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Abstract

Granular matter consists of a large number of macroscopic particles; the
thermal noise has no effect on the particle motion and the interactions are
dissipative. These features make the granular flow very different from molec-
ular fluids.

One of the simplest situations to see the complex behavior of granular flow
is the gravitational granular flow on a slope. When the inclination angle is
small enough, the material stays at rest. The material begins to flow beyond a
critical angle; the interaction between the particles is dominated by sustained
contacts in the dense and slow flow for the small inclination angle, while the
low-density rapid flow is realized for the large enough inclination, where the
interaction is dominated by inelastic collisions. Understanding these flowing
behaviors is a challenging problem of non-equilibrium statistical physics, not
to mention its technological importance. In this thesis, we investigate the
fundamental properties of gravitational granular flow. We study the steady
flow and its instability by molecular dynamics simulations, and analyze the
steady flow by a hydrodynamic model.

Firstly, we clarify the difference between the low-density collisional flow
and the dense frictional flow. In the molecular dynamics simulation of the
granular material, the soft sphere model with elastic force and dissipation
is often used. We examine how the dynamical behavior of steady granular
flow changes in the inelastic hard sphere limit of the soft sphere model with
keeping the restitution coefficient constant. We find distinctively different
limiting behaviors for the two flow regimes, i.e., the collisional flow and the
frictional flow. In the collisional flow, the hard sphere limit is straightforward;
the number of collisions per particle per unit time converges to a finite value
and the total contact time fraction with other particles goes to zero. For
the frictional flow, however, we demonstrate that the collision rate diverges
as a power of the particle stiffness so that the time fraction of the multiple
contacts remains finite even in the hard sphere limit although the contact
time fraction for binary collisions tends to zero.

The second subject is to test the applicability of a continuum model to the
collisional granular flow in which spinning motion of each grain is considered.
In granular material, the angular momentum of the spinning motion is not
always negligible because of their macroscopic size. It is known that the mean



spin often deviates from the vorticity of the mean velocity near the boundary.
Such a deviation may affect the flow behavior through the coupling of the
particle spin and the velocity field. We apply the micropolar fluid model
to the collisional flow, which is a continuum model in which the angular
velocity field is considered as well as the density and the velocity fields. We
demonstrate that, using a simple estimate for the parameters in the theory,
the model equations quantitatively reproduce the velocity and the angular
velocity profiles obtained from the numerical simulation of the rapid granular
flow on a slope.

Finally, we investigate the steady granular flow on a slope and its instabil-
ity in the low-density regime using the molecular dynamics simulation. We
determine the parameter region where the steady collisional flow is realized
upon changing the inclination angle and the density of particles. Then we
demonstrate that, when the system size is long enough, the collisional gran-
ular flow shows clustering instability. It is shown that the uniform flow is
less stable for longer system size and/or for lower density.
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Chapter 1

Introduction

1.1 Granular Flow

Granular material consists of particles of macroscopic size [1-3]. The fol-
lowing two important aspects which result from their macroscopic size make
the behavior of granular material quite different from conventional molecular
systems: (i) the thermal noise plays no role in the motion of grains, and (ii)
the interaction between grains is dissipative because of the inelastic collision
and the friction. Therefore, we need to supply energy to the system in order
to keep granular material in steady motion. Due to these aspects, granular
material shows complex behavior which is very different from ordinary solids,
liquids, or gases, and has been attracting much interest of physicists in the
past decades.

One of the simple examples to see its peculiar behavior is the granular
material on a slope under gravity. The grains stay at rest when the incli-
nation angle is small enough. When we gradually increase the inclination
angle, an avalanche may occur; parts of the grains flow while other parts
may be still at rest. A little more increase of the angle cause the dense, slow
flow in which the grains are in contact for large fraction of time. The inelas-
tic collision dominates the interaction when the inclination is large enough.
The maximum angle of stability at which the grains start flowing upon in-
creasing the angle from the static state and the angle of repose at which
the grains stop flowing upon decreasing the angle are different in general,
namely, granular material shows hysteresis. The dynamics of granular flow
is a very interesting problem of non-equilibrium statistical physics, besides
its technological relevance.



The interactions between grains in flowing granular material are often
classified into two types: the impulsive contact (collision) with the momen-
tum exchange and the sustained contact with the transmission of forces [4].
The flow in which the inelastic collision is dominant is called the collisional
flow, while the flow where the sustained contact dominates is called the fric-
tional flow. These two flows show qualitatively different behaviors.

The purpose of our research is to understand the fundamental properties
of gravitational granular flow. We choose the granular flow on a slope as a
model system because we can see all characteristic behaviors of granular flow.
Firstly we clarify the difference between the collisional flow and the frictional
flow numerically. After that, we focus on the collisional regime. We examine
the applicability of the hydrodynamic description of the steady uniform flow
with the spinning motion of each grain, and study the dynamical instability
of the uniform flow using the numerical simulation.

1.2 Motivations of Research

1.2.1 Difference between Frictional Flow and Collisional
Flow

As for the collisional flow of granular material, its dynamics has some anal-
ogy with molecular fluid, and the kinetic theories based on inelastic binary
collisions of particles hold to some extent [5-10]. On the other hand, the
frictional flow is drastically different from the molecular fluid, and we have
little understanding on it. A number of models have been proposed, but the
general consensus on the model of dense flow has not been established yet.

For the molecular dynamics simulations of granular material, the follow-
ing two models have been commonly used, i.e. the inelastic hard sphere
model and the soft sphere model.

In the inelastic hard sphere model, the particles are rigid and the colli-
sions are thus instantaneous, therefore its dynamics can be defined through
a few parameters that characterize a binary collision because there are no
many-body collisions [11]. The model is simple and there are very efficient
algorithms to simulate it [12], but it describes basically only the collisional
flow because the sustained contact is not allowed. It is also known that the
system often encounters what is called the inelastic collapse [2]; the infinite
number of collisions take place among a small number of particles in a fi-
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nite time, thus the dynamics cannot be continued beyond that point without
additional assumption.

On the other hand, in the soft sphere model, which is sometimes called
the discrete element method (DEM) in the granular community [11, 13], the
particles overlap during collisions and the dynamics is defined through the
forces acting on the colliding particles. Collision takes finite time, and not
only binary collisions but also many-body collisions and sustained contacts
between particles are possible, therefore, both the collisional and the fric-
tional flows may realize in the model. Many researches have been done on
granular flow down a slope using DEM [14-19].

In actual simulations, however, the stiffness constants used in the soft
sphere model are usually smaller than the one appropriate for real material
such as steel or glass ball [20,21] because of numerical difficulty. Therefore,
some part of sustained contact in simulations should be decomposed into
binary collisions if stiffer particles are used. It is also not clear that the
frictional force in the sustained contact may be described by the same forces
with the one suitable for the collisional events.

Therefore, it is important to examine how the system behavior may
change as the stiffness constant increases in the soft sphere model, or in other
words, how the soft sphere model converges to the inelastic hard sphere model
in the infinite stiffness limit. We also expect that the stiffness dependence of
the collisional flow and the frictional flow should be qualitatively different.
Thus we investigate the system behavior upon changing the stiffness constant
systematically with keeping the resulting restitution coefficient constant.

We compare the limiting behaviors of the collisional flow and the fric-
tional flow. It is demonstrated that the interactions between particles in
the collisional flow smoothly converge to binary collisions of inelastic hard
spheres. In the frictional flow, however, the number of collisions per unit
time per particle diverges as a power of the stiffness parameter so that the
time fraction of multiple contacts remains finite even in the hard sphere limit
although the contact time fraction for binary collisions tends to zero.

1.2.2 Steady Collisional Flow and its Instability

The collisional flow of granular material is described by the inelastic hard
sphere model to a degree, thus the kinetic theory based on inelastic binary
collisions of particles has been used to analyze it [5-10]. The constitutive
equations for hydrodynamic models have been derived based on the kinetic



theory under the assumptions of the slow variation of the variables (the
density, the velocity, and the “temperature” which is proportional to the
mean square of particle velocity fluctuation) and the molecular chaos.

It is considered that such assumptions can be justified when the system
is nearly homogeneous and the density is relatively low. Due to the energy
dissipation, the system needs the continuous energy supply to maintain the
homogeneous motion without clustering . Such a situation may realize in the
flow under strong shear called “rapid granular flow”.

The constitutive equations based on the kinetic theory have been tested
in the simulations and the experiments of the collisional or rapid granular
flow [22-26]. The granular flow on a rough slope with a large inclination is
used to investigate the uniform steady behavior of the collisional granular
flow experimentally [24, 26].

In most of these hydrodynamic models, the effect of spinning motion of
each particle has not been taken into account. In granular flows, however,
there is not a great separation between the length scales; the size of each par-
ticle is often comparable with the scale of the macroscopic collective motion.
Therefore, generally speaking, the angular momentum of the particle spin is
not always negligible compared to that of the bulk rotation of mean velocity.
Then, the coupling between the rotation of each particle and macroscopic
velocity field should have some influence on the flow behavior.

The micropolar fluid model is a continuum model to describe a fluid
that consists of particles with spinning motion [27-30]. The model equations
include an asymmetric stress tensor and a couple stress tensor; the model
can be a suitable framework to describe granular flows.

In this thesis, we apply a micropolar fluid model to the collisional gran-
ular flow. We adopt a set of constitutive equations that are a simple and
natural extension of those for an ordinary Newtonian fluid. We calculate
the velocity and the angular velocity profiles for uniform, steady flow on a
slope using the simple estimate of viscosities by elementary kinetic theory.
It is demonstrated that the micropolar fluid model reproduces the results of
numerical simulations quantitatively, especially the difference between the
angular velocity and the vorticity of mean velocity.

In the research on the rheology of granular flow, the uniform steady flow
is often considered. It is known, however, that the uniform granular flow
often becomes unstable; in the case of the granular flow in a vertical pipe,
the instability causes the density wave formation [31,32]. It is natural to
expect that this tendency will cause some instability in the uniform flow on



a slope. Nevertheless, the research on the stability was not so many.

We thus examine the stability of the low-density collisional granular flow
on a slope by molecular dynamics simulations. We determine the param-
eter region where the steady collisional flow is realized upon changing the
density of flowing particles and the inclination angle for a particular system
size. Then we demonstrate that the collisional granular flow shows cluster-
ing instability when the length of the slope is long enough. It is shown that
the steady uniform flow is less stable for longer system size and/or for lower
density.

1.3 Organization of This Thesis

This thesis is organized as follows. In Chapter 2, we review the research on
the gravitational granular flows. The simulation models of granular dynam-
ics, the soft sphere model and the inelastic hard sphere model, are introduced
in Chapter 3. In Chapter 4, the stiffness dependence of the granular flow is
investigated numerically by taking the hard sphere limit of the soft sphere
model. We show that the collisional flow and the frictional flow behave quite
differently in the limit. In Chapter 5, the micropolar fluid model is applied
to the steady collisional granular flow. It is demonstrated that the model can
reproduce the angular velocity profile obtained in the simulation quantita-
tively. We investigate the instability of the collisional flow by the numerical
simulation in Chapter 6. It is shown that the uniform flow shows clustering
instability when the length of the slope is large enough and/or the density is
sufficiently low. The concluding remarks are given in Chapter 7.



Chapter 2

Gravitational Granular Flow

In this chapter, we briefly summarize the researches on gravitational granular
flow and some related topics.

In Section 2.1, we review the motion of a single particle on a bumpy slope,
which is the simplest situation that one can think of. Then we outline the
researches on the low-density collisional flow and the hydrodynamic models
based on the kinetic theory in Section 2.2. In Section 2.3, the researches
related to the dense frictional flow are referred.

2.1 Steady Motion of a Single Particle

The motion of a single particle on a bumpy slope has been studied in detail
[33-37] to investigate how grains interact with surroundings. In these works,
the surface of the slope was made rough by attaching beads of radius r.
They controlled the ratio ® = R/r of the radius of the moving ball R and
r and the inclination angle of the slope 6, and found the following three
types of behaviors depending on ® and 6: (i)The particle stops after a few
collisions with the slope for any initial velocity (regime A). (ii)The particle
quickly reaches a constant averaged velocity v in the direction along the
slope and shows almost steady motion (regime B). (iii)The particle jumps
and accelerates as it goes down the slope (regime C).

It is interesting that the bifurcation of static and flowing behaviors be-
tween the regimes A and B is seen in this very simple situation; this transi-
tion reminds us of the angle of repose under which the granular flow stops.
Recently, this transition was investigated in detail in connection with the
mechanism of the angle of repose in granular pile [38].
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One of the motivations of these researches was to obtain some insights
about the effective friction force that the flowing grain feels [37, 39, 40]. Fol-
lowing the simple idea originally presented by Bagnold [41], who is one of the
pioneers of granular physics, the effective friction force will be proportional
to 2. The argument is as follows: the momentum loss in each collision with
the floor is proportional to v on average, and the number of collisions with
the bumpy slope per unit time is proportional to v, thus the momentum loss
per unit time should be proportional to v2.

The behavior in the regime B has been investigated carefully, and it has
been found that the average velocity v obeys the form [35]

¥ x ®%sin 9, (2.1)

VT
in the experiment on the two dimensional inclined plane. This relation means
that the effective friction is proportional to u; if the friction is proportional
to o2, then ¥ should be proportional to v/sinf. This deviation from the
Bagnold’s idea has been discussed in terms of the effect of the geometry of
the surface [39] and the transverse fluctuation [40]. This is an example that
a single particle behavior is already complicated.

The situation in the many-particle system is different from the single
particle case. If we discharge a number of balls on the slope with the in-
clination in the regime B, all of them will finally stop because the average
energy in this regime is too small to continue to move after the collision with
other particles. Namely, the steady granular flow should appear out of the
regime C when we increase the number of the flowing particles. It will be
informative for the understanding of the many-body effect in the low-density
granular flow to investigate how the single particle picture is modified upon
increasing the number of flowing particles.

2.2 Collisional Flow and Hydrodynamic Mod-
els

If the flow is dilute and highly sheared, the interaction between grains should
be approximated by the inelastic binary collisions. For such a situation, the
constitutive equations have been derived by the kinetic theory for slightly
inelastic hard spheres [5-10], being inspired by the kinetic theory of dense
gas [42]. When the effect of the rotation of each grain is negligible, the
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equations for the number density n, the mean velocity w, and the granular
temperature 1" are given by

0
(a%—u-V)n = —nV - u, (2.2)
0
mn(a—i—u-V)u = mnf+V-5, (2.3)
d (0
§n(a+u-V>T = —V.-q+S5-Vu-T, (2.4)

where T is defined as

T

% < ou? >, (2.5)

with the velocity fluctuation du and the dimension d; < ... > means the
average. Here, f is the external force per unit mass, and S and q are the
stress and the heat flux, respectively. The constitutive equations have been
derived up to the first order of spatial gradient (the Navier-Stokes order)
[6-8] and the second order (the Burnett order) [9]. The smallness of the
inelasticity as well as the smallness of the spatial gradient is assumed in
the calculation, therefore the quantitative agreement with experiments and
simulations is expected to be limited.

What makes this granular fluid distinctively different from the molecular
fluid is the energy dissipation term in Eq. (2.4), ", which appears due to the
inelasticity of collisions. If no energy is supplied to the system, the temper-
ature decays and the relative motion between particles becomes very small.
In the case of the free cooling inelastic hard sphere system, this causes insta-
bilities in the homogeneous state and leads to the the development of vortex
structure in the velocity field, the clustering, and eventually the inelastic
collapse in a finite time [8, 43-46].

When we inject large enough energy to the system continuously, the col-
lisional regime may be maintained and then the hydrodynamic model should
work to some extent. It has been shown that the model can reasonably
reproduce the results of the simulations and the experiments of the steady
flow under strong shear [22,23] or the steady flow on a inclined plane [24—
26]; recently the shock propagation in vertically oscillated granular layers is
successfully reproduced by the Navier-Stokes model [47]. The practical effi-
ciency of this type of models for the rapid collisional flows is now accepted
in the granular community.
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The validity of a continuum description of granular materials, however,
has been questioned and remains as an open problem [2]. Even in the rapid
collisional flow, the Navier-Stokes model fails to describe the flow behavior at
very close to the boundary [26]. One of the reasons of this deviation should
be the spinning motion of each grain. It has been known that the mean spin
often deviates from the vorticity of the mean velocity near the boundary
[32,48]. In addition, the angular momentum of the spinning motion is not
always negligible compared to that of the rotation of bulk velocity, because of
the macroscopic size of the particles. When we consider the grains with rough
surface or of arbitrarily shapes, it is possible that the coupling between the
particle spin and the mean velocity has some influence on the macroscopic
flow behavior.

The micropolar fluid model is a continuum model to describe a fluid
that consists of particles with spinning motion [27-30]. The angular velocity
field as well as the density and the velocity fields is considered in the model
equations, and an asymmetric stress tensor and a couple stress tensor are
included. Therefore, the model can be a suitable framework to describe
granular flows.

Some researches have been carried out to incorporate the spin into the
kinetic theory for granular materials to obtain the constitutive equations with
the effect of particle spin [49-51]. However, the effect of the couple stress
was neglected in most of them; when they solved the obtained hydrodynamic
equations, it has been assumed that the mean spin matches with the vorticity
of the mean velocity, and the deviation near the boundary was not considered.

In the meantime, the micropolar fluid model has been applied to dense
granular flows [52,53]. However, the constitutive equations adopted for the
stress and the couple stress tensors were very complicated; it was difficult
to interpret the results physically. The application of the micropolar fluid
model with simple constitutive equations to the collisional flow will help us
to understand the effect of the particle spin in granular flow.

Another interesting issue on granular flow is its dynamical instability. In
most of the researches on rheology of collisional granular flow, the steady
uniform flow is considered. It is known, however, that uniform granular
flow often shows instabilities owing to the energy dissipation. The granular
flow on a slope often exhibits the coexistence of the collisional regime and
the frictional regime [4,14,54]. In the case of the shear flow of inelastic
particles, the formation of microstructure or small clusters has been observed
numerically [55]. The instability cause the density wave formation in the

11



granular flow in a vertical pipe where the power spectrum of the density
fluctuation obeys a power law [31,56-60]. Recently, the wave formation
of granular flow on a slope has been found experimentally in rather low-
density flow [61] and in the dense flow [62]. It is important to investigate the
dynamical instability in rapid granular flow because the formation of dense
region may imply the breakdown of the collisional behavior.

2.3 Frictional Flow

When the injection of energy to the system is small, sustained contacts and
many-body collisions take place and the kinetic theory based on binary col-
lisions fails. Such a slow, dense, and frictional flow is widely found in real
systems under gravity.

One of the examples of the frictional flow found in our daily life is the flow
on the surface of a granular pile. When we observe the cross-section of the
surface flow, it is found that only thin layer of granular material is flowing
rapidly, and the width of the layer is the order of 10 diameters of grains
[1]. Komatsu et al. have shown in their experiment of steady flow on a
granular pile that the grains in the “frozen” bulk region, namely, the grains
below the rapidly flowing layer, exhibit creeping motion with the velocity
profile decaying exponentially [63]. The surface flow of granular material in
a rotating drum has been also investigated [64,65]. In these surface flows,
the angle of the flowing surface is close to the angle of repose and the rapidly
flowing layer is thin; the angle and the depth of the flowing layer is determined
spontaneously.

For the flow on a solid plane, in contrast, both the inclination angle and
the flow depth can be controlled. In this geometry, the flow behavior strongly
depends on the roughness of the solid plane. When the flat bottom is used,
the high shear rate region is confined in the thin layer near the bottom, and
the bulk of material over that sheared layer slides down with very small shear
rate [62,66]. In the case of rough bottom, the slip velocity at the boundary
becomes smaller, while the velocity profile depends very much on the height
of the flowing material and the inclination angle [67].

The cause of the complex behavior is the various types of interactions in
the dense granular flow; we should consider not only the inelastic collisions
but also the static and the dynamical friction force, and the effect of arching
or force chain. The excluded volume effect also plays an important role. At
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Figure 2.1: Schematic illustration of the situation considered by Bagnold.
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this moment, we know little about each interactions, and needless to say, the
effect of each interaction on the flow behavior. It is necessary to investigate
more about the fundamental properties of the dense flows.

The modeling of the dense flow is very difficult because of this situation,
and a general consensus on the model of the dense frictional flow does not
exist. We present the outlines of some of the models, but it is impossible to
list all of them.

Considering the situation where the role of the collisional and the fric-
tional interactions are comparable [4], it has been tried to include the effect of
frictional force in the constitutive relation for the rapid granular flows [62, 68].
Some recent works on dense gravity flow consider the non-local transmission
of forces because of the network of contacting grains [69, 70]. The more phe-
nomenological continuum model called the depth-averaged (Saint-Vernert)
equations [71-73] use the experimentally observed velocity profile to deter-
mine the force in the flow, and succeeded to reproduce some experimentally
observed phenomena in the surface flow or the avalanche.

Let us introduce a famous argument about the stress-strain relation of
the dense flow before concluding this section. It is called the Bagnold’s law
[41], which gives the shear stress proportional to the square of the strain rate.

Consider grains with mass m and diameter o flowing in the z direction
[74]. When the flow is dense and the grains form “layers” in the y direction
(Fig. 2.1), the difference of the velocity between layers is given by ¢0,v,(y),
where v, (y) is the flow velocity at the height y and 0, is the partial derivative
with respect to y. Then the order of the momentum transfer per one collision
between particles at different heights is estimated as Ap ~ mod,v,, while
the collision per unit time, n., is estimated by n. ~ o(9,v,)/0 = (Oyv,).
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Therefore, the shear stress, Sy, is estimated as
1 m 9
Syz ~ —Apne ~ —(9,v:)%, (2.6)
o o

which is the famous Bagnold’s law.

This law gives a simple scaling law between the total height of the flow h
and the flow velocity v, when it is applied to the steady flow on an inclined
plane with the inclination angle 6. The equation of motion in the x direction
is given by p(y)gsiné + 9,S,, = 0, where p is the mass density and g is
the acceleration of gravity. When the density is high and thus p can be
considered as a constant over the flow depth, it gives

where h is the depth of the flowing material. From Eqgs. (2.6) and (2.7), we
get
va(y) = A[R*? = (h = y)*/?] (2.8)

when v, (0) = 0, with a constant A. Finally we obtain the scaling law
v (h) = AR2. (2.9)

A recent experiment on the dense flow down a rough slope performed
by Pouliquen revealed a simple scaling law of velocity [75]. He changed the
height of the flowing grains h and the inclination angle 6, and measured the
flow velocity u. He determined the line h = hg,,(0) in the 6 vs. h plane,
below which the flow stops. This indicates the angle of repose depends on the
height of the flowing layer. Then he found that the flow velocity of different
0 or different material obeys the scaling law

u h

N = ﬂhstopw), (2.10)

with the acceleration of gravity ¢ and a numerical constant 3. This law can

be regarded as an extension of Eq. (2.9). Such a simple scaling is surprising
for those who are studying the physics of the dense granular flow, and is the
active topic of current study [67, 76, 77].
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Chapter 3

Modeling of Interactions in
Granular Material

As emphasized in Chapter 1 and 2, the dissipative nature of the interactions
between gains makes them behave very differently from molecular systems.
Some simple phenomenological models with dissipative interactions have suc-
ceeded to reproduce the characteristic behaviors of granular material, though
the detail of interactions between grains such as the friction and the plas-
tic deformation are very complicated and still under discussion [11]. In this
chapter, we introduce two models which have been commonly used for the
simulations of granular dynamics; they are the soft sphere model called the
discrete element method (DEM) and the inelastic hard sphere model. The
correspondence of parameters between the two models is discussed in the last
section.

3.1 Discrete Element Method (DEM)

In the soft sphere model, which is sometimes called the discrete element
method (DEM) in the granular community [11, 13, 78], the particles overlap
during collision and the dynamics is defined through the forces acting on
the colliding particles. Collision takes finite time, thus not only the binary
collision but also the many-body collision and the sustained contact between
particles are possible; both the collisional and the frictional flows may realize
in the model. It is widely used for molecular dynamics simulations of granular
flow on a slope under gravity [14-19].

Here we introduce the two dimensional model with the linear elastic force
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and dissipation. The extensions of the model to three dimension or to the
non-linear force law are found in Refs. [11,78].

Let us consider the two disks ¢ and j of the diameters o; and o; and the
masses m; and m; at the positions r; and r; with the velocities ¢; and c;
and the angular velocities w; and w;. If the particles are in contact, namely,

O'i—f-O'j
2

A= — |’r‘2‘j’ > 0, (3].)

where r;; = r; — r;, the force acting on the particle ¢ from the particle j is
calculated as follows: The relative velocity of the point of contact v;; is given

by

Vij = (Ci — Cj) +n X (%wl + %w]> , (32)
with the normal vector n = r;;/|r;;j| = (ng,ny,0). Then the normal veloc-

ity v,, the tangential velocity v;, and the tangential displacement u, at the
contact point are given by

Up =T vij7 Vs = t- ’U’ija (33)

t
U = / ’Utdt, (34)
to

with ¢t = (—n,,n,,0). Here, ¢, is the time when the two particles start to be
in contact. Then the normal force F¥ and the tangential force F}’ acting on
the particle ¢ from the particle j are given by

FJ = 2Mk,A — 2Mn,v,, (3:5)
F7 = min(he], pl B )sign(hy’)

with
h’z] = —QMktUt — 2M77tvt7 (37)

where k, and k; are elastic constants, 7, and 7, are damping parameters,
and M = m;m;/(m; + m;) is the reduced mass '. p is the Coulomb friction
coefficient for sliding. No force is applied between the particles ¢ and j
when A < 0. In the simulations, the equation of motion of each particle is
numerically integrated with a certain time step.

This phenomenological model simply expresses the normal and tangential
elastic force by linear springs, the dissipations by linear dashpots, and the

IThe reason why we introduced the reduced mass here is to simplify the expressions of
the correspondence of the DEM parameters to the parameters in the inelastic hard sphere
model. (See Section 3.3.)
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Figure 3.1: A schematic illustration of the interactions in DEM. The nor-
mal interaction (a) is expressed by a linear spring and a dashpot, and the

tangential interaction (b) is expressed by a linear spring, a dashpot, and a
slider.

friction force by a slider, as illustrated in Fig. 3.1. Although this force
law is simplified very much from the real interaction in granular material,
the disadvantage of this model is that it still contains many parameters;
it is difficult to determine all the parameters from the material parameters
obtained experimentally [79]. The way to determine the DEM parameters has
not been established yet, but the experience shows that observed phenomena
are often not so sensitive to the detail of parameters; this allows DEM to
reproduce many experiments from static to dynamic behaviors [21, 78].

3.2 Inelastic Hard Sphere Model

In the inelastic hard sphere model, the particles are infinitely rigid. The
collisions are instantaneous and there is no many-body collision, which allows
us to define its dynamics through a few parameters that characterize a binary
collision [11]. We summarize the collision rule in terms of the normal and
tangential restitution coefficients and the sliding friction [80]. The rule is
constructed so that the energy is dissipated but the momentum is conserved
through the collision.

Let us consider a collision between the two spheres ¢ and j at the con-
tact positions r; and r;, respectively. Prior to the collision, they have the
velocities ¢; and c¢; and the angular velocities w; and w;. Then the relative
velocity of the point of contact v;; is given by

Vij = (Ci — Cj) +n X <%w, + %u&) , (38)

where the normal vector n = r;;/|r;;| with r;; = r; — r;.
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Figure 3.2: The collision of inelastic hard spheres.

If v;; denotes the relative velocity after the collision, the collision rule for
normal direction is
(n - 'U;j) = —en(n - vyy), (3.9)

where e,, is the normal restitution coefficient with 0 <e, < 1; e, < 1 leads
to the inelastic collision where kinetic energy is dissipated.

For the collision law in the tangential direction, we consider the sliding
of particles at the contact point with the Coulomb friction force. It gives

nx J|=pun-J), (3.10)

with the Coulomb friction coefficient p, where J is the momentum change
of the particle i through the collision. It is easy to show that Egs. (3.9) and
(3.10) gives
J = M(1+ e,)[pv}; coty — v}t (3.11)
where v}, = (n - vj;)n and vj; = vy; — vj;. Here, 7 is the angle between n
and v;;, defined so that 7/2 <~y <7 (Fig. 3.2).
This relation (3.11) shows that J diverges when v — 7. In order to
improve this model so that it can be applied to the central collision with

v — m, we introduce another parameter;
(n x vy) = —B(n x vj), (3.12)

where (3 is the tangential restitution coefficient with —1 < 3 < 1. Under Eq.
(3.12), the momentum change J’ is given by

J' = —M(1+e,)vj; — M'(1+ B)vj;, (3.13)

18



with ) )
1 1 1(o; o0
— = — 24+ L 3.14
M’ M+4<Ii+]j>’ (3:.14)
where [; is the moment of inertia of the particle i. For the two dimensional
disks with I; = m;02/8, it gives M' = M/3.
The collision rule in the tangential direction depends on 7. The critical
value, vy, which determine whether particles slide or not, is given by J = J’,

namely,
M1 +ey,)

Mt p)
Equation (3.10) is applied when v < 7, and Eq. (3.12) is applied when

7 > Yo-
The collision of perfectly smooth particles corresponds to § = —1 and

tanygy = : (3.15)

1 =0, because vfj does not change through the collision in this case. Such a
simple model with e, < 1, namely, the model in which the energy dissipates
through the inelastic normal collision only, have been widely used to investi-
gate the fundamental properties of granular system [2,43, 44,46, 81, 82]. The
rule without the Coulomb friction which is characterized by e,, and (3 only is
also often used as a simple model with the particle rotation [8, 49, 51].

Because the collisions are instantaneous, the event-driven method is used
for numerical simulation of the inelastic hard sphere system. Very effec-
tive algorithms have been developed for the event-driven simulation of hard
sphere systems [12], which enables to simulate very large system.

The problem of the inelastic hard sphere model is that it cannot be used
for the situation where the sustained contact occurs. It is known that the
system often shows the singular behavior which is called inelastic collapse,
namely, the infinite number of collision among a small number of particle
within a finite time [2] ? ; the dynamics cannot go beyond this point without
additional assumption. Therefore, the situations where the inelastic hard
sphere model is applicable are rather limited.

3.3 Correspondence of Parameters between
the Models

One of the advantages of the inelastic hard sphere model to DEM is its
simplicity; parameters in the former is fewer than those in the latter. When

2The more description of the inelastic collapse is given in Section 4.2.
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we adopt the linear dependence of the elastic and viscous force on the overlap
A and the relative velocity, respectively, we can relate the parameters in DEM
to those in the inelastic hard sphere model [83]. In the following, we briefly
summarize the correspondence of the parameters.

Suppose that the particle i at r;(t) = (x;(¢),0) and the particle j at
r;(t) = (z;(t),0) collide at ¢ = 0 with the relative velocity 7;(0) — 7;(0) =
(—wo, 0), where the dots represent the time derivatives. The overlap of the
two particles is A(t) = (0;40,)/2— (z;(t) —x;(t)) and the equation of motion
for A(t) becomes

= —2n,A = 2k,A, (3.16)

from Eq. (3.5). With the initial conditions A(0) = 0 and A(0) = vy > 0, we
get

At) = SN exp (—n,t) sin ( 2k, — n%t) . (3.17)

\V4 an - 777%
The collision ends when A(t) = 0, thus the duration of the contact 7. and
and the normal restitution coefficient e, are given by

™

Tp = —F—— (3.18)

\V4 2kn - 77721

and

TTn
en=exp | ———n— |, 3.19
p ( TR 77%) (3.19)

respectively. 3

The similar relations can be obtained for the binary collision with non-
zero tangential relative velocity. Neglecting the Coulomb friction and n
during the contact, * the equation for the tangential displacement wu(t) is
written in the following form [83];

Uy = —(2ktut -+ 277tut)M (320)

3This relation holds for the normal collision only; otherwise we need to take into account

the variation of the normal vector n for the calculation of A(t). In the hard sphere limit
of k, — oo (see Section 4.1), however, we can neglect the variation n during the collision,
and the expression (3.19) corresponds to e,, in the hard sphere model.

4The variation of m during the collision becomes negligible in the hard sphere limit, as
denoted above.
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where M’ is given in Eq. (3.14). Therefore, a half period of the tangential
oscillation is given by

T — (3.21)

AV 6k’t — 977,52

for two dimensional disks with moment of inertia I; = m;0?/8. Here we
choose the parameters k; and n; so that the relation 7, = 7. is satisfied:

V6k, — 9nF = \/2k, — 12 (3.22)
Under this condition, the tangential restitution coefficient is given by
B = exp(—3n7e). (3.23)

Now we have the expressions of all the parameters in the collision rule of the
inelastic hard sphere model: e,, #, and p. When the parameters are chosen
so that these relations hold, the only additional parameter in DEM is k,,
which determines the duration of contact 7.

Though it is known that the restitution coefficients are not simple con-
stants in real material and depends on the relative velocity and the collision
angle [84,85], they are often given in the literature of the experiments of
granular material. One possible way to determine the DEM parameters may
be to use these relations to obtain the desired restitution coefficients. It
should be questioned, however, whether the force suitable for the collisional
events describes the frictional force in the sustained contact properly.

How can we determine the duration of contact 7.7 In general 7. depends
on the detail of the collision, but the order of 7, may be estimated by the
theory of elasticity. The elastic energy U, stored by two identical three-
dimensional spheres deformed over the depth A is derived by Hertz [11, 86],
which is given by

U, = %mw, (3.24)
with

4 F
= — 2

where E and v are Young’s modulus and Poisson’s coefficient, respectively °.

Therefore, when the relative velocity of the spheres at the moment of contact
is vy, the energy conservation law reads

1 1 1.

5Mvg = 51@&’/2 + 5MN. (3.26)
5The Hertz’s theory gives the elastic force proportional to A3/2. The DEM with the

elastic force of this non-linear dependence on A is also widely used.

21



Material E[N/m?| v pplg/cm?]
Glass 7.13 x 10%° 0.22 22-36
Steel 20.1 x 1019 —21.6 x 101 0.28 - 0.3 7.86

Table 3.1: The material parameters used in the estimation of 7g, taken from
Ref. [87].

Then we obtain the duration of contact 7 as [11, 86]

= WO (A ana (2) " e

This gives us 74 ~ 8.4 x 107% s for the collision of glass or steel beads
with ¢ = 1.5 mm and vy = 5 cm/s using E, v and the mass density p,
given in Table 3.1. Whereas the typical time scale of the motion of grains
under gravity is estimated by 75 = \/a_/g, which is 1.2 x 1072 s in this
case; thus 75/79 ~ 7 x 107%. In the DEM simulation, the time step for
the numerical integration is limited by the smaller time scale, namely, the
duration of contact. One often use the value of k,, which gives rather large
7. for the efficiency of the numerical simulation, hopefully expecting that the
system behavior is not so sensitive to the value of 7, if it is small enough
compared to the typical time scale of the collective motion.

In this thesis, we adopt DEM as the simulation model. It is suitable
for the gravitational flow where both the collisional event and the sustained
contact occurs. We investigate the stiffness dependence of the steady granular
flow by taking the inelastic hard sphere limit of DEM in Chapter 4.
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Chapter 4

Hard Sphere Limit of DEM:
Stiffness Dependence of Steady
Granular Flows

The granular flows are classified into two types as has been described in
Chapter 1 and 2, i.e., the collisional flow and the frictional flow, depending
on the dominant interaction; the former is dominated by the inelastic collision
and the latter is dominated by the sustained contact.

For the simulation of granular flow, the models introduced in Chapter
3, the soft sphere model (DEM) and the inelastic hard sphere model, are
commonly used.

The inelastic hard sphere model is effective to investigate the fundamental
properties of collisional granular flow thanks to its simplicity. However, it
cannot be used for the frictional flow, because the sustained contact is not
allowed. It is also known that the system often encounters the inelastic
collapse.

The both flows may realize in DEM. However, the stiffness parameter
used in DEM is often much smaller than the one appropriate for the real
materials like steel or glass ball. It is also not clear that the frictional force
in the sustained contact may be described by the same forces with the one
suitable for the collisional events. Therefore, it is important to examine
how the system behavior changes upon increasing the stiffness of particles
with keeping the restitution constant unchanged, or taking the inelastic hard
sphere limit of DEM.

In this chapter, we numerically investigate how the behavior of the col-
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lisional flow and the frictional flow change on taking the hard sphere limit
of DEM. In Section 4.1, we summarize how we take the hard sphere limit
keeping the restitution coefficient constant; we use the correspondence of
parameters given in Section 3.3. Then we discuss the limiting behavior in
some simple situations where the hard sphere model results in the inelas-
tic collapse in Section 4.2. In Section 4.3, the simulation results are shown.
At first, the stiffness dependence of the steady motion of a single particle
rolling down a slope is presented to see how the inelastic collapse appears in
the hard sphere limit. Then, the collisional flow and the frictional flow are
examined. We find that the interactions between particles in the collisional
flow smoothly converge to binary collisions of inelastic hard spheres, while
those in frictional flow shows non-trivial behavior; the behavior is also differ-
ent from the “inelastic collapse” in the single particle system. The summary
and the discussion are given in Section 4.4.

4.1 Hard sphere Limit of DEM

We summarize how we take the hard sphere limit using the correspondence
of parameters.

The binary collision rule in the inelastic hard sphere model in Section
3.2 is determined by the normal restitution constant e, (Eq. (3.9)), the
tangential restitution constant 8 (Eq. (3.12)), and the Coulomb friction
coefficient p (Eq. (3.10)). In DEM, the force acting on the colliding particle
is determined by the normal stiffness constant k,, and the damping parameter
nn (Eq. (3.5)), the tangential stiffness constant k; and the damping parameter
n: (Eq. (3.7)), and the Coulomb friction coefficient p (Eq. (3.6)).

In Section 3.3, the following relations are shown: The duration of contact
T. for a normal binary collision and the normal restitution coefficient e,
in DEM are given in Egs. (3.18) and (3.19), respectively. The tangential
restitution coefficient 3 is given by Eq. (3.23) under the condition (3.22).

Equations (3.18) and (3.19) can be rewritten as

= {<7r/1n2:j)2+1r/27 (4.1)
o o [y »

Using these relations, we can take the inelastic hard sphere limit of this model
for given restitution coefficients e, and ( by taking the k, — oo limit; n,,
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n, and ky are given by Eqgs. (4.1), (3.23), and (3.22), and the duration time
of collision 7. goes to zero as Eq. (4.2).

4.2 Inelastic Collapse

It is well known that the inelastic hard sphere system can undergo inelastic
collapse, the phenomenon where infinite collisions take place within a finite
period of time [2]. A simple example is the vertical bouncing motion of a ball
under gravity. When the collision between the floor and the ball is inelastic,
the velocity of the ball just before the nth collision v,, and the next one have
the relation

Upi1 = €uUn (4.3)

with 0 < e,, < 1; the ball undergoes the infinite number of collision within
the period 2vy/[g(1 — ey)]-

The inelastic collapse also occurs without gravity. The simplest example
is three inelastic balls in one dimension, and a ball goes back and forth
between the other two approaching each other; the three balls lose relative
velocity completely in the limit of infinite collisions [88,89]. The inelastic
collapse has been also found in the event-driven simulations of free cooling
inelastic hard sphere system in higher dimension [90,91]. Furthermore, it
has been recently reported that the inelastic collapse occurs even in the
shear flow, although it is natural to think that the shear tends to prevent the
collapse [92].

The inelastic collapse never occurs in the soft sphere model. However, it
is worth to discuss what will happen in the soft sphere model in a simple
situation where the inelastic collapse occurs in the hard sphere model.

Let us consider the vertical bouncing motion of a soft ball under gravity
at first. We assume the same force law between the ball and the floor as in
Egs. (3.5) and (3.6), except that we replace 2M by the mass of the ball m.
When the ball and the floor are in contact, the equation of motion for the
overlap of the ball and the floor, z, is given by

Z4+kpz+n2=g. (4.4)

Therefore, when the velocity just before the collision is small enough, the ball
cannot take off from the floor, and finally reaches the steady state of keeping
contact, z = g/k, > 0. One can show that, if the impact velocity v; is below
a critical value v., which is O(1/v/k,) for large enough k, (Appendix B), the

25



ball stays in contact with the floor; for v; > wv., the restitution coefficient
e, defined in Eq. (4.3) can be considered as a constant. Therefore, for a
given initial impact velocity vy, the number of necessary collisions n,. for the
ball to stay in contact with the floor is roughly estimated by the condition
e'vy ~ v, namely, n, ~ log (v./vg) /loge,. Because v. ~ 1/v/k, for large
k,, n. behaves as

n. x log k,, + const. (4.5)

in the hard sphere limit. Thus n. diverges logarithmically when k,, — oo,
which correspond to the inelastic collapse due to gravity.

In the case without gravity, the inelastic collapse results in the “many-
body collision” in the soft sphere model. For example, when we consider three
soft spheres in one dimension, the binary collision can be approximated by
the collision law with a constant restitution coefficient. However, when the
interval between two collisions becomes smaller than the duration of contact
T., the three balls are in contact at the same time, namely, the three-body
collision occurs. They still have some relative motion, thus they will fly apart
after that. The number of collisions before the three-body collision will also
diverge logarithmically in the hard sphere limit because 7. oc 1/v/k,,.

One should note that a many-body collision in the soft sphere model
does not necessarily result in the inelastic collapse in the hard sphere limit.
Actually, in most of the cases, a many-body collision will be decomposed into
a set of binary collisions in the hard sphere limit.

4.3 Simulation Results

In this section, we investigate the stiffness dependence of granular material
on a slope in the following three situations: (i) a single particle rolling down
a slope, (ii) the dilute collisional flow, and (iii) the dense frictional flow. We
focus on the steady state in each situation and compare the simulation data
with changing k,, systematically. The particles are monodisperse in (ii), while
they are polydisperse in (iii) in order to avoid crystallization.

In the simulations, the parameters have been chosen to give e, = § = 0.7,
# = 0.5 in the hard sphere limit. Each particle is also subject to the gravity,
and the gravitational acceleration is given by g = ¢(sin 6, — cos ). All values
are non-dimensionalized by the length unit o, the mass unit m, and the time
unit \/a_/g. Here, o is the diameter of the largest particle in the system and
m is the mass of that particle. The second order Adams-Bashforth method
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and the trapezoidal rule are used to integrate the equations for the velocity
and the position, respectively [93]. Note that the time step for integration,
dt, needs to be adjusted as 7. becomes smaller. All the data presented in this
chapter are results with dt = min(7./100,10~*). We have confirmed that the
results do not change for dt < 7./100 by calculating also with dt = 7./50 and
dt = 7./200 in the case of the single particle.

4.3.1 A single particle rolling down a bumpy slope

Figure 4.1: A snapshot of a single ball rolling down a rough slope.

Let us first consider a single particle rolling down a bumpy slope which
has been referred in Section 2.1. In the simulations, we make the boundary
rough by attaching the same particles with the rolling one to the slope with
the spacing 0.0020 (see Fig. 4.1). For the chosen parameters with the normal
stiffness k, = 271 x 10°, the range of § for which steady motion is realized
is 0.11 < sinf < 0.14 (see Section 6.2). Here we fix the inclination angle
to sinf = 0.13. Figure 4.2 shows the time evolution of the velocity in the y
direction, v,, with k, = 27! x 10° (red solid line) and k, = 2'" x 10° (green
dashed line). It is shown that v, behaves periodically; this period (At ~ 4)
corresponds to the period for the particle to get past one particle at the floor.
The period hardly depends on the stiffness.

In Fig. 4.3 (a), the k, dependence of the time averaged kinetic energy, F,
is shown. It is shown that the energy is an increasing function of 1/k,, in the
softer region (1/k, = 10~7), but no systematic 1/k, dependence of E exists
for 1/k, < 1077, The average collision rate (number of collisions per unit
time) between the slope and the particle , N,,, shows logarithmic dependence
on 1/k, in the whole region (Fig. 4.3 (b)). From Fig. 4.3 (c), we also find
that the average contact time fraction with the slope, t,,, is a decreasing
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Figure 4.2: Time evolution of v, with k, = 27! x 10° (red solid line) and
217 % 10° (green dashed line).
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Figure 4.3: The stiffness dependence of (a) the time averaged kinetic energy

of the particle E, (b) the collision rate between the slope and the particle
N, and (c) the contact time fraction between the slope and the particle ¢,,.
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function of k,, in the soft region, but it seems to approach a constant value
for large enough k,.

The logarithmic k, dependences of N, and the constant ¢, in large k,
region agree with our previous analysis of “inelastic collapse under gravity”
in the soft sphere model in Section 4.2. The motion of the particle in one
period is as follows; when the particle comes to a bump (a particle attached
to the slope), the particle jumps up, bounces on the bump many times, loses
the relative velocity, and finally rolls down keeping in contact with the bump.
Therefore, the contact time fraction has a finite value even in the hard sphere
limit due to the rolling motion at the last part. N, increases logarithmically
in the hard sphere limit as has been expected from Eq. (4.5).

4.3.2 Collisional flow

A
K

Figure 4.4: A snapshot of the dilute collisional flow.

Next we consider the steady state of the collisional flow. The system
considered is shown in Fig. 4.4. The particles are monodisperse, and the
slope is made rough as in the single particle case. The periodic boundary
condition is adopted in the flow direction (z direction). The length of the
slope is L = 50.1 and the number of the particles attached to the slope is
50. The number of flowing particles is also 50, namely, the number of the
particles per unit length along the slope is about 1. The inclination angle
is set to be sinf = 0.45. The initial configuration of particles is the row of
50 particles at rest with regular spacing in the z-direction, but each particle
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Figure 4.5: The stiffness dependences of (a) the averaged kinetic energy
per one particle E, (b) the averaged collision rates between particles N,
(filled circles) and between particles and the floor N, (open circles), (c)
the averaged contact time fractions between particles ¢, (filled circles) and
between particles and the floor ¢,, (open circles), (d) the estimated multiple
contact time fractions, t. — N.7, (filled circles) and t,, — N, 7, (open circles).
The solid and the dashed lines in (c¢) are proportional to 1/v/k,.
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Figure 4.6: The number density profile (a) and the velocity profile (b) of the
collisional flow.
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is at random height in the y-direction. After a short initial transient, if the
total kinetic energy fluctuates around a certain value, we consider it as the
steady flow. All the data were taken in this regime and averaged over the
time period of 1500.

As can be seen in the snapshot, Fig. 4.4, the particles bounce and the
number of particles in contact is very small. In Fig. 4.5 (a), the averaged
kinetic energy per one particle, F, is shown. Though E becomes larger as
the particles become softer in 1/k, = 107°, the systematic dependence of E
on k, disappears for large enough k, (1/k, < 107%). ! The y-dependence of
the average number density and the flow speed in this region are also shown
in Fig. 4.6 (a) and (b).

In Fig. 4.5 (b), the average collision rates between particles, N, (filled
circles), and between particles and the slope, N,, (open circles), per particle
are plotted v.s. 1/k,. Both of them stay roughly constant in the region where
E is almost constant, 1/k, < 1075 The average time fractions during which
a particle is in contact with other particles, ¢, (filled circles), and in contact
with the slope, t,, (open circles), decrease systematically as k, increases as
shown in Fig. 4.5 (c¢). Both the solid and the dashed lines are proportional to
1/Vk,, namely, t. decreases in the same manner as 7. in Eq. (4.2). Actually,
the collision time fractions t. and t,, converge to N.7. and N7, (7, is the
duration of a normal collision of a particle and the floor), 2 respectively, in
the hard sphere limit. The differences t. — N.7. and t,, — N,, 7, are plotted
in Fig. 4.5 (d) to show that they go to zero very rapidly upon increasing k.
This means that the interactions of the soft sphere model in the collisional
flow regime converge to those of the inelastic hard sphere model with binary
collisions.

If we look carefully, however, in the large k, region in Fig. 4.5 (c), we

!The stiffness dependence of the motion of particles discharging from a hopper using
discrete element method has been studied by Yuu et al [20]. They performed the sim-
ulations with three different values of stiffness and found the different behaviors. The
comparison with the present results is not simple because of the different set up, but if we
normalize their parameter of normal stiffness with the particle mass, the diameter, and
the acceleration of gravity, then their values extend over the range where E depends on
k,, in our simulations.

2When we fix a particle on the slope and employ the same force law as Eq. (3.5), then we
have the duration of contact for the normal collision without gravity 7, = 7/+/k, — 02 /4
for identical particles. The force law for the flat boundary that replace 2M in Eq. (3.5)
by the mass of the colliding particle m gives the same duration of contact with the above
one for the normal collision (cf. Appendix B).
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can see slight deviation of t,, from the dashed line; it decreases slower than
1/v/k,. This tendency may indicate that t,, remains finite in the hard sphere
limit: Actually, in the event-driven simulation of the hard sphere model, we
always found the inelastic collapse as long as the restitution constant between
a particle and the floor is less than 1. This suggests that N,, should diverge
and t,, should remain finite in the hard sphere limit because of the inelastic
collapse due to gravity. The slight deviation of t,, from the dashed line in
Fig. 4.5 (¢) may be a symptom of it, while we cannot see the logarithmic
divergence in N,,.

4.3.3 Frictional flow

Figure 4.7: A snapshot of the dense frictional flow.

Now we study the steady state of the dense frictional flow. We adopt
the flat boundary with slope length L = 10.02 and imposed the periodic
boundary condition in the flow direction. In order to avoid crystallization,
we used the polydisperse particles with the uniform distribution of diameter
from 0.8 to 1.0. The number of particles in the system is 100. The inclination
angle 6 is set to be sin # = 0.20 and the initial condition is given in the similar
way with the collisional flow. The ten rows of ten particles with regular
spacing in the z-direction are at rest with large enough spacings between
rows in the y-direction so that particles do not overlap; only the particles in
the top row are at random heights in y-direction.
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Figure 4.8: Time evolution of the kinetic energy per particle of three samples
(sample 1: red solid line, sample 2: green dashed line, sample 3: blue dotted
line). (b) is the magnification of (a). Sample 1 with k, = 271 x 10° shows
steady behavior within the threshold. Sample 2 and 3 are with k,, = 277 x 105.
Sample 2 shows steady behavior with lower energy for a while but finally
stops. F(t) of sample 3 shoots up suddenly at ¢t ~ 1300 when one of the
particles in the bottom layer runs on other particles.
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Figure 4.9: The density (a) and velocity (b) profiles of the frictional flow.
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It turns out that the steady state is not unique and fluctuation is large.
Depending on the initial conditions, the particles may flow with a different
value of average kinetic energy, or in some cases, the whole system stops.
We presume that this is mainly because the system is not large enough:
Grains form a layer structure as in Fig. 4.7, and the flow velocity strongly
depends on the configuration of particles in the bottom layer. The time
evolutions of the kinetic energy per particle, E(t), of three samples with
different configurations in the bottom layer are shown in Fig 4.8. Sample
1 shows stable behavior while sample 2 eventually stops after running with
lower energy for some time. Sample 3 shows larger fluctuation with higher
energy; the sudden change of F(t) in sample 3 results from the change in the
configuration of the bottom layer. This large fluctuation should be averaged
out if we could simulate large enough system for long enough time, but the
amount of computation is too large especially for the system of stiff particles.

In order to make meaningful comparison out of these largely fluctuating
data with a variety of behaviors, we select simulation sequences that come
from similar flowing behaviors in the following way. First, we define the
steady part of the time sequence in each of the samples as the part where
the width of the energy fluctuations is smaller than 0.45 over the time period
longer than 500. Second, we exclude the data whose averaged energy is out
of the range [0.4,0.8]. 3

Many of the excluded data by this criterion show quite different flowing
behaviors. We use only the data selected from this criterion to calculate time
averages of physical quantities.

In the snapshot of the frictional flow, Fig. 4.7, most of the particles
seem to be in contact with each other and form a layer structure. The y-
dependence of the average density and the flow speed are shown in Figs.
4.9 (a) and (b), respectively. We can see that the relative motion between
layers is largest at the bottom and very small in the bulk. The stiffness
dependence of the average kinetic energy E is shown in Fig. 4.10 (a); the
data are scattered due to the non-uniqueness of the steady state.

Nevertheless, the average collision rates show systematic dependence as
shown in Fig. 4.10 (b). Here, the definition of N, (t.) is the same as that
for the collisional flow, namely, it is the average collision rate (contact time

3As for the softest case, 1/k, = 27 x 107°, we had to include the data whose energy
goes below the lower limit because of the general tendency that the energy becomes small
for the steady part of the very soft region. For 1/k, < 1075, however, we did not see any
general trend in the average energy.
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fraction) between particles per particle in the system. N, (t,) is defined
differently; it is the collision rate (the contact time fraction) between the
particles and the slope per particle in the bottom layer, because other particles
never touch the slope.

In Fig. 4.10 (b), we can see that NN, (filled circles) and N,, (open circles)
increase very rapidly as k, becomes larger: they diverge as a power of k,.
This is quite different from the behavior in the collisional flow in which they
are almost constant. Furthermore, this increase is faster than the logarithmic
divergence found in the single particle case (see Fig. 4.3 (b)).

The contact time fractions, t. (filled circles) and t,, (open circles), decrease
as shown in Fig. 4.10 (c¢). The main reason why ¢. and t,, decrease is that 7.
and 7, decrease faster than N, and N,,, namely, the contact time fractions
estimated from the duration of a binary collision, N.7. and N,,7,, continue to
decrease. Actually, the decrease of the contact time fraction and the increase
of the collision rate are natural because a longer multiple contact breaks up
into shorter binary contacts as the particles become stiffer.

These contact time fractions, t. and t,,, however, do not converge to N,
and N, T, respectively. As shown in Fig. 4.10 (d), t. — N.7. (filled circles)
and t,, — N7, (open circles) are very large as compared to those in the
collisional flow, even in the stiffest region. The comparison of this with the
rapid convergence in the collisional flow regime (Fig. 4.5 (d)) indicates that
there remains finite multiple contact time in the hard sphere limit and the
interaction in the frictional flow can never be considered as many, or even
infinite, instantaneous binary collisions. The particles experience the lasting
multiple contact even in the hard sphere limit.

4.4 Summary

The inelastic hard sphere limit of granular flow has been investigated numer-
ically in the steady states of (i) a single particle rolling down the slope, (ii)
the dilute collisional flow, and (iii) the dense frictional flow. In (i), it has
been found that the “inelastic collapse” between the particle and the slope
occurs in the hard sphere limit due to gravity, and the contact time frac-
tion between the particle and the slope remains finite. In (ii), the collision
rates, N, and N,,, are almost constant when particles are stiff enough. The
contact time fraction between particles t. approaches zero as k,, increase in
the same manner with the duration of contact for a binary collision 7.. This
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means that the interaction between particles in the hard sphere limit can be
expressed by binary collisions in the inelastic hard sphere model. However,
the decrease in t,, is slightly slower than 1/v/k, in the harder region, which
can be a sign of the inelastic collapse between a particle and the slope.

In the case of the frictional flow (iii), the situation is not simple; Although
the contact time fractions t. and t,, decrease upon increasing k,,, the collision
rates N. and N, increase as a power of k,,, which is faster than the logarithmic
divergence found in the single particle case (i). The origin of this power
divergence of collision rate does not seem to be simple because it is a property
of the steady state, not a particular dynamical trajectory of the system.

The multiple contact time fraction may be estimated by t. — N.7. and
tw — NuTw. They were found to be quite large compared to those for the
collisional flow, and seems to remain finite even in the infinite stiffness limit;
this suggests that the interaction in the frictional flow can never be considered
as infinite number of binary collisions. Even in the hard sphere limit, particles
experience the lasting multiple contact.

The non-negligible fraction of multiple contact in the hard sphere limit
implies the existence of the network of contacting grains even though they
are flowing [94]. The models for dense flow should consider the effect of these
lasting contacts.

Here we have investigated only the two cases, i.e., the collisional flow and
the frictional flow. The system should undergo the transition between the
two flows if we change continuously the parameters such as the inclination
angle, the roughness of the slope, or the density of particles. It is interesting
to investigate how the transition occurs by looking at the quantities measured
in this chapter, because their stiffness dependences are qualitatively different
in the two flows.
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Chapter 5

Collisional Granular Flow as a
Micropolar Fluid: Effect of
Rotation of Grains

In spite of the long history of research on the granular flows, the theoreti-
cal framework for their rheology has not yet been established as stated in
Chapter 2. One reason that makes analytical treatment difficult is that the
separation between the length scales is not so large; the size of each parti-
cle is often comparable with the scale of the macroscopic collective motion.
There are many situations in which simple hydrodynamic approaches can-
not be used to characterize granular flows [2]. Even when we consider the
rapid granular flows [6-10], the coupling between the rotation of each particle
and macroscopic velocity field may not be negligible. Then, the behavior of
the flow deviates from that of an ordinary Newtonian fluid described by the
Navier-Stokes equations.

The micropolar fluid model is a continuum model to describe a fluid
that consists of particles with spinning motion [27-30]. The model equations
include an asymmetric stress tensor and a couple stress tensor; the model
can be a suitable framework to describe granular flows.

In this chapter, we apply a micropolar fluid model to low-density colli-
sional granular flow in which the interaction between particles can be ap-
proximated by the binary collisions of the inelastic hard spheres. We adopt
a set of constitutive equations that are a simple and natural extension of the
Navier-Stokes equations. The inelastic hard sphere picture of the collisional
flow, whose validity is confirmed in Chapter 4, allows us to estimate the vis-
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cosities by the elementary kinetic theory. We calculate the velocity and the
angular velocity profiles for the uniform steady flow on a slope, and demon-
strate that the micropolar fluid model reproduces the results of numerical
simulations quantitatively.

5.1 Micropolar Fluid Model

It is easy to derive the equations for the number density n, the velocity v;,
and the microrotation field w; of a system that consists of identical particles
with mass m and moment of inertia I (Appendix A). From the conservation
laws of mass, momentum, and angular momentum [29], we obtain

Din = —ndjvj, (5.1)
mnDw; = mnf; + 0;Sj,
InDw; = 8;Cji + s\

The summation convention applies to repeated subscripts. 0; represents a
partial derivative with respect to the ith coordinate, D; = 0/0t 4+ vx0) is
Lagrange’s derivative, and f; is the body force per unit mass. Here, S;;
and Cj; are the stress tensor and the couple stress tensor that, respectively,
represents the 7 component of the surface force and the surface torque acting
on the plane perpendicular to the 7 axis per unit area, and 35“) is the torque
due to the asymmetric part of the stress tensor defined as

S(a) = E’ij‘S]kH (54)

(2

where ¢;;, is the alternating tensor of Levi-Civita.
For the constitutive equation of the stress tensor S;;, we adopt [29]:

Sij = (=p 4+ A0kvr)0ij + p1s(0;v5 + 05v;) + iy [(Ov — 0jv3) — 2€50wy] , (5.5)

with ¢;;, Kronecker’s delta. The symmetric part of S;; in Eq. (5.5) is the
same as the stress tensor in the Navier-Stokes equation with pressure p, shear
viscosity g, and bulk viscosity A. The third term on the right hand side of
Eq. (5.5) represents the asymmetric part of the stress tensor due to the
difference between the rotation of the mean velocity field and particles’ own
spin !. This gives (¥ = 24,[V x v —2w], using Eq. (5.4). The microrotation

IThe situation where (Oivj — 0jv;) = 2€;5xwy, = const. represents the rigid rotation of
the whole system, thus the distance between arbitrary two points on constituents does
not change. The form of the third term on the RHS of Eq. (5.5) indicates that the rigid
rotation produces no internal stress.
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viscosity p, represents the coupling between the velocity and the microrota-
tion field. For the couple stress tensor C;;, we use the theorem that isotropic
second order tensors can be expanded as the trace, the symmetric part, and
the asymmetric part of rate of strain tensor for microrotation [29]:

Cij = coﬁkwkéij + W(@wﬂ' + iji) + M(@wj — ajwi), (56)

2

where the coefficients of angular viscosity are ¢y, pa, and pg. It should be
noted that the dimensions of these coefficients are different from the viscosi-
ties in the stress tensor by length-squared because of the difference of the
dimensions between S;; and C;; and between v; and w;.

5.2 Estimation of Viscosities

The coefficients of viscosity that appear in Eqgs. (5.5) and (5.6) have been
derived based on the kinetic theory of three-dimensional spheres with rough
surfaces? [51,96,97]. Here, for later convenience, and also to make the phys-
ical meaning of the model clear, we briefly summarize the rough estimate of
the viscosities to the lowest order of density for two-dimensional disks using
elementary kinetic theory. Let us consider a two-dimensional fluid that con-
sists of identical disks with diameter ¢ and that is flowing uniformly in the
x direction, namely n = n(y), v = (u(y),0,0), and w = (0,0,w(y)). Then
we have

Sye = st (y) + 1ot () + 20(w)], (5.7)

and
Cy. = upw'(y), (5.8)

where the prime denotes a derivative with respect to its argument. Here, S,
(Cy.) is the x (z) component of the force (torque) per unit area acting on
the plane perpendicular to the y axis.

The coefficient ps in Eq. (5.7) corresponds to the kinetic viscosity in
dilute gas, which we can find an estimate by kinetic theory in textbooks on
statistical physics, e.g. Ref. [98]; S, represents the net momentum transfer
per unit time per unit length by particles crossing the plane y = const., and
estimated as Sy, ~ nv[mu(y + 1) — mu(y — [)] ~ nomlv/(y) with the mean

2 After our work, Hayakawa [95] has derived the transport coefficients in the micropolar
equations based on the linearized Boltzmann equation for two-dimensional disks with
spinning motion.
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Figure 5.1: A schematic illustration of the situation considered in the esti-
mation of .

free path [ and the root mean square of the velocity in the y direction v.
Thus ps is given by

1
s ~ noml ~ —vTm, (5.9)

o
where T is the granular temperature (Eq. (2.5)) and the relation [ ~ 1/(no)
in two-dimensional system is used.

The coefficient pp is estimated by a similar argument to that of pu.
Because C,. represents the net angular momentum transfer per unit time
per unit length due to the microrotation by particles crossing the plane
y = const., we can use the argument for p, by replacing u(y) and m by
w(y) and I, respectively. Then pp is estimated as

pup ~ noll ~ ovTm, (5.10)

with I = mo?/8 for a two-dimensional disk. As we have mentioned, the
dimensions of s and pp are different.

For an estimation of p,, which gives coupling between particles’ own
spin and velocity field, we consider the collision of two disks near the plane
y = const. ® A schematic illustration of the situation is shown in Fig. 5.1.
If the surface of the disk has some roughness, the momentum tangent to the
relative position of the colliding particles at the time of contact is transferred
from one particle to another. It is plausible to assume that the tangential
momentum transferred in one collision is proportional to m times Au, the
relative tangential velocity of each particle at the contact point. In order to
simplify the estimation, let us consider the situation with a uniform velocity

31t should be noted that, such a collision process produces the (angular) momentum
transfer related to not only w, but also us (up). Here, only the lowest order in each
viscosity is considered, therefore such corrections to ps and pp are neglected.
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field, namely «/(y) = 0. * Then Au is given by Au ~ 2(¢/2)w(y). Be-
cause the frequency of collision per unit time per unit length near the plane
y = const. with the width o is proportional to n?vo? in two-dimension, the
momentum transfer across the plane by collisions is estimated as

AM ~ n*vo*m[2w(y)]. (5.11)

Comparing Eq. (5.11) and the second term of Eq. (5.7) with «'(y) = 0, we
obtain
ty ~ n*vo m ~ n*a®VTm. (5.12)

Summarizing the results above, which are consistent with Refs. [95-97],
we get following expressions for the coefficients of viscosity;

we L M ! Ly’ (5.13)
Wy n2o? " e (no?)? o) '

It should be noted that, because the dimension of up is different from that
of us and p,., we need to introduce another length scale to characterize the
macroscopic flow behavior in order to compare them. On the other hand, we
can see that, when the number density is high enough, p,. becomes compara-
ble to us, then the coupling between the angular momentum and the linear
momentum should play an important role.

5.3 Uniform Steady Solution of Flow on a
Slope

Now we present the uniform, steady solution of the micropolar fluid equations
(5.1), (5.2), and (5.3) on a slope, and compare the obtained profiles with the
result of numerical simulation.

Let us consider the two-dimensional steady flow on a slope under the
gravity. We take the z axis in the direction down the slope, and the y axis in
the direction perpendicular to the slope. The inclination angle of the slope
is 0, and the acceleration of gravity g = (¢gsind, —gcos#,0). In the uniform,
steady flow, mn = p = p(y), v = (u(y),0,0), and w = (0,0,w(y)), therefore

4If we consider the situation with u/(y) # 0, we get Au = o[u’(y) cos? ¢ + w(y)], where
¢ is the angle between the y axis and the vector along the centerline from one particle
to another. We need careful calculation in the average process of ¢, which is beyond
elementary kinetic theory.
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the equation of continuity (5.1) is automatically satisfied. Egs. (5.2) and
(5.3) reduce to following differential equations:

d du du

inf+ — [t (Y40 — 0, 14
pg sin —i—dy [,u dy—i—,u <dy+ w)] 0 (5.14)
—pg cos O — 3—5 = 0, (5.15)

and
du d dw

=2 | — + 2 — —| =0. 1

g <dy+ w>+dy [Mde] ’ (5.16)

The equation of state for a two-dimensional granular gas has been derived in
Ref. [49], but here we adopt the lowest order estimate, namely, p = pT'/m, for
simplicity. We also assume the constant temperature 7 = T'; the validity is
of these assumptions is confirmed later in the comparison with the simulation
data. With the aid of these assumptions, we obtain the density profile from
Eq. (5.15);

T

Y
p=po exp( h) ’ mg cos 6 (5.17)

Then, from the estimate of the coefficients Eq. (5.13), we introduce the
non-dimensional constants ag and 3y as

e pespl-2u/). 2~ 5.15)
After integrating Eqs. (5.14) and (5.16) with Egs. (5.17) and (5.18), we
obtain the following relation between the velocity field u(y) and the micro-
rotation field w(y);

B e do(Y
w(Y)=—exp(-Y)— 507 d§/ ) + Ao, (5.19)
where
U w
~ = = 2
u pogthine/N'S’ W poghSiHQ/,U/S’ (5 0)

with Y = y/h and € = o/h. Here, Ay is an integration constant. In the
integration of Eq. (5.14), we imposed the boundary condition for stress
tensor at the free surface, lim, .o Sy, — 0. From Eqgs. (5.16) and (5.19), we
have

d*o(Y) 0% exp(—2Y) [exp(—Y) +20(Y)

= 0. 5.21
dy? Bo€? 1+ agexp(—2Y) (5:21)
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Its general solution is given as the sum of a particular solution @, and two
homogeneous solutions w; and wy by

B(Y) = A (V) + Bin(Y) + &, (Y), (5.22)

with integration constants A and B. Changing the variable from Y to v =
exp(—Y'), we can obtain the expressions

N = . 2c
w, = Z angV%H with a3 = WEQ7 A2k41 = f2k+1a2k—17<5-23>
k=1 0
(Ijl = Z kaVQk with bo = 1, ka = f2kb2k727 (524)
k=0
and
(.:)2 = (I)l log v+ Z CQkVZk
k=1
. (%)) 1
with  ¢g =0, co = forcop—2 — 73 [W +k— 1} bak—2, (5.25)
0
where
Q) 4 9
=—|——-(k—2)]. 5.26
ho= g -] (5.26)

Note that @, and @& are regular but @, diverges at v =0 (Y — 00).

Now we show that the solution obtained from the micropolar fluid model
can quantitatively reproduce the results of numerical simulation. We use the
two dimensional DEM simulation data of collisional granular flow of identical
particles on a bumpy slope, which is presented in Chapter 6; the detail of the
simulation setup is given in that chapter. In the following, all quantities are
given in dimensionless form with the particle mass m, the particle diameter
o, and the time unit 7 = y/0/g.

We used the data of the simulation with inclination sin § = 0.45, system
size L = 1002, and number of flowing particle N = 1000. In the simulation,
uniform collisional flow is realized during 500 < ¢ < 2000 where ¢ is the
time as can be seen in Fig. 6.4. In order to determine the profiles of the
mean quantities describing the flow, we divide the space into layers which
are one particle diameter wide parallel to the slope, calculate the averages
inside layers, and then average the data over the time within the uniform
flow, 1000 < t < 1500. The slope is made bumpy by attaching identical
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disks, and the origin y = 0 is taken one diameter above from the top of the
disks attached to the slope.

Now let us compare our result from the micropolar fluid model with the
simulation data. First, we confirmed that the number density profile can be
well-fitted by Eq. (5.17) with A = 2.24 as shown in Fig. 5.2 (a), namely,
T ~ 2.0. This value is close to the averaged value of T shown in Fig. 5.2 (b),
and the variation of T" in the y direction is small compared to the exponential
variation of n; these facts allow us to use the equation of state of ideal gas
and the assumption of the constant temperature as the first approximation.

In order to fit the solutions (5.19) and (5.22) to the simulation data, we
determine the boundary values u(0) and w(0) from the data and treat o,
Bo, ps/po and w'(0) as fitting parameters. From Fig. 5.2 (c¢), we can see that
the micropolar fluid equations reproduce the angular velocity quantitatively.
Here, the value of parameters are oy ~ 0.10, fy ~ 0.12, ps/po ~ 0.95,
and w'(0) ~ 2.9. The velocity profile u(y) can also be well-reproduced by
the solution (5.19) as shown by the solid line in Fig. 5.2 (d); however,
because the density is low, the deviation of the velocity profile from the
solution of the Navier-Stokes equation without angular velocity, i.e. a(Y) =
—exp(=Y) + A, is small, which is also shown in Fig. 5.2 (d) by dotted
line. Actually, we have checked that the data can be reasonably fit with any
small value of ag, as long as g/ is chosen appropriately. However, it is
significant that the solution (5.22) can reproduce the sharp variation of w(y)
over only a few diameters near the base.

The more important thing is that the mean spin w deviates systematically
from the rate of bulk rotation %V X v, and that the micropolar fluid model can
reproduce this deviation. In Fig. 5.2 (e), we see that the deviation is large
near the base, because each particle is forced to rotate by the collision with
the slope. This result indicates the importance of the couple stress near the
boundary, as pointed out by Champbell [48]. This deviation may produce the
velocity profile different from the Newtonian fluids described by the Navier-
Stokes equation due to the coupling between the spin of each particle and
the linear velocity field. On the other hand, it seems the deviation also
becomes large in the region far from the boundary. The reason is that the
microrotation field in this region is dominated by a small number of particles
spins that are generated by collisions with the boundary.
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5.4 Summary

In summary, the micropolar fluid model has been applied to a collisional
granular flow with relatively low density. It has been demonstrated that the
solution for uniform, steady flow on an inclined surface reproduces the results
of numerical simulation.

Because the density is low, the ideal gas assumption for the equation of
state and the estimation of the viscosity from the elementary kinetic theory
work well. In order to apply the model to denser collisional flows, we need a
systematic extension of the theory using, for example, Enskog theory. This
has already been done in the context of polyatomic fluids for completely
rough spheres without energy dissipation [96,99] and it should be possible
to extend such results to the dissipative case [51]. The equation of state for
dense granular gas has also been discussed recently [8, 51].

On the other hand, the coupling between the particle spin and the velocity
field becomes stronger in dense frictional flows [100-102]. In some research,
the mechanics of granular media in dense quasi-static situation is considered
based on the micropolar or Cosserat theory [103,104]. The concepts in mi-
cropolar mechanics may be helpful to understand the mechanics of granular
media, not only in the collisional flow regime but also in the denser situation.
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Chapter 6

Steady State and its Instability
of Low-Density Collisional Flow

Most of researches on the collisional granular flow on a slope focus upon
the property of the steady uniform flow as referred in Chapter 2; in those
researches, the depth dependence of the flow properties such as velocity or
density profile is investigated, assuming that the flow is uniform in the di-
rection along the slope. It is known, however, that the granular materials
have the tendency to cluster due to the inelastic collision, which causes the
formation of density waves in the case of granular flow in a vertical pipe
[31,32]. Therefore, it is natural to expect that this tendency will cause some
instability in the uniform flow on a slope.

Granular flow of an independent particle, or a single particle behavior,
has been studied as summarized in Section 2.1. It has been found to show
three types of motion depending on the inclination angle and roughness of the
slope; they are the static state (regime A), the steady motion with a constant
average velocity (regime B), and the accelerated motion (regime C). When we
increase the number of flowing particles, however, all the particles stop with
the inclination angle in regime B because the kinetic energy of the steady
motion is not large enough to overcome the energy loss through inelastic
collisions with other particles. It will give us an insight on the many-body
effect in the low-density granular flow to investigate how the single particle
picture is modified upon increasing the density of flowing particles.

In this chapter, we study how the single particle picture is modified in the
collisional flow with finite density by particle collisions. Based on numerical
simulations, we determine the parameter region where the uniform collisional
flow is realized with the finite density. Then we examine the stability of the
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uniform flow.

6.1 Simulation Setup

Figure 6.1: A schematic illustration of the system geometry.

]{Zn kt Tin Ui I
5x10% (5% 10%)/3 35.68 35.68/3 0.5

Table 6.1: Parameters used in the simulations.

We employed the two dimensional DEM introduced in Section 3.1. The
particles are monodisperse with the diameter ¢ and the mass m. Each par-
ticle is also subject to the gravity, and the gravitational acceleration is given
by g = g(sin @, — cos ). The surface of the slope is made rough by attaching
the particles identical to the moving ones with spacing 0.0020 (Fig. 6.1).
The periodic boundary condition is imposed in the x direction. The system
size L is determined by the number of the particles attached to the slope n,
as L = 1.0020mn.

All quantities which appear in the following are given in the nondimen-
sionalized form in terms of the length unit o, the mass unit m, and the time
unit 7 = \/0/g. The parameters used in the simulations are tabulated in Ta-
ble 6.1. These parameters give the restitution coefficients e, = § = 0.7 from
the relations (3.19) and (3.23), and the duration of contact 7, ~ 1x 1072 from
(3.18). We integrated the equations of motions using the predictor-corrector
method in the third order with a constant time step dt = 1 x 1074,
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6.2 Steady Flow from the Single Particle Limit

We first investigate how the uniform collisional flow appears when we increase
the density of flowing particles from the one particle limit.

As we have referred in Section 2.1, a single particle behavior depends on
the value of 6 for a fixed roughness of the slope. It is known, however, that
the boundary between the regime B (the constant velocity regime) and C
(the acceleration regime) is not sharp; there is a parameter region where the
particle can attain steady state or can accelerate, depending on the initial
condition. We should also note that, when the initial kinetic energy of the
particle is too small, the particle may stop in the regime B and in part of the
regime C. In the present model with the parameters in Table 6.1, it turns
out that the regime A roughly corresponds to the region sinf < 0.11, the
regime B to 0.11 < sinf < 0.14, and the regime C to 0.16 < sin 6.

Now we focus on what happens when the number of moving particles
N is increased with the finite L. It is easy to expect that the dissipation
becomes larger upon increasing N, because the collisions between particles
or a particle and the slope become more frequent. Therefore it is obvious
that all the particles will stop irrespective of the initial condition if # is in the
regime A. Even for any 6 within the regime B, it turns out that the collisions
between particles eventually stop all the particles.

We examine closely the flowing behavior for the larger inclination angle 6
in the regime C. The situation is presented by showing the simulations with
sinf = 0.45 and L = 20.04. We set the initial condition as follows:

2(0) = (L/N)(i — 1), 3(0) = (1+2€) + ag, (6.1)
UZ(O) = 0, UZ(O) = 0, wZ(O) = 0,

where x;(t) (y;(t)) and u;(t) (v;(t)) are the coordinate and the velocity of
center of mass of the ith particle at time ¢ in the x (y) direction, respectively.
wi(t) is the angular velocity of particle ¢ at time ¢. & is a random number
uniformly distributed over the interval [0, 1]. The appropriate value of « is
a few times the diameter, and we adopted @ = 3 ~ 4 in actual simulations.
In the following, we define the ’density’ of the particles as p = N/L. In
the simulations with L = 20.04, we do not observe non-uniformity along
the slope in the particle distribution, therefore the parameter p is enough to
describe the situation. In order to characterize the qualitative difference of
accelerated behavior in the regime C and the uniform flow, we investigate
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Figure 6.2: The semi-log plot of E(t) for (A)p = 0.50, (B)p = 0.60, (C)p =
0.65, and (D)p = 1.00, with sin# = 0.45 and L = 20.04. E(t) continues to
grow when p < 0.60, while it is bounded when p > 0.65.

the p dependence of the averaged kinetic energy E(t) defined as

N
_ 1
E(t) =5 D_Eit), (6.:3)
i=1
where E;(t) is the kinetic energy of the ith particle at time ¢;
1 1

with I = mo?/8.

In Fig. 6.2, the time evolutions of F(t) are shown for several values of
p. When p is small (p < 0.60), E(t) grows rapidly and continuously, but
the growth rate become smaller as p increases. In this region, each particle
jumps and rarely collides with each other. When p > 0.65, E(t) still grows
rapidly in early stage, but its long-time behavior seems to be bounded and
fluctuate around a constant value. In this case each particle also jumps,
but often collides with other particles and is prevented from jumping up
infinitely. Based on this observation, we define the uniform flow in the low-
density limit as the flow which is uniform along the flow direction with the
value of E(t) being bounded, namely the energy dissipation due to inelastic
collisions balances with the energy gain from the gravity.

The average value of the kinetic energy £ in the uniform flow should be
related to X, the distance between collisions along the slope, by (1 — 62)E ~
mgX sin @, because the energy gain by the gravitation should balance with
the loss due to inelastic collisions. The simulation shows the typical value
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Figure 6.3: The 'phase diagram’ obtained from the simulations with L =
20.04. The accelerated regime (open box), the uniform flow regime (filled
box), and the regime where all the particles stop (plus) are shown when
more than 50 % of trials result in the corresponding behavior.

of X to be O(1) ~ O(10) in the uniform flow, thus we expect E to be
O(1) ~ O(10). On the other hand, E diverges in the accelerated regime.

Figure 6.3 shows the 'phase diagram’ summarizing the behavior in terms
of # and p obtained from numerical simulations. In order to obtain the dia-
gram, 10 simulations with L = 20.04 were done for each 6 and p. We identify
the three behaviors, namely (i) accelerated motion, (ii) uniform flow, and (iii)
static state where all the particles come to rest, by the following criterion;
the system is determined to be in the accelerated motion (in the static state)
if E(t) exceeds 500 (becomes zero) by ¢t = 20,000. It is determined to be
the uniform flow if neither of them happen. The final behavior sometimes
depends on the initial condition. This, we believe, is due to the finite size
effect. Each point in Fig. 6.3 is determined to be in one of these regimes
if more than 50 % of the trials show the one of the above behaviors. It is
expected that, if we could take the L. — oo limit with fixed p with keep-
ing the particle distribution uniform along the slope, such initial condition
dependence should disappear.

6.3 Spontaneous Density Wave Formation

Now we examine the stability of the uniform flow by taking the system size
large enough to observe non-uniformity along the slope. First we show the
simulation results of the flow in the system with sin§ = 0.45, L = 1002 and
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Figure 6.4: (a) Spatiotemporal diagram of the local density. Darker region
indicates the higher density region. (b) The time evolution of the averaged
kinetic energy E(t). (c) The time evolution of the kinetic energy of one
particular particle E(t).
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N = 1000, i.e. p = 1.0. The initial condition is also given by Eq. (6.2),
therefore the particles are uniformly distributed along the slope at first.

Figure 6.4 (a) shows the spatiotemporal diagram of the local density along
the slope; the vertical axis is the time ¢, the horizontal axis is the coordinate
along the slope x, and the darker region represents the higher density region.
The y coordinates of the particles are not taken into account in that diagram.

In early stage, the density is almost uniform along the slope (300 < ¢ <
2000), namely uniform flow is realized. Then relatively large fluctuation
of density grows in the course of time (2000 < ¢ < 3000); this means the
clustering behavior is triggered by the fluctuation. Finally system separate
into the high density region and the low density region, namely one large
cluster is formed (¢ 2 3000). This cluster travels the system with almost
constant velocity because of the periodic boundary condition; we can see
that the cluster is stable once it is formed.

The time evolutions of the kinetic energy averaged over all particles, E(t),
and that of one particular particle, E(¢), are also shown in Figs. 6.4 (b) and
(c), respectively. Both of them are almost constant in the stage of uniform
flow. Then E(t) increases in 2000 < ¢t < 3000. In ¢ 2 3000, the fluctuation
of Ei(t) becomes considerably large, and E(t) begins to fluctuate around
another constant value which is larger than the one in the stage of uniform
flow. The reason why the kinetic energy increases when a cluster is formed
can be understood as follows: When the cluster is formed, the region with the
density lower than the threshold value to maintain the steady flow (~ 0.65
in the case of sinf = 0.45, see Fig. 6.3.) appears locally, and particles in
such a spatial region can be highly accelerated. However, the particle will
be caught in the cluster sooner or later, and then quickly lose its kinetic
energy. This mechanism maintains the moving cluster, and results in the
large fluctuations in E(t).

The situations are clearer in Figs. 6.5, which show the snapshots of the
particle configuration and the local density (number of particles per unit
length) at (a) ¢ = 0 (initial condition), (b) ¢ = 1500 (uniform flow stage),
and (c) ¢ = 5000 (clustering stage). The red circles in the figures express the
particles, but the diameters are ten times larger than the real scale for better
sight. The initial condition is completely uniform along the slope as shown
in Fig. 6.5 (a). In the uniform flow stage, Fig. 6.5 (b), the uniform particle
distribution is realized with some fluctuation. Figure 6.5 (c) of the clustering
stage shows that the particles in the low density region are jumping up, while
those in the dense region stay close to the floor.
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Figure 6.5: The snapshots of the particle configuration (upper figures) and
the local density (lower figures) at t = 0 (a), t = 1500 (b), ¢ = 5000 (c).
The red circles in the upper figures express the flowing particles, but the
diameters of circles are ten times larger than the real scale for better sight.

We also find that the instability depends on the system size L and the
“density” p. In Figs. 6.6, spatiotemporal diagrams of the local density with
the different values of L and p are shown. From the comparison of Fig. 6.4
(a), Figs. 6.6 (a) and (b), which are the simulation results with p = 1.0
but different L, we can see that the instability becomes weaker for smaller
system sizes. From Fig. 6.6 (a), (c), and (d), which are the results with
L = 501 but different p, we find that the higher the density is, the more
stable the uniform flow is. It can also be seen that, even though the clear
cluster formation has not been found in Fig. 6.6 (a), the density fluctuation
is quite large. We have also simulated the system with the same L and N
as in Fig. 6.6 (a) but with the initial configuration with large inhomogeneity
along the flow direction (Fig. 6.6 (e)). It is found that, a cluster is formed
after a while, but it almost disappears when the head and the tail of the
cluster collide through the periodic boundary condition (3000 < ¢ < 4000).
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6.4 Summary

We have examined the two-dimensional granular flow on a rough slope in
the collisional flow regime by numerical simulations. It was shown that the
mutual collisions among particles stabilizes the flow even in the accelerated
regime for a single particle system. The phase diagram was determined for
the accelerated, uniform flow, and stopping regime in terms of the particle
density p and the inclination angle # for a particular system size. The stability
of uniform flow was also examined and we found that a large single cluster
appears spontaneously out of a uniform initial state. It was shown that the
smaller the particle density is, or the larger the system size is, the less stable
the uniform flow is.

In the case where the uniform flow was unstable (Figs. 6.4(a) and 6.6(d)),
the fluctuation grew up to form a large cluster. The final state was that one
stable cluster travels the system with almost constant velocity; it was due to
the finite size effect under the periodic boundary condition. The reason why
the formed cluster was almost broken in the case of L = 501 and p = 1.0
(Fig. 6.6(e)) was that the head and the tail of the cluster interacted through
the periodic boundary condition, namely, it was also the finite size effect.

Based on these observations, we guess that, if we perform a simulation
or an experiment of initially uniform flow in a very long system under an
open boundary condition, the small clusters merge to form larger clusters as
they go downstream. It is a future issue to investigate the instability in more
realistic situations *.

The spontaneous cluster formation out of uniform flow is seen also in
the granular flow through a vertical pipe [31,32] and in the traffic flow on a
freeway [105-107]. It is an interesting problem to find out whether those phe-
nomena and the cluster formation found here have a common mathematical
structure at phenomenological level.

'In the wave formation observed in a recent experiment of shallow granular flow on a
slope [61], it has been found that the wavelength becomes longer in the downstream.
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Chapter 7

Concluding Remarks

In this thesis, we investigated the fundamental properties of the gravitational
granular flow. We chose the flow on a slope as a model system because, in
spite of its simple setup, all types of granular flows are realized by changing
the inclination angle, the roughness of the slope, or the density of particles.
It is a system suitable for the comprehensive research on granular flow.

We examined the particle stiffness dependence of the steady flows numer-
ically by taking the inelastic hard sphere limit of the soft sphere model. In
the case of the collisional flow, the collision rate is almost constant and the
contact time fraction approaches to zero, which means the interaction be-
tween particles converges to the binary collisions in the inelastic hard sphere
model. On the other hand, the collision rate diverges in the power law of
the stiffness parameter in the frictional flow. The estimated time fraction
for the multiple or the sustained contact remains finite even in the hardest
case. This suggests that the interaction in the frictional flow can never be
expressed by the binary collisions: even in the hard sphere limit, particles
experience the lasting multiple contact.

The inelastic hard sphere picture of the granular material in the colli-
sional flow regime allows us to use the kinetic theory and the hydrodynamic
model. We applied the micropolar fluid model to the collisional granular
flow in which the effect of the spinning motion of particles is incorporated.
The adopted constitutive equations were the straightforward extension of the
Navier-Stokes equation. We used the simple estimate of the viscosities based
on the elementary kinetic theory, and obtained the analytical solution of the
steady flow on a slope. It was demonstrated that the solution reproduces
quantitatively the deviation of the particle spin from the vorticity of the
mean velocity field in the numerical simulation.

o8



It was shown by the numerical simulation that the uniform collisional
flow exhibits the dynamical instability. We determined the parameter region
where the collisional uniform flow is realized with the finite density for a
particular system size. Then we performed the simulation in the very long
system, and it was found that the uniform flow shows the clustering insta-
bility. It was demonstrated that the uniform flow is less stable for the longer
system size and/or the lower density.

These results are informative for linking the understandings of the low-
density rapid flow to the dense slow flow. The qualitative difference of the
stiffness dependence between the collisional flow and the frictional flow is
helpful to quantify the dominant interaction in the situation where both the
inelastic collision and the sustained contact occurs. The coupling between
the spinning motion of particles and the mean velocity becomes stronger
for the denser flow. The clustering instability results in coexistence of dense
regions and dilute regions. We hope that the future extension of our research
will help to understand the nature of transition between the collisional flow
and the frictional flow, and finally to construct the comprehensive theory of
granular flow.
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Appendix A

Derivation of the Micropolar
Fluid Equations

We outline the derivation of the micropolar fluid equations (5.1) - (5.3) from
the conservation laws of mass, momentum, and angular momentum. The
derivation here is based on Ref. [29].

A.1 Equation of Continuity

We consider a volume V(t) which moves with the fluid and whose surface is
Q(t).

From the conservation law of mass, we obtain

d
— pdr = 0. Al

Using the relation

d

—/ G(r,t)dr = / [0:G+v-VG+ GV -v|dr (A.2)

dt Jv V)
for an arbitrary scalar function G(r,t) [108], we get the equation of continu-
ity;

Dp
op+V-pr=0& —+pV-v=0. (A.3)

Dt
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A.2 Equation of Motion

The conservation of momentum is written as
d

— pvdr = / pfdr +/ S - ndf), (A.4)
dt Jy V(1) Qt)

where f is the force per unit mass and S is the stress tensor . Using Gauss’
theorem, we obtain

D
pD—tv:pf—FV-S. (A.5)

Here we used the equation of continuity (A.3) and the relation (A.2).

A.3 Equation of Microrotation

From Eqs. (A.2) and (A.5), we have

d

= /V(t)[at<r X pv) + (v-V)(r x pv) + (r x pv)(V-v)]dr (A7)

p(r x v)dr (A.6)

= / r X [pDyv]dr (A.8)
V(t)
_ / rx [pf +V - Sldr. (A.9)
V(t)
On the other hand, the conservation of the angular momentum is ex-
pressed as
d

pll+r xv|dr = /

p[rxf]dr+/ [C-n+7x(S-n)dQ (A.10)
V(t)

dt Sy Q)

with the angular momentum of the microrotaion pl ? and the couple stress
C.3

!The component of the stress tenser S;; is defined as the j component of the force
acting on the plane perpendicular to the ¢ direction. Therefore, the inner product of the
tensor and the vector S - n means S;;n; and (V- 5); = 0,5;;.

2pl = nlw in the system consists of identical spheres whose moments of inertia are I.
Here, n and w are the number density and the angular velocity field, respectively.

3Here we do not consider the external torque, because such a term do not appear in
the granular media.
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When we use
/ [ x (V- §)]sdr
1%

/ [eijkrjamsmk]dr

L

_ / (st (O3 Soure — Syl
1%
/ (O (€ijrj S )dr — / (€ixSjr)dr
1%

V(t)

:/ [r x S-n]dQ—/ (€ijeSn)dr,
Q(t)

V(t)

we get

/ [rxS-n]dQ:/ I x (V- 8) + s@]dr
o) V()

(A11)
(A.12)
(A.13)
(A.14)

(A.15)

(A.16)

by using the vector defined from the asymmetric part of the stress tensor,

5@ = €ijeSk. Thus Eq. (A.10) reads

d

dt Jy V()

Considering Eq. (A.9), we obtain

d

— pldr = / V- C + s9)dr.
dt Jv) V()

Again from Eqs. (A.2) and (A.3), we have
d
—/ pldr = / [0:pl +v - Vpl + plV - v]dr
dt Jyu V()
= / pl0: + v - V]ldr.
V()
From Egs. (A.18) and (A.20), we finally obtain

D
~1=Vv. (a)
thl V.-C+ s,
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Appendix B

A Soft Ball on the Floor

When a soft ball is in contact with the floor, the equation of motion for the
overlap of the ball and the floor, z, is given by Eq. (4.4);

Z4kpz+mz=g. (B.1)

The solution of this equation is

+(t) = exp (—%nnt) [—kin cos(Qt) + Bluo) sin(Qt)] +L B
where

Q= [k — % (B.3)

. B(vy) = 22— 92;/ (2kn) (B.4)

Here we have assumed that the impact velocity is vy. Note that 0, oc vk,
(see Eq. (4.1)) and thus Q o< v/k,. The collision ends when z(7,) = 0, and
the restitution coefficient is determined by |2(T)/vo|.

When vy ~ O(1) >> 1/y/k,, the solution (B.2) is approximated as

z(t) = exp (—%nﬁ) [% sin(Qt)] +0 (k") (B.5)

The leading order gives the constant restitution coefficient e,, = exp(—1,7w/2)
with the constant duration of contact with the floor 7, = 7 /€.

The critical impact velocity v. below which the the ball stays in contact
with the floor is determined by the condition 2(7.) = 0, where T, is the
smallest positive solution of z(7,) = 0. The constant e,, based on Eq. (B.5)
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Figure B.1: The stiffness parameter k, dependence of the critical impact
velocity v, below which the ball remains in contact with the floor. The
filled circles are numerically obtained value, which agree with the solid line
proportional to 1/y/k,. The values of k, and 7, are those used in Caper 4,
which give e, = 0.7.

indicates that v, is not O(1) >> 1/v/k,. When vy ~ O(1/v/k,,), all the terms
in Eq. (B.2) become the same order (O(1/k,)) and the condition 2(7,) = 0
can be satisfied; namely, v, should be O(1/v/k,). The numerically obtained
k, dependence of v, are plotted in Fig. B.1, which shows v, oc 1/v/k,.
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