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An update for BayesApp, a web site for analysis of small-angle scattering data, is
presented. The indirect transformation of the scattering data now includes an
option for a maximum-entropy constraint in addition to the conventional
smoothness constraint. The maximum-entropy constraint uses an ellipsoid of
revolution as a prior, and the dimensions of the ellipsoid as well as the overall
noise level of the experimental data are estimated using Bayesian methods.
Furthermore, a correction for slit smearing has been added. The web site also
includes options for calculation of the scattering intensity from simple models as
well as the estimation of structure factors for polydisperse spheres and
nonspherical objects of axial ratios between 0.4 and 2.5.

1. Introduction

2. Indirect transformation

The web site http://www.bayesapp.org is intended for analysis of
small-angle scattering data from scatterers in solution. The main aim
of the analysis of such data is to obtain structural information about
the scatterers. This can be done either by comparing the scattering
intensity of a model of the scatterer with the experimental data or by
indirect estimation of a real-space distribution characteristic for the
scatterer (e.g. Glatter & Kratky, 1982). The web site BayesApp allows
for both approaches.
As the information content of small-angle scattering data is usually
quite low, the indirect method requires the introduction of some form
of regularization in order to obtain a unique solution for the distribution of interest. This is conventionally done by adding a smoothness constraint to the indirect transformation of the scattering data
(Glatter, 1977), leading to a ﬁnal result which is the smoothest
distribution in accordance with the experimental data (i.e. yielding a
ﬁt of the data having a sensible 2 value or a similar misﬁt function).
The low information content of the data implies that the regularization inﬂuences the ﬁnal estimate. Therefore, it is relevant to test
the outcome of the analysis using different regularization constraints
to see which features of the estimate may be attributed to the
constraint and which features may be considered to be real. For this
purpose, the maximum-entropy method offers an additional
constraint which is transparent as the bias is given in the form of a
prior which is easily compared with the ﬁnal estimate. Therefore, the
maximum-entropy constraint has been implemented at the BayesApp
web site for indirect transformation.
As an additional option, the direct calculation of the scattering
intensity from simple models has been included at the web site.
Furthermore, for nondilute solutions appropriate structure factors
have to be taken into account, which is now also possible. For
calculation of the structure factor it is necessary that the scatterer has
an axial ratio between 0.4 and 2.5. Finally, a correction for slit
smearing has been added. This has been done by the addition of an
extra smearing matrix in the transformation from the distance
distribution functions to the scattering intensity. Details are given by
Glatter & Kratky (1982, p. 132) and at the web site, where the width
of the Gaussian beam proﬁle is to be speciﬁed by the user.

With regard to the input and output, the web site has been described
by Hansen (2012). Except for the experimental data, no user input is
necessary, and with the default settings the estimation of the distribution of interest is carried out in just a few seconds of CPU time.
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2.1. Maximum entropy

Regularization by maximum entropy selects the distribution that is
as close as possible to some prior distribution while simultaneously
ﬁtting the experimental data adequately. The distance between the
prior distribution and the ﬁnal estimate is measured by the entropy
functional (e.g. Hansen & Pedersen, 1991) and the optimal 2 value is
determined using Bayesian methods (Hansen, 2000).
In the form implemented at the web site, the prior is an ellipsoid of
revolution having dimensions that are also estimated by Bayesian
methods. This means that the ﬁnal estimate of the distance distribution function will be as close as possible to that of an ellipsoid of
revolution. The ellipsoidal shape is fairly general and corresponds
well to a large class of molecules.
In addition to providing an additional method for regularization,
this maximum-entropy constraint may, for globular structures, lead to
a more realistic estimate of the distribution than the smoothness
constraint which simply minimizes the curvature of the estimated
distribution. By nature the smoothness constraint favors linearity,
which is not in agreement with the true shape of the distance distribution p(r) for either short or large distances, where the smoothness
constraint may lead to a truncation of p(r). This means that the
smoothness constraint often underestimates dmax, especially for the
frequent case of globular scatterers, without any substantial penalty
for the misﬁt function. For a sphere, only about one percent of the
total area of the distance distribution functions is found in the last ten
percent of p(r) and only about 0.1 percent is found in the last ﬁve
percent, i.e. in the interval from 0.95dmax to dmax, where dmax is the
maximum dimension of the scatterer.
For globular scatterers, this systematic error may be avoided using
maximum entropy with an ellipsoidal prior, thus ensuring that the
shape of p(r) will be biased towards a smooth and physically correct
transition to zero at r = 0 and r = dmax.
doi:10.1107/S1600576714013156
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2.2. Examples

For illustration of the inﬂuence of regularization, BayesApp was
used for simulation of scattering intensities (as described below in
x3.1). Subsequently, the distance distribution function was estimated
using BayesApp with a smoothness constraint as well a maximumentropy constraint as described above.
For the examples shown below, 50 points in the q range of 0.015–
0.15 nm1 were used. Gaussian noise was added with a standard
deviation  at each point i according to i ¼ 0:05Iðqi Þ þ 0:001Ið0Þ.
For estimation of the distance distribution p(r), 100 points were used.
In Fig. 1(a), the simulated intensity for a sphere is shown. The
corresponding distance distribution function estimated using the
smoothness constraint is shown in Fig. 1(b). The most likely solution
selected by the Bayesian approach is shown as well as an example of a
probability weighted average of 1000 different solutions. The calculation of 1000 solutions requires about 30 s of CPU time, but it is
sufﬁcient to illustrate the difference between the optimal and the
average solution.
In spite of the improvement of the average solution, it is clear from
the overall shape of the estimates of p(r), as well as the behavior
around dmax, that the smoothness constraint leads to estimates which
differ systematically from the distance distribution of a sphere. Using
the maximum-entropy constraint with an ellipsoidal prior gives a
solution that is indistinguishable from the original distribution.
In Fig. 1(c), the simulated intensity from a multishell structure is
shown. The corresponding distance distribution functions estimated
using the smoothness constraint and the maximum-entropy
constraint are both shown in Fig. 1(d) (average of 1000 solutions).
It is evident that the smoothness constraint has a propensity to
smear out the structure in the solution. By contrast, the maximum-

entropy constraint allows the features of the distance distribution
function to be reproduced. It may be noted that the simulated data
were ﬁtted to the correct value (i.e. given by the simulated noise) for
both the smoothness and the maximum-entropy constraint; in reciprocal space there was no difference in the quality of the ﬁts for the
two methods (both having a reduced 2 of 0.88).
Furthermore, the smoothness constraint also impairs the estimate
at short distances as may be seen from the insert in Fig. 1(d). Once
more, the maximum-entropy constraint gives a better estimate for the
globular structure.
In Fig. 1(e), the simulated intensity for two overlapping spheres is
shown. The corresponding distance distribution functions estimated
using the two different constraints are shown in Fig. 1( f ). Even
though this particular structure is not similar to that of an ellipsoid of
revolution, the maximum-entropy constraint leads to a better overall
estimate of the original distribution.
However, in spite of these improvements, the main advantage of
the introduction of an extra constraint is that for globular structures it
provides a means for an easy evaluation of the inﬂuence of the
regularization on the ﬁnal estimate.

3. Direct modeling
3.1. Calculation of the intensity

The scattering object may be composed from a number of simple
subunits (maximum ten): spheres, ellipsoids, cylinders or shells as
described by Hansen (1990). The scattering length density of each
subunit may speciﬁed. From the model, the scattering intensity is
calculated to about four orders of magnitude in just a couple of
seconds of CPU time.

Figure 1
Simulated intensities and estimates of the distance distribution functions. For the intensities, the error bars show the simulated data and the full line indicates the ﬁt. For the
distance distribution functions, the full line is the original distribution, the dash–dotted line is the estimate using the smoothness constraint, the dashed line is the estimate
using the smoothness constraint and average of 1000 solutions, and the dotted line is the estimate using the maximum-entropy constraint. In (a) and (b), the sphere is of
radius 50 nm. The insert in (b) shows the details near dmax. The multishell structures (c) and (d) comprise a sphere of radius r = 20 nm with scattering length density  = 1, a
shell of radii 20–30 nm with  = 0.2 and a shell of radii 30–50 nm with  = 0.1. The insert in (d) shows the details at the shortest distances. The simulations in (e) and ( f ) use
two overlapping spheres. The scattering length density of the overlapping region was made equal to the scattering length density of the individual spheres. The radius for both
spheres was 33.3 nm, which was also their center-to-center distance.
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Figure 2
Example of a screen output from BayesApp. Calculation of the intensity from two spheres connected by a rod as shown in the ﬁgure.

This is shown in the program output in Fig. 2, which in addition to
the calculated intensity also shows the distance distribution functions
as well as the model visualized from three different angles.
For simulation purposes, random Gaussian noise, background and
smearing may be added to the calculated intensity at a number of
data points and in a q range speciﬁed by the user. It may be noted that
the result of such a simulation is used as the default input for estimation of the distance distribution at the web site.

3.2. Calculation of the structure factor

For nondilute solutions the structure factor should be included in
the modeling. For this purpose the structure factors for polydisperse
spheres, cylinders or ellipsoids of relatively low axial ratio and
volume fraction may be estimated (Vrij, 1979; Hansen, 2013) and
compared with the results of the decoupling approximation
(Kotlarchyk & Chen, 1983).
An example of the output of this part of the web site is shown in
Fig. 3, where the structure factor for a spheroid of axial ratio 2.0 is
calculated using an approximation of polydisperse spheres as well as
the decoupling approximation.

4. Availability
The programs described are all written in Fortran and contain
subroutines given by Press et al. (1992). The source codes are all
freely available for download, modiﬁcation and re-use without
restrictions from the web site http://www.bayesapp.org.
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Figure 3
Example of a screen output from BayesApp. Calculation of the structure factor for
a prolate ellipsoid of revolution of maximum dimension 20 nm and axial ratio 2.0 at
a volume fraction of 0.2. The green line is the decoupling approximation and the
red line is the approximation using polydisperse spheres.
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