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Lecture 12 (D.D.)
Quantum anomalies.

Quantum anomalies are among the most interesting
and far reaching phenomena in QFT. The phenomenon
is the following: Let the action (or Hamiltonian) possess,
at the classical level, invariance under certain continuous
transformations. |t means that there is a corresponding
conserved Nother current, 0, Jgoether = 0.

Now we switch in quantum fluctuations of the
field. Fluctuations may have infinitely high Fourier
components (= momenta), and one has to regularize
the theory somehow. One tries to implement the
regularization so as not to spoil the symmetries of the
theory. For example, it is preferable not to violate the
translational and rotational invariance (but it is violated
by lattice regularization.) In gauge theories, invariance
under gauge transformations is sacred (but it is violated
by cutting off momenta |k| > knax ). These symmetries
are preserved by dimensional regularization (but it is
not applicable to chiral fermions). One of the best
regularizations is by proper time, see (but it is not
universally applicable either).

Q.: What symmetry is broken by Pauli-Villars large-mass
regularization?
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one takes the cutoff to oo symmetry is restored, and
quantum corrections do not violate the conservation of
the classical Nother currents. However, there are cases
when it is impossible, as a matter of principle, — not
because of our limited wisdom. If a symmetry is violated
at the quantum level, it is called a quantum anomaly.

Most anomalies occur in theories with fermions,
although there are examples of purely bosonic anomalies.
We shall work with relativistic fermions but in Euclidean
space-time:

SDirac — /ddx ¢T(7Maﬂ + Zm),‘pa
where the Dirac matrices 7, obey the algebra

Vi = YmU, VYo + Vo Vu = Opuw-
Ind=1+1and d=2+1 ~, are 2 x 2 matrices which

can be chosen to be Pauli matrices (they satisfy the
algebra)

d=2: Y1 = O1i, Yo = 02,

d=3: Y1 = O1i, Y2 = 02, Y3 = 03.

Ind =3+ 1 v, are 4 x 4 matrices which can be chosen
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0 —io; 0 1
d:4:'wz<ia 0 )’74:(1 0)'

In even number of dimensions a special role is played by
a matrix which we shall generically denote by ~s.

44 79

d 2 Y5 :—27172}:<1 0
d=4: 75 ="71727374 0 -1 )’

Yu¥s + V7 =0, 73 =1.
For those who are more familiar with Minkowski

notations, the glossary for passing to the Euclidean
space Is

te = ity, Aps= —iApno, WEZZ&M,

YE4 = YM0, YEi= —1YMi, YE5 = YMS5-

We shall consider the gauge theory where fermions
interact with the gauge potential A, via the covariant
derivative, (see L5):

Oy — V29,1 — i A%,
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where A, are /N~ — 1 gauge Ti€lds of the SU (V) gauge
group, and t® are the generators of the group. In the
case of QED there is just one gauge field A,,, the photon.
The fermion action is

Sferm — /ddx W (’Y,uvp, + Zm) ¢

The classical eqns of motion obtained from varying the
action in respect to v, ¥)T independently, are the Dirac
egns in the external gauge field,

(¥ +im)y =0,
WF (3,(D + A% — im) = 0,

(W’uvu + im)1

WiV — im)

In the massless fermion limit (m = 0) the fermion action
in even number of dimensions is invariant under axial
rotation,

T p— ete5 0, ¢T N ¢T eia%’

e'“’% = cosal+ ivy; sina.

The corresponding Nother current, called the axial
current,

d
J,u5 — wT YuY5 ¢
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O s = T 510 — s Y op = 0

owing to the Dirac eqns at zero m. However, Dirac eqn
is a classical equation of motion, whereas the fluctuating
quantum fields 1, 9" need not be always at the saddle
point.

IN CLASSICAL THEORY ONE
DIFFERENTIATES
IN QUANTUM THEORY ONE
INTEGRATES

Let is consider the quantum average of 0, J;5:

[ DYDYt [T 50 — s ¥ ] ¢St

< 8M J,u5 >=

fDQpDQpT esferm
We notice that
0
Sterm — Sferm
Vi(z)e &N(x)e ’
0
T Sterm —_- Sferm
via)¥e su@”
["-" in the second line is because 1), 1T anticommute.]

We formally integrate by parts using 0y (y)/d¢(x) =

Lecture 12 5



o‘(Tr —y) (we are now In four dimensions) and get
< 0, Ju5 >=20%(0) Trys = 2Sp7s.

This is an indefinite expression as Tr~ys = 0 but §(0) =
0o. Let us regularize it to see if it is zero, infinite or
maybe finite.

. d4p ip W2
25pys = J\/}lglooQ (2 Trvys e "P* exp ( v,

Vz = YuYv vuvy — ( {%%} + 5 ['Y,LL’VV]) vuvy
7

= 1-V, - SO Fpw V.V, =—iF,,.

Tr here is the usual matrix trace but both in Dirac
and YM indices. We drag ¢*(P®) through the operator:
as a result it cancels but the differentiation operator is
shifted, V,, —+ V,, +ip,. We integrate over p:

4 4
/ d . —p /M2 M
(27)4 1672

Now we have to expand the exponent to the order where
Tr~s5... # 0. It happens in the second order, since

Trvs 00p 0y = —4€apguy 7 0!
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Expanding the exponent to the second order we get
—FPF% /(8M*) so that 1/M* cancels with M* from

the p integration!

Therefore, the result is finite:

1 a 1a 1 a a
<8,u<],u5 >= 167T2FHVF'UJV:4—7T2(E B)
where Fﬁy = %GWQBFSB is called the dual field strength.

[Electric field E is dual to the magnetic field B and vice
versa.]

This is the famous axial anomaly: taking into account
quantum fluctuations of the fermion field, the axial
current is not conserved. The original symmetry of the
classical theory in respect to axial rotations is explicitly
broken by quantum corrections. It is not spontaneous
breaking of symmetry, but explicit: the theory just does
not have the symmetry at all.

Notice that, were fermions massive, the axial current
would not be conserved even classically,

8:“ Jﬁ‘5 ‘normal = 2 wT m w

The anomalous piece is something one gets in addition,
and it is present even in the massless limit.
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derivation of the anomaly but there are other ways
to derive it, for example, from Feynman graphs:

... but it i1s hard work.

J. Steinberger (1949), J. Schwinger (1951), S. Adler
(1969), J. Bell and R. Jackiw (1969) ... For a
pedagogical review see M. Shifman, Phys. Reports
209 (1991) 341.  An interesting review stressing
mathematical aspects of anomalies: A. Morozov, Sov.

Phys. Uspekhi 150 (1986) 337.
Anomaly in 2d QED

To get a better insight in this remarkable
phenomenon let us study a simpler case: a 2d massless
electrodynamics, named the Schwinger model:

S:/d2w (iij—I—WLWw), V =0-iA.

4e2

Again, there is a symmetry under axial rotations and
hence a (would-be) conserved axial current, J,5 =
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vy, 5. Llassically, Its divergence IS zero owing to the
Dirac eqns of motion. However, in QFT one integrates

over the fields rather than varying in respect to the
fields.

We proceed exactly as in the case of 4d QCD. The
role of ~5 is played in 2d by the Pauli matrix o3 but I,
nevertheless, denote it by v5:

. d?p
< Opdus > = J\/}linooQ (27)2

T —1pT (Kz) 1pT
Iyse exp M2 e,

(
W2 — Vi — 50"“,/ F/“/.

We drag gi(p-z) through the operator; as a result it
cancels but the differentiation operator is shifted, V,, —
V, +ip,. We integrate over p:

/ dzp 6_192/]\42 _ %2
Pk In

Now we have to expand the exponent to the order where
Tr~s... # 0. It happens already in the first order, since

Trvys 04, = 21 €,,
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M~ cancels, ana we obtaln a Tinite result:

1 a
< 8'u J'u5 >= %ENVF/,U/'

This is the axial anomaly for the 2d QED.

Explanation of the anomaly

We write the 2-component spinor field as

_ YL
’l,b T <¢R>,
L+ s

,lva — 9 ¢7 ,lwbR —

(10
fY5 __' () 1_ )

and call the components 1) left- (right-) polarized
(or ‘handed’) particles. The vector and axial currents
are the sum and the difference of the currents of left-
and right-handed particles,

J, = Yiyubr + viyg,
pr) = @bz'}’u@bL—w};'}’u@bR-

The conservation of the vector current means that the
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Q=[dx Jos = (N + Ngr)—(N; + Ng)=N — N = const.

Here Np(r) is the number of left- (right-) handed
particles, and Ny gy is the number of left- (right-)
handed antiparticles or holes, in the language of solid
state physics. The conservation of the axial current
would mean that (N, — Ng) — (N — Nj3) is time-
independent. However, the anomaly means that it is
changed by the amount

AQ5= (NL_NR_NL+NR /dt/da:ewj Qv

Let us choose a physical gauge Ay or, better in
the Euclidean space, Ay = 0. We have ¢,,F),, =
2€,,0,,A, = =20, A1 = —2A;. Therefore, we can write

Let us consider a simple example: we put a system in a
box [0, L] and change A; adiabatically in time starting
from A; = 0. Let it remain a constant in the space
interval |0, L]. We see that when it reaches the value of
Al = 2777 the axial charge of the fermion system changes
by two units! How can it happen?
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simple case:

Y(a,t) = e " p(a),

03 (Zz —|—A1) qb — Egb
Oz

This is a two-component eqn: they differ by the sign
of E. We impose an anti-periodic boundary condition
for the fermion wave functions, ¢(L) = —¢(0). For the
upper component (the left-handed fermions) the wave
functions are

: 21
O, =exp [Z(k—l—%)fiﬁ], ELk:—(]C—I—%)f—FAl.
For the lower component (the right-handed fermions)
the wave function is the same but the energy has the
opposite sign (for given) k. The spectrum is equidistant,
It stretches from —oo to 400, and the levels move

adiabatically as we slowly change A;.

According to the Dirac theory the vacuum
corresponds to filling in all states with negative energies,
both for left-handed and right-handed fermions. When
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A1 reaches the value or - all energy levels assume their
original positions, however their fillings change! A right-
handed fermion is now having a positive energy, while a
left-handed fermion goes down and leaves one level with
negative energy unoccupied. If we compare with the
original vacuum at A; = 0, one right-handed fermion
is created and one left-handed one is annihilated! Note
that the vector charge is conserved but the axial charge
is changed exactly by two units, as predicted by the

anomaly!

The crucial detail in this story [ ] is
that we are counting states only above certain threshold,
the cutoff. A left-handed fermion has dipped under the
cutoff while a right-handed fermion emerged from under
the cutoff. Without an explicit UV regularization we
would not be able to see the effect, but QFT's are not
defined without a regularization.

Another important detail is that a normal-looking
field (here: A;) affects very deep-lying levels. It
is counter-intuitive: usually particles with very high
momenta do not ‘notice’ the external disturbances and
move as free. However, in some specific cases particles
with any momenta are affected by the presence of the
external field: when the Dirac sea moves as a whole as
one adiabatically changes the external field — this is the
case of the anomaly.

Quantum anomaly has two faces: the “ultraviolet
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an UV regularization to treat the problem accurately.
On the other hand, one observes the appearance and
dissapearance of soft levels. This is because the Dirac
sea moves as a whole. The IR side of the anomaly has an
iImportant consequences related to fermion zero modes.
That topic will be studied in L21.

Interpetation of the axial anomaly in QCD

The interpetation of the axial current in 4d theory is
the same as in the 2d Schwinger model:

/d396‘ Jos = @5 = (N, — Nr) — (N — Npg)

is the axial charge of the fermion system. Classically,
it is conserved but quantum effects lead to its non-
conservation:

1 3 a 1a
AQ5 = 1671‘2 /dt/d xF,uVF,uV'

An important point is that the integrand is a full
derivative:

1 a rra

167T2FWFW:28MKM7

1 Aa Aa 1 abcAa Ab Ac
Ky = (g acuasy|(Aadsdy+o /7 AsAg Ay ).

Lecture 12 14



Assdlmning triat Lne 1ivi Ticid A’EJ 15 UcCdyllg 1astl Clougli
at spatial infinity we obtain

+o0 O J .

The functional X |A] is a famous quantity: it is called the
Chern—Simons number. It has the following remarkable
property: Let us perform a large gauge transformation
with the help of a time-independent unitary matrix S(x):

A, —STA,S+iS79; 8,

with S(x) tending to the unity matrix at spatial infinity.
Then the Chern—Simons number shifts by

: 417T2 / dx iz Tr (510,5) (5108 ) (108,

This is exactly the same integral we have encountered
in L8: it gives the winding number of the mapping
S3 + 83 determined by S(x). Therefore, under gauge
transformations the Chern—Simons number X either
does not change at all (if the mapping S(x) can be
continuously deformed to S(x) = 1 ) or is shifted by an
integer.

X — X +

Imagine, we start from A, = 0 and adiabatically
change it with time in such a way that finally we reach
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A, =i879; 8,

with the unitary matrix S(x) having Nying = 1. It
means that we change X from 0 to 1, so that A X = 1.
The anomaly says that, in such a case, AQs = 2:
one left-handed fermion has been created and one right-
handed fermion has been annihilated during this process.

(figure)

An interesting quantum anomaly in superfluid
SHe—A and 3He—B has been found theoretically and
confirmed experimentally —see V. Eltsov, M. Krusius and
G. Volovik, “Superfluid 3He: a Laboratory Model System
for Quantum Field Theory”, e-print cond-mat/9809125.
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