Quantifying Noisein Optical Tweezers
by Allan Variance

Fabian Czerwinski, Andrew C. Richardson, and Lene B. Odder shede

Niels Bohr Institute, University of Copenhagen
Blegdamsvej 17, 2100 Kgbenhavn @, Denmark

czerwinski@nbi.dk

http://www.nbi.dk/tweezer

Abstract:  Much effort is put into minimizing noise in optical tweezers
experiments because noise and drift can mask fundamental behaviours
of, e.g., single molecule assays. Various initiatives have been taken to
reduce or eliminate noise but it has been difficult to quantify their effect.
We propose to use Allan variance as a simple and efficient method to
quantify noisein optical tweezers setups. We apply the method to determine
the optimal measurement time, frequency, and detection scheme, and
quantify the effect of acoustic noise in the lab. The method can also be
used on-the-fly for determining optimal parameters of running experiments.
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1. Introduction

Optical tweezers are created by tightly focusing a laser beam [1], and if focused in all three di-
mensions asingle laser beam can stably trap and manipulate individual objects with sizes rang-
ing from tens of micrometers down to a few nanometers. Objects as diverse asliving cells[2],
metallic nanoparticles[3, 4, 5], and even quantum dots have been individually trapped [6]. With
correct detection schemes the trap can also be utilized to measure forces and distances, typi-
cally in the pico-Newton and nanometer regimes. As the technique is nearly non-destructive to
biological specimen, it has been successfully used for example to measure forces exerted and
distances travelled by individual motor molecules [7], or to unravel structures created by DNA
or RNA templates [8]. For such delicate measurements it is extremely important to eliminate
as many noise sources as possible. Recently, an optical tweezers setup was reported to have a
sensitivity to steps of alength of one DNA basepair (0.34 nm) [9]. Here, drift was compensated
by subtracting the motility of afeducial marker, which was followed by a beam parallel to the
trapping laser beam. This solution thus necessitates the use of two parallel laser beams.

Other imaginative solutions to eliminate noise have been invoked, not just in optical tweez-
ers setups but also for other nano-scopic measurement techniques such as atomic force micro-
scopes. For instance air currents have been eliminated by covering the setup, the entire setup
has been mounted on a separate foundation, measurements have been conducted in the middie
of the night, or, in case of optical trapping, the molecule investigated has been moved away
from any surface that might be subject to drift. But how useful and efficient are these efforts?
And how does one lab compare to another in terms of noise? In order to answer these questions
it is essential to be able to quantify noise.

The dominant approach to quantify noise is typically with a Fourier analysis. The Fourier
transformed integrated noise in a predefined bandwidth has been used to judge the impact of
some experimental arrangements [10, 11]. However, Fourier analysis lacks the resolution of
accumulative noise with atypical band of frequencies smaller than 0.1 Hz. Simply looking at
the spectrum of integrated noise can neither be used as a measure of resolution nor of accuracy.

Allan variance has been put forward as a method to quantify noise and it is developed to
extrapolate the impact of tiny aberrations at infinity from a finite measurement. It has mostly
found use in engineering communities but also in quantification of noise in atomic clocks[12,
13]. In thisletter, we show how to use Allan variance analysis as a reliable method to quantify
noise stemming from various sources in optical trapping setups. Allan variance was previously
used to quantify noisein an optical tweezers setup with the goal of showing that CMOS cameras
have sufficient time resolution to be used as particle tracking devices [14].
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Here, we significantly extend the use of Allan variance to much larger time scales and by
using this method we answer the following questions: What is the optimal time interval to cal-
ibrate to achieve the highest accuracy? Which sampling frequency suits the desired experiment
best? What is the noise spectrum of commonly used detection systems such as a quadrant pho-
todiode or a position sensitive diode? In which intervals is one type of detector more accurate
than the other? What noise does a piezo stage induce? Which effect does the geometry and
stability of the measurement chamber have? Can one leave the radio on during measurements?
Lastly, should one work during nights, which kind of virtual silenceis silent enough?

We provide the tools to apply Allan variance analysis to any possible noise factor in an
optical tweezers setup. Furthermore, the method can equally well be used for other types of
equipment where it is custom to analyze long time series, e.g. magnetic tweezers or atomic
force microscopy.

2. Materialsand Methods

The experiment simply consisted of trapping a polystyrene sphere in an aqueous environment.
The optical trap was implemented in an inverted microscope (Leica DMIRBE) where the laser
beam (Spectra Physics, Nd:Y V04, 1064 nm) was tightly focused by a water immersion ob-
jective (Leica, HCX, 63x, NA=1.20). To eliminate spherical aberrations of the infrared light,
the collar of the objective was set to its lowest setting (0.13 mm). The laser was switched on
at least an hour prior to experiment to have an optimal pointing stability. The trapping takes
place inside a measurement chamber consisting of two glass cover slips (lower one: thickness
0.13-0.16 mm; upper one: 1 mm) separated by one layer of double-sticky tape. The chamber
was filled with a dilute solution of polystyrene spheres (Bangs Labs diameter (800+ 10) nm)
in millipore water. The chambers were sealed by vacuum grease to prevent evaporation of lig-
uid during the experiment. The chamber height was measured by laser deflection for all used
chambersto be (95+5) um. Spheres were trapped 40 um above the lower glass slip to avoid
significant interaction with adjacent surfaces [10]. Experiments were carried out at room tem-
perature.

Figure 1 shows the components which were essential for the present study. After the sample,
the scattered laser light was focused through a lens onto a photodiode. Data was collected
either by a position-sensitive diode (Pacific Silicon Sensor, DL100-7PCBA3) or a quadrant
photodiode (Hamamatsu, S5981 Si-PIN). The recorded voltage signal was amplified and low-
pass filtered with 100 kHz, before streamed through an acquisition card (National Instruments,
PCI-6251) onto a hard drive. Our custom-made data streaming software was programmed in
LABVIEW (Nationa Instruments) and uses features of the TDM S-subpackage [15]. It allowed
for acquisition with very high acquisition rates and virtually unlimited acquisition duration
(tested for 1 kHz up to 2 h, and 22 min for 100 kHz). The program’s error-free use has been
checked up to acquisition frequencies of 1 MHz. The limitation in acquisition time was due to
the increasing file size, not to the program itself.

Analysis was made on adjacent time series consisting of 22 consecutive points. For an ac-
quisition rate of facq = 22 kHz, corresponding to time series of about 13 min. Apart from
filtersinherently present in the detection diodes and electronics[16], all additional filtering was
applied during data analysis posterior to acquisition. In addition, a video image of the trapped
sphere was recoreded by a CCD camera (Sony, XC-ES50, 25 Hz). Thiswas to ensure that only
asingle sphere was in the trap both at the beginning and end of an experiment.

2.1. Calibration

An optical trap exerts a harmonic force on an trapped object, F = —«xXx, where x is denoted
the trap stiffness and x is the deviation from the object’s equilibrium position. The goa of
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Fig. 1. Schematic drawing of the experimental setup. An infrared laser beam was focused
into a sealed measurement chamber which was mounted onto a piezo stage. A polystyrene
sphere was trapped in the middle of the measurement chamber which was filled with water
(zoom in). The scatter light was collected onto a photodiode. The positional signal of the
sphere inside the trap was streamed onto a hard drive. Acoustic noise might have interfered
with the experiment.

the calibration procedure is to extract k which completely characterizes the therma motion of
the trapped object. The equation of motion is well described by the Langevin equation, and a
Fourier transformation yields the positional power spectrum, from which the ratio between the
trap stiffness and the friction coefficient v can be found [10]. This ratio is denoted the corner

frequency f:
K

= 2ny D
If asphereistrapped far away from any surfaces, y is given by Stokeslaw: y = 6xnr, wheren
the viscosity of water (n = 8.9-10~* sPa), and r the radius of the sphere. The power spectral
analysis also provides information regarding the conversion factor 8 which converts the posi-
tion measured in volts by the photodiodes to position travelled in nanometers by the trapped
sphere[17].

In order to find the correct timeinterval for the calibration time series we first calculated the
Allan variance. For our measurements the absolute minimum of the Allan variance typically
occurred around a measurement time in the order of afew seconds, as will be detailed around
the description of Fig. 3. Thus, for an acquisition frequency of facq=22 kHz, we used 2'6 data
pointsfor oneindividual calibration. Calibration was performed by the power-spectrum method
asdescribed in [18] using the program from Ref. [19]. Ten individual calibrationsfrom alonger
time series were used to calculate the corner frequency and the conversion factor.

Fourier transformation allows for areliable, simple, and quick way of calibrating measure-
ments in optical tweezers on-the-fly. In addition, it is particularly useful to pinpoint high-
frequency noise. The clear distinct peak in the power spectrum can typically be tracked down
to a noise source and eliminated directly. However, when considering only the very low fre-
guency part, assumptions must be made about the drift [11]. Additionally, the typical frequency
resolution is simply not good enough. One way to quantify accumulative noise over a broader

fe

#113667 - $15.00 USD Received 1 Jul 2009; revised 15 Jul 2009; accepted 15 Jul 2009; published 17 Jul 2009
(C) 2009 OSA 20 July 2009/ Vol. 17, No. 15/ OPTICS EXPRESS 13258



frequency band is to look at the integrated noise spectrum [9]. For this one has to assume for
instance the boundaries of the integration interval.

2.2. Monte-Carlo Simulations

To compare the experimentally measured time series to values expected for systems that are
not exposed to drift, we developed a Monte-Carlo simulation [20]. It calculated the position
of micron-sized spheres in an optical trap in meters. The positions of the sphere were drawn
with a spacing of numbers of 2.22- 10716, The radius of the sphere r, the corner frequency fc,
the trapping stiffness k, the acquisition frequency facq, and the number of sampled points N
could be varied. Adjacent time series gained by simulations were treated as regular data and
compared to experimental results.

2.3. Allan Variance

For purely stochastic fluctuations which are frequency independent and thus can be used for
calibration in atomic clocks or optical tweezers, classical variances usually do not converge.
This leads to situations where for example changes to the position due to drift are hidden in-
side the fluctuating signal. Allan variances have been developed as a consequence of the need
of precise atomic and molecular measurements to reveal low- and very-low frequency drift
phenomena [21]. It was designed to extrapolate the drift of a system at infinity from finite
measurements. Allan variance converges to afinite value for all external noise classically found
in nature: Drift (as accumulative noise with 1/ f-characteristics), shot noise, damped oscilla-
tions, etc.

Definition. Given atime series of N elements and atotal measurement time of tacq = facgN,
then Allan variance is defined as:

o5 (1) = %<(><i+l—xi)2>T )

with x; being the mean over atimeinterval of alength T = facgm, m the number of elementsin
this particular interval. (...) denotes the arithmetric mean. In words, the Allan variance is half
the averaged squared mean of neighboring intervals. Conseguently, Allan variance can only be
caculated for T <tacq/2, and itisalways > 0. Using X = 3x, thelinearity of the Allan variance
follows directly from Eqg. (2):

(1) = 2{(®a-%))=p2(x). ©

Therefore, the conversion of Allan variance from arbitrary units to e.g. meters could be done at
any time, posterior to calibration for instance.
The statistical error is defined as the standard error of the mean of Eq. (2):

SEs(r) = Gi/(ﬁf) = \/TO-X (1) = /%O‘X(T). 4

Thisisvalid for 7 < tacq. For 7 < tacq, SEq () can be approximated by utilizingn~ [N/m| =
|tacq/7|. Note, in this definition the neighboring timeintervals of length 7 arein principle con-
ditionally independent. When 7 is on the order of tacq one faces the problem of low statistics.
Overlapping Allan Variance. To account for the huge statistical error of the Allan variance,
Eq. (4), in case of large t, one can give up the statistically independence of time intervals and
use a dliding interval instead. One calculates the difference of two neighboring intervals each
containing m elements. Then theintervals move one element further in time while both intervals
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loose their ‘oldest’ element, conserving their number of elements. Consequently, the statistical
error scales with 1/4/m(n—1) instead of 1/,/n asin Eq. (4), the conditionally independent
case.

Normal variance. Often, the standard way to cal culate variance as the square of the standard
deviation of the mean with asliding window averaging over 7 has been used to evaluate drift in
adata set with mean x:

0? (1) = 5 { (6~ %) ©

However, one problem of this normal variance is that it does not converge for noise regularly
occuring in nature, e.g. white noise.

T

2.4. Thermal Limit

The standard error of an averaged position of an object can be used to access its limit for
positional detection. It depends only onitsdiffusion (x?) = 2D with the diffusion constant D =
ks T /7. It can be further confined by atrapping potential characterized by atrapping constant x.
Using the same approximation as for EqQ. (4), the statistical error for atrapped sphere becomes:

K
SE ) = \%\/<x2> ~ W/Zki”. 6)

This limit cannot be beaten by any measurement that does not oversample a desired signal. In
the following the Allan variances found are compared to this thermal limit. In the case of dual
optical traps the expression is slightly changed [11].

2.5.  Allan Variance for Optical Tweezers Setups

To analyze data from experiments with optical tweezers a set of requirements hasto be fulfilled.
To access a broad range of possible values for time intervals 7, one of the requirements is a
device which allows for an acquisition of positional data at a fast and a reliable rate over a
(very) long measurement time.

Allan variances of position time series of a trapped polystyrene sphere were calculated by
using a custom-made MATLAB program [22]. The program cal cul ated time-stamped as well as
time varying data. In the case of time-stamped data, vectorization of theinterval used for mean
and difference calculations allow for very fast calculation of the Allan variance even for our
longest data sets.

We tested the impact of various parameters, e.g. acoustic noise, sample stabilty, geometry,
and photodiodes by doing a set of three time series (typically at facq = 22 kHz for about
13 min, i.e. 22* data points for each coordinate). Then we atered the parameters and repeated
the measurements. Though the Figs. of the results section represent plots of particular datasets,
all experiments have been repeated as described above and all results explicitly stated are solid
and reproducible. We found it advantageous to plot Allan variances in log-log plots. In those,
slopes correspond to the exponent of a proposed relation.

3. Results

Using the optical tweezers setup we measured time series of a sphere’s position and using
Monte-Carlo simulations we created time series of the same length using the same physical
parameters. One important difference between the experimental data points and the simulation
was that the experimental data were subject to various sources of noise, e.g. long term drift.
Therewere no such noisetermsin the simulated data. Figure 2(a) showsthe position versustime
of an optically trapped polystyrene sphere, green line shows experimental results, light grey line
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simulated data. (b) shows position histograms of two complete time seriesN = 262, 144 which
overlap precisely. In (c) the positional power spectral density of the two data sets are plotted,
the full lines show Lorentzian fits to the power spectra. These fits include the effect of aliasing
and for the experimental datathefiltering effect of the photodetection system and el ectronics as
implemented in the software [19]. The full black lineis afit to experimental data, and the light
grey one is fitted to ssmulated data. The point where the curve crosses from being horizontal
to having a slope of —2 is denoted the corner frequency f. [18]. It is directly proportional to
the trap stiffness x (Eq. (1)). At high frequencies one sees that the well understood effect of
photodiode filtering [16] causes the experimental datato lie beneath the simulated data, which
are‘only’ subject to aliasing [18]. Drift, which isinherently present in the experimental but not
in the simulated data, does not show, not even at the low frequency end.

3.1. Allan Variance for Individual Experiments

The Allan variance was calculated from the time series using Eq. (2), for the example shown
in Fig. 3 where the original time series spanned about 13 min. The green curves are from an
experiment where a polystyrene sphere with a diameter of 800 nm was trapped with a corner
frequency of 800 Hz, hence xk = 33.6 pN/um. The green-grey curves stem from a Monte-
Carlo simulation. The orange curves are from an experiment with a stronger trap, f;=1600
Hz, x = 67.7 pN/um. The orange-grey curves are from the corresponding simulation. The full
lines denote the overlapping Allan variance. Due to its improved statistics, it is aways inside
the variation of the Allan variance. Thisis particularly evident for large 7.

Thedashed lineswith aslope of —1/2 arethethermal limitsfor those two trapping stiffnesses
according to Eq. (6). For short time intervals, all Allan variances fall below the thermal limit
because adjacent positions are correlated. The absolute maxima of the Allan variance can be
found at 7. = (2f.) *. The inset of Fig. 3 shows the autocorrelation time, orange is for the
strong trap, green for the weaker one. For T > 27t/(2f;) = 2n1, Allan variances are above
the respective thermal limits and decay with a characteristic slope of —1/2 for a wide range
of measurement times. The fact that the Allan variance stays very close to the thermal limit
is a benchmark of an extremely stable setup. The deviation from the thermal limit beyond 1 s
is due to drift, as the comparison between simulated and experimental data illustrates. The
Allan variance reaches a global minimum for measurement times in the range of seconds. This
is the timespan which denotes the optimal measurement time for calibrations. Here one finds
a balance between atime long enough allowing for the Gaussian distributed parameters to be
accurately determined and atime short enough that drift does not yet play asignificant role. This
optimal measurement time depends on the trap stiffness. As expected, a stronger trap ensures a
smaller Allan variance than a weaker trap, which implies a higher positional accuracy. Thisis
particularly true for long time scales. The normal variance is aso plotted in Fig. 3 using dotted
lines.

3.2. Accuracy Depends on Acquisition Frequency

Another question which was addressed by Allan variance analysis was the question of optimal
acquisition frequency facq. A polystyrene sphere was optically trapped and the data acquisition
frequency was varied between 10 Hz and 100 kHz. The result of the corresponding overlapping
Allan variance is shownin Fig. 4.

In Fig. 4(a), the graphs have the same characteristic trajectories as those shown in Fig. 3,
but it is apparent that the Allan variance decreases with higher acquisition frequency up to a
certain threshold. Thisthreshold isthe inverse correlation time 7; * and depends on the trapping
stiffness. It can be found in the plotted data set at rc‘l = 2rf. ~10 kHz. Above this threshold,
an increase in frequency does not change the Allan variance for the majority of the measure-
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Fig. 2. () Experimental (green) and simulated (grey) position time series of an optically-
trapped polystyrene sphere in water. The traces are centered around O nm, and the dashed
lines indicate the interval +o, respectively +3c. (b) Variance o is obtained by fitting
a Gaussian to the overlapping positional histogram. (c) The power spectral density of
experimental (green) and simulated (grey) positional sequences. Each graph is the average
of 10 individually calculated power spectra for traces of about 3 s. The band from 20 to
6000 Hz was used to obtain corrected Lorentzian fits (experimental: black; simulation:
grey). The inset shows the spread in corner frequencies from individual calibrations. This
spread follows a Gaussian distribution.
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Fig. 3. Variances of individual optical tweezers experiments. The variances were calculated
from the position of a polystyrene sphere trapped with xk =67.7 pN/um (orange) or with
Kk =33.6 pN/um (green). Grey graphs show results of Monte-Carlo simulations using the
same physical parameters. Dashed linesare the thermal limitsaccording to Eq. (6). The dot-
ted lines are graphs of the normal variances using Eq. (5). Remarkably, the Allan variance
provides half an order of magnitude higher sensitivity for 7 > 1s.

ment times. Only above the optimal interval, around 10 s, it seems beneficia to improve the
acquisition frequency above 10 kHz. However, the bandwidth of the used position-sensitive
photodiode was found to lie in between 43 and 47 kHz. Hence, the apparent aliasing might be
the reason for the steeper slope for measurement times 7 > 20 sin the plotted graphs.

Figure 4(b) shows the result of rescaling the measurement time onto the number of acquired
data points. The Allan variance changes with the number of acquired data points for various
sampling frequencies. Hence, for a high acquisition rate the number of data points needs to be
large in order to achieve highest accuracy. In principle, this can be used to extract information
regarding how much extra precision is gained by acquiring additional data points. Furthermore,
the difference of the graphs from the ‘line of maximum information’ indicates how much in-
formation a data point at the given acquisition frequency contains. For acquisition frequencies
facq < 7; 1 one measures thermal fluctuations of the sphere without any informational content.

3.3.  Acoustics and Chamber Geometry

We aso investigated the effect of acoustic noise in the lab. Two different situations were com-
pared: (i) A silent lab early Saturday morning where efforts were made to shield the equipment
from noise. And (ii) alab with more acoustic noise under everyday laboratory conditions, e.g.,
other people working the the lab and talking, the radio on, the equipment was not covered and
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Fig. 4. Allan variance depends on the acquisition frequency (a) and on the number of data
points (b). Each time series had a length of about 13 min, the acquisition frequency facq
was varied, and the trap stiffness was x = 67.7 pN/um.

ambient light would also enter the photo detection system. Figure 5 shows the measurements of
Allan variance under those two conditions. The full lines are Allan variances of experimental
data from an optically trapped sphere under virtual silence (i), and the dash-dotted lines are
from noisy conditions (ii).

The aqueous sample chamber was asymmetric with inner dimensions 5 cm (x), 1 cm (y), and
95 um (z) and the sphere was trapped approximately in the center of this chamber. The green
tracesin Fig. 5 are Allan variances of the adjacent time series in x, the red traces those of y.
The black full lines denote the thermal limit. The measurement chamber was sealed with athin
glass cover dlip at the bottom towards the focusing objective and at the top either a thick cover
dlip (1 mm, datain Fig. 5(a)) or athin cover slip (0.13-0.16 mm, datain Fig. 5(b)).

Figure 5 shows that the effect on the Allan variance of reducing acoustic noiseis minimal on
the y-direction, the smallest lateral dimension of the chamber. However, in the x-direction, the
longest lateral direction of the chamber, there is a significant effect of reducing acoustic noise.
To check the directional dependence of these results we rotated the chamber 90° and still saw
the effect. In other words, the difference in x and y directions are due to sample geometry and
not to asymmetries in the laser or detection system. All other plots of Allan variances in the
present letter originate from the longest direction in an elongated chamber (corresponding to
the x-direction in Fig. 5).

Making the chamber with athick rather than athin cover slip at the top stabilizes the chamber
for all sampling times above ~ 0.3 s. This can be seen by comparing Figs. 5(a) and 5(b). To
facilitate the comparison a grey horizontal line is drawn at 0.17 nm accuracy in both plots.
Another effect emerging from using different upper cover sipsisthe different scaling properties
of the Allan variance at long measurement times. Full lineswith slopesof 1in () and 1/2in (b)
are drawn in the Fig. 5 to facilitate the comparison of the scaling trends of the Allan variance
fort>20s.
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Fig. 5. Impact of measurement-chamber construction and acoustic noise in the laboratory.
(8 Allan variance for the position of a trapped sphere, k¥ = 53.4 pN/um. x (green) is the
longest lateral dimension of the measurement chamber. Accordingly, y (orange) denotes
the shortest lateral dimension. The upper cover dip has a thickness of 1 mm. Solid lines
are measured in virtual silence, dash-dotted lines are measured with acoustic noise in the
laboratory. (b) Same conditions as in (a), but using an upper cover slip of a thickness of
0.13-0.16 mm. The solid black curves represent the thermal limit and grey lineis a guide
to the eye at 0.17 nm. The blue lines indicate the slope for low-frequency drift, 1 for (a)
and 1/2 for (b).
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3.4. Piezo Stage

Many optical tweezers experiments involve the usage of a piezo stage. It might be possible that
mounting the sample on apiezo stage induces additional noise. To investigate thiswe performed
an experiment where a sphere was optically trapped and its Allan variance was calculated both
for the situation where the piezo stage was turned on and where it was off. Figure 6 shows
the Allan variance of a trapped sphere, x = 33.6 pN/um (violet) with the piezo on. When
decreasing the trap stiffness to k = 15.3 pN/um (red), the loss in accuracy over measurement
intervals of 0.5 s< 7 <110 s became even more pronounced; whereas switching off the piezo
and keeping the trap stiffness constant at x = 15.3 pN/um (green) eliminated the effect. Hence,
the piezo does add noise to the system, in particular in a measurement time interval 0.5 s<
T <110 s. Furthermore, Fig. 6 confirms the findings from Fig. 3 that stronger traps can partialy
eliminate low-frequency noise. The black trace shown in Fig. 6 is the Allan variance of the
output of the control box yielding the position of the piezo while the sample was mounted.
For short measurement times, the Allan variance shows local maxima that correspond to odd-
numbered divisors of the piezo’s resonance frequency. The resonance of the piezo has thus not
been altered significantly by mounting the stage. At measurement timeswithin 0.5s< 7 <110s,
the noise of the stage alone peaks in the same interval as the noise peak in the violet and red
curves. Therefore, we propose that the piezo stage contributes to the noise as quantified by Allan
variancein afrequency interval asvisualized by the grey shading in Fig. 6. Those low-frequency
phenomena would be challenging to identify using standard noise-detection methods.
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Fig. 6. Impact of piezo stage on Allan variance for a trapped sphere. When the piezo is
switched on a hill in the Allan variance within the interval 0.5 s< 7 <110 s is observed
(grey shading). It is more pronounced for aweaker trapped sphere, k = 15.3 pN/um (red),
than for a strongly trapped sphere, k = 33.6 pN/um (violet). The Allan variance of the
piezo itself is plotted in black. When the piezo is switched off (green), the hill disappears.
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3.5.  Comparison of Photodiodes

One further issue which was investigated by Allan variance analysis was the noise contribution
from different types of photodiode-based detection systems, from the laser, and the data acqui-
sition electronics. These effects are visualized in Fig. 7: The full lines show Allan variances of
atrapped polystyrene sphere, k = 33.6 pN/um, using either the position-sensitive diode (PSD,
green) or the quadrant photodiode (QPD, orange). It was the same sphere trapped in both cases.
The performances of the two types of photodiodes were quite similar, but for the shortest as
well as for the longest measurement times the PSD had a smaller Allan variance. Another
experiment was performed where there was nothing inside the optical trap, but the laser was
shining directly at the photo detection system. An optically trapped sphere has afocusing effect
on the laser light, so in the absence of a trapped sphere the total signal on the detection system
issignificantly smaller than when a sphereis trapped using the same laser intensity. The dashed
linesin Fig. 7 show the Allan variance of the laser signal as detected by the QPD (orange) and
PSD (green), respectively. Generally, the noise of the PSD is lower than of the QPD. Interest-
ingly, one sees a pronounced peak in the Allan variance of the QPD around 16 ms. This time
interval corresponds exactly to the detection delay time reported for this particular diode [16].
The black dotted line is the Allan variance of the electric noise from the acquisition system, in
this experiment the PSD was on, but the laser was off. The dash-dotted horizontal linein Fig. 7
denotes the resolution of the acquisition system.

4. Discussion

Allan variance is a strong tool to quantify noise in optical tweezers setups. However, it is ad-
vantageous to combine it with Fourier analysis. The Fourier transformation of a positional time
series is conveniently used for calibration and is efficient to identify noise that occurs at high
frequencies, typically above 1 Hz. Nonetheless, Fourier analysislacks resolution for noise with
characteristic frequencies lower than approximately 1 Hz. In particular an accumulative low-
frequency noise as drift is almost impossible to identify. One should also be aware that for a
method which considers the integrated noise one limitation is that it strongly depends on the
choice of bandwidth. The normal variances go towards an asymptotic value which denotes the
positional variance of the trap, but Allan variances can probe way below this limit. The reason
can be found in the convergence of the Allan variance for most of the naturally occurring types
of noise, whereas a normal variance does not converge for purely stochastic noise. Thus, anor-
mal variance carries no information about, e.g. the optimal measurement time for calibrations.

In our experiments Allan variance analysis has revealed that, if a sampling frequency of
22 kHz and typical trap stiffnesses of 10-140 pN/um are used, the optimal length of atime
series for calibration isin the order of seconds, not e.g. tens of seconds. This time scale is on
the same order as reported in [14]. Still, our Allan variance is closer to the thermal limit than
those reported for a similar setup in [14]. This finding emphasizes the stability of our setup.
This comparison also shows one strength of the Allan variance analysis, namely to compare
different labs, different setups, or different settings with respect to noise contributions.

One should note, that when investigating other measures than just positions, one might need
to construct an adapted Allan variance. An example can be found in [14] where an Allan vari-
ance for force measurementsis derived. Notably, these may show the higher force accuracy and
time stability for weaker traps.

Interestingly, we found a pronounced dependence of the Allan variance on chamber geometry
and on whether the measurement chamber had been stabilized with athicker cover dlip. Thicker
cover dips decrease the Allan variance, up to measurement times in the order of hundreds
of seconds. However, beyond those we found steeper slopes for thick cover dlips. As thick
cover slips were meant to stabilize measurements made in microscopes over all timespans, this
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Fig. 7. Effect of photodiodes on Allan variance, PSD (green) and QPD (orange), Kk =
33.6 pN/um. The solid black line gives the thermal limit. The dashed lines mark the Al-
lan variance when the diodes are shined on by the laser with nothing trapped. The dotted
line marks the purely electronic noise when every illumination was blocked. It drops below
the best resolution possible for the given photodiode-based detection system with the used
acquisition settings (dash-dotted line).

was unexpected. Here again, Allan variance analysis revealed and quantified a low-frequency
drift phenomena which would not have been visible by the normal variance. For the chamber
geometry, the shortest direction of the chamber was subject to significantly more noise than
the longer direction. The origin of this geometry dependence is subject to future investigations.
Elimination of acoustic noise does not significantly decrease the Allan variance, in particular
not along the shortest direction of the sample chamber. Hence, one can safely tune into one’'s
favorite radio station and operate experiments during regular working hours.

Optical tweezers setups are often equipped with photodiode detection systems and the cham-
ber often mounted on a piezo stage. Both the photodiode and the piezo stage contribute to the
total noise spectrum of the system, so if the piezo stage is not necessarily needed for a partic-
ular experiment, it would be advantageous to switch it off. Allan variance is not a measure of
resolution, but rather of accuracy. One would have to put a signal of a known input into the
system and monitor its output to obtain a measure of the resolution. For such experiments one
typically uses a piezo stage to move a stuck sphere in a controlled fashion. But, as piezo sys-
tems are exposed to fluctuations and drift, resolution inputs should therefore be chosen where
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the fluctuations of the piezo stage have the smallest Allan variance.

A comparison of the performance of a quadrant photodiode to the performance of a position
sensitive diode showed that they were nearly performing identically. Nevertheless, both for very
short and very long measurement times the position sensitive diode was performing slightly
better. Moreover, we saw the footprint of the 3 dB filtering frequency of the quadrant photodiode
around 16 ms as expected [16].

Allan variance seems to be a straight forward method to quantify noise in optical trapping
assays. One reason why it has not been established before could be the necessary software
implementations because one has to work with very large datasets. To our knowledge, only
one publication [14] previously took advantage of this method, even though they limited their
analysis to data sets of 300,000 points taken over 5 min. Our software solutions capable of
handling significantly larger datasets are freely available through the MATLABCentral.

Our results showed that optical tweezers have a resolution close to the thermal limit for
measurement times between 100 ms and 100 s. This is precisely the interval where most of
the biological processes like molecular motorstypically have been tested with optical tweezers.
Thus, Allan variance analysis might strengthen these experiments against criticism regarding
drift sensitivity. With the tools described in thisletter thistype of analysis can be done on-the-fly
along with regular experiments.

5. Conclusions

We have used Allan variance as a method to quantity noise in aforce-measuring optical tweez-
ers setup over more than 6 decades in time. The noise which is pinpointed by this method is
difficult or impossible to quantify by other methods such as power spectral analysis or normal
variance analysis. Through Allan variance analysis we determined the optima measurement
time to achieve a calibration with highest accuracy, as well as the optimal sampling frequency.
Allan variance analysis has a so shown that the measurement chamber stability aswell asitsge-
ometry influences the noise spectrum. Typically, chambers for optical trapping experiments are
mounted on a piezo stage and data are acquired by photodiodes. We quantified the magnitude
and typical interval of noise contribution from these pieces of equipment, thus making it possi-
blefor exampleto perform aqualified choice between which type of diode to usefor aparticular
experiment. In principle, this type of analysis can be used in any kind of single-molecule tech-
nique where it is advantageous to quantify and possibly eliminate or minimize noise sources. It
can easily be used as a complimentary technique, in addition to Fourier analysis, as a standard
method of comparing different laboratories and their performance.
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