ([atvie o)
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exp (=S [zalt, &) + y(t)])

This expression is in fact independent of the choice of the functions v;(t, &): the only
restriction is that

@Ho_
&
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Now we have to expand the action about the saddle point x:

S[za + y] Slaa] +y 2 LYES
L — Lc R — .
LTy ! J ox 2 dx?

H”Ho_

= So+ b [t [57+ V' (a(®) v?]

To integrate over y(t) we expand it over eigenfunctions of an analogous Schrodinger eqn,
where ‘time’ plays the role of the coordinate:

|% + a\:A&&ASV Yn(t) = Xnyn(t),

y(t) = > cayn(t), \&wswznusz.
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Then

,\b@@rﬁmn_%\mmwmxﬁm;n__<ww

mn
In our case the ‘potential’ is
3 1
1/
Vi(za(t)) = 1-5—=7
2 cosh” 5
Smal | oscillations spectrum
0.8
0.6
0.4¢
0.2¢
-6 -4 -2 2 4 6 !
- .N‘
-0.\4

18



Main features of the spectrum: it is continuous but a couple of discrete levels. The bound

state with A1 = m accidental but the zero mode with A\g = 0 could be anticipated, since

the action evaluated on a shifted kink is the same,
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hence the last term is zero! Moreover, we have in fact found the zero mode eigenfunction,
up to a normalization constant,

Oxq(t, O tanh =210
yo(t) = const. alt, &) = const,. 2
o0& Oty
. const.
~ cosh? %.

19



The zero mode is, by construction, normalized to unity:
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yo(t) = C i, C = \& i

In the gaussian approximation the functional integral is
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This product of eigenvalues is divergent, just as the product of harmonic oscillator’s
eigenvalues is divergent. To give sense to the product, we normalize it to the product
of harmonic oscillator eigenvalues. The fortunate point here is that the Schrodinger eqn
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for the potential H\OOmrwﬂ is known exactly, see L. Landau and E. Lifshits, Quantum
mechanics.

For the concrete potential V(z) = Vo(x?/xf — 1)%, =z = 8V}, the (normalized)
product of nonzero eigenvalues is [see V. Novikov et al., The ABC of instantons]

:,\Fylznz\w. e 37T,
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the last factor being the product of eigenvalues for the harmonic oscillator at T' — oo,
see L1.

The contribution of one instanton (here: kink) to the double-well partition function is thus

/Sy /3 _1 1
Z = \&o e~ 50 %/\Wmlwﬂ = \&o @Dv e 27,
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wD is called the instanton weight, it gives the probability amplitude for the instanton (that
is for tunneling) to occur.
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Instanton gas

Tunneling (i.e. instantons) may occur at any time ¢y and many times, | ] and one has
to sum over all possibilities.

Summing over many kinks and anti-kinks:
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1A = 3 @meo.

2 2V 27
On the one hand, $A gives the probability amplitude of the instanton. On the other hand,
A is the level splitting,

— the same result as we have obtained from solving directly the Schrodinger eqn for the
double-well potential.

Some lessons

e Instanton is a classical tunneling trajectory evolving in imaginary (Euclidean) time.

e Tunneling amplitude is ~ /S exp(—S) (1 + O (%)) where S is the action along the
instanton trajectory.

e Instantons have zero modes related to the variation which does not change the action.

e One has to integrate over collective coordinates connected to zero modes.
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Problems

1. Find analytically the instanton (kink) trajectory x(t) for the periodic potential
V(x) = Vi cos(2m x/xp).

2. Show that the zero mode yo(t) = Za(t) is indeed the zero-eigenvalue solution of the
Schrodinger equation for small oscillations.
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