Applied Statistics

Probability Density Functions (PDFs)

“Statistics is merely a quantisation of common sense”
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Probability Density Functions

A Probability Density Function (PDF) f(x) describes the probability of
an outcome x:

probability to observe x in the interval [x, x+dx] = f(x) dx

PDFs are required to be normalised:

!Lf@szl

The expectation value (aka. mean) and the variance (i.e. standard
deviation squared) are then defined as follows:
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Probability Density Functions

Example:
Consider a uniform distribution:

f(:l:):{ (1) x € [0,1]

else

Calculating the mean and variance:
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Cumulative distributions functions

Completely basic to every PDF is the
cumulative distribution function, CDF,
defined as:

Fy(z) = / Frlt)dt

In words, this means that it is the
probability of getting x, or something
below that value.

The CDF is used in many ways, and we
will meet it again soon, when we
discuss hypothesis testing.
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Cumulative distributions functions

Completely basic to every PDF is the
cumulative distribution function, CDF,
defined as:

Fy(z) = /_-"- fx(t)dt.

In words, this means that it is the
probability of getting x, or something
below that value.

The CDF is used in many ways, and we
will meet it again soon, when we
discuss hypothesis testing.
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Why PDFs

Could we not just use mean and
variance and call it a day?

Well, PDFs makes us able to ask what
the probability of a certain event given
the underlying model (i.e. PDF), and
this allows for new discoveries!
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Why PDFs

Could we not just use mean and  — 2populaens
variance and call it a day? . \\ ed

S = 1 population it
Well, PDFs makes us able to ask what S \
the probability of a certain event given ”t‘h
the underlying model (i.e. PDF), and LR :
this allows for new discoveries! I.Pngttl)'l.fljuml 1

On notation:

In the literature it is often we use large letters for a random variable X.
This means an outcome for an event! If I roll a die, we say that X takes on
values in {1,2,3,4,5,6}, which is a discrete case.

Small letters are typically real numbers. So we could write: P(X < c),
which translated means that we calculate the probability P that in one
event X, we obtain a value of X smaller than the real value c.



Probability Density Functions

The number of PDFs is infinite, and nearly so is the list of known ones:
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Probability Density Functions

The number of PDFs is infinite, and nearly so is the list of known ones:
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Probability Density Functions

The number of PDFs is infinite, and nearly so is the list of known ones:

Neevie din Anca [ade soera | add i CONNUIUS ABTIE.DE"S | vl sunow | vl Btz CAT R AR e, L e sararing

. TS Ay

£.pported of @ boundol  Meraal Ty
i g AAr e
i ToA RS TN R RRTECAY N SRt .
. Wth sar o v st [l vl mea)

B WASTRE NN RN AT ARGt P Pt

were

w00 3 00T NI

NN WONE X RN
tlunce [u L] wae

ATe formeian.

§ DTN, Wers Bl SEmany

P LT i L Ly

VR RTRAS AN

A Fwaess Yy | S citar e

ke ok

o e P

| "Essentially, all models are wrong, |-

I

T™eaam ay

With A1 =

N ATy

“but some are useful”
- [George E. P. Box, British Statistician, 1919-2013][ "

Thw wn wilh ows Bog-wwt we ©xli e o

whan asearimel Palrrs o-d »e valrs l-ogl

aolon

Thw e wradow: oo ol

niam » 20 AP URAD | ol acmca | aad |
Thw qeoandic o labuny, o Juosle dulibo i o AL MO S TNO™D | et voace el
o Tha caagrd sl A rm e

ron Jelrdcton

BRSO L e
Y s e e bl e [ asr ancann

S e hateny Ay

WAZN 00 %07 12
.

o0, 178 230l RO

wal-{\mmenn darrbvdeon, 8 ta -

o T sdorn
o Tk

T
1o i _ And surely more!
- SECEE ST SPERTP TR B B

o Tl x lowin B Tiod iamintmliorr A oo med e g onm

o T PirbNbox bl ocd Luwn x4 chox:med i o oome Law 1 8> *

11



Probability Density Functions

An almost complete list of those we will deal with in this course is:

e Gaussian (aka. Normal)

e Poisson See Barlow chap.3
e Binomial (and also Multinomial) and Cowan chap.Z
e Uniform

e Exponential
e ChiSquare
e Students t-distribution

You should already know most of these, and the rest will be explained.
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Binomial, Poisson, Gaussian

N!
n!(N —n)

f(n; N,p) = p"(1-p)" "

Given N trials each with p chance of ) "2 g0
success, how many successes n = ) T o 8-
should you expect in total? g 3“ ~ : 5] § R-
o Ty 5 F N E g I 15 = i r1r 7 r 40 30
This distribution is... Binomial, with
Mean = Np ) ) it

Variance = Np(1-p)
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Binomial, Poisson, Gaussian

N!

R B

The binomial distribution was first introduced by
Jacob Bernoulli in 1713 (posthumously).

The binomial distribution basically consists of two
elements: The binomial coefficient (green) and the
probabilities of exactly n such events (blue).

Even though a system has many outcomes, it is

typically possible to refer to either “success” of
“failure”.

Assume the probability to have COVID19 is 1%. In a
sample of 50 people the chance to have 1 or more
infected 1s: 1-p(0) =1 - 0.99%0 = 0.60
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Binomial, Poisson, Gaussian

You count 100 cars, and see 15 red cars. What is your
estimate of the fraction (i.e. probability) of red cars and
its uncertainty?

a) 0.150 + 0.050
b) 0.150 + 0.026
c) 0.150 + 0.036
d) 0.125 + 0.030
e) 0.150 + 0.081

From previous page: = f ( 1— f )
o(f) = \/ ~

A friend tells you, that 8% of the cars on Blegdamsve;
are red. What is the chance of that? Could he be right?

15



Binomial, Poisson, Gaussian

You count 100 cars, and see 15 red cars. What is your
estimate of the fraction (i.e. probability) of red cars and
its uncertainty?

a) 0.150 + 0.050
b) 0.150 + 0.026
c) 0.150 £ 0.036 <
d) 0.125 + 0.030
e) 0.150 + 0.081

From previous page: = f ( 1— f )
o(f) = \/ ~

A friend tells you, that 8% of the cars on Blegdamsve;
are red. What is the chance of that? Could he be right?

(0.150 - 0.080) / 0.036 =19 0

16



Binomial, Poisson, Gaussian

You count 100 cars, and see 15 red cars. What is your
estimate of the fraction (i.e. probability) of red cars and
its uncertainty?

a) 0.150 £+ 0.050
b) 0150+ 0.026 (0.150 - 0.080) / 0.036 =1.9
: - V. : =190
c) 0.150 £0.036 <
d) 0.125 + 0.030 Notice - this was actually a hypothesis test!
e) 0.150 + 0.081

From previous page: = f ( 1— f )
o(f) = \/ ~

A friend tells you, that 8% of the cars on Blegdamsve;
are red. What is the chance of that? Could he be right?

17



Binomial, Poisson, Gaussian

Requirements to be Binomial:

® Fixed number of trials, N

® Independent trials.

e Only two outcomes (success/ failure).

e Constant probability of success/failure.

If number of possible outcomes is more than two = Multinomial distribution.

Examples of Binomial experiments:

® Tossing a coin 20 times counting number of tails.
e Asking 200 people if they watch sports on TV.
e Rolling a die to see if a 6 appear (Multinomial for all outcomes!).
e Asking 100 die-hards from Enhedslisten, if they would vote
for Konservative at the next election!

Examples which aren’t Binomial experiments:

¢ Rolling a die until a 6 appears (not fixed number of trials).
e Drawing 5 cards for a poker hand (no replacement = not independent)

18



Binomial, Poisson, Gaussian

If N — oo and p — 0, but Np — A then a Binomial

19



Binomial, Poisson, Gaussian

If N — oo and p — 0, but Np — A then a Binomial approaches a Poisson: (see

Barlow 3.3.1)
R
f(na )‘) - He

In reality, the approximation
is already quite good at e.g.
N=50 and p=0.1.

The Poisson distribution only

has one parameter, namely A.
Mean = A
Variance = A

So the error on a number is...

(" ‘ v v v ol
® -
-

v v T v v v v T v

F
0.3

[

[

9
0.1F
. S

...the square root of that number!
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Binomial, Poisson, Gaussian

The error on a
(Poisson) number...
is the square root
of that number!!!




Binomial, Poisson, Gaussian

The error on a

A very useful case of this is the error to assign a bin in a histogram,
if there is reasonable statistics (N; > 5-20) in each bin.

ﬁpnjqcmﬂ nitmber

1S the square root
of that number!!!




The error on a
(Poisson) number...
is the square root
of that number!!!

Note: The sum of two Poissons with A; and Ay is a new Poisson with A = A, + Ap.
(See Barlow pages 33-34 for proof)




Binomial, Poisson, Gaussian

The Poisson distribution has the advantage that neither the number of trials N
nor the probability of succes p has to be known - just their product.

A typical use is when dealing with rates in a given interval of time, distance,
area, volume, etc.

24



Binomial, Poisson, Gaussian

The Poisson distribution has the advantage that neither the number of trials N
nor the probability of succes p has to be known - just their product.

A typical use is when dealing with rates in a given interval of time, distance,
area, volume, etc.

Example (real from 1898):

There were 122 deaths by horse kicks over 10 different
regiments, over 20 years. What is the predicted number
of deaths in a specific regiment and year?

First we estimate the mean value: 129

- — 0.61
= 5010

This means that the probability that 0 will die is given by:

25



Binomial, Poisson, Gaussian

For proof, see
Barlow p.40

Percentage of
cases in 8 pcrtions
of the curve

Normal,
Eeli-shaped Curve

A3%

/
/
/

A
/
/

. . ~
If A—co, the Poisson becomes a Gaussian... )
4

34.13%

\\\
N
\
\
\

...and A > 20 is enough!

13%

Standard Deviations -4o

Cumulative
Percentages

2.3%

-10

15.9%

0 +10 +30 +40
| | |

S50% €4 1% 991.9%

Percentiles

|
|
1

|
| L % |
5 10 20 30 40 50 60 70 30

1 1
a¢

Z scores

' ]
L 1

-2.0

4

+3.0 +4.0

3

T scores

1

80

Standard Nine

(Stanines)
Percentage
in Stanine

&% 7%

12%

17%

20% 1295 7% 4%

All fields encounter the Gaussian, and for this reason, its scale has many names!
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Frequency

Binomial, Poisson, Gaussian

If A—oo, the Poisson becomes a Gaussian... ...and A > 20 is enough!

Poisson and Gaussian distribution comparison

<o
@
[ ]
@

—— Poisson (% = 20)
—— Gaussian (i = 20)

c
~
o
<

Value
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Frequency

Binomial, Poisson, Gaussian

If A—oo, the Poisson becomes a Gaussian... ...and A > 20 is enough!

Poisson and Gaussian distribution comparison

—— Poisson (A = 20)
—— Gaussian (u = 20)

1 le

I qu

1 | 1 1 1 1 1 1 1 1 | ] ]
10 Z0 30 40 50
Value

ofF 11 Illq

However, note that the TAILS are not quite the same!!!
This is the very reason for the difference between Chi2 and (binned) likelihood! o4



Binomial, Poisson, Gaussian
“If the Greeks had known it, they would have deified it.”

o
o

0.3

0.2

= 34.1%| 34.1%

0.1

13.6%

0.0

—30 —20 —1o H lo 20 30

“If the Greeks had known it, they would have deified it. It reigns with serenity and in complete
self-effacement amids the wildest confusion. The more huge the mob and the greater the
apparent anarchy, the more perfect is its sway. It is the supreme Law of Unreason.
Whenever a large sample of chaotic elements are taken in hand and marshalled in the order
of their magnitude, an unsuspected and most beautiful form of reqularity proves to be latent
all along.” [Karl Pearson]
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Binomial, Poisson, Gaussian

. . Range Inside Outside

The Gaussian defines [y 68 39 07
the way we consider e 95 6 5 7%
e e 99.7 % 0.3 %
uncertainties. + 50 99.99995 %  0.00005 %

34.1%| 34.1%
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Student’s t-distribution

Given only a small (n obs.) sample (still assumed Gaussian), we don’t know the

mean u and width o well - we only know estimates of them! This changes the
PDF to:

v+1

[zt 1 —5\2\ 2
p([l?‘l/,ﬂ,éj)zr (2) <1+_<xAlu) V= Np,r=n-—1

(%) Vrvo? v o

N|R
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Student’s t-distribution

Given only a small (n obs.) sample (still assumed Gaussian), we don’t know the

mean u and width o well - we only know estimates of them! This changes the
PDF to:

v+1

(= 1 (m—,&)2 -
AA2 2
x|V, L,0%) = 14+ — - V= Npr=n—1
p(z|v, f1,67) T() Vavor == DoF

“Discovered” by William Gosset, student’s t-distribution takes into account the
lacking knowledge of the mean and variance (as is the case for small samples).

0.35 V=1
/\\ —_—p =Y 0.8}
0.30 &
0.25 // =
>
Z0.20 /
015
0.10
0.05 f

0.00

=2

V—2

— V= >
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Student’s t-distribution

Given only a small (n obs.) sample (still assumed Gaussian), we don’t know the
mean u and width o well - we only know estimates of them! This changes the

PDFtO: _v+1
r(4) L (e=p\\ °
z|v, f,6%) = 2 1—|——< - ) V= Npr=n—1

“Discovered” by William Gosset, student’s t-distribution takes into account the
lacking knowledge of the mean and variance (as is the case for small samples).

0.40 1.0
0.35 A V=1
/\ — L =") 0.8

0.30 :

0.25 // \\ v =06l
X 0.20 / \_ vl M

nis . \ 2 0.9

When mean and width are poorly known, estimating it from sample gives:
| z — , z — I
Gaussian: z = ——— Student’s: { = —
o o
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Exponential distribution

One particularly important PDF is the
exponential distribution:

flx) = Ae ™"

It has mean value 1/A and width 1/A.

Its importance comes from the fact that:
If a process occurs with a constant rate, the
distribution of time before the event happens
will be exponentially distributed

This is really the case for many systems.
Of course the most prominent example
is the decay of particles/ cells/ etc.

¢

-
JX e S

I

ISAL N ™
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Distribution Overview

' «— B i
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A perhaps simple overview.
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Distribution Overview

M =

Hyrhgoomotric :
\\ L
| >
! | I
Log Normal l
Normal .
(Gaussian) Chi-squared

Student’s t

A perhaps simple overview.
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Goometric

\

Exponential

'\.
[l

\
N

Waibull

tive

mal

36



Distribution
Relationship

The different PDFs are
related.

As can be seen, essentially
all PDFs “converges”
towards the Gaussian
(normal) distribution.

630 Table of Covuson: Distribunons
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Distribution
Relationship

The different PDFs are
related.

As can be seen, essentially
all PDFs “converges”
towards the Gaussian
(normal) distribution.

Don’t worry about
knowing them all....
Through a long life in
statistics, I have still yet to
encounter all of these in
use!

630 Table of Covuson: Distribunons
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Distribution Overview

I like the following overview of the most common PDFs, though it is far from
perfect. However, it shows what makes the essential differences between PDFs.

Distributional Choices/Identification
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From: A. Damodaran






Summary of lecture

All PDFs are normalized functions, that describe the probability of getting a
certain value/outcome from evaluating the PDF function.

Among the most fundamental PDFs are the Binomial, Poisson and Gaussian.

Remember that the error on a (Poisson) number is the square root of that
number!

Remember that the Gaussian distribution defines the uncertainties, that we
report on experiments.
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