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RESUME

Den bergmte AdS/CFT korrespondance, er en postuleret dualitet mellem en kvan-
teteori, indeholdende tyngdekraft defineret pa Anti-de Sitter rum (en speciel type
Einstein mangfoldighed), og en konform feltteori (CFT), der lever pa overfladen af
dette rum. Vi betragter en speciel graense af AdS/CFT korrespondancen, hvor vi
bruger fluid dynamik som en effektiv beskrivelse af CFT’en. Denne greense giver
anledning til den sékaldte fluid/gravitations korrespondance, der forudsiger, at der
eksisterer en dualitet imellem tyngdekraft og fluid dynamik. Over de seneste par ar
har en ny tilgang til denne dualitet, mellem tyngdekraft og fluid dynamik, set dagens
lys. Formalet med denne afhandling er at redeggre for denne nye tilgang. Vi redeggr
for hvordan fluid dynamik, som en effektiv beskrivelse af kvantefeltteori, naturligt
kan skrives som en udvikling i kovariante afledte af de fluid dynamiske felter, og viser
hvordan fluid dynamikken for konforme feltteorier kan udtrykkes til given orden i
den omtalte udvikling vha. et seet Weyl-invariante tensorer. Derefter analyserer vi
dynamikken af fluktuerende braner (i anti-de Sitter) ud fra et holografisk synspunkt.
Denne analyse gar ud pa, at lgse Einsteins ligning (med en negativ kosmologisk kon-
stant) perturbativt i bran-fluktuationen. Ved at bruge veerktgjerne fra AdS/CFT
korrespondancen ser vi, at dynamikken af branen praecis kan forstas via den duale
fluid beskrivelse. Vi ser ydermere, at den for omtalte fluid dynamiske udvikling i
de afledte af felterne reproduceres, hvilket lader os udtreekke information om fluid
dualen, og dermed den underliggende feltteori. Endelig introducerer vi en ny klasse
af roterende sorte huller i anti-de Sitter, og redeggr for deres termodynamik. Disse
sorte huller giver os en ny baggrund at teste fluid/gravitations korrespondancen
imod. Vi finder, at disse sorte huller passer perfekt ind i dualiteten og foreslar en
mulig lgsning pa ladede sorte hullers fluid dynamik.

ABSTRACT

The famous AdS/CFT correspondence is a conjectured equivalence between a quan-
tum theory containing gravity defined on Anti-de Sitter space (AdS, a special type
of Einstein manifold) and a conformal field theory (CFT) living on the boundary of
this space. We consider a special limit of the AdS/CFT correspondence where we
use fluid dynamics as an effective long-wave description of the CFT. The so-called
fluid/gravity correspondence now predicts a duality between gravity and the effec-
tive fluid dynamic description. Over the recent couple of years a new approach to
understanding this duality between gravity and fluid dynamics has emerged. The
purpose of this thesis is to examine this new approach. We explain how fluid dynam-
ics naturally can be written as a derivative expansion in the fluid dynamic fields and
show how the fluid dynamics of conformal fluids, to a given order in the expansion,
can be written in terms of a finite set of Weyl invariant tensors. We then move on
to describing the dynamics of fluctuating branes (in anti-de Sitter). This analysis
consists of solving Einstein’s equation perturbatively in the brane fluctuation. By
using the tools of the AdS/CFT correspondence we see that the dynamics of the
brane exactly can be understood in terms of its dual fluid description. Moreover
we see that the derivative expansion mentioned above is reproduced, which allows
us to extract information about the dual fluid and thus the underlying field theory.
Finally we introduce a new set of rotating black holes in anti-de Sitter and derive
their thermodynamics. These black holes provide a new background against which
the fluid/gravity correspondence can be (non-trivially) checked. We demonstrate
how these black holes fit perfectly into the fluid /gravity correspondence and propose
a possible solution to the fluid dynamics of charged rotating black holes.



1
INTRODUCTION

GENERAL INTRODUCTION AND OVERVIEW

Strongly coupled field theories play an important role in many areas of modern
physics with QCD being the most famous in particle physics. Over the last decades
an enormous amount of research has therefore gone into understanding these theo-
ries. However, many aspects of strongly coupled theories are still poorly understood
as the conventional methods pertaining to weakly coupled theories are not available
in the strongly coupled regime. New non-perturbative methods are therefore needed
to explore the properties of strongly coupled theories.

The AdS/CFT correspondence (discovered by Maldacena in 1997 [1]) has emerged
as a very important tool for constructing such a non-perturbative framework. The
AdS/CFT correspondence conjectures a deep connection between string theory
on curved backgrounds and a certain class of interacting quantum field theories.
More specifically, the remarkable AdS/CFT correspondence predicts a mathemati-
cal equivalence between string theory on a space of the type AdS;11 x X (where X
is a compact manifold) and a d dimensional conformal field theory (CFT) defined
on the boundary of AdS44;1 with internal symmetries of the CFT corresponding
to the isometries of the manifold X;. At generic values of parameters both sides
are complicated quantum theories. However, the correspondence is a duality in the
sense that the coupling constants on each side can be matched inversely to each
other. This implies that the weakly coupled regime on the one side is equivalent to
the strongly coupled regime on the other side. Especially if we consider the large
N limit of the conformal boundary theory, the quantum corrections on the string
theory side will be suppressed and the quantum theory on AdS;41 x X therefore re-
duces to classical string theory. Moreover, if we at the same time consider the strong
't Hooft coupling limit, all stringy o’ corrections will also be suppressed and the
quantum theory reduces to classical supergravity (SUGRA). Finally, by dimensional
reduction, any two derivative theory on AdS;11 X X has a universal subsector con-
sisting of gravity on AdS,;. This corner of the AdS/CFT correspondence therefore
predicts an equivalence between gravity with a negative cosmological constant and
a certain CFT in its planar limit.

Since we consider the strong 't Hooft coupling limit, the quantum dynamics on
the gauge theory side is still very complicated and non-local. It is therefore useful to
consider yet another limit. It is believed that any interacting quantum field theory
admits an effective long-wave fluid dynamical description at sufficiently high tem-
peratures and energy densities. By considering the fluid dynamical limit of the dual
gauge theory, the effective dynamics of the gauge theory should therefore reduce to
the equations governing relativistic fluid dynamics. The equations of fluid dynamics
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are simply the conservation equations expressing conservation of energy and mo-
mentum (and perhaps a set of currents) along with a set of constitutive equations
that express the conserved currents in terms of the fluid dynamical variables. Since
fluid dynamics is an effective long-wave description, the constitutive equations are
naturally expressed as a derivative expansion in the fluid dynamical fields. The
fluid thermodynamics and symmetries determine this expansion up to a finite set
of unknown independent transport coefficients which in turn are determined by the
underlying field theory. Moreover if the field theory possesses conformal symme-
try (as is the case for the field theories relevant to the AdS/CFT correspondence),
both the fluid thermodynamical degrees of freedom and the number of independent
coefficients relevant to the derivative expansion reduce significantly.

These ideas were first implemented by Policastro, Son, and Starinets [2] using a
“Kubo formula” approach to fluid dynamics, which relates the hydrodynamic pole
behavior of certain correlators to the fluid dynamical transport coefficients. The
authors of [2] were for example able to compute the viscosity of a general strongly
coupled QFT with a gravitational dual. The gauge theory side equivalent of this
computation is not known to this date since such a computation would require non-
perturbative method yet to be discovered. This method was later generalized to
extract information about the hydrodynamical behavior about more general field
theories (see [3] for a nice review and an extensive collection of references.) Perhaps
the most remarkable result was the viscosity bound conjecture which states that for
any sensible relativistic quantum field theory [4]

h

>
~ A7

(1.1)

» |3

where 7 is the viscosity and s is the entropy density. In general /s > 1 for weakly
coupled theories [3], however, as we enter the strongly coupled regime 7/s — O(1).
The viscosity bound tells us that a liquid with a given volume density of entropy
cannot be arbitrarily close to being a perfect fluid.

Recently a new approach to the duality between fluid dynamics and gravity has
emerged. Since gravity on anti-de Sitter backgrounds is dual to an effective fluid
description of certain QFTs, the dynamics of the fluid should directly be encapsu-
lated in the equations of gravity. It should therefore, so to speak, be possible to
directly read of the dynamical properties of the dual fluid by examining the equa-
tions of gravity, which in general would have to be solved in higher (than D = 4)
dimensions. Moreover, it follows that the stationary solutions of gravity should be
mapped to stationary boundary fluid configurations through the correspondence.
This new approach was first implemented to examine stationary black holes by the
paper [5]. This was later extended to include dynamics in the paper [6] which was
generalized to different cases in a set of papers [7, 8, 9, 10] (and others.) The aim
of this thesis is to explore this new framework for the fluid/gravity correspondence.
We will explain how it is possible to extract informations about the transport coef-
ficients directly from Einstein’s equations and examine how the result /s = 1/4x
is reproduced.
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OUTLINE OF THE THESIS

The thesis is structured as follows:

In chapter 2 we explain the fundamental concepts needed to understand the
AdS/CFT correspondence. This includes basic introductions to conformal
field theories in curved space, N’ = 4 Super Yang-Mills, and anti-de Sitter
spaces.

In chapter 3 we account for the AdS/CFT correspondence and how it is possi-
ble to compute boundary CFT related quantities from the dual gravitational
theory on AdS. Moreover we explain how the fluid/gravity correspondence is
a natural corollary to the AdS/CFT correspondence.

In chapter 4 we explain how it is possible to use conformal fluid dynamics as a
long-wave effective description of a CFT. We explain how fluid dynamics can
be expressed as a certain derivative expansion in various thermodynamical
quantities and write down the most general expansion for a conformal fluid
up to second order in the derivatives.

In chapter 5 we utilize the AdS/CFT correspondence to compute the dual
fluids of certain solutions to Einstein’s equations. We show how Einstein’s
equations exactly are equivalent to the fluid dynamical equations governing
the dual boundary fluid. We explain how the derivative expansion from chap-
ter 4 is reproduced and show how it is possible to extract the coefficients of
this expansion from a purely gravitational computation.

In chapter 6 we introduce a class of exact (rotating) black hole solutions to
Einstein’s equation in anti-de Sitter. We will show how these black holes fit
into the fluid/gravity scheme, both locally and globally, and demonstrate how
the (special case of) five dimensional multi-charged rotating black hole also
fits with the predictions of the fluid/gravity correspondence.

Finally, in chapter 7 we conclude on the results obtained in the thesis and
discuss some of the possible present and future applications of the fluid /gravity
correspondence.
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CONFORMAL FIELD THEORIES
AND ANTI-DE SITTER SPACES

2.1 CONFORMAL TRANSFORMATIONS

Conformal field theory (especially conformal field theory in two dimensions) is a
vast subject. It is way beyond the scope of this thesis to go into the details of
(quantum) conformal field theories. Here we shall be content with giving a brief
review of the basic ideas of conformal field theory and the concepts needed for the
thesis and in particular needed for understanding conformal fluids. We start by a
review of the theory of conformal transformations in flat Minkowski space.

2.1.1 CONFORMAL SYMMETRY IN FLAT MINKOWSKI SPACE

Consider d dimensional Minkowski space My. The conformal transformations of
Minkowski space (Mg, nqs) are the (smooth) coordinate transformations 2% — Z°

that leave the Minkowski metric n,, = diag(—,+, --,+) invariant up to some
positive non-vanishing function Q=2(z):
Bap = QO 1ap (2.1)

Therefore, the conformal transformations are the transformations that leave the
Minkowski flat space structure invariant up to a local change of scale. We immedi-
ately see that the Poincaré transformations (the semi direct product of translations
and (pseudo)-rotations making up the Poincaré group P(d), see e.g. [11]) of My
are all conformal since they exactly correspond to €2 = 1. As a trivial example
of a conformal transformation which is not Poincaré, consider the (global) scale
transformation

=gt =Xt N eR (2.2)
This is clearly a conformal transformation with 2 = A\. Notice that the collection
of conformal transformations make up a group denoted C(1,d — 1). This group is
known as the conformal group. According to the above we have P(d) C C(1,d—1).
In order to work out the Lie algebra of C'(1,d — 1) one must work out the infinites-
imal form of the conformal transformations. By looking at the equation (2.1) for
infinitesimal transformations, it is possible to work out the infinitesimal form of a
general conformal transformation (we refer to [12] for the details). The infinitesimal
conformal transformations fall in four types, two of them being Poincaré transfor-
mations (translations (7') and Lorentz rotations (R))

(T) a# -2 =2 +d", (R) 2" — a2 =a"+wa” (W =—wy,) (2.3)

5
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while the two remaining are new
(D) 2t — 2" = (14 B)z", (SCT) ¥ — a/* = 2" +2(z - b)a" — bz  (2.4)

The first transformation is known as a dilation (D) and is recognized as being the
infinitesimal form of the scale transformation (2.2). The last transformation is the
(infinitesimal) special conformal transformation (SCT). Now let P, denote the gen-
erator of translations, M, the generator of Lorentz rotations, D the generator of
dilations and K, the generator of the SCTs. Using the infinitesimal transformations
(2.3) and (2.4) it is straight forward to work out the algebra of C'(1,d—1): In addi-
tion to the usual commutators from the Poincaré algebra we find the commutators

[D,PM} =1iPy,, [K;w P,,} = 21'(77,“,D - MW) (2.5)
[M;uu Kp} = i(nupKu - T]upKu)a [D7 Ku} = _iKu (2-6)
with the rest of the commutators [D,*] = [K,, ] = 0.

By constructing a new set of generators Jap from P,, M,,, D and K, and
using the above algebra, it possible to cast the algebra of the conformal group into
the form [12]

[JaB,Jep) = i(MapJBe +Tpcdap —TactBp — TppJac) (2.7)

with 7 4 5 = diag(—, +, +, ..., +, —). This algebra is exactly that of SO(2,d) and we
therefore conclude that C'(1,d—1) is isomorphic to SO(2,d), C(1,d—1) = SO(2,d).

2.1.2 CONFORMAL SYMMETRY IN CURVED SPACE

Similarly a conformal transformation in curved space M is a transformation that
leaves the (now generally non-flat) metric invariant up to a local scale. However,
it turns out that it is more natural not to define conformal symmetry in terms of
diffeomorphisms but instead in terms of (conformal) equivalence classes of the space
of metrics on M. Two metrics g and g are said to be conformally equivalent if there
exists a non-vanishing function = e¢® on M so that

B =27 %, = g, (2.8)
We emphasize that this equation does not need to be related to a diffeomorphism -
this is a transformation of the metric field, not the coordinates. The two spacetimes
(M, g) and (M, g) therefore agree on “angles” between vectors but not on the “length”
of vectors. Especially, the conformal transformation leaves the light cones of the
two spacetimes (M, g) and (M, g) invariant and they therefore have identical causal
structure [13]. It is possible to express various geometrical quantities of respectively
(M,g) and (M,§) in terms of each other and the function Q. If we let V, and V,,
denote respectively the connections w.r.t. g,, and g, it holds that [13] (in fact
such a relation holds for any two connections)

Vot =Vt —C%, t° (2.9)
for any vector ¢ and where the tensor C”,, is given by
cr —Lf’*[v~ + Vigun — Vg (2.10)
uy 2g u8u Vg;t)\ )\g;u/ .

Since V, is the connection w.r.t. g,, it holds Vg, , =0s0 Vg, , = —2Q*SgUpV#Q.

This enables us to express C*,, in terms of ) = e

Cpul/ = _Q_SgpA [gVAVMQ + gHAVUQ - guyvAQ]
= —26,V,)log 2 + 2,,8" V2 log (2.11)
= _25(9ny)¢ + gpygp)\v)\qs
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Now the relation (2.9) directly shows how the Christoffel symbols of (M,g) are
related to those of (M, g). We simply have

pP_TP _(CP
re,=re, —c’,

] , pA (2.12)

= Fp,l/ + 26(le/)¢ - guyg v)\¢
Using this, it is straight forward to express the Ricci tensor of (M, g) in terms of
that of (M, g). We have

Ry =R+ (d—2)V,V,0 + 8,8V, Vi
+(d=2)(Vud) (Vo) — (d = 2)g,,8" (V,0)(Vag)  (2.13)

From this we can calculate the transformed Ricci scalar. Here we must be a bit
careful and remember that in order to to compute R we must contract with the the
metric g = e2Pghv:

R=e*[R+2d-1)g"V,Vyp— (d=1)(d = 28" (Vud)(Vu9)]  (214)

The relations between other conformally related geometrical quantities are derived
in a similar manner see e.g. [14].

2.2 CONFORMAL THEORIES
2.2.1 FLAT SPACE

In flat space, classical conformal field theories arise from the representations of the
conformal algebra (2.5). Let ®(z) denotes a generic (irreducible) field representation
of the conformal group. Following the well-known method, it is possible to examine
how the generators of the conformal group act on ®(z). In addition to the usual
Poincaré action

P,®(z) = —i0,®(x)

M;LVCI)(CC) = Z‘((ﬂﬂay — :Eyau)(I)(x) + Eyy@(ﬂf) (2.15)

we also have action from the dilation generator D and the generator of SCTs. They
act like [12]

Do (z) = (—a¥0, + 1A)D(x)

] ' ) (2.16)

K,®(z) = {iAz, — 2", — 2ix,2"0, +iz°0, } ®(z)
Here X, denotes the spin i.e. a matrix representation of the Lorentz group while A
is a real number known as the scaling dimension of the field ®. The general trans-
formation of the field ® under conformal transformations can now schematically be
written as

' (x) = eXp(—Zingg)@(x) (2.17)

where Gy and w, respectively denote the generator and transformation parameter
associated with the g symmetry. It is now possible to show that under a general
finite conformal transformation the field ® transforms as (assume that the field has
no spin)

B(z) — ' (z') = [Qz)]2d(z) (2.18)

This explains the name for A. Fields with spin will of course also have their spin
components transformed in a non-trivial manner. A conformal theory is then exactly
a theory that takes the extra conformal symmetry into account i.e. scaling of fields.
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Especially a conformally invariant theory is a theory whose action is left invariant
by all conformal transformations (2.1), (2.15), (2.16).

In order to make this a bit more concrete, we consider conformal transformations
of a rather general system. For simplicity we will only consider scale transforma-
tions.! We consider a physical theory consisting of a collection of fields 1; defined
on d-dimensional flat space govern by the generic action

S = / A%z L((2), 0,1i()) (2.19)

Now suppose that we perform a scale transformation of the physical system by some
factor A. Assuming that the scaling dimension of the field v; is denoted A;, the
scale transformation of the full physical system is given by

oh — 2" = dx* and  Yi(at) — Pl(aM) = AT (x) (2.20)

Computing the transformed action S’ = S[¢'] is easy
S = )\d/ddx LAT2;(2), A\ 2 19,9(x)) (2.21)

This expression is obtained by a change in integration variables, using the transfor-
mation rules (2.20) and finally that the form of the Jacobian |0x'#/dz"| = \%. As
a simple example, let us consider a scalar field theory (here m is a parameter which
can be thought of as a mass term)

S = / A%z %(awaw —m%?) (2.22)

We see that theory is scale invariant only, S = S, if m = 0 and Ay = 1 — d/2.
The massless condition m = 0 makes sense since the presence of a mass introduces
a characteristic length scale into the system and the theory can thus not be scale
invariant. Note that, it is of course not a coincidence that exactly Ay = the natural
length dimension of the field leaves the (massless) scalar field action S invariant
under scaling transformations - this is simply because the action has vanishing
length dimension. These arguments clearly extend to more general field theories
[15]. We conclude that, just like a vector field has a direction which correspondingly
must transform under Lorentz transformations, a field also has a length (or scaling)
dimension which means that the field must transform according to this scaling
behavior under conformal transformations.

2.2.2 CONFORMAL THEORIES IN CURVED BACKGROUNDS

Having explained how classical conformal field theories arise from representations
of the conformal group and how they essentially correspond to theories that are
invariant under rescalings of the coordinates and the fields, we will now explain
how conformal field theories are defined on curved backgrounds. There are several
more or less mathematical rigorous definitions of conformal field theories in curved
space. Perhaps the best way to understand conformal field theories on curved
spaces would be in terms of fiber bundles, much like we do for spinors on curved
backgrounds [13]. Here we will be content with the definition given by [13] which
is expressed in terms of the equations of motion.

LOf course invariance under scale transformations and the full conformal group is not the same.
However, usually if a theory is scale invariant it will also conformally invariant.
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Suppose that 1 is some matter field living on a space-time (M, gw), possible
coupled to gravity, with equation of motion H(g,,,?¥) = 0. Now suppose that
perform a conformal transformation:

where s is some number s € R called the conformal weight (conventionally denoted
by Latin letters) of the field ¢). The conformal weight is the curved space gener-
alization of the scaling dimension A. The theory described by g, and v is said
to be conformally invariant if the equations of motion are left invariant under the
conformal transformation i.e, H(g,w,q/?) = 0 for all ¢. Equivalently conformal in-
variance could be expressed on the level of invariance of the (matter) action under
conformal transformations, see below.

As an example, consider a free scalar field conformally coupled to gravity with
equation of motion

d—2
g — gV R -
Pl 0] = 89,V = s R =0 (220

where R is the Ricci scalar of the metric g,,,,. This theory is conformally invariant
if and only if the scalar field v is assigned conformal weight s = d/2 — 1. Indeed,
using the scaling relations (2.23) and (2.14), we can show that

Hscalar [6_2¢g/wa 6<d/2_1)¢¢] = e(1+d/2)¢ Hscalar [g“ya ¢] =0 (225)

This equation is the curved space, conformally invariant generalization of the Klein-

Gordon equation. It is also possible to show that the curved space Maxwell equa-

tions V, F'*¥ = 0 are conformally invariant in four spacetime dimensions [13].
Finally, we examine how the conservation equation

V,.T" =0 (2.26)

behaves under conformal transformations. Suppose that T"" transforms with con-
formal weight w i.e. THY — TH = e®?TH, Notice that the weight w needs not to
be the same as the conformal weight of the underlying field of fields. We then have
VT =V, (e"?T™)
= (’)ﬂ(ewqu’“’) + f‘ZA(ewqu)‘”) + fz)\(e“"f’T“’\)
_ vu(ewzi)Tuu) + CM#)\ewqﬁT)\V + CV#)\ewqﬁT;u\
= eV, T" — (d—w+2)T"V,.+TV"¢}

(2.27)

We therefore see that the conservation equation (2.26) is generally not conformal
invariant. However, we see that if the trace T' = g, T"" of the stress tensor van-
ishes (this is clearly conformally invariant statement) then the equation (2.26) is
conformal invariant if the stress tensor is assigned conformal weight w = d + 2.
On the other hand, assume that the theory is conformally invariant. We then have
Sy = Sule™, i) = Su = Sarlgh”, ) under conformal transformations and we
therefore have for the stress tensor

v _ _\;?SM _ _e(d+2)¢\2[;:M _ (42 by (2.28)
998, 9 08uu

So, a conformally invariant theory gives rise to a stress tensor which transforms
with conformal weight w = d + 2 under conformal transformations. Moreover, if
the theory is conformally invariant, then the equation (2.26) must be conformally
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invariant, so from the equation (2.27) we see that conformal invariance of a theory
must imply 77 = 0. Notice that we may also infer the tracelesness of the stress
tensor directly from a variational argument: Consider an infinitesimal conformal
transformation g, — 6_25¢gw. Under such a transformation we clearly have
2

08, = —28,,00,50 T =g, , T" ~g,,68u/0g,, = —%5SM/6¢ =0.

Finally suppose that a conformal theory contains a conserved current J* and
consider a conformal transformation g, — e‘wgw. Since the theory is conformal,
the conservation equation

YV, Jh=0 (2.29)
must also hold in the transformed metric i.e.
V" =V, (ev?J")
= we?(V,,0)J" + eV,

2.30
= we"? (V) J" + "0V, JH + P Ch I (2.30)
=V, + (0 — d)e (V) T
We therefore conclude that the current transforms as
JH — 0 gk (2.31)

under conformal transformations.

2.2.3 QUANTUM CONFORMAL THEORIES

As usual, in the quantum theory the fields are promoted to operators and the
physical theory is then expressed in terms of the correlators of relevant operator
products. Although there are special methods and theorems pertaining to quantum
CFTs the general ideas are the same as with “normal” QFTs.

Many interesting field theories are scale invariant. Examples include four di-
mensional Yang-Mills theory [16]. However, this invariance is typically broken in
the quantum theory. This can be understood directly from the method of renormal-
ization. A renormalizable quantum field theory is defined in terms of some cutoff
which explicitly brakes scale invariance. This procedure implies that the coupling
constant g of the theory is running i.e. it depends directly on the scale p of the
system. Conventionally this scale dependence of the QFT is expressed in terms of
the S-function
dg

. (2.32)

Blg,m) =g
If the beta functions of a quantum field theory vanish, usually at particular values
of the coupling parameters, then the full quantum theory is scale-invariant. Almost
all scale-invariant QFTs are also conformally invariant [17].

2.3  SUPER CONFORMAL THEORIES

It is natural to ask whether the conformal group can be combined with supersym-
metry. This is indeed possible in dimensions d < 6 [16]. In addition to the conformal
generators (P, K,,, D, M,,,) and the supersymmetry generators (), the superconfor-
mal algebra contains a set of fermionic generators S and (sometimes) R-symmetry
generators (R-symmetry is a symmetry transforming different supercharges of a su-
persymmetric theory into each other). Schematically the commutator relations of
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the superconformal algebra (in addition to those of the conformal algebra) are given
by

[D’Q]:‘%Q? [D>5]=%5; [K.Q=S; [PS]=Q
{QQ}=P: (S,S}=K: {QS}*M+D+R

(2.33)

The exact form of the algebra depends of the spacetime dimension of on the R-
symmetry group.

2.3.1 N =4SYM

Here we consider a specific superconformal theory, namely supersymmetric Yang-
Mills (SYM) theory with four supersymmetries in d = 4 dimensions. This theory has
been studied in great detail. The N/ =4 SYM theory in four dimensions contains
one gauge boson A, six scalars ¢! and four fermions ya;, x4 (We refer to [18] for
a much more detailed account of the field content and supersymmetry properties of
N =4 SYM). Moreover, the theory has a global SO(6) R-symmetry.

The Lagrangian is schematically of the form [19]

L= giZTr F? +(Dg)* +XPx + Y _[¢",¢"] + XU o' x| + 0Tx[F A F] - (2.34)
1J

again we refer to [18] for the details. The N =4 SYM theory in four dimensions has
the very special property that its S-function is zero to all orders [19]. It is therefore
a conformally invariant theory.

2.4 ANTI DE-SITTER SPACE

We will now introduce D = d + 1 dimensional anti-de Sitter space and important
related concepts. Anti de-Sitter space is a maximally symmetric space of Lorentzian
signature with constant negative scalar curvature. Moreover anti-de Sitter space is

a vacuum solution of Einstein’s field equations with negative cosmological constant
A.

2.4.1 DEFINING ANTI DE-SITTER SPACE

Anti de-Sitter space is conventionally defined as an embedding of R(>® | that is,
(YO, .. yd yd+tl) ¢ RP+! equipped with pseudo-metric

Nap = diag(—, +,+,-,+,—) (2.35)
The embedding space is naturally equipped with the “length” squared

d
Y2 =7,VAYVE = —(Y0)2 4+ ) (V)2 — (Y42 (2.36)
i=1
In this space, D-dimensional anti-de Sitter space (which we from now on will denote
AdSp) is now defined as being the “sphere” (equipped with the induced metric):

AdSp = {Y e R®D | y2 =%} (2.37)

The parameter L € R is called the radius of the anti-de Sitter space. Of course
anti-de Sitter spaces with different radii are diffeomorphic. Often we will therefore
set L to unity since it is easily reintroduced into the equations if needed. In a similar
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fashion we would define ordinary de-Sitter space dSp as the locus of Y2 = L2. Most
of the manipulations below also apply to dSp, however, we shall only be concerned
with anti-de Sitter spaces in this thesis.
As we show below, AdSp of radius L is a maximally symmetric solution to
Einstein’s vacuum equation with a negative cosmological constant given by A =
1

—%(D —1)(D —2)L2. Before we do this, let us remind ourselves of the equations

of gravity.

2.4.2 AdSp AS A GRAVITATIONAL VACUUM SOLUTION WITH A NEGATIVE
COSMOLOGICAL CONSTANT

Gravity in D spacetime dimensions with a cosmological constant A is governed by
the action
S = SH7A + Sm (238)

where Sjs describes the action of non-gravitational matter and Sg 4 is the Einstein-
Hilbert action with a cosmological term given by [14] (in principle there will also
be a surface term in this action, such a term is, however, not important here and
we will thus ignore it)

1
167TGD

S = /de GI(R — 2A) (2.39)
Here R is the Ricci scalar and G'ap is the bulk metric (we reserve g,,,, for the field
theory metric on the boundary). In vacuum Sj; = 0 and variation of Sy leads to
the Einstein equation

1
5ABERAB—§GABR+AGAB=0 (2.40)

This equation implies that R = 2D /(D — 2)A and especially

2A
Rap=——G 2.41
a5 = e Gap (241)
The metrics of the type Rap < Gap are collectively known as Einstein metrics.
We will now show that AdSp as it is defined in equation (2.37) solves (2.40).
First, we introduce a new set of coordinates (p, z*) on R(>% by

14 a2 A 224
1— 22’ TP

YO =) for A=1,--,d+1 (2.42)

where we have defined?
2= (') 4+ (2™)? = (29?2 = napataB (2.43)

These coordinates split up R(>® in a radial p part and a z* part describing AdSp.
In other words, the coordinates (x!, -- ,a:d+1) parametrizes AdSp, this is simply
because y? = —p?, as is easy to check. Now, it is a straight forward exercise to
express dy® and dy* in terms of dp and dz** and substitute them into the metric
ds? = —(dy®)? + Y0, (dy")? — (dy*1)2. In terms of the coordinates (p,2*) the
metric of the embedding space then takes the form

4p?

ds? = —dp? +

2Notice that unconventionally the time direction is assigned to the last coordinate (so nap =
dla‘g(—"_) +7' ) _))
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This means that the metric of AdSp with AdS-scale p? = L? is given by the very

simple expression
4172
Gap = 7(1 — $2)2 NAB (2'45)

We therefore conclude that Anti de-Sitter space AdSp is conformally flat meaning
that the metric can be written

Gap =€’ nap (2.46)
for some function ¢. In our case the function ¢ is takes the form
¢ = log 4b* — 2log(1 — x?) (2.47)

It is straight forward to write down an expression for the Ricci tensor of a confor-
mally flat metric using the usual expressions for the Christoffel symbols and the
Ricci tensor

1
ISy = §GCD{8AGBD + 0pGpp — IpGas}

(2.48)
Rap = 0cT4p +T4plep — (B < D)
The Christoffel symbols of the conformally flat metric (2.46) are given by
1
Tip =5 (04080 + 05040 —1apd°0) (2.49)

and plugging this into the general expression for the Ricci tensor, we find that the
Ricci tensor for the conformally flat metric (2.46) is given by the simple expression
D
1.2
2

D
1-=

[ @400 — 5040056) + sman[(1-

Rap = )(09)2 96| (250)
For the function (2.47), we find

8raxrp 16z 22

4
3A83¢ = WTIAB + m and 8,4(;583(1) = m (251)
This is readily plugged into (2.50). We find that
(D —1) D1
R,“, = —4m Nuy = — T G,“, (2.52)

Comparing this to (2.41), we see that AdSp indeed is a solution to Einsteins vacuum
equation with the negative cosmological constant
(D—-1)(D—2)

A=—
212

(2.53)

Having defined AdSp we can now move on to describing AdSp in various coordinate
systems but first we will discuss the isometry group of AdSp.

2.4.3 THE SYMMETRY GROUP OF AdSp

With the definition (2.36) of AdSp, it is (almost) obvious what the symmetry group
of AdSp is. Consider a general transformation of the type

YA S yA = ALY E (2.54)
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The collection of matrices A that leave the quadratic (2.36) invariant makes up
the group SO(2,d). The SO(2,d) matrices therefore map AdSp into itself. Note
that the SO(2,d) matrices leave not only the quadratic 7j,5Y4Y®? invariant but
more generally leave the inner product 77, 5Y;*YS® invariant. The isometry group
of (d 4 1)-dimensional anti-de Sitter space is therefore exactly SO(2,d).

This especially means that a quantum theory on AdS,11 must be SO(2, d) invariant.
Since a d dimensional quantum conformal field theory is invariant under C'(1,d—1),
the fact that C(1,d—1) is isomorphic to SO(2, d) is the very first hint that a quantum
theory on AdS;11 could be equivalent to a CFT on 0AdS,4; (indeed if this were
not the case, such an equivalence could not exist).

2.4.4 COORDINATES ON ANTI-DE SITTER

Due to the high degree of symmetry, AdSp has several nice coordinate descriptions.
Here we look at some of the relevant for this thesis (and the most used in the
literature).

STEREOGRAPHIC PROJECTIVE COORDINATES: These are the coordinates intro-
duced in equation (2.42). The AdSp metric in these coordinates is given by (2.45).

STATIC COORDINATES: We parametrize the “spatial” part of (2.36) with ordinary
spherical coordinates (r, ;, ¢;) (for the explicit form of the coordinates see appendix
A) ie. so that Z?:1(Yi)2 = r2. The resulting equation (Y°)2 + (Y4+1)2 = L2 442
is now parametrized by setting

Y9 =+/L2+72 cos(t/L) and Y92 = /L2 + 2 sin(t/L) (2.55)

This parametrization shows that AdSg,; has topological structure S* x R?. 3 In
the spherical coordinates we have Z;j:l d(YH? = dr? + r2dQq_1, so all in all the
metric takes the form

dr?

22— _(14r2/12)a2 + 97
ds (+T/ )dt +1+r2/L2

+ 202, (2.56)

This clearly shows the static nature of AdSyy; with 9/9¢ being the Killing field
generating time translations. Moreover this reveals that SO(2,d) has a (compact)

31n fact the coordinates (2.55) reveal an unpleasant feature of Anti de-Sitter space; it contains
closed time-like curves, see fig. 2.1, and is therefore non-causal. There is, however, a solution
to this problem: We simply unwrap the timelike circle S, that is, we take —oco < ¢t < oo with
no identifications (this is the universal covering space of the space (2.36)). In this thesis, when
referring to anti-de Sitter space AdS441, we will always mean this unwrapped causal version of
AdSg41.

AdSp

Unvrapping of S*

r

Figure 2.1: The topological structure of anti de- Sitter.
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subgroup SO(2) x SO(d) (=rotations of S* times rotations of S¢). Some authors
prefer to redefine the radial coordinate by setting » = Lsinh y. Here the metric is

ds? = — cosh? y dt? 4+ L?dx? + L%sinh? y dQ? (2.57)

This is the form used in e.g. [16]. These coordinates cover the entire manifold and
are therefore also known as global coordinates.

POINCARE COORDINATES: Define “lightcone” coordinates u and v by

1

U:ﬁ

1
YO-v?%) and v= ﬁ(yo + Y% (2.58)

Moreover define x' = Y?/Lu and t = Y%+ /bu. Here u,z' and t are independent
while v must be determined in terms of these. This is done by substituting them

into (2.36):

Liuv + L?u?(t? — 2%) = L? | 2?

d
> (@' (2.59)
i=1

which can now be solved for v. This yields v = L™2(u~! —u(t? — 22)) and we obtain

1 . .
YO = (14w (L 40P = 1)), Y'=Lua',  (2.60)
1
Y = (1 (L7 2”1, Y4 = Lut (2.61)
u

The coordinates w,x’,t are known as Poincaré coordinates. The differential ex-
pressions for the Y4’s in terms of w,x?,t are easily worked out and plugged into
the metric induced from R(*>? . This gives the metric in terms of the Poincaré
coordinates

ds? = L2 [duz/u2 +u?(—dt? + de)} (2.62)

Notice that as opposed to the global coordinates, Poincaré coordinates do not cover
the entire manifold. This is seen by noting that the metric expressed in the Poincaré
coordinate chart is singular at « — 0. Thus the hyperboloid (fig. 2.1) is divided in
two by the hyperplane L?u = Y° — Y4 = 0, and one chart (u > 0) covers one half
of the hyperboloid while the other (v < 0) covers the other.

A set of related coordinates are obtained by setting z = 1/u. In these coordinates
the metric takes the form

L2
ds? = = (—dt* + dz* + dz?) (2.63)

There are several other useful coordinate systems which we will not go through
here.

Finally, we mention that it is possible to perform a Wick rotation t — it of
anti-de Sitter and in this way obtain an Euclidean version of AdSp [16]. Effectively
this results in replacing —dt? with +d¢? in the various expressions. Of course, the
physics and geometry of Euclidean AdSp is equivalent to that of ordinary AdSp
(by analytical continuation). However, it is particular easy to see the boundary
structure of AdSp in Euclidean signature (see below).*

4Moreover as usual a quantum theory (here on AdSp) is better defined on spacetimes of Eu-
clidean signature.
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2.4.5 THE BOUNDARY OF AdSp

We will now discuss the boundary of AdSp. We start by stating a well-known fact:
The conformal compactification of Minkowski space M, is given by R x S9=1 [16].
Intuitively, conformal compactification results in adding a point “at spatial infinity”
to Minkowski space. This point, so to speak, closes R%~! (the spatial part of My) to
a (d—1)-dimensional sphere. We will now explain how the boundary of AdSp exactly
is the conformal compactification of My. Perhaps the easiest way to realize this is
by considering AdSp the global coordinates (2.56). In this set of coordinates the
boundary is located at » = oo and we see that it exactly has the topological structure
R xS~ This can also be seen by considering the Poincaré coordinates (2.62). Here
the boundary corresponds to u = oo (the remaining coordinates parametrize M)
and a single point “at infinity” v = 0 °. Again we therefore see that the boundary
precisely corresponds to Minkowski space comformally compactified. Having made
this identification, it is possible to show that the isometries of AdSp (~ SO(2,d))
exactly act as conformal transformations on the boundary [16, 20].

Notice that the metric blows up near the boundary. This is of course not a
coincidence. It is because the boundary is located infinitely far away as measured
by the AdSp metric. This fact also shows that a theory defined on the boundary of
AdSp must be conformal (along with the above remark). Indeed, consider Euclidean
AdSp in stereographic projective coordinates

4

Gap = 5l

with 2% = Zfii (r4)% < 1. Here the boundary consists of the points

d+1

> @) =1 (2.65)

i=A

The boundary is therefore S% which is just the Euclidean version of the conformal
compactification of Minkowski space. Again we see that the metric becomes singular
on the boundary. This means that the metric G 4 does not extend to the boundary.
It is therefore impossible to define a metric on the boundary directly from G 4. If
we want a metric which does extend to the boundary we can pick a non-vanishing
function f which has first order zero on boundary and use Gap = f?G ap (this is
essentially the same as drawing Penrose diagrams for AdSp). The metric G a5 now
restricts to a metric on the boundary S¢. However, there is no natural choice for
the function f; the function e 2¢f is just as good a choice of function as f. Such
a change in function would induce a conformal transformation G AB — e 2¢@ AB-
The boundary metric is therefore only defined modulo conformal transformations.

5The fact that u = 0 corresponds to a single point can be seen by converting to the alternative
Poincaré coordinates (2.63). Here we see that at u = 0 (z = 0o) the metric vanishes in all directions
and v = 0 must therefore correspond to a single point.



3

THE AdS/CFT
CORRESPONDENCE

3.1 STRING THEORETICAL BACKGROUND

There are five different types of superstring theories: Type ITA, type IIB, type I,
heterotic string theory with gauge group SO(32) and heterotic string theory with
gauge group Fg x Eg. All five theories exist in ten spacetime dimensions. The
Type ITA and type IIB string theories are collectively known as type II superstring
theory. It is not the purpose of this thesis to describe the mathematical details of
these theories, however, excellent reviews can be found in e.g. [21, 22, 23].

It has been shown that the five theories can in fact be related through various
dualities (with S- and T-duality being the most “famous” of these dualities). This
lead Witten (and others) to suggest that the five superstring theories in fact are
different faces of one and the same theory known as M-theory. The fundamental in-
teracting objects of M-theory are branes existing in 11 spacetime dimensions rather
than the strings of 10 dimensional string theory. For a nice summary of the theories
and their interconnecting dualities, see [22].

As described in the next section, all five string theories and M-theory reduce to
a (corresponding) supergravity (SUGRA) description. We will focus on the type II
string theory and M-theory.

3.1.1 LOW ENERGY ACTIONS

Since the massive tower of string excitations are not attainable in the low energy
limit o’ — 0 !, the low energy string theory behavior is governed by the massless
string excitations. As is well known, the massless type II string excitations in the
bulk originates from the closed string sector. The massless excitations are described
by the dilaton ¢, the metric tensor G4p (gravity), fields belonging to NS-NS sector
(for example the antisymmetric Kalb-Ramond field B4 g), fields belonging to the RR
sector fields along with their supersymmetric fermionic partners. The low energy
effective supergravity action, here presented in the so-called string-frame, takes the

n general the mass scale of the modes is set by 1/a/, therefore, in the limit of o’/ — 0 only
the massless fields remain.

17
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form [21]

_ 1 10 —2¢ AB 1)
S—%%O/d /|G| [e (R+4G Oad0p0 — 25 (H ))
1 1
_55 a(F(n))2_|_...

here R is the Ricci scalar associated with Gap, H® is the field strength of the
Kalb-Ramond field B

(3.1)

H® =dB® | (3.2)

the (™ are the RR n-form field strengths while the dots represent fermionic terms
along with Chern-Simons-like terms of the n-form potentials. It is worth mentioning
that for ITA strings (IIB strings) we only have even (odd) values of n. Moreover,
for type IIB strings the n = 5 field strength is self-dual, F(®) = «F(®),

Since 10 dimensional SUGRA is the low energy limit of string theory, the
SUGRA coupling constant x1q is determined by the string length £, (= Vo) and
the closed string coupling constant gs. Moreover 10 dimensional SUGRA theory
gives rise to a 10 dimensional theory of gravity (see below) with Newton constant
G1p. The relation between the various coupling constants is

2(k10)? = 167G = (21)"(3g? (3.3)

Alternatively the action can be expressed in the Einstein-frame, obtained by the
following Weyl rescaling?

G4p — GEp = e 92G5 (3.4)

In the Einstein-frame the action schematically takes the form [20]

1
= oh /dl% ]

10

1 1 1
R 36040056 = 3 > L jpe (F) o) (39)

where the factors a,, are easily worked out. The pure gravity part of the Lagrangian
\/@R is exactly recognized as that of Einstein gravity. We therefore conclude
that, as stated above, the low energy limit of string theory contains classical Ein-
stein gravity, just as it should. Finally we present the low energy M-theory action
which takes the form of (unique) 11 dimensional SUGRA. The bosonic fields of 11
dimensional SUGRA are the metric G 45 and a 3-form potential C' with associated
field strength K = dC. The action has the form [20]

S_W11>2</d11x |G|(R—418K2)—é/0/\K/\K+...> (3.6)

where the dots represents fermionic terms. Notice that 11 dimensional SUGRA
does not contain the dilaton ¢.

3.1.2 Dp-BRANES

Branes are an integral part of string theory/M-theory. Branes have many different
descriptions and applications. It is not the purpose of this thesis to give a detailed
account of brane physics, here we shall be content with a short review of the basic
properties of p-branes. A nice reference on p-branes can be found in [24].

2We do not write the superscripts s and E in the expressions but the metric in the string-frame
action (3.1) is G5 5 and the metric in the Einstein-frame action (3.5) is GE 5.
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THE CLOSED STRING SECTOR DESCRIPTION: The first description of p-branes is
the so-called solitonic/gravitational brane description. A p-brane is a supergravity
soliton-like object which extends over p spatial dimensions (and usually one time-
like dimension). Since a p-brane is a (p+ 1)-dimensional object, it naturally couples
(electrically) to a n — 1 form gauge potential with n = p+ 2.3 The relevant p-brane
action from the supergravity actions (3.5), (3.6) therefore is

_ 1 D L sohe - L as(pm)?
_WGD/d x@<R 504000 51 (F™) (3.7)

where F(" is the field strength corresponding to the gauge potential A=Y so
F® = dA™=Y (with a = a,). Again we have discarded the fermionic terms as
they can be consistently set to zero. Moreover we have ignored the Chern-Simons-
like terms as they will not be important for brane solutions which have a high degree
of transverse symmetry [20]. Varying the action w.r.t. G, A and ¢ gives the
equations of motion. We find by straight forward computation

Ry = 390050

1 n—1
a (, pAB2Bu o - A F(") 2)
+ 2n!e (n BBa-Bn = 25’3( )
O¢ = —— et (Fm)2

2n!
Os(VGe P FAB2 By = ¢

where [ is the usual Laplacian on scalars. The solution to this set of equations was
first worked out in [25]. A complete solution (and a nice derivation) can be found
in [20]. Here we will be content with writing down the extremal brane solutions.
The extremal branes are the branes where the BPS bound “M > @Q” is saturated
resulting in zero temperature and maximal supersymmetry (of the theory living on
the brane, see below). They exhibit a SO(1,p) x SO(d) symmetry and therefore
have the topological structure of R(:?) x R, x S9=1. We therefore introduce a set
of p longitudinal coordinates x',-- -, 2P, a time coordinate ¢ and a radial coordinate
r. The extremal brane solution is now given by

_ p
dQ:H*% —d¢? dz)? + H (dr? 4 r2dQ2 3.8
s + ) (da')? + H(dr® +72dQ5 1) (3.8)
=1

where dQy_; is the metric on S4~! and where H is a harmonic function in the
radial variable r (h = const.)

H(r)=1+ (h>d_2 (3.9)

r
The n — 1 gauge potential and dilaton are given by*

APD — (H™' 1) dt Adat A AdaP | €2? = HO (3.10)
It can be shown that the tension of the extremal p-brane is given by [26]

1
T, =——"7F/F7—-"7-" 3.11
P (27_(_)1)[51;-‘,-198 ( )

3There is also the possibility that the brane is magnetically coupled to an n — 1 form potential
withn=D —p—2.

4For the RR 5-form in 1IB string theory we replace FG) - FG) 4 «F®) due to the self-duality
constraint on F(5).
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Figure 3.1: The open string sectors.

Since the tension goes as ~ 1/g,, we conclude that branes are new dynamical non-
perturbative (quantum mechanical) objects. The extremal brane (3.8) corresponds
to the classical description of a p-brane in the ground state. Going away from the
extremal condition (@ = M,T = 0) introduces a horizon in the transverse space
(the brane becomes black) and the brane therefore acquires a finite temperature.
The non-extremal black brane corresponds to the classical description of a p-brane
in an exited state of some definite temperature.

THE OPEN STRING SECTOR DESCRIPTION: The second description of branes comes
from string theory. Closed strings are not subject to any boundary conditions (since
they have no boundaries). However, (the endpoints of) open strings are either
subject to Neumann or Dirichlet boundary conditions [21]. Assume that a string is
subject to Neumann boundary conditions in the directions x',-- - , 2P and Dirichlet
boundary conditions in the remaining directions. The endpoints of the open string
will then be confined to moving in the same hyperplane in the directions 2, - - - | zP.
Such a hyperplane is known as a Dp-plane (where D stands for Dirichlet). Generally
a Dp-brane is defined as a hyperplane with p spatial dimensions where open strings
can end. It is possible to study the behavior of open strings on Dp-branes. The
(endpoints) of the open strings give rise to a massless U(1) gauge field, a set of
massless Goldstone scalars and additional fermions + massive string excitations, all
living on the Dp-brane. This is generalized to the case where we have more than
one Dp-brane. Suppose that we have N parallel Dp-branes. The endpoints of open
strings can now start and end on each of the different Dp-branes. Clearly this gives
rise to N2 sectors which can be labeled [ij] (see fig. 3.1). As stated above, the open
strings in the [ii] sector give rise to a massless gauge field, however, the [ij] (i # j)
sector generally contains no massless gauge fields (because of the string tension).
However, in the limit where the separation between the N branes goes to zero and
the N branes become coincident, the sector [ij] (¢ # j) will contain a massless gauge
field. All in all the N coincident branes have N2 massless gauge fields (along with
scalars and fermions and, of course, massive fields) living in their collective world
volume. The gauge fields are interacting. This can be understood in the string
picture: An open string from the [ij] sector can interact with an open string from
the [jk] sector and form a string belonging to the [ik] sector (by joining start- and
end-points). The effective interacting theory is determined by the Dirac-Born-Infeld
action, schematically of the form [27]

SppI = —TDpTr/def\/‘det (gW + QWQ/FNV)‘ (3.12)

where Tp,, is the tension of the Dp-brane and g, is the metric on the brane. The
DBI action is an effective action where the massive modes of the open strings are
integrated out. Notice that the DBI action also contains interaction terms with
the massless bulk fields. This means that the DBI action does not only describe
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the gauge fields living on the brane, but also their interactions with the bulk fields.
Physically these interactions correspond to scattering of closed strings on the Dp-
brane (closed strings get “cut open” and form open strings ending on the Dp-brane
and vice versa). If we write the total effective action of the (N coincident) brane(s)
as

S = Sbulk + Sbrane + Sint (313)

where Spuk is the bulk action (closed strings), Sprane is the action of the fields living
on the brane (open strings), and Si,; describes the interaction between fields on the
brane and bulk fields (open < closed strings), it can be shown that the open string
sector decouples from the closed string sector in the limit o/ — 0 with g fixed (i.e.
the interaction part vanishes in a well-defined manner). Moreover, in this limit only
the zero mass fields need to be considered, especially, as mentioned above, the bulk
theory reduces to supergravity. It can be shown that the massless open string states
are in the adjoint representation of SU(N) and in the limit o/ — 0, with g fixed,
that Sprane for the N coincident branes reduces to the action of SU(N) Yang-Mills
theory with coupling constant

G ar /AT = gs(2mL )P (3.14)

The latter statement can be realized by expanding the DBI action to first order in
/

o'. Especially in the limit o/ — 0, with g5 fixed, the theory of the open strings
on N coincident D3-branes reduces to 3 + 1 dimensional N' = 4 SYM theory with

9 /4T = g [16].

3.2 THE AdS/CFT CORRESPONDENCE

The AdS/CFT correspondence [1] (also known as the Maldacena conjecture) comes
from the dual description of Dp-branes. Here we consider type IIB string theory
which is the setting of the original form of the correspondence. The AdS/CFT
correspondence is in essence a duality between the open and closed string sectors
pertaining to Dp-branes. The AdS/CFT correspondence is a vast subject, both
in itself and its applications. Here we will explain the main points behind the
motivation for the correspondence. For nice reviews on the correspondence we refer

to e.g. [20, 17, 19].

3.2.1 STATEMENT OF THE CORRESPONDENCE

Consider a stack of N coincident D3-branes in type IIB string theory. According
to the brane description in the closed string sector, the brane is a supergravity
background around which we can have quantum mechanical excitations (of the
brane). A short computation shows that the excitations near the brane horizon
have very small energies (due to an overall redshift factor corresponding to the
throat geometry of the brane). This means that in the low energy limit only these
excitations will survive. Moreover, at large distances from the brane, in the low
energy limit, gravity becomes free [17]. We therefore have two decoupled systems:
The low energy excitations near the brane and free SUGRA in the bulk of spacetime.
As explained above, excitations of the brane can be understood in terms of open
strings with endpoints on the brane. As also explained, for D3-branes we have
that in the limit o’ — 0, the following reductions hold Spux — Ssugra, Sint — 0
and Sprane — Sn—4 sym- In the open string sector we therefore also have two
decoupled systems consisting of respectively free supergravity in the bulk and N = 4
SYM on the brane. Since these two viewpoints must describe the same physics, we
conjecture that, in the low energy limit (o’ — 0), the near horizon excitations of
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the N coincident branes in the closed string sector must be equivalent to N = 4
Super Yang-Mills with gauge group SU(N). In order to understand the low energy,
near horizon brane excitations in the closed string sector (gravity), we must simply
examine the background metric (3.8) when r — 0 and o/ — 0 (and subsequently
scale up the near horizon region in a well-defined manner). This is known as the
near horizon limit. The near-horizon limit of the metric (3.8) is given by [20]

dU?

2
+ L 72

ds? = Us + L2d0? (3.15)
=5 2 ,

3
—dt* + ) (dz')?
1=1

where the L parameter can be related to the string parameters by L? = 2\/7g,No'.
The metric (3.15) is immediately recognized as that of AdS5x S® with AdS; radius =
radius of S5 = L (cf. equation (2.62)). The notion of near horizon brane excitations
in the closed string sector should therefore be understood as string theory in its
supergravity limit on the background (3.15). Since, in the near-horizon limit, we
are examining spacetime as r — 0, the gauge theory now lives at U = oo i.e. at
the boundary of AdSs (we know that the boundary of AdSs exactly corresponds to
four dimensional Minkowski space which is the space on which the gauge theory is
defined). We therefore conclude/conjecture that string theory in its supergravity
limit on AdS5 compactified on S is equivalent to A" = 4 SYM in four dimensions (=
0AdSs). This is the AdS/CFT correspondence! As explained in §2.4.3 the isometry
groups of the two sides of the correspondence are isomorphic, just as they should
be. In fact, the AAS/CFT correspondence as it is stated above is in its weakest
form. It is generally believed that the AdS/CFT correspondence holds completely
in general, also away from the low energy (SUGRA) limit [17].

As mentioned above, going away from the extremal condition introduces a hori-
zon (so the brane becomes black) and therefore a finite temperature. By arguing
as above, in the non-extremal case (taking the relevant near-horizon limit), one can
see that in the finite temperature case, the AdS/CFT correspondence becomes a
duality between gravity on a black brane background in AdSs and thermal N = 4
field theory on the boundary of anti de-Sitter [17, 20].

3.2.2 REGIMES OF VALIDITY
As explained above, we have that the common radius of AdSs x S° is given by
L* = o?47g,N = o?g3 y N = a’*\ (3.16)

where we have defined
A=giy N (3.17)

According to general gauge dynamics lore, the effective coupling constant for large
N SU(N) gauge theory is not gy but rather the 't Hooft coupling A = g% ,,N
[16]. This means that if we consider the large N planar limit (N — oo) with A
fixed, the string coupling will go to zero, gs — 0. In other words, we are considering
the classical (tree-level, no quantum loops) limit of string theory. In this regime
the AdS/CFT correspondence therefore predicts that the full quantum mechanical
behavior of the gauge theory in the planar limit can be obtained from string theory
in its classical limit! Moreover if we consider the case where we hold the radius
parameter L fixed and let A — oo (the extreme non-perturbative, strong coupling
regime) we obtain the o/ — 0 limit of string theory that we considered above. This
is the reason why the AdS/CFT correspondence is called a duality; weak coupling on
one side corresponds to the strongly coupled regime on the other side and vice versa.
All in all we conclude that large N A" = 4 SYM in the extreme non-perturbative,
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strongly coupled regime is dual to classical supergravity on AdSs x S°. This is
indeed a remarkable prediction!

Finally we mention that there also exist AdS/CFT correspondences for the
spaces (from M-theory) AdS7(2L) x S*(L) and AdS4(3L) x S7(L) (in obvious no-
tation) [20] and even in more exotic cases [1, 28]. The most general form of the
AdS/CFT correspondence is therefore between some complicated string/M-theory
on an anti-de Sitter space ® compactified on some internal compact manifold X
and a gauge theory living on the boundary of the anti-de Sitter space. The exact
form of the internal manifold X; will not be important for most of this thesis, how-
ever, we emphasize that the form of X; depends crucially on the boundary gauge
theory. For example, the symmetry group of the X; = S° internal manifold for
the AdS5 x S° AdS/CFT correspondence is SO(6) which exactly corresponds to the
global R-symmetry of N' = 4 SYM. For more on the matching of symmetries see
e.g. [20].

3.2.3 SOME MATHEMATICAL ASPECTS OF THE CORRESPONDENCE

Following the discussion above, we consider the space AdSgz+1 x X; where X7 is
some compact manifold. According to the Maldacena conjecture string/M-theory
on AdSg41 x X7 has a dual gauge theory living on the boundary of AdSyy1. The
question now is how the mapping between these two theories looks. This problem
was addressed in several papers using highly detailed string theoretical methods,
however, Witten suggested a surprisingly simple/beautiful explanation of how the
mapping works in the famous paper [29]. This procedure is known as the Witten
prescription which we will now review.

As usual, the fundamental objects in a quantum theory are the correlation func-
tions. Assume that {O;} are a set of boundary operators. We now wish to under-
stand correlators of the type

(O1(21) - Op(wn)) (3.18)

in terms of the bulk theory. It turns out that the mapping is most naturally
expressed on the level of partition functions: As usual the correlator functions
(O1(x1)- - On(xy)) are obtained by taking functional derivatives of the partition
function of the (boundary) field theory (with field content ;)

Zoln] = [@vlesp (= Slwd + [ @)O))

= (ex @)
<e p/Sd %o >CFT

Here we work in the Euclidean version of AdSs;1 (so 9AdSgy1 = S%) and ¢y is the
current /field that couples to the operator O. Notice that the field ¢y must have
conjugate quantum numbers of the operator O in order for the ¢yO coupling term
to form a singlet. The correlation functions are now obtained by

(3.19)

() = 2ot

6% Zo[¢0]
560(2) . (O(@)O0(y))

T Shal()\Shal1) s d . (3.20
$0=0 360 (x)3¢0(y) and so on. (3.20)

¢0=0

These relations are straight forwardly generalized to an arbitrary number of oper-
ators.

The main point of Witten’s prescription now is that the source ¢y can be iden-
tified with a bulk field ¢ «~ O dual to the boundary operator O, via the AdS/CFT

5In the finite temperature case around an AdSp black brane solution.
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correspondence, in the way we will now explain. For simplicity assume that O is a
scalar and therefore couples to a scalar field ¢. Now let Zg[¢g] denote the partition
function of bulk theory, calculated with the boundary condition ¢ = ¢y on the
boundary of AdSyy;. The idea now is to identify the boundary partition function
with the restricted bulk partition function i.e.,

Zs(¢o] = Zoldo] (3.21)

Especially in the large N limit and the limit where the 't Hooft coupling is large, the
bulk theory reduces to classical supergravity. Here Zg[¢o] is simply calculated by
finding a solution ¢.1assical t0 the classical equations of motion that fulfills ¢ciassical =
¢o on the boundary and subsequently evaluating (minus the exponential of) the
classical SUGRA action i.e.

Zs [¢0] = €xXp ( - IS(¢Classical)) (322)

If the classical SUGRA approximation (= tree level action) is not valid, we must
include stringy o corrections and/or quantum loops, when the effective action is
computed. In this thesis we shall only work in the regime where the tree-level
SUGRA approximation is valid, so

<eXp/ ¢OO> = exp ( - IS(¢Classical)) (323)
Sd CFT

This is Witten’s suggestion for computing quantum correlator functions of the
boundary theory from the bulk theory. It turns out that the statement (3.23)
needs a slight modification when dealing with more complicated bulk fields ¢, more
specifically fields with spin, mass or indices. By analyzing the matter field AdS bulk
equations of motion, it is realized that the above procedure will not work for more
general fields since the boundary condition “¢ = ¢y” is not attainable [29]. In the
more general case the prescription is modified according to [29] (see also [20, 17])

ol = lim Pelsen (3.24)
Here z is the coordinate introduced in (2.63) and A is a constant which turns out
to be identical to the conformal dimension of ¢ to which O couples. Witten’s
prescription tells us how to compute the boundary theory partition function for an
operator O given the dual bulk field ¢. It does, however, not tell us which operators
couple to which bulk fields. Figuring out the operator < field mapping is in general
a highly technical task and relies heavily on matching various (super)symmetries on
each side. Here we will explain the most important concepts of the operator < field
correspondence. A full account can be found in [16]. Again we will focus on our
favorite example: The AdS/CFT correspondence for AdSs; x S°. Since we have a
correspondence between a theory on AdSs x S® and JAdSs, we need a way to control
the field behavior on S°. This is done by performing a Kaluza-Klein reduction of
the type IIB string theory on AdSs x S® over the five-sphere to obtain an effective
theory on AdSs: By expanding all the bulk fields in spherical harmonics on S,
keeping only the lowest harmonics, we obtain a five-dimensional theory containing
a metric Gap, a massless dilaton ¢ and a set of SO(6) gauge bosons A%, governed
by the action (where the dots represent additional massless fields)
. N 2 5 A 1 AB L2 AB
S5D—m d°zx |G| |:R5D2 *iG 8A¢8B¢>7§Tr(FABF )Jr:|
(3.25)
Here R;p is the Ricci scalar associated with Gap, A is the cosmological constant
(2.53) and Fy4p is the SO(6) field strength (not to be confused with the five-form
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F®) from the original theory). The operator < field mapping is now then between
these reduced bulk fields and the gauge theory operators. Now taking the fields we
introduced above, it holds that (see [3] and the references therein)

e The dilaton couples to the field theory Lagrangian density operator Oy =
—L=1TrF? +....

e The SO(6) gauge fields A% couples to the boundary theory conserved R-charge
currents Qo = J*

e The metric G4p couples to the boundary theory stress tensor Og = TH.

This concludes our review of the AdS/CFT correspondence. We will now explain
how the fluid/gravity correspondence is a natural corollary of the AdS/CFT corre-
spondence.

3.3 THE UNIVERSAL SECTOR AND THE FLUID/GRAVITY
CONJECTURE

3.3.1 THE GRAVITATIONAL SECTOR

As explained above, it is believed that the most general gauge/gravity correspon-
dence is between a two-derivative quantum theory (a quantum theory of gravity)
on a background of the form AdSp x X; (where X is a compact internal manifold)
and a CFT on the boundary of AdSp. Exactly as we did for type IIB string theory
on AdSs x S°, it is possible to perform a dimensional reduction of the theory on
AdSp x X to obtain a theory on AdSp. Heuristically this is done by setting all
the Kaluza-Klein harmonics of the graviton modes on X; along with all the matter
degrees of freedom to zero (we set the matter fields to their background values on
AdSp x X and thus remove their degrees of freedom). This reduction leads to
D-dimensional Einstein gravity around AdSp i.e. Einstein gravity with a negative
cosmological constant

B 1
B 167TGD

/dDa: |G|(R — 2A) (3.26)

Here Gp is the D dimensional Newton constant which in principle can be related
to the gauge theory parameters (as in (3.25)). As explained in §2.4 this action leads
to the following equations of motion (we set the anti de-Sitter radius to unity and
let Gap denote the Einstein tensor)

(D-1)(D-2) _
2 Gap =0= (3.27)
Rap=(1—D)Gap, R=-D(D-1)

Eap =GaB —

Such a reduction is also known in the literature as a consistent truncation of the
two derivative theory on AdSp x X [6, 8]. In the gravitational subsector the
dynamics therefore reduce to finding solutions to Einstein’s equation with a negative
cosmological constant that asymptotes to anti de-Sitter. By abuse of nomenclature
we shall refer to such a solution as simply an AdSp solution. This accounts for
the gravitational universal subsector of gauge/gravity theories. Finally, we mention
that in addition to gravity, it is also possible to consider excitations of matter fields.
For example, as we saw (equation (3.25)) for D = 5, dimensional reduction of type
IIB string theory on AdSs x S° lead to gravity + a set of SO(6) gauge fields (along
with other massless fields). Therefore, keeping the SO(6) excitations, the analog
of the action (3.26) would then be the action of Einstein-Maxwell theory (with a
Chern-Simons term [9]).
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BuLk BOUNDARY

AdS/CFT Complicated gravita- | Boundary CFT on Einstein
tional quantum theory on | static universe R x S9! (or
AdSp x X (for example | alternatively the Poincaré patch)
type IIB string theory)

EFFECTIVE Einstein gravity with a | Relativistic fluid dynamics
DESCRIPTION negative cosmological con-
stant

Table 3.1: Summery of the fluid/gravity correspondence.

3.3.2 THE FLUID/GRAVITY CONJECTURE

The regime of validity of the AdS/CFT correspondence was discussed above, espe-
cially the regime where string/M-theory on AdSp x X is reduced to supergravity.
We also explained how a general two derivative quantum theory on AdSp x X con-
tains a universal subsector: Gravity on AdSp. While only considering the universal
gravitational subsector simplifies things a lot, the dynamics of the boundary stress
tensor is still very complicated and non-local [8]. It is therefore useful to consider a
further limit. We consider the limit where the stress tensor varies slowly compared
to the local equilibration scale of the field theory (~ the mean free path). In this
limit we expect the field theory to be locally thermalized and therefore suitable for a
fluid dynamical effective description (more on this in §4.1.1). In this fluid dynamical
limit we therefore expect the non-trivial dynamics of the stress tensor to reduce to
that of fluid dynamics which can be formulated by a set of relativistic Navier-Stokes
equations. It is expected that any quantum field theory admits such a fluid dynam-
ical effective description at sufficiently high temperatures and energy densities. The
fluid/gravity conjecture is therefore a conjectured equivalence between gravity (an
effective description of string theory) and fluid dynamics (an effective description
of the boundary CFT) at high temperatures. The main purpose of this thesis is to
examine some of the many aspect of this correspondence between these two effective
theories.

3.4 'THE HOLOGRAPHIC STRESS TENSOR

Here we examine dual operator that couples to gravity. As explained above, this
conformal operator turns out to be the stress tensor of the boundary field theory.

3.4.1 'THE BOUNDARY STRESS TENSOR FROM ADS/CFT

In general the stress tensor T"” of a physical system acts as the source for the
metric g, since
2 5S}\/[

Vol 8

Here S); is the non-gravitational part of the action for the system. This means
that a non-zero stress tensor introduces a coupling term g, 7" into the (classical)
Lagrangian. This especially means that the expectation value of the stress tensor
in the quantum theory is given by

1%

(3.28)

2 dlogZ

Vgl 08

() =

(3.29)
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where log Z =T is the effective action of the non-gravitational part of the theory.
According to the AdS/CFT correspondence, the effective action I' of the boundary
gauge theory can be expressed in terms of the on-shell bulk theory action subject to
certain well-defined boundary conditions. Suppose that the boundary is equipped
with the boundary metric 7,,.% Apart from a normalization factor which we discuss
below, the expectation value of the stress tensor is given by functional differentiating
I' w.r.t. v,,, and therefore according to the correspondence

2 0Son-shetl[GaAB; Vv ]

Vaul Yy

where Son-shen[yu] denotes the on-shell gravitational bulk action subject to the
boundary condition that the boundary metric induced from G 4p should be 7,,.

(TH) ~ (3.30)

3.4.2 THE QUASI-LOCAL STRESS TENSOR

The stress tensor (3.30) is mathematically identical to the quasilocal stress tensor
originally introduced by Brown and York [30], however the interpretation is differ-
ent. The stress tensor (3.30) comes directly from the AdS/CFT correspondence
while the quasilocal stress tensor of Brown and York was invented before the dis-
covery of the AdS/CFT correspondence in order to give well-defined meanings to
energy, mass etc. in rather arbitrary gravitational backgrounds. Naively we may
write down the gravitational action using the usual expression [13]

1

S=——
1671’Gd+1

(3.31)

/ 4" /IGI(R - 2A) +2/ /710
Ade+1

OAdS a1

here ©,,, is the extrinsic curvature (defined below) of the boundary of anti-de Sitter
with induced metric 7, from the metric G 4p. This action is clearly divergent: By
virtue of Einstein’s equations, the Ricci scalar is a constant and the on-shell bulk
integral is therefore (proportional to) the volume of AdS,;y; which is of course
infinite. Moreover, it is not clear how we should evaluate the surface integral since
the induced metric blows up near the boundary. Divergent action is a general
feature of the bulk actions in AdS. Such divergences are also expected to show
up on the field theory side of the correspondence before renormalization of the
boundary QFT. This implies that Witten’s prescription should in fact be expressed
in terms of renormalized actions on the gravity side and renormalized correlation
functions on the field theory side. Indeed, such a formalism exists and is known
as holographic renormalization, for a review see [31]. Here we will show how to
renormalize the gravitational action above.

Following the usual renormalization procedure, we must first find a way to regu-
larize the action (3.31). Following [32] we introduce a slicing of AdS in the following
way: We foliate d + 1 dimensional AdS near the boundary into a one-parameter set
of d geometries homeomorphic to 0AdS441. We denote the coordinates on the time-
like slicing surfaces by x* while the last spacelike direction is denoted by r where
we demand that 0AdS is located at r = co. Moreover denote the timelike surface
at “radial” coordinate r by 0AdS, and let 7,, be the induced metric on JAdS,. We
now redefine the action (3.31) by adding a counter-term action Sc; of the type

S = / da F(L,v,.) (3.32)
OAdS,.

6As usual the proper way to think of the metric on the boundary of anti-de Sitter is as a
conformal class of metrics.
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where F is some functional of the AdS radius L (= 1) and the boundary metric
Y- The renormalized action is now given by

1

Srcn:S‘f‘%

Set (3.33)
where the limit » — oo is understood. The counter-term action must now be chosen
so that the divergences in S and S, exactly cancel out as r — oo, leaving a finite
renormalized gravitational action. Notice that we have assumed that the counter
term action only depends on the intrinsic geometry of the surface JAdS, i.e. local
expressions in the boundary metric. This ensures that the full action S;e, leads to
the same bulk equations of motion for gravity as the original action S. In order to
write down the quasilocal stress tensor, we must now work out the variation of Sye,
w.r.t. the boundary metric v,,. To this end introduce the extrinsic curvature of
0AdS,

oM = —Vhn¥ (3.34)

where n# is the outward pointing normal vector to dAdS,.. The extrinsic curvature
has the associated trace
6 =0/ =7,0" (3.35)

Varying the boundary metric v,, leads to an indirect variation of the bulk metric
G 4p since we change the boundary conditions. As is well-known, variation of the
bulk part of the action gives a term which is proportional to the equations of motion
plus a boundary term. Since we are considering the on-shell action, the EOM term
vanishes and we are therefore left with only contributions from surface terms. The
variation of the renormalized action is then worked out to [32] (see also e.g. [13])

1 85,
8Sren = dlem 5y, + —— dlp—2
oM K 87TG OM (5’}/'“,,

0V (3.36)

where 7" is the conjugate momentum to v,, given by the expression

- 1
T 167G

ng

V=rlen — eyt (3.37)

This leads to the following expression for the quasilocal stress tensor

1
TH = o5 [@W — Oy Tgﬂ (3.38)
where T4 = \/%7 g;/g—” is the counter-term stress tensor. In general the counter-term
v

action depends on the spacetime dimension. It was computed for various dimensions
in [32], here we present the result for D =d+ 1 =5 (here S.; = fBAdS Let)

3 I? 1 [6
L =—=+/ 1——_—_R THY — ——— | ZAHY L [GHY 3.39

where R and GH” = RM — %R’y’“’ refer to the boundary metric v,,. Using this
counter-term stress tensor (in five dimensions), the stress tensor (3.38) yields a finite
result.

3.4.3 THE FIELD THEORY STRESS TENSOR

As mentioned in the introduction to this section, the quasilocal stress tensor in
the form (3.38) is not quite the boundary stress tensor we are looking for. This
is because the metric has conformal dimension A = —2 # 0 and the boundary
condition for G 4p is therefore given according to (3.24).
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Consider an asymptotic anti-de Sitter solution equipped with a set of coordinates
(r,xz") in which the metric, near the boundary (r = o0), takes the form

dr? _
ds® = = + rzgwdx“dx” +0(r™?) (3.40)
Here the metric g,,, denotes the boundary metric while Afgw is the induced metric
on 0AdS, where the scale factor A, is given by A, = r. These coordinates are
exactly of the type we considered in the previous section. Near the boundary, the
coordinate z is related to the  coordinate by r» = z~!. It therefore follows that the

boundary condition should be chosen as v, = lim,_. Afgﬂw therefore

2 0Son-shen[Gapi Y] _ . AdHRTRY (3.41)

Vdl 08 reee

We conclude that the boundary field theory stress tensor is given by’

() =

Ad+2 2 05
THYY — 3 r w_ Qghv 4 = 4
() Arlinoo 8rG [6 Og"™ + Vgl (5gw} (343)

where the trace © is constructed w.r.t. the metric g,,,. The stress tensor (3.43)
coincides with the effective stress tensor obtained in [32]| (using a slightly different
argument for the prefactor A4*2). It turns out that the exact form of T4 will not
be important for our purposes. Indeed, suppose that we for some arbitrary anti-de
Sitter solution compute the combination S# = r?(©# — ©§#). The tensor S¥ will
have some divergent terms as r — oo and we conclude that the counter-term stress
tensor must exactly cancel out these divergences, up to a constant. The boundary
stress tensor can therefore be given a finite value by simply ignoring/subtracting
the divergent terms. In concrete computations we will therefore just use this naive
subtraction method, keeping in mind that this is justified by the holographic renor-
malization procedure and that our stress tensor is only correct up to a (in general)
non-zero constant. This constant turns out to have the interpretation of repre-
senting a zero-point Casimir energy of the boundary theory and will therefore just
correspond to a shift in energy which does not affect the dynamics [32].

7 Alternatively, we can write the stress tensor with one index up and one down. It is simply
given by
CAd
(TE) = g, (1) = lim =L [0 — 08 +T; | (3.42)

where ©F = V,nt = ,,0/°.
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4
CONFORMAL FLUID DYNAMICS

4.1 FLUID DYNAMICS

In this section we will introduce the theory of relativistic fluid dynamics needed
for this thesis. In the following we will let M, denote a generic d-dimensional
spacetime manifold on which we assume there is some matter content suited for a
fluid mechanical description.

4.1.1 FLUID DYNAMICS AS AN EFFECTIVE DESCRIPTION OF QFTS

In this thesis we shall use fluid dynamics as a long wave effective description of
certain quantum field theories. For a nice discussion of relativistic fluid models
and their uses in other arcas of modern physics see e.g. [33] In general quantum
field theories are determined by their field content and its action which in turn (in
principle) determines the stress tensor T and a set of conserved currents J/' of
the theory, see any quantum field theory text e.g. [34]. Intrinsic to the theory
is the mean free path, ¢n,s,, which indicates the overall interaction scale of the
field theory. This means that if we consider the expectation values (T*) and (J}')
on scales > f¢, then we expect the short wave behavior of the field theory to
be integrated out, leaving us with a long wave effective description of the field
theory. Here the expectation values are taken over both the quantum and thermal
fluctuations (which of course reduce to the vacuum (|0)) expectation value at zero
temperature). Here we will assume that our field theory have such an effective fluid
dynamical description.

Moreover we assume that the system is in local thermal equilibrium. The appro-
priate thermodynamical description of a system with currents is the grand canon-
ical ensemble. The grand canonical partition function Z,. is determined by the
temperature 7 = (37!, pressure p and chemical potentials ;; associated with the
currents. The assumption of local thermal equilibrium now is that thermodynam-
ical quantities 7, 7, p, ... and so on, do not change on scales ~ f,¢,. This means
that it makes sense to promote the thermodynamical quantities to smooth functions
T(xu)ap(mu)’ MI(CCH)7

Finally we require that the scale /¢, is much smaller than the curvature and
compactification scales of the manifold My on which the fluid propagates.

4.1.2 THE FLUID DYNAMICAL EQUATIONS

We will now write down the fluid dynamical equations. As opposed to most ef-
fective theories, which are formulated by some action principle, fluid dynamics is

31
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described in terms of equations of motion, simply because fluid dynamics incorpo-
rates dissipation which has no action formulation (indeed an action formulation for
special cases of the non-dissipative perfect fluid exists [35]). We start by identifying
the fluid dynamical variables. They consist of the thermodynamical variables such
as the temperature 7, energy density p (and so on) along with the fluid velocity
u? which is used to write covariant expressions. The fluid velocity can be thought
of as the velocity by which the fluid propagates on the background manifold M,.
However there is an ambiguity in this definition since generally the flow on en-
ergy /momentum does not have to coincide with the flow of currents. This means
that there is no preferred definition of the fluid ’velocity’. This ’gauge freedom’ in
ut can be fixed by introducing the so called Landau frame which is defined in the
following way: We let u* be the (unique) future pointing, timelike, unit normalized

uyut = —1 eigenvector to the stress tensor T"”. The corresponding eigenvalue
will precisely be minus the energy density p [13, 14]. By considering the equation
TH vy, = —put in the rest frame we see that the Landau frame exactly corresponds

to defining u* to coincide with energy-momentum transport in the sense that in the
rest frame T = 0. This is how the Landau frame is defined in the original work of
Landau & Lifshitz [36].

Having identified the fluid dynamical variables and fixed the ambiguity in u*
we will now present the equations governing fluid dynamics. They consist of a set
of constitutive equations and a set of dynamical equations:

e CONSTITUTIVE EQUATIONS: These consist of expressing the stress tensor T+
and currents J}' in terms of the fluid dynamical variables.

e DYNAMICAL EQUATIONS: These are the conservation equations for the stress-
tensor and the currents J/":

VT = 9, T + T T + T, TH = 0

“ " b (4.1)

Vudp =0uJp + T\ J7 =0
Together with the internal thermodynamical equations, these equations completely
determine the motion of the fluid.

4.1.3 'THE PERFECT FLUID

Here we will discuss the perfect fluid. The motivation for and derivation of the per-
fect fluid stress tensor can be found in any standard reference on general relativity
see e.g [13, 14]. The stress-tensor of the perfect fluid is constructed out of terms
that are at most zero-derivative in the fluid dynamical variables. This gives

T(yy = (p+ p)ulu” + pg”

JE b (4.2)
I,(0) = qru

Here p and p are respectively recognized as the energy density and the pressure.

In the second equation g; is the charge density associated with the current Ji.

Physically the second equation expresses nothing else than that the charge is being

completely driven by advection. For future convenience we introduce the projector

onto spatial directions perpendicular to u*
ARV = gtV 4+ yty” (4.3)

In the same manner the tensor —u*u” is recognized as the projector along u*. The
stress tensor for the perfect fluid can therefore be written as

Tloy = puu” + pAr” (4.4)
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Writing the perfect fluid stress tensor in this form directly shows that the energy
density is associated with the time-like vector u* while the pressure is associated
with the spatial directions.

THE ENTROPY CURRENT: Now assume that the fluid has an associated entropy
density s and therefore the entropy current

Jg,(o) = sut (4.5)

By use of simple thermodynamical relations it is possible to show that the entropy
current is conserved [36]

Vqué,(o) =0 (4.6)
The relation (4.6) is clearly the relativistic generalization of the classical equation
dS/dt = 0 and we conclude that the perfect fluid describes a fluid in global equilib-
rium.

4.1.4 NON-EQUILIBRIUM FLUIDS

We will now look into how it is possible to model dissipation i.e. effects due to
off-diagonal stress. In this section we assume that the are no currents. We saw
that the perfect fluid stress tensor, containing only zeroth order derivatives in the
fluid variables, leads to global equilibrium. It is therefore natural to expect that
dissipation effects will show up in the stress tensor as higher order derivatives of
the fluid variables. We therefore start by writing 7" as a derivative expansion:

T = putu” + pAHY + TI*

P 1 oy
I+ —H(1)+H(2)+

(4.7)

where H’(‘T’:) contains only n'" order derivative terms of the fluid fields. Notice that
if we let L denote the typical scale of the flow of the fluid, then we expect the term
anyﬂ) to be suppressed by a factor {,g,/L < 1 compared to H?:). The derivative
expansion (4.7) therefore makes sense. Notice that the Landau frame condition
means that

u, 1" =0 (4.8)

The tensor IT*" is therefore build from terms which all orthogonal to u* - here the
projector A*” will come in handy. Also note that from the fluid equation of motion
we have

—u,V,T" = (p+ p)V,ut' + 'V, p + 1TV, u, =0 (4.9)

We therefore conclude that whenever a singe derivative of the energy density p
occurs, it can be replaced with a term which is at least first order of V,u,. A
similar result is easily derived for the pressure. Finally the fluid temperature 7 can
be written in terms of p and p through an equation of state. We therefore see that
the expansion (4.7) (no charges) can completely be written as an expansion in the
fluid velocity derivative.

Constructing the most general form of the nt" order correction H’(*T';) is of course a

quite complicated task. However, we can do it for pretty easily for H’(‘ll') It is possible
to decompose V,u, into irreducible representations, separating into components

parallel or orthogonal to u*:

A, (4.10)

v,uuu = —a,Uy + Ouv + W v +

d—1
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where the acceleration (as usual) is defined as a,, = u”V,u, and the trace ¥ = V,u”
is totally contained in the last term ﬁﬁPﬂy. The shear o,, and vorticity w,, are
given by the expressions

1
d—1

— N =

o = = (AP, A,V ur + AP, A Vu,) — DA,

(4.11)

Wpv = i(Ap/LA)\uquA - AP/LA)\VV)\UP)
It is straight forward to check that the RHS of (4.10) indeed equals V,u,. We see
that the first acceleration term —a,u, is parallel with u*, moreover

ot =0, w,owo =0, aqu'=0, o, =0, w =0 (4.12)

so the last three terms are all orthogonal to the velocity u*. The decomposition
(4.10) shows how the different combinations of the velocity gradients transform
under SO(d — 1) rotations around u*. Since IT/' 1”) must respect this rotational sym-
metry, we see that it must be built out of the terms a*u”, o"¥, wh” and JPH".
However, since a*u” is not orthogonal to u* and w"” is not symmetric, they can
not contribute. The only possible form of H’(‘ll’) therefore is

Hﬁl'/) = —2nct — CYAM (4.13)
where 1 and ¢ respectively is the shear viscosity and the bulk viscosity (i.e., the
friction coefficients associated with respectively fluid stress and expansion). The
parameters 1 and ¢ must for physical reasons be chosen to be non-negative. First
of all if n and ( are negative it will lead to unphysical instabilities in the fluid.
Moreover the 1, ( < 0 is in direct violation with the second law of thermodynamics.

THE ENTROPY CURRENT: It is possible to construct an entropy current associated
with the dissipative fluid. As with the stress tensor, we write the entropy current
as a derivative expansion

JE = sut +3H
OIS 5 A (4.14)
(1) (2)

By use of various thermodynamical relations it is possible to show that the diver-
gence of the entropy current takes the form [36] (see also [33, 37])

TV, Jb = 200 ,,0" + (0? (4.15)

We therefore see that 17 and ¢ must be positive 1, > 0 in order for the second law
of thermodynamics
VuJE >0 (4.16)

to be satisfied.
4.1.5 CHARGED FLUIDS
We now consider the most general fluid with a set of conserved currents
VuJi =0 (4.17)
As before we will write the current J}" as a derivative expansion

JI = qrut + T4

(4.18)
Ty = Tﬁ)[ + T?Q)I e
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On physical grounds, we usually take the diffusion current Y/ to be transverse i.e.
u, T = 0 [33]. Now there are two ways to write down the expression for Tﬁl).
The first follows [28, 9] where we write down the must general contribution from
various fluid dynamical derivatives and use the the zeroth order equation to express

some thermodynamical derivatives in terms of V,u,. The second approach follows

that of Landau & Lifshitz [36] (see also [33, 37]) where the form of Té) is deduced
from the entropy current, the first law of thermodynamics (here written in terms of

covariant derivatives on the manifold)
Vup =TV 54+ 1rVqr (4.19)

and the fact that there must be entropy production for all fluid configurations.

When presenting the general first order result we find it convenient not to assume
the Landau frame condition w,II*” = 0 (for more on fluid dynamics without fixing
u* to the Landau frame see [33, 37]). This makes it easier comparing the relativistic
laws of fluid dynamics to their well-known classical counterparts and accounts for
the expressions found in [5]. The first order derivative corrections the stress-tensor
and the currents are given by

T(’ég = puru” + pA*Y | H’(tly) = —COAM™ — 2ot 4 2kh ) (4.20)

Joyr = are” T =—A" "DV, (ur/T) (4.21)
J

where ¢ > 0 is the bulk viscosity, n > 0 is the shear viscosity, x > 0 is the the
thermal conductivity and D;; > 0 is the IJ’th diffusion coefficient. Here

W = — AR (V,T + a,T) (4.22)

is the heat flux vector. By using the defining equation (4.8), we see that in the
Landau frame this vector is “gauged out” i.e. h* = 0. Indeed using the method
of [36] (see also [33, 37]) along with the first law of thermodynamics, it is possible
to show that the divergence of the entropy current associated with 4.20 is positive
definite.

Finally we mention that in d = 4 it is possible to have an additional term

Orth = U,e“amu“vﬁm (4.23)

in the expression for T (;);. Here Uy is a new transport coefficient associated with
the pseudo-vector ¢#. Clearly such a term is theoretically possible in d = 4 moreover
it is physically realized for certain field theories [9] (see also §6.3.8).

4.1.6 THE KUBO FORMULA AND THE VISCOSITY/ENTROPY RATIO

It is possible to derive an expression for the viscosity 7 in terms of the correlators
of the stress tensor TH”. This is the famous Kubo formula. The Kubo formula for
the viscosity is given by [3]

n=—lim lIrn GE  (w,0) (4.24)
w

650 zy,mY

Here Gfljy,ry is the momentum space retarded Green’s function of the xy compo-
nent of the stress tensor (operator). Similar formulas can be derived for the other
transport coefficients. The point is that the transport coefficients can in principle
be derived directly from the underlying quantum theory. It should therefore also be

possible to compute e.g. the viscosity n for weakly coupled theories by calculating
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Feynman diagrams. Indeed, such a (highly non-trivial) computation is possible (see
[38]). However, this Feynman diagram approach for computing the transport coef-
ficients is completely unavailable in the strongly coupled regime. The reason that it
is still possible to use the Kubo approach for computing the transport coefficients
for strongly coupled theories is of course because of the duality provided by the
AdS/CFT correspondence [3].

We now address the viscosity /entropy ratio. Given an effective fluid description
of a field theory, the ratio n/s is a measure of how strongly the theory is coupled:
For weakly coupled theories (more specifically our favorite field theory toy model,
¢*-theory), the ratio n/s can be estimated to be [3]

n 1

Y (4.25)
where A is the (weak) coupling. We therefore have /s > 1 for weakly coupled
theories. By extrapolating (4.25) to A ~ 1, we see that /s ~ 1 for strongly coupled
theories. The viscosity /entropy bound mentioned in the introduction conjectures
that the limit /s — 0 can not be obtained, even for extremely strong coupled
theories.

4.2 CONFORMAL FLUID DYNAMICS
4.2.1 CLASSIFICATION OF THE CONFORMAL FLUID OBSERVABLES

We will now look at the fluid dynamics of a conformal field theory. As we have
seen, conformal invariance demands that the trace of the stress tensor vanishes

g, T" =0 (4.26)

Before we continue, we mention that in principle, on curved backgrounds, the under-
lying quantum theory can contain Weyl anomalies which break Weyl invariance and
therefore lead to trace anomalies. However, such anomalies will be of high deriva-
tive nature and in order to see them in our fluid dynamic effective description, we
would have to go beyond second order fluid dynamics [39]. We will therefore simply
ignore Weyl anomalies.

Now, applying the tracelesness condition to the perfect fluid stress tensor we see
that the energy density p and pressure p are related through the conformal equation

P

of state p = 725. We will now work out the transformation properties of the various

fluid observables under conformal transformations:
8w — B =€ %8, g — " =g (4.27)

First of all recall that the fluid velocity u* was defined so that u,u* = —1 which
must hold both in the original metric and the transformed one. We therefore have
g utu” =g, u'u” = —1 and we conclude u¥ = e®ut. Notice that this implies
that the projection tensor A transforms with conformal weight 2 i.e. AM =
aHa” — gt = e?? A", Also recall that the stress tensor of a conformal theory

transforms homogeneously under Weyl transformations with weight d + 2
T = eldt2)om (4.28)

Using this we therefore see that the energy density p must transform as p = e®p.
Now intensivity and conformal invariance implies that the energy density p of a
conformal fluid can be written p = 797?% where 79 is a constant. This is realized
using a simple dimensional analysis argument. Indeed, in a finite temperature CFT
the only characteristic variables with non-vanishing length (energy—!) dimension is
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CONFORMAL OBSERVABLE ‘ CONFORMAL WEIGHT

Metric, g,,,, —2
Fluid velocity, u* 1
Projection tensor, A
Temperature, T'

Entropy density, s d—1
Charge density, gy d—1
Chemical potentials, pur 1

Table 4.1: Conformal observables

the temperature 7 and the manifold volume V and since p is intensive, it cannot
depend on V. Since p has length dimension d, the result follows. The perfect stress
tensor of a conformal fluid is therefore given by

T(’g)’ =0T (u“u” + ﬁA“”) (4.29)
We conclude from the scaling behavior of the energy density that the temperature
scales as 7 = e®7. Finally we can work out the transformation properties of
the chemical potentials. First of all the charge densities transform with conformal
weight d — 1. This is realized by considering e.g. (2.31). Now by the fundamental
relation p+p = d%‘llp = T's+prqr we then conclude that u scale as jiy = e¢u1 under
Weyl transformations. The conformal weights of the conformal observables relevant
for the zeroth order description of conformal fluid dynamics are summarized in the
table 4.2.1. We now move on to describing the first order conformal properties of
the first order corrections to the stress tensor (4.13).

4.2.2 CONFORMAL PROPERTIES OF Hé‘l”

The Christoffel symbols transform as
Tl =Th\ + 0L0x0 + 040,06 — §,,8"7 000 (4.30)

Using this relation along with the transformation property of u* we can work out
the transformation of the gradient of the fluid velocity

Vu” = ou” + FZA“A = e_¢(€uﬂy + 0,705 — 0,87 0¢) (4.31)

We can now deduce the transformation properties of the various fluid quantities
such as shear and vorticity

9=Vt = (T, + (d— 1)i70,0) = (D + (d — 1)Dg)
a" = Dut = e 2 (a" + A“”(?gaﬁ)

1 4.32
ot = AA(MV)\UV) _ ﬁA‘“’VAu)‘ e ( )
ot = A’\[“VAu”] = e 3PgH

where we have introduced a fluid directional derivative
D=u"'V, (4.33)

We therefore see that the trace ¥ and the acceleration a* do not transform homo-
geneously under Weyl transformations while the shear ¢"” and vorticity w"” both
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transform homogeneously with weight 3. From the tracelesness of the stress tensor
we have that for a conformal fluid H’(‘l)“ = 0. It therefore follows from (4.13) that
the bulk viscosity £ must vanish for conformal fluids. We conclude that the first or-
der derivative correction to the stress tensor of a conformal fluid with non-vanishing
shear is given by

Hé‘l") = —=2na", n>0 (4.34)

Since this term must have conformal weight d 4+ 2, we see that the shear viscosity
of a conformal fluid transforms as 77 = e(¢= 17,

Working out which terms are allowed in the stress tensor up to first order for
a conformal theory along with the Weyl scaling of the transport coefficients was
pretty straight forward. However it should be clear that already at second order,
this becomes quite involved. It would therefore be nice to have a general formalism
that allows us to write down higher order derivative terms that transform homoge-
neously under Weyl transformations. Such a construction would be reminiscent of
the construction of the covariant derivative V,, well-know from general relativity.

4.2.3 THE WEYL-COVARIANT DERIVATIVE

Indeed such a formalism exists. In this section we follow the beautiful work of [40].
Consider a conformal object Q% with conformal weight w. Under Weyl trans-
formations we have

8y = By =€ 20g, 0 QT — OB =P QR (4.35)

We wish to construct a derivative operator D which, in addition to being coordinate
transformation covariant, has the property that DQ transforms homogeneously with
the same weight w as @ under Weyl transformations. To this end introduce a one-
form A,, with the following “gauge-like” transformation properties

A, — A, = A, — 0,0 (4.36)

under Weyl transformations (4.35). Notice that we have not yet specified the explicit
form of A,,, only how it should transform. Recall that for a general tensor 77.. we
have

V/\T“”sz{/;--- — aATulﬁfz;;~»- + Fgl)\Tauzy"l'yzm + ngT“lay';yzn_ 4+ ...
Ié; IR B ISV =R
_ Fyl)\T 1 Zﬁuz.“ _ Fuz)\T 1 21/16“» — .. (437)

This means that using equation (4.30)
VA = VA" 4 (800" ) — 01NG — 6400) Q% + -+
— (g,20%¢ — 00xd — 050,0) Q" — -+
= e"OVANQM +w(Ane"? QN — A\0M)
+ (g oy Al — SHAN — O AG) Q% — (Ban A — OHAN — 68 AL) Q% + -
— (e (gaA” = 654N = BTA) QY (B0 A° — 604 — 3{A,) Q%)
(4.38)

where we used that gm,A)‘ = gm,/l)‘ + gwaAgﬁ. This means that we can define a
Weyl-covariant derivative by

DyQ! = VA\QH  +wA\Q .
+ (gaa A = 08 AN — 08 AL) Q%+ (4.39)
— (g A AP = 00 AN = 00 A)Q1 —
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By moving all the tilded terms in (4.38) to the RHS, we see that this derivative
has the sought property DyQ",. . = e¥?D,Q",.. We will now work out the explicit
expression of the one-form 4,,. We have that

Dyut = Vyu! + uy A" — 65 A u® (4.40)

The gauge field A, is uniquely determined by requiring that the Weyl-covariant
fluid derivative Dyut is traceless and transverse i.e. D,u* = 0 and u"D,u” = 0.
Indeed, from the first condition D,u* = 0 we find that A, u" = ﬁv#uu while the

second condition gives A, = u)‘V)\uH — AAuAuM, SO

)

1
AM = UAV)\UM - HVAU}\UM = au —

As a consistency check notice that using the relations (4.32) we see that
A=A, + 0,0 (4.42)

So everything works as it should. We are now ready to cast conformal fluid dynamics
into manifestly Weyl-covariant form. With A, defined as in (4.41) the derivative of
the fluid velocity takes the form

0
DHu? = VA" + uta” — 1 AW = ghV 4+ gt (4.43)
where the shear o#* and vorticity w"” were defined in (4.11). This especially means
that
otV — plugyv)

i _ i (4.44)

This accounts for the first order terms in the Weyl-covariant formalism. It is also
possible to express the fluid dynamical conservation equations V,T"", V,J! = 0
in terms of the derivative D,. We have

DuTH =V, T" + (w— d— 2)A,T" + A"T*,

4.45
D, J" =V, J" + (w— d) A, J" (4.45)

Now since T is traceless transforming with weight w = d+2 and J* has conformal
weight w = d, we see that the fluid dynamical conservation equations (4.1) can be
written in the manifestly Weyl-covariant form

D, T" =0

4.46
D" =0 (4.46)

The entropy current also has conformal weight w = d and the second law of ther-
modynamics can therefore be cast into manifestly Weyl-covariant form as

D,J4 >0 (4.47)

4.2.4 'THE WEYL CURVATURE TENSORS

Here we introduce the various curvature tensors associated with the Weyl-covariant
derivative. These tensors, originally introduced in [40], are important when consid-
ering fluid dynamics to second order.

We start by defining a field strength associated with the field A, by

Fuv =V, A, -V, A, (4.48)
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Notice that this tensor is ’gauge invariant’ under the transformation (4.36) i.e,
Fu = .7:"#1,. We will now define a Riemann curvature tensor associated with the
Weyl-covariant derivative D,,. We do this in the usual way, the curvature tensor
arises from the commutator of covariant derivatives, [D,,D,]Vy. Since the Weyl
curvature R, ,7 should only encapsulate the conformal geometry of the underlying
manifold, the object on which we evaluate the commutator should be invariant
under Weyl transformations. Therefore let V# be a vector with weight w = 0 and
define

[DH’DV]VA = _R,ulz)\pvjo (449)

Now if V* is instead a vector of weight w then (using (4.39) on a vector)
[Dua DV]VA = wfpl/v)\ - RHVAPV;J (450)

Notice that the first term comes from the wA,,-term in (4.39). We can check that

R’ = R’ + [Viulgr, A” + 8A, = 60AN) — (n o v)]

2N
+ [(8r A7 = 05 AL — 07 AN (8, A" — 05 A — 0fA;) — (e v)] (451)

Lowering the last index we get

o A?
Ruvre = Ruvae + 07,8, [,\55} (VaAp + A Ag — > 8as) — FuvBao (4.52)

Now this tensor, being a curvature tensor, fulfills various Bianchi identities which
can be found in [40]. The curvature tensor Ruvxe does not have the same symmetry
properties as the Riemann tensor R, , under interchange of indices. We see from
the equation (4.52) that

R,uu)\o’ + R,ul/o’)\ = _2f}LVg)\o'

N (4.53)
Ruu)\a - R)\O'ul/ = 5[ng][A6§]faﬁ - ]:uugAg + angW

Having defined a Riemann Weyl invariant curvature tensor we can now proceed to
constructing the Weyl invariant Ricci tensor and scalar: !

Ruw =Ry = Ry — (d—2)(V, A, + ALA, — A%g,,) — 8, VaAY — Fu

R=R—2(d— 1)V A* + (d — 2)(d — 1).A?
(4.54)

Finally we will take a look at the Weyl tensor Cp,x,. The Weyl tensor is a well
known example of a conformal tensor (see e.g. [13, 14]) i.e. a tensor that transforms
homogeneously and is independent of the background fluid velocity field (in other
words, it is a purely geometrical quantity). It is not surprising that these tensors
will also be present in our manifestly conformal invariant formalism. We define the
conformal Weyl tensor C,,xs in the same way as the ordinary Weyl tensor Cyao
is defined in terms of the ordinary curvature tensors R,,x., Sy (see e.g. [13, 14]).
We therefore define C,.,x» by

Ruu)\o = Cuuko - 6[(Lgy] [A(Sf]saﬁ (455)

where §,,, is the conformal generalization of the the Schouten tensor i.e. the ordi-
nary Schouten tensor S, (see e.g [13] for its explicit form) with R,,, replaced with
R, It is now possible to show that [40]

Cuzz)\a = Luvie — ful/g)\a (456)

ISince Ruvxe does not have the same symmetry properties as R, o it is important which
indices are contracted to construct the Ricci tensor and scalar. Here we use the same convention
as [40].
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which shows how the Weyl tensor emerges from the conformally invariant formalism.
Note how (4.56) directly shows that C),, . transforms homogeneously with weight
w = —2 (recall that F,, has weight 0 and the metric has weight —2). Moreover

recall that C,,, has the same symmetry properties as R, a0, Crvre = —Cuuros
Crvre = —Cupors Crwre = +Chrouy and is traceless
CWUO‘ =0 (4.57)

4.2.5 SECOND ORDER FLUID DYNAMICS

We are now ready to write down the most general stress tensor of conformal fluid
dynamics to second order. Notice that if k is some transport coefficient with con-
formal weight w we can define

k=T"ko (4.58)

where kg = 7 "k = R is invariant under Weyl transformations. In this way we can
absorb the conformal weight of x into 7 and trade kg in for k. We will especially
define a new variable v; in terms of the chemical potentials uy by vy = ur /7 = py.

From the above analysis we conclude that, up to second order, any conformal
fluid observable can be written in terms of the following 14 quantities:

O(]‘> : VI7 T? uM? gu,z/) E;LV-“U
O(D) : D#V], Ouvs Wy (459)
O(D?): DuDyvr, DuT, Dxopw, Dawuws Fuvs Ry’

Here €,,...; is the Levi-Civita tensor i.e. the totally antisymmetric symbol defined
with a factor /g, it therefore transforms as €,,... = ed‘lsém,..ig under Weyl rescal-
ings. It is from these quantities that the corrections Il(1), L), T (1), T(2), ¥ (1) and
¥(2) are built. Note that D, 7 is second order in D,u,. This follows from the
conformal equation of motion u*Dyp = —I1*a,, (see (4.72)). Since p ~ T¢ we
therefore conclude that whenever a singe derivative in the temperature occurs, it
can be replaced with a term containing two or more derivatives of the fluid velocity.
Also note that there is no equation relating the derivative of the chemical poten-
tial to that of the fluid derivative. This means that D,v; can not be replaced by
derivatives of the fluid velocity in the derivative expansion (4.59).

We will now focus on the second order stress tensor correction Hé‘z'j) in the case
where there are no charges, v; = 0. Since H’(‘;) is symmetric, Weyl-covariant,
transverse and traceless, it must be built out of terms with the same properties.
For a general tensor A"” of rank two it is therefore convenient to introduce the
operation (-, -) defined by

A = ARCAVBA oy — ﬁA“”AaﬁAw (4.60)

When acting on A" this operation exactly subtracts the antisymmetric part, the
longitudinal part, and the trace part of A*”, leaving the symmetric, transverse and
traceless part of A", Clearly o{*) = o" and w") = 0. This means that by
using the (-,-) operation on combinations of the terms (4.59) with two free indices
and recalling that the derivative of the temperature can be written in terms of fluid
gradients through the equation of motion, we can write down possible contributions
to Hfﬁ,. They are

uNDyoM w<“)\a)"’>, DyulrD M,
(7<”>\U’\”>7 ww)\w)"’), C’<”al’z;uo‘u5, (4.61)

R ), RO‘;)ﬁu‘*uﬂ



CHAPTER 4. CONFORMAL FLUID DYNAMICS 42

Note that using the properties of C),,», mentioned below equation (4.56), we have
ct ay?auauﬁ =Cct a”ﬁuauﬂ . Moreover, using the symmetry properties (4.53), the
last two terms can be written

LV @ v d AILV
RO = 1A (R + 5 Fag) — g A R
AR (4.62)
Rw;)ﬁuaug = A”AA”p(R,\apgu uP .7-3\,3) T A PR xapsu” u?
Notice that the terms in (4.61) are not all independent, for example
DyultD M) = UWAO'/\V) + 2w<”>\0/\”> + w<”>\w)‘”> (4.63)

It is also possible to show that the curvature terms (4.62) can be written in the terms
of the other tensors in (4.61), see appendix B of [40]. The possible independent
contributions to IT*” up to second order therefore are

, T = uADAU’W T = ww)\o)‘”)

v_ (u ’ v oo B (4.64)
T = oM M) T = ' ) g = O sutu

All the second order tensors are seen to have conformal weight w = 4. The expres-
sions for To, T3, and ¥, are easily written down

‘3:2: H)\ )\u_i_w O_A/

v 1 vV __&
Ty = o"\0™ = — Ao, (4.65)

T, = w”)\w”’ + A‘“’wa'gwag

d—1

It therefore follows that the stress tensor can be written (here 11,12, 73,n4 and 75
are all defined to be Weyl invariant)

1
T = T4 (u“u + ﬁA’“’) — 2not
= T2 (S + 35" + T + Ty 4+ 05357) + 0(9°)  (4.66)
where the unit temperature energy density 79, shear viscosity n and higher order
transport coefficients depend on the field and interaction content of the underlying

field theory. For later purposes we will find it convenient to introduce a slightly
different parameterization of the stress tensor. We define

T = (d — 1)p, m7T4? = —2nm, T2y = 291, (4.67)
Td_2773 = _60', Td_2774 = _gwa Td_QTIs = _gc (468)

so that (here p is recognized has the fluid pressure)

T =p(¢" + duu’) = 2 [0" = T + T + 6T + 6T + EeTs”
(4.69)

4.2.6 DISCUSSION OF THE ENTROPY CURRENT

Here we will elaborate on the entropy current in conformal fluid dynamics discussed
in the papers [40, 8]. The thermodynamical fields satisfy the first and second law
of thermodynamics

TDus =Dup— prDuqr , DuJ§ >0 (4.70)
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The first of these two equations is the the first law (4.19) written for a conformal
fluid. Along with the equations of motion D, T"" = D, J* = 0, these relations
allow us to write down an expression for the entropy current following essentially
the procedure of Landau & Lifshitz [36, 33].

As with the relativistic fluid we assume that the conformal fluid has an associated
conformal entropy current J. Again we write the entropy current as a part coming
from the perfect fluid plus some correction ¥# due to dissipation

JE = sut + XH (4.71)

Using the expressions for the stress tensor and the currents (4.18) along with the
conditions w,IT" = u, T} = 0, we easily obtain

0=—-u,D,T" =u'D,p+11"0,,

4.72
0=D,J} =u'D,q; + D, Y} ( )
Now using the first law (4.70) we then see
1
D,Js = = [-1"0y, + uD, Yy +TD, X" (4.73)

T

This means that if we know the form of the dissipative stress tensor IT*#” and the
dissipative currents Y%, we can work out the dissipative correction to the entropy
current Y since D, J f; > 0 for all field configurations. However such a construction
is clearly not unique. We therefore emphasize that the entropy current presented in
this section is a construction which is consistent with the laws of thermodynamics
and which, in principle, should be checked from the underlying quantum theory.
We now proceed as [40] and substitute the expression for the second order stress
tensor (4.66) into the expression for the entropy divergence. Again we will assume
that there are no charges. We find

TD,J§ =D,X" + 2no" oy, + and_QUWu)‘D,\U‘“’
+ 7737d720'lW0'ﬂ)\0')\V + 774Td72aw,w“>\w)‘” + 775Td72a“”0,tw,gu°‘uﬁ (4.74)

For completeness notice that the second term in this equation is recognized as the
divergence of the (constructed) entropy current in the uncharged case, see equation
(4.15) (with ¢ = 0). Using the properties of the Weyl covariant derivative, this
expression can be rewritten as

TD,Js = 2no" 0, + D, X" + (n3 + 775)Td_20m,a“>\0’\”

i, [ (A )

4

 suu(GM +FR) +305) 5w
d—2 2d—3) "

We refer to [40] for the details of this computation. Now since we are working with
the divergence of a quantity which is correct up to second order in the derivatives,
this expression is correct up to third order in the derivatives. However, it is hard to
see how this should give something positive definite, however, [40] suggests taking

YA = (27“(771 +115) 0" 0 + T3 (a + ns)w“”w“”> o
(<2) — 4
T‘i_3n5uu(g““ + f’uk) Td_2(7]4 + 3775)
d—2 2(d — 3)

+ D, (4.75)
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To second order this gives for the divergence of the entropy current
TD,JE = 2no" o, + (03 + 775)Td730,w0”/\0)‘”

2 4.76
=2 <UW + L’Z— 15 U”/\a)‘”> >0 ( )
n

since a single derivative of the temperature 7 counts as two u* derivatives. This
shows that to second order, the entropy current (4.75) is consistent with the laws
of thermodynamics.

We will now look at a more general expression for the entropy current, origi-
nally proposed in [8]. The paper [8] takes a slightly different approach than [40],
however, the principles are the same. We start by writing down the most general
expression for the entropy current, correct up to second order, and consistent with
Weyl covariance:

JE = sut + T3 yr la10,,0"" + asw,,, "’ — azR]

477
+ 7978 [y Dro™ + b Dy + - - )

where aj,as,... are Weyl invariant constants and the dots represent higher order
terms. A slightly different notation is used by [8], first of all they define a new
variable (which we shall also find convenient to introduce in the subsequent chapter)

d

Moreover they use that
g\t
s=aT 1t =q (47r> pt-d (4.79)

which is realized using the same dimensional-type argument as for the energy den-

sity. The constant « is identified with a = (%’T)dfl G:{s using a holographic

computation (this is derived in the next chapter). Using this and the following
identifications a; = « (ﬁ)ZAl, as = « (ﬁ)QAg, ..., the entropy current (4.77)
coincides with the one used in [8]. It is now possible to compute the divergence of

(4.77). The result correct up to third order is [8]

_ 2b bd(d — 2) 24,
AGaash ' Dt = = [UW T2 (A3 T d- 2%””%)

bd(d — 2 1 .
D (4 i G

2
2

1
+ i(Albd + Tw)uADAJW

+0*(By + 243)D, Dyo"” + -
(4.80)

The second law of thermodynamics therefore puts the following simple condition on
the coefficients
By +2A43=0 (481)

Moreover [8] shows that the entropy current (4.75) can be obtained by a certain
choice of the coefficients Ay, Ay, As, By, By fulfilling the condition (4.81).
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FLUID DYNAMICS OF
FLUCTUATING BRANES

5.1 INTRODUCTION

We will now implement the ideas behind the fluid/gravity conjecture. In the follow-
ing we will follow the original work of [6] which was later generalized in [7, 9, 8, 10].
Notice that the authors of [6] carried out their computations for D = 5. Here will
generalize the (first order) computations of [6] to an arbitrary number of spacetime
dimensions and thereby verify the results of [8]. Before carrying out the calculations
we will explain the main idea behind this chapter.

The essence of the fluid/gravity correspondence was explained in §3.3 and is
summarized in the table 3.1. The dynamics in the gravitational subsector is com-
pletely determined by the equation

—(D_l)(D_Q)GAB =0 (5.1)

Eap =Gap —
Assuming that the field theory is in the hydrodynamics regime, this means that we
can map gravitational solutions to fluid dynamic solutions through the AdS/CFT
correspondence. We will construct such a map by solving Einstein’s equations per-
turbatively around a well-understood stationary solution. The starting point of
this construction is therefore to find a suitable stationary gravitational background
around which we can do perturbation theory. The dual description of such a station-
ary gravitational configuration must also be stationary i.e. in global equilibrium, in
other words, a perfect fluid. As we explain below (and have motivated in chapter 3)
these stationary gravitational solutions will exactly be the so-called boosted black
branes. These solutions can be thought of as ordinary black brane solutions which

EINSTEIN GRAVITY FLUID DYNAMICS

STATIONARY Boosted black branes Perfect fluid dynamics
SOLUTIONS
PERTURBATIONS | Non-uniformly evolving | Dissipative fluid flows
black branes

Table 5.1: According to the fluid/gravity correspondence, the two columns are dual.
By understanding the theory of one column we therefore get an understanding of
the other.

45
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are uniformly moving in their transverse directions. The idea now is to consider
the effect on Einstein’s equations if we slightly perturb the background black brane
metric. Using the tools of the AdS/CFT correspondence, the perturbed gravita-
tional equations should then translate into the equations of relativistic viscous fluid
mechanics, especially the derivative expansion (4.66) and the conservation equation
(4.1). By solving Einstein’s equations in AdSp we can therefore extract informa-
tion about the dual fluid (= compute its transport coefficients) and thereby extract
information about the underlying dual field theory.

It can be shown that the fluid dynamics of a d = 3—1 = 2 dimensional conformal
field theory essentially is trivial (see appendix B of [8]). In the following analysis
we will therefore exclude the D = 2 + 1 = 3 dimensional case.

5.2 THE BOOSTED BLACK BRANE AS AN IDEAL FLUID

In this section we introduce the boosted black branes in anti-de Sitter background
and show that these solutions are exactly dual to a perfect conformal boundary
fluid. In the dual picture these solutions therefore corresponds to an equilibrium
state of the thermal field theory on Minkowski space. These boosted black branes
will serve as the background spacetime which we will slightly perturb in order to
derive the properties of the dual fluid.

5.2.1 PRELIMINARIES AND THE BLACK BRANE TEMPERATURE

Here we introduce a class of AdSyy; solutions known as boosted black branes.
Boosted black branes are simply boosted versions of the well-known ordinary black
brane solutions which are the geometry duals to thermal field theory on Minkowski
space (the finite temperature AdS/CFT correspondence). Consider the ordinary
black brane! metric given by the well-known expression

d—1

2 [,2
Ag.B_ T 2 i\2 2

- —5 - e rr1 N .2

Gapdade 3 f(br)dt +;1(dx) +7"2 (br)dr (5.2)

with f(r) = 1 — r~¢ and where A, B as usual denotes the bulk indices. Here
o" = (t,2%) denotes the transverse boundary coordinates while r is a “radial” AdS
coordinate. Indeed, it is straight forward to show that the Ricci tensor of the metric
Gap fulfills Rap o< Gap with R = —d(d + 1)/L?. The metric (5.2) is therefore an
(asymptotic) AdSgy; solution. Note that the black brane solution indeed is black:
The metric (5.2) contains an event horizon located at » = r, = 1/b. This is why
the metric (5.2) becomes singular at r = r;, however, as usual this singularity is
not related to the spacetime but rather to the choice of coordinates - more on this
below.

Now suppose that we perform a “boost” of the black brane in the boundary
directions with boost velocity u*, u,u* = —1. The resulting metric is easily found
by covariantizing the metric (5.2). We have that dt = —u,,d2* and dz’ = A’ da*
where v = (1,0,---) and where A" = ulu” + nt¥ is the usual projector onto
the spatial boundary directions with 7, being the Minkowski boundary metric.
This especially means that dt* = u,u,dz#dz” and Y. (dz")* = A,,dz#dz”. The
boosted version of (5.2) is therefore given by

5 2
boos A,q..B r v v L
Ghgtdetda” = — [ = flbr)uyuydatda” + Ay datdz”] + 2 f(br)

]
!The black brane (5.2) also is known as the planar Schwarzschild black hole (in AdS).

dr?  (5.3)
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where u# is a general four vector fulfilling that u,u” = —1. Since boosts in the
boundary directions belong to the anti-de Sitter isometry group, the class of so-
lutions (5.3) are all solutions to Einstein’s equation (5.1). This fact is also easily
verified by simply plugging (5.3) into (5.1). It is possible to parameterize the ve-
locity u* in terms of a set of parameters 3¢ € R in the usual manner

v ! i (5.4)

Jio@ T iiE

Finally, by performing a Wick rotation and compactifying the time direction, we
can show that the temperature of the black brane is given by

d’l’+ d
T = = )
AnL?  4AmL?b (55)

We refer to the appendix B for the details of this short computation. From now on
we will set the AdS radius L to unity L = 1.

5.2.2 THE DUAL FLUID OF THE BOOSTED BLACK BRANE

In this section we demonstrate that the fluid dual to the boosted black brane is a
conformal perfect fluid. As mentioned in the introduction, such a result must be
expected since the black brane is a stationary gravitational solution. Computing
the boundary stress tensor from the bulk metric field relies on the gravity part of
the AdS/CFT directory. We refer to §3.4 for the mathematical details. Using the
standard method of the AdS/CFT directory (equation (3.43)), it is possible to show
that the stress tensor dual to the boosted black brane metric (5.3) is given by (we
refer to the appendix B for the details of this computation)

(4
167TGD d

d—1 (4xT\* 1
= | = HyV 4 — = AW
167rGD< d ) s

d
)
(5.6)

where 7 is the black brane temperature. The stress tensor (5.6) is exactly that of
a perfect fluid fulfilling the conformal equation of state with

d—1 (47T \* p
'0_167er( d ) A (57)

We refer to §4.2 on perfect conformal fluid dynamics for the details. We conclude
that the boosted black brane has a dual description in terms of a zeroth order (i.e,
perfect) conformal fluid with fluid velocity corresponding to the boost velocity of the
brane. However, as also mentioned in the introduction, the dual fluid is expected to
have a set non-zero higher order transport coefficients. The dual fluid configuration
of the boosted black brane should therefore be thought of as a viscous fluid that
has reached hydrostatic equilibrium. Indeed, since all the u* derivatives vanish, we
conclude that all viscous tensors such as the shear o, vanish.

5.2.3 THE BOOSTED BLACK BRANE IN GENERALIZED
(GAUSSIAN NULL COORDINATES

Here we introduce a set ingoing Eddington-Finkelstein-like coordinates which are
suited for solving Einstein’s equation perturbatively. Again consider the black brane
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Future singularity

Future horizon

Tube of constant v

”Schwarzschild tube”

/

Past horizon Boundary of

AdS
—

Y,

Past singularity

Figure 5.1: Penrose diagram of the black brane metric with a null tube, (v,z%) =
const., and a Schwarzschild tube, (t,z%) = const., illustrated.

metric (5.2). Now introduce a new set of coordinates (r,v,z%) by the following

equations
dr
v=t+r", dr'=——— 5.8
r2 f(br) (58)
We shall refer to these coordinates as Gaussian null coordinates. It is straight
forward to show that the in these coordinates, the metric takes the form

d—1
G apde?dz®? = 2dvdr — r2 f(br)dv? + r? z:(dar;i)2 (5.9)

i=1

The Gaussian null coordinates encapsulates the causal structure of the spacetime
in a very nice way. Indeed, suppose that we slightly disturb the the gravitational
field near the boundary. This disturbance will propagate towards the horizon along
the null geodesic (ds?> = 0) which exactly corresponds to the line of constant v,
dv = 0. This property is essential when we will solve the bulk Einstein equations
using a perturbative expansion. Moreover we see that the metric (5.9) is completely
regular at the horizon r = ro. In fact (5.9) only becomes singular at » = 0, which
was of course expected. It is again straight forward to write down the expression
for the boosted black brane by covariantizing the expression (5.9). We get (where
now z# = (v, z%))

Ghgtdztda®? = —2u,datdr — v f(br)u,u,datde” + r? A, dotds” (5.10)

5.3 THE NON-UNIFORMLY EVOLVING BLACK BRANES AS A
VISCOUS FLUID

In the above section we verified that the fluid/gravity correspondence is valid to
to O order. However, the first real check/implementation of the fluid/gravity
correspondence comes at 1" order fluid dynamics. In order to see viscous effects we
must break the uniformity of the black brane so that e.g. the shear becomes non-
zero. We will do this by taking take the uniform black brane (5.10) and promote the
brane velocity and (inverse) temperature to slowly varying fields in the transverse
boundary coordinates u* — ut(z®),b — b(z®):
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GEL?])B dz?da® = —2u,, (z*)dzdr

— P2 f(b(@®)r)u, (2®)uy (x*)datda” + 12 A, (2*)datds”  (5.11)

Of course this metric will in general not be a solution to Einstein’s equation (5.1)
anymore. However, it is still regular for all r well-separated from r = 0 and we
expect it to be a good approximation to the true solution since locally in x* it can
be “tubewise” well approximated by a boosted black brane.?

5.3.1 SETTING UP THE PERTURBATIVE EXPANSION

Following the work of [6] we will now solve Einstein’s equation perturbatively in
the number of field theory z* derivatives.® First we will perform a rescaling of the
equations: By a simple scaling transformation it is always possible to set b = 1
at any given boundary point. The condition for the validity of the perturbation
expansion therefore reduces to L >> 1. Now introduce a parameter ¢ = O(1/L). We
will now consider a rescaled field theory where the functions b and (3; are considered
as functions of the rescaled field coordinates ex*. We therefore see that every
derivative of b or (; produces a power of ¢, it follows that & counts the number
of derivatives. In the rescaled field theory the derivatives are therefore of O(1).
However a term containing n-derivatives will always have an associated factor &”.
The parameter e should therefore be thought of as a book-keeping parameter which
keeps track of the field theory derivatives and which should eventually be set to
unity (along with reintroducing the length dimension).
We will now write the bulk metric as a power series in €. We write

Gap = GY)(8i,0) + eG4 L (8:,b) + 2G5 (8:,b) + O(%) (5.12)
Here G 4p is the metric that solves the full set of Einstein equations while GEL?])B is
the metric (5.11) that solves Einstein’s equation for b and ; constant. Notice that

Gfg}g also will contain ¢,€2, ... terms coming from Taylor expanding the functions
b and f; around the point which we solve (5.1) (see below). Similarly for GS}B,

Gfl);, .... Having corrected the metric, we are forced to correct the temperature
and boost velocity:

Bi(at) = B9 (ex™) + 8 (e2) + O(€2)

(5.13)
b(at) = b (ext) + bV (ext) + O(£2)

Notice that if we correct the metric up to n'® order in e, consistent perturbation
theory only requires us to correct the temperature and velocities up to (n — 1)
order. This is because the Einstein equation will not contain terms that have no
derivatives (and a derivative produces an additional factor of €) since G(f])g with b
and f; constant solves the Einstein equation.

As is well known in gravitational problems, gravity has a huge gauge group
consisting of all the possible spacetime diffeomorphisms. In essence this means
that the same gravitational physics can be described in an infinite set of different

2This is where our generalized Gaussian coordinates come to use: The tube of constant 7 lies
along a null geodesic.

3Tt is possible to show that the field theory z# derivatives of either logb(z*) or 3;(xz*) always
appear with a factor of b ~ 1/T. This means that the contribution of an n-derivative term always
is suppressed by a factor (b/L)"™ ~ 1/(TL)™, where L is the typical transverse variation scale of
the temperature and velocity fields. It therefore follows that provided that LT > 1 it is sensible
to solve Einstein’s equation perturbatively in the number of field theory derivatives.
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coordinate systems. For computational reasons it is therefore useful (however not
necessary) to fix a gauge. We use the following gauge choice

G =0, gryoxuy, Tr ((G(O))_lG("))> =0 Vn>0 (5.14)

This is also the gauge used in [6, 8]. For other gauge choices and physical interpre-
tations see [7]. Having discussed some of the general features of the perturbation
expansion, we will now write down an expression for GY 5 to 1*" order in e.

Take some boundary point p. Having promoted the constants b and (; to func-
tions of the rescaled boundary coordinates ex*, we may now do a Taylor expansion
in the boundary coordinates around the point p. By a simple coordinate trans-
formation we may choose u* = (1,0,0,0) and (as mentioned above) b = 1 in p.
Notice that we are assuming nothing about the derivatives in p. Also note that
out = 9,6, du’ = 0 for u* = (1,0,0,0). We therefore have that around p
(chosen to be in the origin of R*! by a simple translation)

Gf])g dzAda® = 2dvdr — 2 f(r)dv? + r’da;da’

x”@ub(o)
pd—1

- 5(2x”8uﬁi(0)dxidr - 2x“8ﬂﬁgo)r2(1 — f(r))dz'dv — d dv2) +O(?)

(5.15)

It is to this expression we will add the 1*® order correction GEL‘% so that GO +eGM)
solves (5.1) (to first order in ).

5.3.2 THE SO(d — 1) SECTORS

Even though the Einstein equation is non-linear, it is often possible, in perturbation
theory, to exploit the symmetries of the background metric to separate the resulting
equations into different sectors of the background symmetries. This decouples the
equations and makes them much easier to solve. The background metric (the first
line of (5.15)) has a clear SO(d — 1) symmetry in which we will decompose the
correction tensor Gj.

A generic two-tensor S*¥ can be split up into irreducible representations of

SO(d — 1). Clearly the components S*%, S*", S™ and S*" all transform as scalars
(0) under SO(d — 1). The components S and S* transform like vectors (1) while
the components S% transform as a SO(d — 1) tensor (1 ® 1). As usual the tensor
S can be split up in a trace part (0), an antisymmetrical part (1) and a traceless
symmetrical part (2).

It is now straight forward to write down the transformation properties of the
metric tensor (= symmetric tensor). We must simply have Gap € (0 0& 0@ 0)®
(1¢1) @ (2). The collection of scalar representations (the first parentheses) is
referred to as the scalar sector, the collection of vector representations (the second
parentheses) is referred to as the vector sector while the symmetric traceless tensor
representation (the third parentheses) is referred to as the tensor sector. We will
now write down the G correction according to this SO(d — 1) symmetry.

THE SCALAR SECTOR: According to our gauge choice (5.14) we have Gﬁ) = 0.
Moreover, we see that gauge condition (5.14) implies that Tr {G;;} + 2r2G,, = 0.
The components in the scalar sector in the particular gauge (5.14) can therefore be
parameterized by two independent functions. We parameterize the part of metric
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fluctuation that transform in the O rep. in the following way

Tr{ GV} = (d— 1)r2hD(r)

j

d—1
Gvr = _Th(l)(r) (516)
k<1)(r)
1
GE}U) T pd2

THE VECTOR SECTOR: With the particular choice of u* and gauge we have that
Gr; = 0. One of the vectors is therefore gauged to zero. We parameterize the
remaining vector according to

(G apdadr® = 202 (1= f()) 4V (r)da'dv (5:17)

THE TENSOR SECTOR: Finally we parameterize the tensor sector in the following
way

(G(Tl))AdeAde = r?a;;(r)dz’da’ (5.18)

where «;; is a symmetric traceless matrix.

5.4 RESULTS OF THE FIRST ORDER COMPUTATION

Plugging this into the Einstein equations 45 = 0 yields a set of equations which we
now solve to first order in . The full set of equations can be found in the appendix
B.

5.4.1 THE STRUCTURE OF THE EQUATIONS

A priori the Einstein equation €45 = 0 contains independent equations.
It will be useful to split these equations up into two classes of equations known
respectively as constraint equations and dynamical equations.

D(D+1)
2

CONSTRAINT EQUATIONS: These are the equations that are first order in r-derivatives.
These equations are obtained by dotting Eap = 0 with ¢Z where {5 = (dr). The
constraint equations are therefore

EaptB =E45GP" =0 (5.19)

As we shall see below, the set of equations (5.19) are referred to as constraint
equations since they constrain the fluctuating fields b and ; in a certain way.

DYNAMICAL EQUATIONS: The rest of the @ equations Eap = 0 are referred
to as dynamical equations. These equations determine the dynamics of G o5 given
the constraint equations.

5.4.2 SCALAR SECTOR

The scalar sector contains four equations, namely &.. = 0, &, = 0, £, = 0 and
Tr{&;;} = 0. The constraint equations relevant for the scalar sector are

E. 5GP = r2f(7")5rr + &, =0 and &GP = rzf(r)f)m + & =0 (5.20)

The first constraint yields

0
i [0:8

5 — - — ==2(d—1)r

d—2Y\ dh dk
N d—1 - d 1 1
d(d—1)r*""hy + <(d r ) T i

d—1
(5.21)
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while the second constraint equation is found to be completely independent of r. It
yields

05"
d—1

9,0 = (5.22)

This equation turns out to have a very nice physical interpretation in terms of the
dual boundary theory. It is the temporal component of the energy-momentum con-
servation equation for the dual stress tensor! This relationship if further examined
in §5.6. For now, we will only think about equation (5.21) as a constraint on the
fields b and ;.

In addition to the constraint equations, the scalar sector contains a set of dynam-
ical equations. These two equations can freely be chosen as any linear combination
of &, =0 and &,, = 0 (we choose &,, = 0) and Tr{&;;} = 0. The first dynamical
equation &,, = 0 is found to be equivalent to the equation

d [ 41dh®(r)

el — V| = 2
o [7“ - 0 (5.23)
It turns out that the second dynamical equation is automatically satisfied once
(5.20) and (5.23) are satisfied. Indeed we have that

d d—2
Te{&;} =r* ld [r e 5GPT] + <rd + 2) &w] (5.24)
r
We therefore conclude that the scalar sector contains d equations where one of the
equations is redundant.
The equations (5.21) and (5.23) can now be solved. Integration of the dynamical
equation (5.23) shows that
B

A () =y + 5 (5.25)

where v and § are two integration constants in r (i.e. v = v(a*) and 8 = S(z*)).
Plugging this solution into the constraint (5.21) yields a differential equation for
k(™) which can now be solved. We find that
KD (1) = (d = 1)yrd + %rd_l&ﬂgo) - %rﬁd + 7y (5.26)
with 7, = m,(2#). The solutions in the scalar sector are therefore given by a three-
parameter family of solutions. However, these solutions can effectively be reduced
to a unique solution by virtue of the boundary conditions, gauge invariance in the
bulk and gauge invariance on the boundary (the final point was discussed in §4.1.4).
First of all, as demonstrated in the appendix B, the parameter v multiplies a non-
normalizable mode meaning that the field theory stress tensor will blow up in the
large r limit. The bulk term multiplying v simply grow to fast for them to give
rise to a meaningful dual field theory (our boundary condition). The parameter
~ is therefore forced to v = 0. Moreover, it is easy to show that with a certain
choice of a the action of the coordinate transformation r — (1 + ea/r?) removes
the ﬁ/rd terms in the expressions for A1) and k(") (and adds a constant to k),
so effectively the action is (8,7,) — (0,7)). Since the terms multiplying /3 are
produced by coordinate transformations, they are “pure gauge” and ( may be set
to zero with out loss of generality. Finally, as we also show in the appendix B, the
constant term 7, appearing in (5.26) is fixed to zero by requiring the Landau gauge
condition u,II"*" = 0 for the boundary fluid.
All in all, we find that the solution in the scalar sector, which we denote Gg, is
given by
2

3. 0,2
7 lralﬁl dv (5.27)

(G ap dztda® =
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5.4.3 VECTOR SECTOR

Having solved the equations in the scalar sector we now move on to solving the
vector sector. The equations relevant to the vector sector are the 2(d — 1) equations
Eri =0and &,; = 0. The constraint equation takes the form

EGP" =12 f(1) &4+ Epi =0 (5.28)
This contraint is again found to be independent of r and yields
8,8 = 9,0 (5.29)

Once again, as explained in §5.6, this equation has a very nice interpretation in
terms of the boundary fluid theory. Having worked out the constraint, we can now
write down the dynamical equation. Again this equation can be chosen as any linear
combination of £.; = 0 and &,; = 0, we choose the latter. The equation &£,; = 0

yields
al 1 4P d—1
l Ji ()] = -"5-0.8, (5.30)

dr |rd=1  dr

This equation may now be integrated to yield an expression for the metric fluctua-
tion in the vector sector. We get

i = 0,80r4 1 4y 4 1 (5.31)

Notice that we also use the vector constraint equation (5.29) to obtain this expres-
sion. As in the case of the scalar sector the +;’s multiply non-normalizable modes
and are, by virtue of the boundary conditions, thus forced to zero. Moreover the
Landau frame condition again forces the constants m; parameters to zero. The
solution in the vector sector is therefore

(Gi/l))AB dz?da? = 27"5‘1,6,50) dvda’ (5.32)

5.4.4 TENSOR SECTOR

We are now ready to solve the tensor sector. It is important to realize that at this
point we have already solved the scalar and the vector sector. In particular this
means that we have solved Tr{&;;} = 0. The dynamical equations in the stress
sector therefore reduce to £;; = 0. These dynamical equations give us the following
set of equations

)
d (a1, dei (1) d-2_(0)
where we have defined the traceless SO(d — 1) tensor Ug-)) by
1
o) = 0. - T—100mB) (5.34)

The solution the equation (5.33) is again found by direct integration. We will
demand two things of the solution o'Y: First of all it must be regular everywhere

ij
(especially at the horizon r = 1). Secondly we require that ag;) — 0 for r — o0

by virtue of the boundary conditions. These two conditions fix the integration
constants relevant for (5.33) and the solution is therefore a;;(r) = 205?)F (r), where

0o 13 00 d—1 _
F(r)z(d—l)/r fdﬁf‘(é‘)/l dyy“:/r d¢ g(gd_ll) (5.35)
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Notice that by choosing the lower limit in the inner integral to 1, the overall solution
will be regular at the horizon 7 = 1 even though the factor 1/(r¢+!f(r)) — oo for
r — 1. Finding an analytical expression for the integral (5.35) is quite easy, however,
since it is only the asymptotic form of the bulk metric that is used to obtain the
boundary stress tensor, we shall be content with recording the large r behavior of
F(r):

1 1

F(r) = S O(1/rdh) (5.36)

The solution in the tensor sector is therefore given by the expression
(G(Tl))AB dztzP = 27‘2F(T)0£JQ) da'dz? (5.37)

This concludes the computation in the tensor sector.

5.4.5 THE FIRST ORDER METRIC

Collecting the results from the previous section, we are now ready to write down
the metric that solves Einstein’s equation to first order in €.

With the function F' and the traceless SO(d — 1) tensor o'gjq) defined by respec-
tively (5.35) and (5.34), the metric

d—1
(G)ap dztda® = 2dvdr — r* f(r)dv® + 12 ) (da’)?
i=1
©) 1 0) . 218, b0
—€ (2xl‘8ﬂﬁi dz'dr — 229,38, r*(1 — f(r))dz'dv — drd#igdv2

2 ) oo
+ﬁr8iﬁi(0)dv2 + 2r6vﬁl-(0)dvdx1 + 27"2F(r)ag-))dmzdm]) (5.38)

solves Einstein’s equation in a neighborhood of z#* = 0 to first order in &, provided
that o
0
9, = %ﬂ—il and 9,8 = 0;p©® (5.39)
We will now write down the global solution to Einstein’s equation correct up to
first order in the derivatives. Since the expression for the metric is ultra-local in
the boundary coordinates (it only depends on the field values in z* = 0) it can
now be extended to all boundary points: The metric (5.38) was written under the
assumption that v = ¢ and b = 1 in the particular point z# = 0. In order
to write down the global solution we must therefore simply covariantize (5.38).
Moreover we must re-introduce the length parameter and set ¢ = 1 (i.e. so that
now O(0") = 1/(TL)" < 1). It is easy to see that for b = 1, u* = ¢ and to first
order in the derivatives (recall that in this case d,u’ = 0, d,u’ = 9,"), the metric

Gapdz?da? = —2u, datdr — r2f(br)uﬂul,dx”dx“ + A, datda”

2
2r?bF (br)o,, dz”dat + 7

1ruuul,8,\u>‘dx"dx” — ru’\('))\(uuu,,)dm”dx“ (5.40)

reduces to the metric (5.38). Here o, is the viscosity tensor introduced in §4.1
given by o, = D(,u,y. Provided that the fields u* and b fulfill the constraints
(5.39) (which we will write a covariant expression for below), it follows that the
metric (5.40) is the global solution to Einstein’s equation correct up to first order
in the derivatives.
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5.5 THE BOUNDARY STRESS TENSOR

Having determined the global metric correct up to first order in the derivatives,
we may now compute the boundary stress tensor. The computation relies on the
standard method from the AdS/CFT directory and can be found in the appendix
B. We find that the stress tensor dual to the metric (5.40) is given by

d—1 [47T\* 1 1 4T\
oty (L I PP Sy V] | S ekl mo(5.41
167er+1< d ) [“ R ] sﬁGdH( d > o (541)

This concludes the first order black brane computations.

5.6 THE DUAL VIEW OF THE GRAVITATIONAL COMPUTATION

We saw in §5.2.2 that the dual stress tensor of the boosted black brane is that of
a perfect fluid. We interpreted this through the fluid/gravity correspondence: The
boosted black brane is dual to a certain stationary configuration of a viscous fluid
on the boundary. In §5.3 we promoted the black brane velocity and temperature to
be slowly varying and solved Einstein’s equations by introducing correction terms.
We found that the equations of gravity split up in a dynamical part and a constraint
part. The dynamical equations were completely solved to first order in the deriva-
tives and led to the metric (5.40). This in turn determined the boundary stress
tensor (5.41). The fluid dynamical interpretation of the boundary stress tensor is
clear: According to our discussion on conformal fluid dynamics, the near-equilibrium
stress tensor of a conformal fluid is given by

1
T = noT (utu” + ﬁAW) — 29T 16" 4 higher order corrections. (5.42)

This expression is immediately compared to the dual stress tensor (5.41). Just
as predicted by the fluid/gravity conjecture, introducing dynamics on the gravity
side reveals the viscous nature of the dual fluid. Clearly, the second part of the

stress tensor (5.41) is the first order dissipative correction to the conformal fluid

1 (ﬂ) d—1
167’I’Gd+1 d
expression for 7 in terms of the gauge theory variables. We for example have for

the D = 5 dimensional truncation (3.25) that n = 7N273/8 which is in accordance
with the result of [2]. Note that our computation found that that the stress tensor
contains no bulk viscosity ¢ term. This is of course a key feature of a conformal
fluid. Also notice that even though the first order shear correction is universal (i.e.
it is of the same form for all fluids), the specific temperature dependence in (5.41)
is unique for a conformal fluid. This concludes the interpretation of the dynamical
part of gravity to first order in the derivatives.

The remaining Einstein equations were not solved directly, instead they con-
strained the velocity and temperature derivatives through the constraint equations
(5.39). This suggest that the constraint equations should be understood as the
equations of motion of the boundary theory. Indeed, it is easy to convince oneself
that the covariant version of the equations (5.39) is equivalent to (as usual in the
section, this expression is only correct up to first order in the derivatives)

stress tensor with the viscosity n = . It is possible to re-write the

vV, T =0 (5.43)

This is exactly the equations of motion for the boundary dual fluid! The seem-
ingly arbitrary constraint equations on the gravity side therefore have an extremely
simple interpretation in terms of the dual boundary theory: They simply represent
energy /momentum conservation of the dual fluid.
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Finally we address the viscosity to ratio mentioned in the introduction. The
(shear) viscosity to entropy ratio of a fluid is simply the local ratio between the
entropy density and the viscosity n/s. From conformal thermodynamics we find
that the viscosity to entropy ratio is given by

1

n/s = i (5.44)
This is in accordance with the famous result of [2]. As mentioned in the previous
chapter, the property /s = O(1) is characteristic of a strongly coupled fluid. As
mentioned in the introduction, it has been conjectured that 7/s > ﬁ for any sen-
sible quantum field theory [2]. The theories we are considering therefore exactly
saturate this bound. We will not go further into this very interesting discussion
but merely state that there seems to be some doubt on the validity of the viscos-
ity /entropy bound (see [41] and the references therein).

5.7 'THE GENERAL STRUCTURE OF THE PERTURBATION THEORY

Here we explain how the perturbative procedure presented above generalizes to
arbitrary order following [6]. As usual in perturbation theory, the perturbative ex-
pansion is solved iteratively. Therefore, assume that we have solved the perturbative
problem to (n — 1)““ order, in other words, we have solved G(™) for m < n — 1 and
ﬁfm), b(™) for m < n — 2 (cf. the expansions (5.12) and (5.13)). Moreover, assume
that the stress tensor dual to G up to O(¢"~!) obeys the Landau frame condition
UMT(’; V_l) =0.

In general, G{"™) is an expression in ; and b containing m derivatives. Inserting
the expansions for the velocities and temperature, Taylor expanding to the relevant
order and plugging the expansion G = >, e™G(™) into Einstein’s equation and
finally extracting the coefficient for ", we obtain an equation around z* = 0,
schematically of the form

H G(O)(ﬁfo),b(o))} G(n)(r, ) = s, (5.45)

Here H is a second order differential operator in only the radial coordinate r and
sp, 1s a “source term” for the operator. It is important to realize that H contains no
boundary derivatives. This follows from the fact that G is already of order n and
that each boundary derivative produces an additional power of ¢ (H is therefore
also referred to as an ultralocal operator in the boundary directions). As indicated
by the notation, the operator H only depends on the values of BZ-(O) and b in the
distinguished point x# = 0 but not on their derivatives. Finally, the operator H
is independent of the order n. The last point is crucial: The only dependence on
the order n comes from the source term s,,. This means that the structure of the
perturbation theory is in fact extremely simple. As in the first order computation,
we may now utilize the SO(d — 1) background symmetry to decouple the equations
into a set of first order operators (which are easily solved by direct integration).
For example, the left hand side of the equations (5.20), (5.21) and (5.23) are the
restriction of the operator H to the scalar sector while the right hand side of the
same equations are the scalar parts of the source term s;. Therefore, going to e.g.
second order in the scalar sector, the equations would have the same form but with
a different source term.

As we saw, the system of equations (5.45) contains a constraint sector and a
dynamical sector. As in the first order case, the constraint equations are obtained
by considering the equation £4568 = 0. Also as in the first order case, this set
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of equations will be equivalent to energy-momentum conservation of the boundary
stress tensor
v
VNT(nfl)
where T(*:L'il) is the boundary stress tensor dual to G 45 up to order O(e" 1) (the
th

=0 (5.46)

order perturbation theory). The
constraint equations are used to determine (= constraint) the corrections 65”71)
and b("~1). The solution in the dynamical sector can be written (assuming that we
have fixed some appropriate gauge)

form of which we already know from (n — 1)

G = particular(s, ) + homogeneous(H) (5.47)

Exactly as we saw in the first order case, there is a certain non-uniqueness associ-
ated with this solution, however, (modulo the constraint equations) this does not
correspond to a physical non-uniqueness. The solution to (5.45) is uniquely fixed
by demanding that G asymptotes to AdS4,; and that G(") is regular at all r # 0,
especially at br = 1. There is still a residual freedom in the solution, this freedom
is removed by requiring the Landau frame condition fulfilled

uHH‘(‘T':) =0 (5.48)
This accounts for the structure of higher order perturbation theory. As is hopefully
clear, the methods used for going to e.g. 2"d order are the same as the one used for
solving 15 order perturbation theory. In essence, the only thing that changes is the
source term which becomes more complicated.

5.7.1 INCLUDING A WEAKLY CURVED BOUNDARY METRIC

The computation outlined above allows a slight generalization. Consider the sta-
tionary black brane (5.10). The main idea in the above computation was to let the
constant temperature and boost velocity to be slowly varying fields in the bound-
ary directions and then solve the resulting equations according to this perturbation.
Similarly it is also possible to promote the constant boundary metric to be slowly
varying, that is, in addition to the expansions (5.12) and (5.13), we take

Since Einstein’s equation (5.1) contains only zero-derivative and two-derivative
terms (from respectively the metric part and the curvature part of the generalized
Einstein tensor £45), we see that effects from a weakly curved boundary metric will
not show up at the 15¢ order derivative level (i.e. at O(e)). In order to see the ef-
fects of a weakly curved boundary metric we must therefore go to 2°¢ order. From a
fluid dynamic point of view this is because the boundary fluid couples to the bound-
ary metric g, through the 27d order curvature terms introduced in §4.2.4. Before
presenting the results of the full second order computation (including this weakly
curved boundary metric generalization), we will explain how the Weyl invariance of
the boundary fluid can be understood in terms of a class of diffeomorphisms in the
bulk.

5.8 MANIFEST WEYL INVARIANCE OF THE BULK SOLUTIONS

As should be clear from the discussion of the AdS boundary, the Weyl invariance of
the boundary theory is related to the re-parametrization invariance of the radial co-
ordinate in the bulk: The boundary theory does not depend on how we parameterize
the radial bulk direction and re-parametrizations of the radial coordinate exactly
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generates Weyl transformations of the boundary theory. To see how this works in
the fluid dynamic regime, consider the uniformly boosted black brane solution

ds? = —2u,dz"dr — r? f(br)u,u,dadz” + r? A, detdz” (5.50)

Now consider a coordinate transformation of the radial coordinate of the type r —
7 = e®r, where ¢ = ¢(x#) is a function of only the boundary coordinates. The
boosted brane metric now takes the form

ds? = =20, dzt(dF + 7A,da”) — 72 f(bF) i, d, datda? + 72 A, de"de”  (5.51)
where A" is the vector field defined by (4.41) and (80 = M)

8 = e‘wgw, W =e®ut, b=e % = T =e’T (5.52)

We can now proceed as in §5.2.2 to compute the boundary stress tensor of the metric

(5.51). We do this in the (7,z") coordinates, that is, we evaluate the boundary

stress tensor T#" on the surface 7 = const. — co with the boundary metric 8-
The result of this computation is

A S (" + diata”) = e+ (5.53)
167TGd+1bd

where T+ is the dual stress tensor computed via the metric (5.50). We conclude
that there is a one-to-one correspondence between the bulk transformations of the
type r — 7 = e®r and the boundary Weyl transformations (4.27). This means that
performing a Weyl transformation on the boundary induces a transformation of the
dual bulk metric. Let us see what this implies for the fluctuating brane metric G 4p
(b and u” are slowly varying functions of the boundary coordinates) that solves
Einstein’s equation. First we must choose a gauge.* Here (and below) we will use a
slightly different gauge choice, and more “physical”, than the one we used in the first
order analysis. We will choose the gauge G,.. = 0 together with G,, = —u,. This
gauge has a very nice geometrical interpretation: In this gauge the lines of constant
x# are null-geodesics along each of which r is an affine parameter (for more details
on this gauge choice, see [7]). In this gauge the general metric G4p can be written

Gapdr?da® = —2u,da" (dr + V, (r,2)dz") + B, (r, z)dz"dz” (5.54)

where &, is the transverse part of G, i.e., u*®,, = 0. Here the tensors V, and
®,,, are functions of u* and b (and their derivatives). For example, to first order
(5.40) we have &, = 2rbF(br)o,, and a similar expression for A,. The tensors
V, and &, go like ~ r? and the boundary metric is therefore defined by °

g = lim 72 [6,, — u, V)] (5.55)

™—00

Now suppose that we perform a bulk diffeomorphism r — 7 = e’r (¢ = o(zt))

along with a rescaling of the temperature b — b = e~?b. The metric (5.54) now
transforms according to

at = e¢uﬂ’ ]}H = 6¢ (V/L - Tall(rb)v é/LV - 6#”’ g,uz/ = 672¢g,ul/ (556)

4As mentioned, Weyl invariance of the boundary theory follows from “radial” diffeomorphism
invariance in the bulk. Roughly these transformations fall in two groups: Redefinition of the radial
coordinate in the “boundary direction”, r — 9@ )y (these transformations correspond to Weyl
transformations on the boundary) and redefinition in the “radial direction”, r — e¥(")y. In order
to get rid of the redundancy in the radial direction we must fix a gauge.

5All boundary indices are raised and lowered with the boundary metric 8uv-
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Now since the tensors V,, and &, are functions of v* and b, which both respectively
pick up a factor of e and e~% under Weyl transformations, we conclude that S,
must be invariant under Weyl transformations while V,, — rA,, must transform as a
Weyl covariant vector with conformal weight w = 1 (using the transformation prop-
erty (4.42) of A,). This means that the expression for &,,,, correct up to second
order, must be given by a linear combination of (transverse, however, not trace-
less) terms of the type AW,b’louy,ou’\a)\l,,u)‘DAaW,..., where the coefficients

are functions of rb = 7b (cf. the section on second order fluid dynamics). Similarly
we conclude that V,, must be given by a linear combination of terms of the type
rA,, b_2uu, Ruy, wakﬂ, ..., where the coefficients again are functions of rb. This
is the best we can do using Weyl covariance. In order to determine the precise form
of the different coefficients, one must perturbatively solve the equations of gravity

to second order in the derivatives.

5.9 THE SECOND ORDER RESULTS

We are now ready to understand and present the results of the second order com-
putation. Following the discussion above, we write the metric according to

Gapdz?da? = —2u,dz"(dr 4+ V,d2") + &, dztdz” (5.57)

As explained in the above section, Weyl covariance determines the structure of the
tensors V,, and &,,,. In order to find the coefficients multiplying the Weyl invariant
terms of V,, and &,,,,, we must invoke the perturbative procedure accounted for in
§85.3-5.7. Using this procedure the vector V, and the tensor &,, are determined
to respectively [8, 6] (for the definitions of the various tensors, see §4.2.5)

R 2L (br
2(d— 1))~ (bryd-

1
V# = TA:U' + m ['D)\WAH — D)\J)\M + )QAZD)‘O-/\V

+ 3 ("Z;j)d [ﬁ(m)d Fr) + %waﬁwaﬁ + (br)2K2(br)0;ﬂ_Ujﬁ (5.58)
and
6, = rzAW — w#)‘ww
+2(br)? F(br) Ll)"“” + F(br)a Mo | — 2(br)2 K (br) Ugﬁ_ajﬁ A
— 2(br)2Hy (br) [uAD,\JW + au)‘a)\u - or;g_ai‘ﬁ AL+ C’nguo‘uﬁ
+ 2(br)? Hy(br) [UAD)\O‘H,, + wu’\a)\l, + wy’\aw\] (5.59)

The tensors have the predicted structure. The functions f, F, Hy, Ho, K1, K5, and
L are given by [8] (we of course already know the form of f and F' which followed
from respectively the 0" and 1% order computation)

flbr)=1- ﬁ (5.60)
- o0 gd—l -1

Fbr) = /b e (5.61)
_ oS} §d72 -1

Hibr) = | g (5.62)

S SR AN S A St §
Ha(br) = S F(br) /b §(§d—1)/1 A =) (5.63)
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Figure 5.2: The ratio 7,/b given by the integral (5.69) for boundary spacetime
dimension up to 15. The ratio is bounded from above by 1/2.

K (br) /b & / s (5.64)

Ko(br) = /b & 1€ - NP -2 - gt (5.65)
+(2(d — 1)¢* — (d - 2)) /Oodg(QF’(C)Q] (5.66)

3
L(br) = i d§§d 1/ d¢ ——=—— & Cd 1 ) (5.67)

The metric (5.57) with the above functions solves Einstein’s equation to second
order in the derivatives. As usual only the asymptotic form of the above functions
is needed to compute the boundary stress tensor dual to (5.57). By using the
asymptotic form of the functions F, Hy, Ha, K1, K5, and L (which can be found in
[8]), it is possible to show that the boundary stress tensor dual to (5.57) takes the
form

THY — P [ (gll«l/ + duuul/) _ 2 pr 2b21' [ )\D)\(THV + w# Av 4 ¥ UMA]

d—1

=p(g" + du'u”) = 2n o™ — T + T + £, 35 + £ T + Eo%EY
(5.68)

1
+2b° [ ADAU“V + J” v 7A“”Ua50°‘ﬁ + C“avﬁuauﬁ]

where the quantities pertaining to the first equality are given by

d o 1
AnT P=a=1) ~ 167G 00

(5.69)
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s Y A =21

In the last equality in (5.69) we recorded the most general expression for the Weyl
covariant stress tensor (cf. §4.2.5). We see that the second order results are in per-
fect agreement with the second order derivative expansion under the identifications

o =8c=2n(T1+T)=2nb, To=7,=0L, &{=0 (5.71)

A few comments are in order. First of all, as illustrated by the graph 5.2, the ratio
Tw/b = T is well behaved and O(1) for arbitrary spacetime dimension (we can show
that 7,,/b < 1/2 for arbitrary d). Moreover notice that the transport coefficient 7
associated with (only) the fluid vorticity vanishes. This observation is important
when we apply the AdS/CFT correspondence to the rotating black holes introduced
in the next chapter. Finally, much like the viscosity/entropy ratio n/s = 1/4m, the
relations (5.71) are universal in the sense that they hold for all uncharged fluids with
a gravity dual in arbitrary dimensions. This is a quite interesting result. It would
be interesting to understand the underlying gravitational structure leading to this
result. Moreover it would be even more interesting to understand this universality
only in terms of the gauge theory.

Finally we mention that it is possible to construct a boundary entropy current
associated with fluctuating black branes by using a geometric argument (roughly a
local version of the area theorem) [42]. By performing such a computation for the
second order fluctuating black brane (5.57), the authors of [8] were able to show
that the form of the “geometric” entropy current is in perfect agreement with the
expansion (4.77) and thus gives a method for working out the coefficients relevant
to this expansion. Moreover [8] beautifully explains how the the second law of
thermodynamics on the fluid side is dual to the Hawking’s area theorem (= the
second law of thermodynamics) on the gravity side.
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6

BLACK HOLES IN THE
FLUID/GRAVITY
CORRESPONDENCE

6.1 THE KERR SOLUTION IN ANTI-DE SITTER
The solutions to Einstein’s vacuum equation are the metrics that fulfill !
Rap = (D —1)AGap (6.2)

One might ask for the most general stationary, regular solution to this equation.
How are the Einstein metrics classified? Apart from this being a mathematically
very interesting problem, this question is clearly also physically relevant (for string
theory ~ higher dimensional gravity, theories with large extra dimensions, the
AdS/CFT correspondence etc.) The answer to this question in D = 4 with A =0
is well-known; the vacuum solutions to Einstein’s equation are exactly the two pa-
rameter (M, .J) family of Kerr solutions (see for example [43], [13]). However, in
spacetimes with dimension D > 4, the family of vacuum solutions becomes much
richer and finding them is an active area of research, both from a purely theoretical
point of view (see for example the reviews [44] and [45]) but also from a practi-
cal/experimental point of view [46], [47]. Although in D > 4 the vacuum solutions
branch out in a wealth of qualitatively different solutions, it turns out, for reasons
explained below, that the four-dimensional Minkowski rotating black hole (Kerr)
solution generalizes to all dimensions and cosmological constants.

6.1.1 THE MAXIMALLY SYMMETRIC EINSTEIN METRICS

Consider the maximally symmetric, non-compact solutions to Einstein’s vacuum
equation. That is, consider the infinite volume solutions to (6.2) that fulfill (details
on this can be found in e.g. [14])

R
Rapep = m(GACGBD — GapGpe) (6.3)

Here )\ is a constant parameter that is related to the cosmological constant A by

A(D —1)(D —2) = 2A (6.1)
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The form of these solutions is well-known. For A > 0 the solution is de-Sitter space
dSp, for A = 0 the solution is flat Minkowski space Mp while A < 0 corresponds to
anti-de Sitter space AdSp. These solutions are completely regular and contain no
horizons (indeed the presence of a singularity or a horizon would destroy maximal
symmetry). The three types of metrics can collectively be written in spherical-like
coordinates (¢,r, u;, ¢;) by the following simple expression

. dr2 dSp, A>0.
ds? = Gapde?da® = —(1 — Mr?)dt? + oz T r2d0%_,={ Mp, A=0.
A AdSp, A<0.
(6.4)
where dQ2,_, is the metric on SP~2 which is given by (see appendix A)
N+e N
Ah 5= duf + ) pide] (6.5)
i=1 i=1

Here ¢; denotes the N = [(D — 1)/2] azimuthal angles on SP~2 and y; are the
N + e = [D/2] 'directional cosines’. As explained in the appendix, the coordinates
. are not ‘real’” coordinates since they are not independent as they are subject to

the following constraint
N+e

domi=1 (6.6)

This equation may be solved for e.g. iy leaving N+¢e—1 independent coordinates.
This must be taken into account if one wishes to do calculations (such as integration)
on the sphere SP~2 in the coordinates (j1;, ¢;). Note that the number of independent
coordinates (one time coordinate, one radial coordinate, N azimuthal coordinates
and N + ¢ — 1 directional cosines) fulfill 1+ 1+ N + (N + € — 1) = D, just as it
should.

6.1.2 THE KERR SOLUTION

It is a well-known fact that the original four dimensional Kerr solution in flat space
can be written in the so-called Kerr-Schild form (in fact, this was how the Kerr solu-
tion was derived [48]). This realization allowed Myers and Perry in their celebrated
paper [49] to generalize the Kerr solution to an arbitrary number of (flat) space-
time dimensions. Following the work of [50] we will now review how this method
is generalized to not only an arbitrary number of dimensions but also a non-zero
cosmological constant.

In this section we set Gp = 1. If needed, the D dimensional Newton constant
is easily reintroduced into the equations.

THE KERR-SCHILD ANSATZ: Inspired by the original Kerr solution, the Kerr-
Schild ansatz for the generalized Kerr solution is

Gap =Gap+ Hap (6.7)

where G4p is a maximally symmetric solution to Rap = (D — 1)A\G ap i.e. one of
the solutions (6.4) and Hap can be written as the following tensor product

Hup =2H60,05 (6.8)

Here H is a scalar function and 6 is a null vector w.r.t. G 4B and therefore also
w.r.t. the full metric G 4, that is

01 GAp8® = 0G40 =0 (6.9)



CHAPTER 6. BLACK HOLES IN THE FLUID/GRAVITY CORRESPONDENCE 65

Moreover, the vector field 04 is tangent to a null geodesic w.r.t. both the back-
ground metric and the full metric which may be stated as OBVABB = OB@AGB =0
where V (V) denotes the Levi-Civita connection w.r.t. the (full) metric Gap (Gap).
The null condition on the vector 64 implies that the inverse of the full metric is
given by GAB = GAB — 4B,

Recall the linearized gravity scheme: Given some background metric Gap we
can consider small perturbations of this metric @AB — G’AB + hap. To linear
order, the inverse perturbed metric is given by GAB _, GAB _pAB, Using this, one
can now work out the field equations to linear order in the perturbation hsp

H[hAB;GAB] =0 (6.10)

These are the linearized equations of gravity w.r.t. the background metric Gas.
Needless to say, the linearized equations of gravity are much simpler than the full
set of non-linear Einstein equations. It now turns out that given a solution G 4B to
Einstein’s vacuum equation with a cosmological constant (R AB = const. X GAB) and
the Kerr-Schild ansatz (6.8), one can show that (see [50] in the references therein)
that the full metric fulfills the Einstein vacuum equation with the same cosmological
constant (Rap = const. X Gap) if Hap = 2H0 405 fulfills the linearized system
of equations i.e. if

H[HAB;GAB] :0 (6.11)

So, given the Kerr-Schild ansatz, the problem of finding vacuum solutions with
a cosmological constant reduces to solving linear gravity in the background G 4p.
This simplifies the mathematical problem significantly, moreover the linearity of
(6.10) allows us to superimpose different vacuum solution to obtain new very non-
trivial solution [51]. In the case of anti-de Sitter (A < 0) we see that [\ = L~1,
where L is the usual AdS radius. Since the results below hold for all A we shall for
completeness keep it as a free parameter, however, we will only be concerned with
the case where A\ < 0 (usually we just take A = —1).

THE GENERALIZED SPHEROIDAL COORDINATES: Recall that the four dimensional
Minkowski Kerr solution is most naturally presented in a set of 'Boyer-Lindquist
coordinates’ since these coordinates respect the symmetry of the spacetime. This
is also true for the general D dimensional Kerr solution. Also recall that the four-
dimensional Boyer-Lindquist coordinates do not reduce to ordinary spherical coor-
dinates in the zero mass limit but rather to a set of spheroidal coordinates on M.
This can be understood from the Kerr-Schild form of the metric: If one expresses
M* in spheroidal coordinates the vector, 8 and the scalar function H (which is
proportional to the Kerr mass) both take very simple forms.

We will now explain how these spheroidal coordinates are generalized to cover
all the D dimensional maximally symmetric Einstein metrics. To this end introduce
N (+4€) parameters a; (in the case where e = 1 we introduce ay; = 0) associated
which each of the N planes of rotation introduced in appendix A. These parameters
will be identified with the rotational parameters of the rotating Kerr black hole
below. Now consider the spacetime (6.4) with coordinates (¢, 7, p;, ¢;) and introduce
a new set of 'spheroidal coordinates’ (¢,y,v;, ¢;) by the following defining equation

(1+ Aa2)rud = (4 + a2)7 (6.12)

where the v;’s are a new set of directional cosines i.e.

S =1 (6.13)



CHAPTER 6. BLACK HOLES IN THE FLUID/GRAVITY CORRESPONDENCE 66

2

Together these two equations imply that the Euclidean distance = can be expressed

in terms of (y,v;) by
N+e

2, 2
2 y© +a; 2

= E : 6.14

' 1_1{1+)‘a$}yl (614

It is now possible to express pure AdS in terms of this new set of coordinates. After
some calculation we find (see appendix A)

N+€y +a 2
22 2y 942 2 a;
ds® = —-W(1 — A\y*)dt” + Fdy Jrli T 2dy
N o Nte o 2 2
y “+a 2 A y +a
vid dy; 6.15
P 1+)\2’ ¢+ W(l—)\y2)< a2 ”) (6.15)

where the two scalar functions W and F' are given by

N+e 1/2 y2 N+e 1/2
W= o= : 6.16
;1—&-)\@? 1—)\y2;y2+a? (6.16)

Using the coordinates (t,y,v;, ) on the background ds? we will now write down
the expression for the general D dimensional Kerr solution. In accordance with the
Kerr-Schild ansatz the Kerr anti-de Sitter metric is given by

ds? = d3* + 2H (0 dz?)?, H=M/U (6.17)
where the one-form 64 and the scalar function U are given by [50]
N+e

N
A a’lz
0 4dz? = Wdt + Fdy — § 1+)\2d¢1, U_y§

N
y+ Hy +a?) (6.18)

The parameter M is a real constant and it has a mass-like interpretation (in curved
backgrounds the notion of mass is even more cumbersome than in flat space).

THE KERR SOLUTION IN BOYER-LINDQUIST FORM: The metric (6.17), (6.18) is
not quite the Boyer-Lindquist form we are looking for. In order to cast the Kerr
metric into Boyer-Lindquist form we introduce a new coordinate transformation
defined by the (exact) differential expressions

dt =dr+ = )\;;;4(?/‘1’ oy 40 =deit o j(g?&dy 0 (6.19)
Here the function V' is defined by
VEQ 21— M) ﬁy +a?) (6.20)
F i=1

Using this coordinate transformation, it is straight forward to show that the Kerr
AdS metric takes the form

N 2 N
2M a;v2dyp; y? + a?
ds? = =W (1 = P)dr® + Z— [ Wdr — ) 5 Lvide?
s ( yo)dr +VF T ;1+>\a2 +i:11+>\a?m ¥i

VEdy? o~

V —-2M

24,2
+ a;
21/ dv? +

2
* + Aa?

W1 — My
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This is the generalized Kerr solution in Boyer-Lindquist coordinates. Notice that
the last term is not present in the flat space case and makes the general Kerr solution
somewhat more involved than its flat space counterpart.

It is useful to record the asymptotic form of the generalized AdS Kerr solution.
Of course, the form of the asymptotic metric depends on the coordinates in which it
is presented. Here we will use coordinates such that the metric near the boundary
takes the form

d 2
ds? = —r2de + T% 202, + O(1/r?) (6.22)

This is noting but the AdS metric in standard form (6.4) plus some small perturba-
tion (we have set —\ = L~! = 1). Following the above discussion, it is clear how we
should cast the Kerr solution into this form: We simply perform the inverse coor-
dinate transformation (6.12) of the Boyer-Lindquist metric (6.21) (from ’spheroidal
coordinates’ to ordinary spherical coordinates) and find the form of the Kerr metric
in the r — oo limit. We find (for details, see appendix A)

N+e N
d82 _ —(1+T2)dt2+ d7"2 +7‘2 Zd 2+ 22 2d¢2
= 112 My T T i AP;
i=1 i=1
N
2M gio 1,0 2M 40 4Ma7;;¢22 d+2
+ Sy TR+ Tgytdr —Zird_z ~2dtdg,

i=1

N 2,2
2Majajp; s
&yd“d@dqﬁj +--- (6.23)

+ d—2
ij=1 "
with
N
SR S 021
i=1

and where d = D — 1 as usual denotes the boundary dimension. Notice that the
first three terms correspond to pure AdS while the terms proportional to M come
from the AdS black hole as desired. The dots represent terms that are O(1/r?)
compared to the pure AdS metric where the (vanishing) cross terms are given the
natural order in r; for example, since the ¢; direction has an associated r factor,
the (vanishing) d¢;d¢; component of the pure AdS metric is assigned order O(r?)
and so on.

6.1.3 HORIZONS

We will now examine the geometrical properties of the generalized Kerr solution.
This analysis follows the same steps as the analysis of the well-known four dimen-
sional Minkowski Kerr black hole, see e.g. [13, 52, 43].

The Kerr solution contains an event horizon. In the Boyer-Lindquist coordinates
the event horizon is located at (the largest possible) y value y; where the yy metric
component becomes singular [14], i.e

1/Gyy ~ Viys) —2M =0 (6.25)

Even though the metric (6.21) is only valid outside y > y., the fact that this equa-
tion has, in general, many solutions suggests that the AdS Kerr spacetime contains
a wealth of event horizons. This implies a non-trivial global spacetime structure
which would be very interesting to examine. However, since this thesis is mainly
concerned with the well-understood asymptotic behavior of the Kerr solution, we
will not go further into this.
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ANGULAR VELOCITIES: In order to find the angular velocities €; (one for each
rotational degree of freedom) of the Kerr solution, we must determine the timelike
Killing vector field K¢ which becomes null on the horizon. Since K§ is Killing we
write it as a linear combination according to

0 N, 0
K404 = 5t > oy 35 (6.26)
=1

Here t and ¢, are the Kerr-Schild coordinates from equation (6.15). By solving
Ko AKS = 0 on the horizon we find that the parameters €); are given by

Ol — a;(1— )\yi)

_ 6.27
Tkt (027

The existence of such a Killing vector is in fact a more convincing proof that y =
y+ indeed is an event horizon than the condition (6.25) (which is clearly rather
coordinate dependent). Notice that the authors of [50] reach a different set of
values for the angular velocities. They find

Uy = Qly + Aas (6.28)

The reason for the discrepancy can be found in the coordinates in which [50] ex-
presses KA They find that KAaA =0/0T + Qi t.0/0¢;, where the ¢;’s are related
to our ¢; coordlnates by d¢; = dg; + Aa;d7T. The essential point now is that at
infinity the vectors 9/01 and 9/9¢; reduce to respectively 0/01 — 0/t — Aa;0/0p;
while 9/0@; — 0/8¢;. The parameters Q% of [50] are therefore the angular veloc-
ities of the Kerr black hole, as measured by a rotating frame at infinity, while the
parameters (6.27) are the angular velocities of the black hole, measured by a frame
that is non-rotating at infinity. As usual the latter set of angular velocities are the
proper ones to use.

EVENT HORIZON SURFACE AREA: The metric (6.21) induces the following metric
on the event horizon y = y; (formally by setting dr =dy =0,y =y, =V =2M)

N 2
1 a;v2dep; yi+a
d 2 _ L7 ? + 2d 2
" T Flyy) (iz_:l—k)\af) +21+A2Z i
N+e N+e ++a

2
L v vdui | (6.29
+Zl+)\2 +W(y+)1f)\y+ (;HH ”) (6.29)

The topology of this space is clearly S”~2. Having determined the induced metric,
the area of the event horizon is then given by

N+e—1

A= /5sz I1 dI/ZHdcpJ (6.30)

=1

where Q is the determinant of the above metric. Computing the determinant of the
induced metric is tedious but straight forward. We find that?

N 2 2 N
Va-|-t Hy++ai oy (6.31)
- 1— 2 .
v € Pl 1+ )\ai UN+e
2We have showed this in dimensions up to D = 8, which seems to include most physical

relevant cases. It is not clear whether [50] managed to prove this for arbitrary D. However, since
no special features distinguish the D < 8 cases, we can be confident that our expression is valid
in all dimensions.
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The last piece multiplying this expression is recognized as the square root of the
usual metric determinant  of SP~2 in the given coordinates (see appendix A).
Notice that the leading y; behavior of this determinant is yf ~2, just as it should.
The fact that Q = const. x Q renders the integration trivial. In accordance with
[50], we find that for D = 2N 4 1 + € even, the horizon area is given by

N2 2
e=1: A=Vol(SP~?) II % (6.32)
while for D odd, the horizon area is given by the expression
Vol(SP2) 71 3 + a?
e=0: A= (y+ ) II ?1 v (6.33)
SURFACE GRAVITY: The surface gravity x is defined by the equation
K4V aKop = —%VB(K{Z‘KQA) = rkKqop (6.34)

This is the geodesic equation in a non-affine parameterization. The equation (6.34)
therefore just expresses that Ké is a non-affine parameterized tangent to the null-
geodesic generators of the horizon. Recall that the surface gravity is constant on
(each connected component) of the horizon. Using similar reasoning as in e.g. [13],
we can show that the surface gravity is given by the expression [50]

_1—)\y3 dVv

O 2V(yy) dy

(6.35)

Y=Y+

Carrying out the y differentiation of the function V is trivial. We find that the
surface gravity for even dimensional spacetimes is given by

N
e=1: rw=y(1-Xy3) Z

1 1+>‘93-
++G/ 2y+

(6.36)

In a similar way it is possible to show that for odd dimensional spacetimes we have

1
e=0: 1—/\y+z ——— (6.37)
’Ller Y+

TuE KOMAR ANGULAR MOMENTA: Let J be the Killing vector associated with
the rotational symmetry in the ¢; direction (i.e. J/104 = 0y,) and let J; denote the
corresponding Killing 1-form (i.e, J;a = GapJP). The angular momentum L; of
the Kerr spacetime is then given by the usual Komar integral associated with the
symmetry J; which in form notation is given by the expression (see [13, 53], see also

appendix A)
1
Li=—— xdJ; 6.38
! 8w SD—2 ! ( )
Here we have chosen the spatial boundary at infinity to be SP~2. Notice that by
virtue of Killing’s equation V4J;p = 9;4J;p), so this expression coincides with the
one found in e.g. [13]. By manipulating this expression, it is possible to show that
the Komar integral can be written

1
L; = % n4oP [0aJiB — FgBJiC] (6.39)
T JsDb-2



CHAPTER 6. BLACK HOLES IN THE FLUID/GRAVITY CORRESPONDENCE 70

Here n and 04 are respectively the future pointing (~ time direction) and outward
pointing (~ radial direction) normal vectors to the boundary surface S”~2. Notice
that since the L;’s vanish for pure AdSp, this definition of the angular momenta is
rather unambiguous (as opposed to, for example, the Komar mass of a black hole
in an AdSp background [53]).

By using the asymptotic form of the metric (6.23) along with the Christoffel symbols
(A.34), it is possible to show that the Komar angular momenta are given by (see
appendix A)

(6.40)

i

~ MVol(SP~2) { 2a, }
8710, (1+ Aa2) L1+ A

6.2 BLACK HOLE THERMODYNAMICS

We will now review the thermodynamics of the AdS Kerr black hole solution pre-
sented in the previous section. The first law of black hole thermodynamics, when
applied to a charged, rotating black hole, is expected to take the form

dE =TdS + Q;dL; + prdRy (6.41)

where L; is the i'th angular momentum and R; is the I'th charge with associated
chemical potential p;. Here we employed the fact that the conjugate variable to the
angular momentum L; exactly is the angular velocity €2; computed above. Since we
are considering uncharged black holes the first law reduces to

dE = TdS + dL; (6.42)

As is well-known we have already calculated the black hole entropy and temperature
once we have computed the area and surface gravity pertaining to the event horizon.
It holds that (the Hawking-Bekenstein formule)

A K
S = 1 and T = 5 (6.43)
This means that once we have worked out the area, surface gravity, and angular
momenta, we can determine the energy E(S, L;) of the black hole by integrating up
the first law (6.42), assuming that the expression for dF is an exact differential. In
fact the latter point gives a non-trivial check of the correctness of the expressions
(6.40) [53].

There is another argument for obtaining the energy of a black hole once the
values of T, S and L; are known. The argument, which was first employed in [54],
relies on the Euclidean formulation of field theory. The thermodynamic partition
function Z can be expressed in terms of the Euclidean path integral in the following
way [54]

Z ="Tr exp [—ﬁ(H — Qle)]
(6.44)

— [ 2i6) exp (~1(G)

PBC
where [ is the Euclidean action and where the subscript 'PBC’ indicates that the
path integral is subject to periodic boundary conditions in the Euclidean time direc-
tion (the period is as usual identified with the inverse temperature 3). A standard
thermodynamic argument shows that the partition function (in its original form,
the first line of (6.44)) can be written in terms of the grand potential W by

nZ=—6W with W=E-TS—Q,L; (6.45)
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Now, the path integral in the second line of (6.44) is, in the classical limit relevant
for the corner of the AdS/CFT correspondence considered in this thesis, nothing but
(minus the exponential of) the Euclidean action evaluated on the classical (black
hole) solution. Therefore

Lelassical = HW (646)

As usual, the bare gravitational action in AdSp is divergent and must therefore
be regularized in a well-defined manner (see [53, 55]. For a discussion between the
methods presented in [53, 55| and the counter-term prescription discussed in §3.4,
see [56]). The relation (6.46) therefore holds for the renormalized Euclidean action.
By using the relation (6.46) it is therefore possible to obtain a non-trivial check of
the energy computation described in the previous paragraph.

Using the relations (6.40), (6.43), and the first law (6.41), the energy is computed
to [53]

MVol(SP~2) N 2a?
E= < 5 D—2—AZl+)\2 (6.47)
81/, (14 Aa?) = a;

Here the integration constant is fixed by requiring that £ = 0 for M = 0. By
explicitly evaluating the Euclidean action of the Kerr solution, the authors of [53]
were able to show that the quantum statistical relation (6.46) is satisfied, thus
providing a consistency check of the Kerr thermodynamic expressions.

6.3 AdS KERR BLACK HOLES IN THE ADS/CFT
CORRESPONDENCE

The rotating Kerr solutions in anti-de Sitter provide us with a new classical gravita-
tional configuration in the bulk which we can check the fluid/gravity correspondence
against. Moreover, using the deep gravitational theorems of Hawking and Beken-
stein we have determined the full thermodynamic behavior of this system which
should be comparable to the thermodynamics of the dual fluid. According to the
fluid/gravity correspondence, the rotating black holes of D dimensional supergrav-
ity are (dual to) certain thermal fluid states of the gauge theory on R x SP~2
provided that the dual theory is suited for a fluid dynamical effective description.
Notice that due to the structure of the Kerr solution we here take R x S?~2 (confor-
mally = Minkowski) to represent the boundary of AdSp. Before proceeding we will
first derive the condition for the Kerr black holes to be suited for a fluid description
on R x SP=2 It can be argued that the condition for a fluid dynamical effective
description on R x SP~2 to be valid is [5]

gy < 1 (6.48)

Now the mean free path of a generic fluid can be estimated from kinetic theory
by lmep ~ n/p [3]. As explained, for (at least) the class of gauge theories we are
considering, it holds that n = s/4w. This means that the mean free path of a
rotating conformal fluid on R x SP~2 can be estimated as

s d 1

irp  4r(D—-2)T (6.49)

emfp ~
where we substituted in the expressions for the entropy and energy densities which
will be derived below. Here T is the (global) fluid temperature, see below. We
therefore see that the fluid dynamical description is applicable for “hot” fluids,
T > 1, this is just as expected. As usual we identify the dual fluid temperature

with the temperature of the bulk which is given by T' = x/27. For large horizon
radius y4 we see that yy ~ T. The condition for the rotating black holes to be
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suited for a fluid dynamical dual description is therefore directly translated into the
condition that the horizon radius should be large, y, > 1. 3

6.3.1 THE BOUNDARY STRESS TENSOR

Here we compute the boundary stress tensor dual to the rotating AdS Kerr black
hole. According to the general prescription for calculating the boundary stress
tensor, we must perform a coordinate transformation of the Kerr metric (6.21), so
that it takes the form (6.22) in a neighborhood of the boundary. The result of such
a coordinate transformation to leading order was recorded in the expression (6.23).
Since, to leading order, the metric contains no ru cross-terms, we conclude that to
leading order n*94 = n" 0, with

o1 o 2 M~e
"= (1+ oG ) —ry/1+1/72 (1 - TZ ) (6.50)

GT"I”

Since the normal vector n“ is only a function of the radial coordinate, we conclude

that the extrinsic curvature is given by
o8 =Tt n" (6.51)

Now according to the general formula (3.43), we see that in order to obtain the
boundary stress tensor, we only need to keep the leading order terms in the metric
since higher order contributions will lead to terms of at least order O(1/r%*!) in the
extrinsic curvature.* The relevant Christoffel symbols were computed in appendix
A. We write

T, = Bl 40T+ 0 (1/r200) | wr =i 60+ 0 (1/r%7)(6.52)

here f‘l’fr and n# respectively denotes the Christoffel symbols and normal vector
of pure AdS and 6I'¥, and dn" are the leading order contributions. The extrinsic
curvature is then given by (ignoring the terms independent of the M parameter

corresponding to the counter-term stress tensor)
O! = —I" on" — oTk. A" + O (1/r*H) (6.53)
We may now compute the extrinsic curvature. We find

M,yd+2 B Md’YdJrQai,U/%
or = M 4y, ey, - M raud (650

M~d+2 . Md~32q, M~
bi vy i —2 2 bi Y a; 0; _ AT
Oy = rd (0577% + dasa ;) . O = T Oy, = - 8% (6.55)

Here we have used the manifestly independent coordinates ({6;},{¢;}) on S~ in
which the metric (A.14) is diagonal. It is straight forward to check that © = 0.
Having computed the extrinsic curvature and its trace, we can now compute the
boundary stress tensor (3.43). Taking the large r limit and raising the index with
the boundary metric g, dztz” = dt*+3°, dui+>,; p7 dé? (using (A.13)), we obtain

M,Yd+2
- 87TGd+1

M d’yd+2ai

Ttt
87TGd+1

(d—~7?), T" = (6.56)

3This result holds for black holes sitting in AdS of unit radius. We can easily reintroduce the
AdS radius. The condition now is that the black holes radius must be large compared to the radius
of AdS, y4+/L > 1.

4The leading order terms in the Christoffel symbols I'%,. will be of order one lower that the ones
of the metric since the Christoffel symbols contain r derivatives.
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MAd+2 B MY i—1 N

T%%5 = 78772;,1.#1 (1//@5”7 > +daa;), T%% = 787rGZ+1 (klill sec? 9k> oY

(6.57)
This completes the computation of the boundary stress tensor.

As we will see at the end of this section, the stress tensor obtained above is in
complete agreement with the (perfect) stress tensor of a rigidly rotating fluid on the
boundary. In order to demonstrate this we will therefore now turn to examining
fluid dynamics on the boundary manifold R x S™.

6.3.2 ROTATING CONFORMAL FLUID CONFIGURATIONS ON R x S™

Here we examine the rigidly rotating (conformal) fluid configurations on R x S™.
Therefore consider a conformal fluid on R x S™ with energy density p = 1797 ™!,
viscosity 77 and second order transport coefficients 71,72, .... For now, assume that
the fluid has no charges.

Since we are looking for fluid configurations which are dual to the Kerr black
hole, we are seeking stationary fluid configurations, that is, fluids is global equi-
librium. There exists a nice way to determine a subset of these stationary so-
lutions to the equations of fluid dynamics. The following argument is based on
[57]. Assume that the fluid is in equilibrium and thus described by a perfect fluid
stress tensor. Using the equations of motion (i.e. conservation of the stress ten-
sor, D, T =V ,T" = 0), the first law of thermodynamics (4.19), and imposing
stationarity, it is easy to show that

a, =—-V,InT (6.58)

where a* is the acceleration of the fluid. Now, since the fluid is stationary it must
have vanishing shear o,,. Moreover, assume that the expansion 1 of the velocity
also vanishes. It then follows from (4.10) that

Vit = Wy — Uy (6.59)
Now using the equation (6.58) we conclude that (recall that w,,) = 0)
V(#(au,,)) = OéU(MVl,) ln(OzT) (6.60)

for any function . We therefore see that if we choose the function « to be propor-
tional to the inverse temperature field, i.e. a = 7/7, the vector field au,, is Killing.
A solution to (6.60) therefore is

i)
T 01— 9y + widy, (6.61)
T
where we introduced a set of rotational parameters w;. The temperature field is
now determined by the defining equation u,u* = —1. We have
T:’Y’T, UH:PY(]-aOa"'703"‘)13"'7"‘)1\7) (662)
with

N —1/2 N -1 —1/2
= <1 - Zg@@wf) = <1 - (H cos? 9j> sin? 9iw2-2> (6.63)
i=1

i=1  j=1

The fluid (6.62) is in global equilibrium to first order. What about to second

mz

order? Since 0, = 0, the second order contributions T/, T4 and T4 all vanish.
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Moreover, since R x S™ is conformally flat, the Weyl tensor is identically equal to
zero, Cppn = 0. The dissipative correction fé‘ ¥ therefore also vanishes. This means
that to second order

I = _7747—771—154 = —774Tm_1w<”w)‘”> 6.64
A

However, the vorticity " (and therefore the second order correction ¥4,") does
in general not vanish for the rotating fluid (6.62). This means that if we want the
rotating fluid to be in thermodynamic and dynamic equilibrium, we must impose the
condition 7y ~ & = 0 on the transport coefficient associated with ,”. Assuming
this, the fluid stress tensor is then given by

1 1
™ =p (u“u” + A“”) =no7™ ! (u”u” + A’“’) (6.65)
m m

It is of course comforting that the second order analysis of the fluctuating brane in
§85.9, exactly found that £, = 0. We elaborate on this below.

Now using the expressions for the fluid velocity and the metric on R x S™, we
can write down the expression for the perfect fluid stress tensor in terms of the
function v and the constant 7. We find

m—+1 1 m+1
7t = T (g 1)y2 1), T = no(m + 1)1 3
m m
Tbi%i _ 7" 2
=7 (m 4+ 1)y*w? + Hsec 0; | csc”0; ] , (6.66)
m
m+1 m+1
TPi%; — foAm™ )T~ (m+ 7 'ym+3wiwj, 790 — o7 H sec 9

m

where we have explicitly written the g ,. = p? angular 6; dependence.

Now let us consider the charged case. Here we will restrict ourselves to first
order. Therefore, assume that the fluid has a set of conserved charges (which we
will from now on call ’ R-charges’, since they will exactly correspond to the R-charges
of the underlying field theory) with corresponding currents

i =rut + T (6.67)

Here 7 is the charge density corresponding to the I'th R-charge. According to the
discussion in §4.1.5, the most general first order current dissipation term is given
by V.(ur/T) = Du(ur/T) (in the conformal case this follows directly from Weyl
invariance). Here we have ignored the subtle case of d = 4 (see below). This means
that in order for the current dissipation T/ to vanish (to first order), we must take

wr =viT =~v1Up (6.68)

where vy is a constant. We have now solved the fluid dynamics of the R-charged
fluid to first order which is also easy to check by direct computation [5]. The fluid
velocity and temperature are given by (6.62) and the R-charge current is 7 = ryu.
Finally, since the fluid is described by perfect fluid dynamics, the entropy current
is given by

Jh=sut = D=0 (6.69)
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6.3.3 CONSERVED QUANTITIES

We will now write down the expressions for the total energy, entropy, angular mo-
menta, and R-charges of the solution (6.66). Recall that a Killing vector K* on an
arbitrary manifold has an associated Komar current

JK] = K, [T““ - ;g“”T] (6.70)

It can been shown that this current is conserved, see e.g. [14]. The conserved
quantity (the Komar charge) associated with this current is therefore given by °

QK] = = [ n, 1K) (6.71)

here n* is the normal vector to the timelike surface ¥. The expression (6.71) is
independent of the surface X. It follows that it is independent of time i.e. conserved.

Returning to our fluid on R x S™ we will take 3 to be the surface of constant
t. Since the fluid is conformal and the metric is diagonal we have

QIK] = — / . g, KrT (6.72)

where evaluation of the expression for constant ¢ is understood. Now, the manifold
R x S™ has the Killing vectors 9/0t and 9/0¢1, -+ ,0/d¢n. The vector 9/0t is
the generator of time translations and the associated conserved quantity Q(9;) is
therefore naturally identified with the energy of the fluid solution. The vector 9/9¢;
is the generator of the ¢’th angular momentum and we therefore associate Q(Jy,)
with the ¢; angular momentum of the solution. We therefore have

E= _/ guT", Li:—/ 840, T (6.73)
Sm sm

Finally, since the (perfect) entropy and R-charge currents are conserved, we can
write down the total conserved entropy and R-charge of the solution:

S:—/ nﬂJgL:/ JE, R1:—/ nur?z/ rh (6.74)

6.3.4 EVALUATION OF CONSERVED QUANTITIES

Here we compute the total energy, entropy, angular momenta, and R-charges of
the solution (6.66). First, using conformal invariance we will parametrize the full
thermodynamic behavior of the system in terms of a single function H({v;}), where
vy = pr/7T are the reduced chemical potentials. Let £, S, Ry respectively denote
the energy, entropy, and charge contained in a small volume V' and consider the
grand potential

S®=E6—-TS — Ry with first law d® = —-8d7 — pdV — Rydu; (6.75)
It now follows from extensivity and conformal invariance that

®=-VT""H({v1}) (6.76)

5As usual when writing expressions like fM f we mean dex\/ lg| f(x) where g is the metric
of the D-dimensional manifold M.



CHAPTER 6. BLACK HOLES IN THE FLUID/GRAVITY CORRESPONDENCE 76

where the function H is only a function of the reduced potentials v;. Therefore
using this simple expression for ® and the relation (6.75), we obtain

p=mp=mAT™, s=BT™ r;=C/T™ (6.77)

where the Weyl invariant functions A, B, and C; are given by (as usual a tilde
denotes a Weyl transformed quantity)

A=H=A, B=(m+1)H —vd,,H =B, C’_gTH:C' (6.78)
i

Using the equations (6.65), (6.67), and (6.69), we therefore see that
no=mA, Ji=By"Tlrm b= Cpymtiem, (6.79)

We can now carry out the integrations. The relevant integrals can be derived from
the identity [5]

A {w; ] = %)2

gm H =1 (1 —w7)

where ~ is the function introduced in equation (6.63). By parameterizing S™ using

the directional cosines ({1;},{#;}), this identity is easily verified for odd m by a

simple rescaling of the variables. Suppose that m is odd i.e. ¢ = 0. From the above
identity it follows that (identical results hold when m is even)

d Vol(S™) - M_ mAl )
d(1 —w?) (HN1(1 —w2)> - /m d1—w?)  Jom 2 Ty (6.81)

(6.80)

therefore

m+3, 2 2 Vol(S™)
/mv i = T D =D [T (1= ) (6.82)

J
By using the defining relation ), p? = 1, we therefore obtain that

m N o2
/ WS (m +1>V;}(S ()1—w2> (22 1—2%'2 +m+1> o

1

The relations (6.80), (6.82) and (6.83) are precisely the ones needed to evaluate the
conserved quantities. We find

AT Vol (8™ w3 B7r™Vol(S™
- s Limgtme 8T Tacay O
_ATTINOI(S™) [ 2w; _ Crr™Vol(S™)
R (el Pt S AT R

Having determined the global conserved charges of the fluid solution we can now
examine its (global) thermodynamics. Physically such an analysis makes sense since
the fluid is in global thermodynamic equilibrium.

6.3.5 THERMODYNAMICS OF THE FLUID SOLUTION

Since the rotating fluid is in (global) thermodynamic equilibrium, we expect that
its thermodynamics can be encapsulated by a grand canonical partition function
Zge of the form

2, = Tr{ exp [; ( —H QL + EIRI)] } (6.86)
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where the trace is taken over the globally defined fluid states. Using a standard
thermodynamic argument, the partition function can be written as

Zge = exp [—; (E TS - QL — 5131)} (6.87)
Here T is the global temperature, €2; is the global “chemical potential” associated
with the 7’th angular momentum, and &£; is the chemical potential associated with
the I'th R-charge. It is important to stress out that the globally defined temperature
T must not be confused with the (local) fluid temperature 7. In the same way the
chemical potentials £; must not be confused with the fluid chemical potentials p;.
The thermodynamic system (6.86) has the associated first law

dE = TdS + QdL; + &dR; (6.88)

E E E
P () () 5 (), o
a5 Qi,R; OL; S,Q;2i, Ry OR; S, Ryz1

Using these relations we can now compute the global temperature, “angular veloci-
ties”, and chemical potentials of the fluid configuration. In order to do this, notice
that the energy can be written

SO

m m

E=w;L; 6.9
w +m—|—1TVIRI+m+1TS (6.90)
and therefore
dE = w;dL; + L;dw; + ’ITLL—H (TV[dR[ -I-TR[dV[) + m?:L_ 1 (TdS+ (S+V]R[)d7)
(6.91)

A straight forward computation reveals that (just use the expressions for S and Ry)

w; dwi

1
dr = —7dS —
(S +viRy)dr T S T(S—FVJRJ)Z

1
— 7R;dvy + ETVIdRI (6.92)

—w;
Substituting this into (6.91) and using the relations (6.84), we finally obtain
dE = 7dS + Q,dL; + TvidRy (693)

We therefore conclude
T'=7, Q=w, &=1v1 (6.94)

The result is just as expected: The global temperature T equals the (constant)
local rest frame temperature i.e. T = 7 /v and so forth. Having computed the
temperature and potentials we can now finally compute the partition function from
(6.87). It is easy to show that Z,. takes the simple form

Vol(S™TH({&/T}) _ Wz~
InZ,. = 5 = 5 (6.95)
Hi(l_Qi) Hi(l_Qi)

Notice that the function H({{;/T'}) is rather arbitrary, it depends on the properties
of the conformal “stuft” making up the fluid. Also notice that the partition function
Z,c is completely fixed once the form of H({{;/T}) is specified. This means that
the fluid dynamical analysis of the conformal fluid on R x S™ tells us nothing about
the thermodynamic properties of the charged fluid at rest. This was of course
pretty much expected. However, once the thermodynamics of the fluid at rest is
given, the thermodynamics of the corresponding rotating fluid is known. All in all,
summarizing the above computation, the thermodynamics of the conformal rotating
fluid is completely determined by the equations (6.94), (6.84), and (6.85).
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6.3.6 COMPARISON BETWEEN AdSp KERR BLACK HOLES AND PERFECT FLUID
DYNAMICS ON R x §P—2

We are now ready to compare the physics on the gravitational side with a perfect
rotating conformal fluid on R x S?=2. As we have argued above, the fluid /gravity
correspondence is expected to be valid for Kerr black holes in the large horizon
limit. We will therefore start by working out the thermodynamics of the rotating
Kerr black hole in the large horizon limit. This is then readily compared to the
fluid thermodynamic formulse derived above.

THERMODYNAMICS OF KERR BLACK HOLES IN THE LARGE HORIZON LIMIT: We
will now relate the horizon radius y4 to the M parameter in the large horizon limit.
The black hole horizon is located at y = y; where y; is the largest root of the
equation (here we as usual take A = —1, cf. §6.1.3)

N
V—2M =y 1+ [[(° +af) —2M =0 (6.96)

i=1

This means that if y; > 1, the horizon radius is related to the M parameter by
2M =y (1+0(1/y3)) (6.97)

where as usual D denotes the dimension of the bulk. Notice that this relation holds
for both D even and odd. Now it is straightforward to express the temperature
T = k/2m in terms of the horizon radius in the large horizon limit. We use the
expressions (6.36) and (6.37) in the limit y; > 1. Notice how the extra term
in (6.36) exactly ensures that the expressions are identical for even and odd D
dimensions. We find

= {(D i

~ 1)y+} (1+0(1/42)) (6.98)

This especially means that, in the large horizon limit, the M parameter is related
to the temperature in the following way

47

D—1
o J (14 0(1/1%)) (6.99)

oM = TP-1 {

This expression can now be substituted into the thermodynamic formulaeof §6.2.
First of all we see that, to leading order, the angular velocity can be identified with
the corresponding rotational parameter, that is, {2; = a;. We then find to leading
order

1 D—2 TD—l 4 D—-1 N 2
B VO(SN) [ 7T:| Z 2a; LD
167G p [T;2,(1 - a?) D-1 .

; _ _ Vol(sP—)rP [ 4nr r—l { 2a; ]
167Gp [ (1 —a?) LD —1
(D —1)Vol(§P-2)1P-2 [ Ar ]Dl
16nGp [, (1—a?) [D—1

(6.100)

R, =0

where we have re-introduced the D dimensional gravitational constant.
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THERMODYNAMICS OF UNCHARGED ROTATING FLUIDS: The thermodynamics of
the most general R-charged rotating conformal fluid on R x S™ was derived in
§86.3.4-6.3.5. Here we will focus on the case where the fluid is uncharged, vy = 0.
In this case the thermodynamic function H is simply a constant

H=h (6.101)

And it follows that A = h, B = (m + 1)h and C = 0. According to the equations
(6.84), the energy, angular momenta, and entropy of the uncharged conformal rigidly
rotating fluid is then given by

N

N hVol(S™)T™m+1 202 _ (m+1)RVol(S™)T™
=Y o2 1_Q2+m , S= N 12 (6.102)
[Lio, (1 =95) |5= i 1= (1 =95
m m—+1 i
L;= hv?vl(s & 3 [129522] , Ri=0 (6.103)
Hj:1(1 - ) TN

These expressions can now directly be compared to those of the large rotating black
holes (6.100). We see that by identifying D with m+2, the Kerr rotation parameters
a; with Q; (this amounts to identifying the Kerr rotation parameters with the fluid
rotation parameters, cf. equation (6.94)) and the constant h with

1 { 4 }D,l

= .1 4
h 167Gp LD —1 (6.104)

the thermodynamics of the two systems are in complete agreement. Moreover by
comparing the dual boundary stress tensor (computed in §6.3.1) with the perfect
fluid stress tensor (6.66) and making the identifications above, we see that there is
complete agreement between the two expressions.

Moreover we see that the (unit temperature) energy density of the fluid exactly
is the same as we found for the black brane (cf. equation (5.41)). We have therefore
demonstrated that the fluid/gravity correspondence, developed for the fluctuating
black brane, applies directly to the rotating black holes of Einstein gravity. Fur-
thermore we saw that the fluid dynamic analysis of the boosted black brane yielded
& = 0. In the rotating Kerr black hole scheme this condition on & is a consistency
requirement. This, as far as we see, provides a non-trivial check of the fluid/gravity
correspondence. Following the same line of thought, it is possible that the fact
that the boundary stress tensor of the rotating Kerr black hole is that of a perfect
fluid, could be used (on grounds of consistency) to deduce that certain higher order
transport coefficients (containing only vorticity terms) must vanish. We will now
briefly discuss the rotating A/ = 4 Yang-Mills plasma on R x S3.

6.3.7 THE ROTATING N = 4 YANG-MILLS PLASMA ON R x §3

We will now show how it is possible to consider rotating plasma configurations of
N = 4 SYM, using the above fluid dynamical analysis. To this end consider the
consistent truncation of supergravity on AdSs x S5, given by (3.25). Instead of only
considering pure gravity, we now wish also to consider excitations of the SO(6) gauge
fields (and scalar fields which were represented by the dots in (3.25)). However, we
will only consider a subgroup of these excitations (this amounts to performing yet
another truncation of the theory). In the following we will only consider the abelian
part of SO(6): The maximal abelian subgroup of SO(6) is U(1)%. With the rest of
the gauge degrees of freedom set to zero, we then obtain the so-called STU model,
which is a consistent truncation of supergravity on AdSs x S° with U(1)? which
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is dual to N/ = 4 SYM with 3 Cartan U(1)%’s inside SU(4)g = SO(6) [58]. The
truncated action takes the form (I =1,2,3) [58, 59|

1 1
5= tonge | V11 [R+ 00 =SB an(F) — B (004X 0%

1
+7
24,/1G]|

where is C7jx is totally symmetric with Ci23 = 1 and where the scalar potential
and the metric on the scalar manifold are given by (notice that our notation differs
from that of [58, 59|, since we reserve G for the bulk metric).

C]JKEABCDE(FI)AB(FJ)CF(AK)E (6105)

3
1 1. 1

Moreover, the three scalars are subject to the constraint X' X2X? = 1. Notice that
the last term in the action (6.105) is immediately recognized as the Chern-Simons
term

Crix / FIANFI A AK (6.107)

One can now straightforwardly work out the equations of motion pertaining to the
STU action (6.105). Several solutions to the EOM are known, here we write down
the three-charge non-extremal black brane STU solution. The metric part of the
solution is given by [60]

5 3
ds? = —H "3 f(r)dt® + H3 (J?Z) + 72 de?) (6.108)
" i=1
M, _ 4ar _
f(r)—r—Q—r H, H1—1+72, H = Hi1H>H3 (6.109)

while the gauge field part takes the form

H% I Maq;

— o M=, (6.110)
This SO(6) charged black brane, or equivalently SO(6) charged non-rotating black
hole (see appendix A of [59] for a discussion of the relationship between the black
brane and black hole solution), is dual to the N/ = 4 SYM R-charged plasma on
R x S3 at rest. By working out the thermodynamics of the STU black brane (6.108),
we can then obtain an equation of state for the N' = 4 R-charged plasma at rest,
using the AdS/CFT correspondence. The equation of state is determined by the
following partition function [5, 59]

Ned sym 2m2NVOI(SH) T3 T, (1 + kp)?
gc, rest (2 n ZJ P H HJ)4

Here the auxiliary parameters xy are directly related to the R-charge density/entropy
density ratio in the following way®

XI

(6.111)

2,2
:47rr1
2

K1 (6.113)

S

6 Although not important for our purposes, we mention that the x; parameters are constrained
by k;y > 0 and

1
> —1>0 (6.112)
7 1+ kr

which is obtained by requiring thermodynamic stability. The latter constraint amounts to requiring
non-negative temperature 7' > 0.
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Having extracted the equation of state for the N' = 4 SYM R-charged plasma at
rest, we can immediately write down the partition function for the rotating ' = 4
plasma configuration. According to the equation (6.95), it is given by

ZN=15YM _ 22 NVol(S*)T3 1, (1 + kp)? i
: 1= -03) 2+ 3, ks —[1ks)

(6.114)

Here we used that S® is parametrized by two azimuthal angles ¢1,¢> and one
directional cosine 6. In these coordinates the function v, defined by (6.63), takes
the form

7 2=1-Q%sin?0 — Q% cos? 0 (6.115)

Here we used equation (6.94) to identify the rotational parameters w; and we with
the conjugate variables to the angular momenta (respectively Q2 and €s).

Much like we have black brane (transverse planar symmetry) and black hole
(transverse spherical symmetry) solutions to Einstein gravity, there also exist known
five dimensional rotating SO(6) charged black hole solutions. Since these rotating
black holes are expected to be dual to rotating N' = 4 SYM plasma configurations,
these black holes will provide a check of the validity of (6.114). This analysis was
carried out in the paper [5]. The analysis is essentially same as the one we carried out
in §6.3.6, however, the thermodynamic expressions are of course more complicated
(as they now also contain (three) R-charge(s)). Here we summarize the results of
[5]. For the original references on the R-charged rotating black hole solutions and
their thermodynamics, we refer to [5].

e The thermodynamics predicted from (6.114) is in complete agreement, to
order O(1/y%), with the thermodynamics of the large horizon rotating R-
charged black hole with two R-charges set equal to zero.

e The thermodynamics predicted from (6.114) is in complete agreement, to
order O(1/yy), with the thermodynamics of the large horizon rotating R-
charged black hole with all R-charges equal.

e Finally the same produce can be carried out for respectively the rotating fluid
of the M5 and the M2 brane conformal field theory on respectively R x S?
and R x S°. The thermodynamics predicted from (the equivalent of) (6.114)
is in complete agreement, to order O(1/y%), with the thermodynamics of the
large horizon rotating R-charged black hole with arbitrary R-charges.

Notice that the difference between the large horizon black hole thermodynamics and
the thermodynamics of the dual fluid is expected to show up at O(1/y%). This is
because, as argued above, {i, ~ 1/y4 and we have only solved the fluid dynamics
to first order in 4y, It is, however, quite a surprise that we see that there already
is a discrepancy at O(1/y) ~ O({mp) for black holes with all R-charges non-zero.

6.3.8 RESOLUTION TO THE N = 4 FLUID/GRAVITY DISCREPANCY

The simplest explanation for the discrepancy is that, in the case of the most general
R-charged fluid, the velocity field (constructed in the previous section), does not
solve the equations of fluid dynamics to first order in ¢,5, (only to zeroth order).
This indeed seems to be the case. As mentioned in §4.1.5, in four dimensions, it is
possible to construct a pseudo-vector containing only one derivative by

0 = P2y, Dyuy (6.116)
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This (Weyl covariant) term can then be used to alter the equation for the current
dissipation (4.18) according to

Y; =D A"D,vr + O f* (6117)

Notice that the vector £# cannot be used to construct corrections to the stress tensor
to first order (in the Landau frame), so only the R-charge currents get corrected.
The pseudo-vector term was not considered by the authors of [5], however, as was
first realized in [9], such a term can be physically realized (the authors of [9] consid-
ered an Einstein-Maxwell + Chern-Simons term type system). More recently the
fluid dynamics of the fluctuating STU brane was worked out (conceptually in the
same way as presented in chapter 5) in the paper [58]. The authors of [58] were
able to compute the U; transport coefficient associated with ¢#, they found

5y~ CporeYMarVMax MCJKL VM Maqx /My
O3 +an@d +aw) MR )G a0+ )
(6.118)

We see that the form of this transport coefficient accounts for the above obser-
vations. Indeed, for a general R-charged black hole we have non-zero U;’s and we
expect the thermodynamics to get corrections of order O({y,g,). However, when two
of the R-charges are zero, we see that all the U;’s vanish and the thermodynamics
should only get corrections at O(anfp). Finally we emphasize that a one-derivative
pseudo-vector term can only be constructed in four dimensions. Of course similar
pseudo-vector terms can be constructed in higher dimensions, but they will contain
more than one derivative. First order pseudo-vector corrections are therefore only
seen in four dimensional theories. This explains why we do not see a first order
discrepancy in the M2- and Mb5-brane conformal field theories.

In the four dimensional case, it should be possible to include these correction
terms and solve fluid dynamics to first order. This would introduce O({y,g,) correc-
tions to the temperature and therefore the global thermodynamic charges. Hope-
tully such an analysis would account for the O({.,g,) corrections to the large horizon
black hole thermodynamic expressions. We will leave this analysis for future work.
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CONCLUDING REMARKS

CONCLUSION

In this thesis we have motivated the existence of a correspondence between gravity
and fluid dynamics (as an effective long-wave description of a boundary CFT), using
the AdS/CFT correspondence. It was explicitly shown how the finite temperature
AdS/CFT correspondence gives a mapping between the solutions to the relativis-
tic Navier-Stokes equation, governing fluid dynamics, to a set of “slowly varying”
solutions to Einstein’s equation with a negative cosmological constant. More specif-
ically we have demonstrated how the equations of gravity can be used to directly
extract information about a given strongly coupled CFT (in the planar limit) with
a gravitational dual. It was shown how the transport coefficients, determining the
kinematic properties of the fluid, in principle can be found by perturbatively solving
Einstein’s equation. We emphasize that, with the technology available today, such
an analytical computation is not possible, using only gauge theoretical methods.
Since fluid dynamics is a long-wave effective description of a given CFT, knowing
the properties of the fluid (both transport coefficients but perhaps also the phase
structure), can presumably tell us a lot about the fundamental properties of the
underlying field theory. The fluid/gravity correspondence thus provides us with an
extremely powerful tool for understanding strongly coupled theories.

OUTLOOK

The fluid/gravity correspondence has several “obvious” generalizations: In addi-
tion to studying gravity systems coupled to matter, in the fluid/gravity correspon-
dence (which we touched upon in §6.3.7), it would be very interesting to study the
fluid /gravity correspondence away from the different limits considered in the thesis.
For example, how does the fluid /gravity correspondence look if we consider stringy
effects on the gravitational side? Moreover, we could consider the effect of quantum
corrections on the gravity side or, equivalently, go away from the large N limit on
the gauge theory side. It is possible that this could teach us important lessons in
gravity, string theory and strongly coupled theories. These fascinating issues are
currently being studied by the fluid/gravity community.

As mentioned in the introduction, one of the ultimate goals of the fluid/gravity
correspondence is to understand the Quark Gluon Plasma state, studied experi-
mentally in RHIC and LHC. The QGP is believed to be a phase of QCD which
is completely locally thermalized and thus suitable for an effective fluid dynamic
description. The fluid/gravity correspondence therefore seems to be a promising
tool for getting a better understanding of the QGP. Although QCD is a strongly
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coupled theory, it is obviously a long way from the conformal field theories con-
sidered in this thesis. First of all, QCD does not exhibit supersymmetry and is,
more importantly, obviously not a conformal field theory. Moreover N = 3 < oo
for QCD , which posses an even greater problem, since taking the planar limit was
vital for doing computations in the AdS/CFT correspondence. However, there do
exist methods for breaking SUSY and conformal invariance of the original bound-
ary theory (we refer to the reviews [17, 20] and the references therein). Moreover
there has also been developed methods for going away from the N = oo limit for
certain theories. Finally models that mimic some of the properties of QCD have
been constructed, for example the STU model (6.105), which was an example of a
multi-charged plasma [58]. Needless to say, directly obtaining QCD from a theory
with a known gravitational dual (e.g. N' =4 SYM) is still far away, however, it is
the hope that these methods in the future can be implemented in the fluid/gravity
scheme and thus provide a non-perturbative framework for understanding the QGP.

Recently the fluid /gravity correspondence has found applications in a completely
different type of physical theories, namely condensed matter systems. More specif-
ically holographic methods seem to be a promising tool (it already is) for under-
standing quantum critical systems. A quantum critical system is a condensed matter
system containing a quantum critical point which is a special class of continuous
phase transition that takes place at zero temperature. As usual a condensed matter
system is effectively described in terms of quasi particles which, at quantum criti-
cality, interact in a non-weak manner. Moreover, the system at a quantum critical
point exhibits scale invariance. These are exactly the essential properties of the
boundary theory in the AdS/CFT correspondence. For an excellent introduction
to these concepts and ideas, see [61]. When dealing with condensed matter sys-
tems, there is a subtlety which we have not mentioned. The theory of condensed
matter systems is non-relativistic, one therefore needs to find a way of reducing the
(relativistic) fluid /gravity correspondence to a non-relativistic fluid /gravity duality.
Indeed, such a formalism exists, see [28] for a nice introduction.

So far we have only discussed what the equations of gravity can teach us about
the fluid dynamics of strongly coupled theories. We have, however, not discussed
the opposite point. What can we learn about gravity from the equations of hy-
drodynamics? Since the equations of fluid dynamics have been studied in great
detail over the last couple of centuries, it is possible that the understanding of fluid
dynamics could lead to new insights into gravitational physics. For example, the
fluid /gravity correspondence seems to be a natural setting for understanding the
holography of turbulence [62].



A

VARIOUS AdS-KERR BLACK
HOLE COMPUTATIONS

A.1 COORDINATES ON S™

We will now show how it is possible to construct coordinates on the m dimensional
sphere. To this end consider S™ as embedded in m + 1 dimensional Euclidean space
R™*! and introduce the two numbers n = [(m + 2)/2] and N = [(m + 1)/2] along
with an evenness integer ¢ = n— N. Here [z] denotes the integer part of the number
x. All in all, if m is even i.e. m =2¢ thenn=¢q¢+ 1, N = ¢, ¢ =1 and if m is odd
i,e. m=2q+1thenn =N =¢+1 and ¢ = 0. Usually in D dimensional spacetimes
we consider D — 2 dimensional spheres. In this case the numbers n and N are given
by n=[D/2] and N = [(D—1)/2]. In both cases we have D = 2m+2 = 2N +1+e.

Fuclidean m + 1 dimensional space has N commuting generators of rotation
corresponding to N orthogonal two-dimensional planes. Of course, each of these
planes have an U(1) symmetry seen from R™*! but also seen from the embedded
m-~sphere. Indeed, consider the embedding

U@ U@ U(1)
e=0: (xlaylax27y2a"'a-rN7yN)ES"LCR”H_l
Al

e=1: (xlaylvx%y%'"7xN7yN7xn)GSmCRm+1 ( )

—— —— ———

u@ v u(1)

We will now exploit the U(1) symmetry on each of the N two-planes span(z;, y;).
Equip each of the planes with “polar coordinates”

zi = x; + 1y, :/Jieiqbi, i=1,--,N (AQ)

where 0 < pu; < oo and 0 < ¢; < 27. In the case where € = 1 set 2z, = x,, = un
(n = N + 1) where —0o0 < y,, < co. We have now equipped R™"! with a new set
of coordinates. The points on S™ are now exactly those that fulfill

N+e N+e

Z ziz] = Z pi =1 (A.3)
i=1 i=1

In this way we have equipped S™ with 2N + € coordinates. These coordinates
are, however, not independent due to the constraint (A.3). The constraint leaves
2N + ¢ —1 =m (= the dimension of S™) independent coordinates. Computing the
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metric on S™ in these coordinates is straight forward

N+e N+e
d02, =Y dzdz = Z dp? + Z p2dg? (A.4)
=1

where one of the ;’s has to be expressed in terms of the rest through (A.3). This
is essential if we want to e.g. integrate on the sphere. As an example let us
calculate the volume of the m-sphere (that is, the volume of the space S™, not
to be confused with the volume contained in S™ as an embedding of R™*1). We
choose the variables pq, -, unte—1 and @1, -+, ¢ N as the coordinates on S™ while
LN+ is expressed completely in terms of g, -, unse—1. We start by computing
the form of the metric (A.4) in terms of the genuine independent coordinates. To
this end notice that the constraint (A.3) implies

1 N+e—1 2
dpdrye = e [ Z Nidﬂi] (A.5)
el =1

We therefore obtain the following expression for the metric

N+e—1 o N
aor, = (%‘ + 5%;”] )duiduj +> pidg; (A.6)
+e i=1

i,j=1

The expression for the volume of the m-sphere is then given by

N+e—1

Vol(S™) = . dv = / H dqud@ (A7)

where dV is the volume element on S™ which has been expressed in terms of the
determinant 2 of the metric and the coordinate one-forms in the usual way. The
determinant of the metric is given by

Q = det(M Hﬂz with M_1+“®“ (A.8)
i=1 /'LNJre

where /i denotes the (N + ¢ — 1)-component vector ji; = p;. Having identified M as
the identity plus a dyadic product, it is straight forward to compute det(M).! We

have
N+e—1

> oui=
i=1
N+e

where we used the defining relation >, u? = 1. We therefore have

det(M) =1+

(A.9)

N+e HN+€

vo - L (A.10)

HN+e
Let us record the result for the volume of the m-sphere. It holds that
or(m+1)/2

Vol(s™) = T((m+1)/2)

(A.11)

which can be showed using (A.7) and the expression for the volume element (how-
ever, this computation is easier in standard “angular coordinates”, see below).

Tt holds that for any invertible matrix A and any two vectors ¥ and ¢ that det(A + @ ® ¥) =
(1 +9TA~1q@) det(A). For a proof, see for example [63].
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Finally it is possible to directly equip S™ with m independent coordinates by
parameterizing the equation (A.3) in the following way

i—1
Wi = (Hcos@i) sinf;, j=1,...,(N4+¢€—1
i=1

N4e—1
UNte = H cos 0;
i=1

(A.12)

That this indeed is a parametrization of (A.3) is straight forward to check. Notice
that if m is odd then (on S™) all the p;’s fulfill 0 < p; < 1 and therefore 0; € [0, 7/2]
for all ¢ while if m is even then 0 < p; <1, i =1,...,N and —1 < pnyy1 < 1so0
0; € [0,7/2] for i =1,...,N and On+1 € [0,7]. A quick computation reveals that

N+e N+e—1 a—1
Z dui = Z ( H cos? Gb) do? (A.13)
i=1 a=1 b=l

S2N

This means that the metric on the even dimensional sphere in the coordinates

(617' : '79N7¢1a' : 7¢N) is giVen by

N a—1 N a—1
03, = z_; <le cos? 0, )46 + 2-:1 ( bll cos? 0 ) sin? 0,2 (A.14)

S2N—1

In order to obtain the metric on the odd dimensional sphere , we simply set

the last coordinate constant to Oy = 7/2.

A.2 PURE AdS METRIC IN SPHEROIDAL FORM

In this subappendix we derive the expression for the pure anti de-Sitter metric
expressed in the spheroidal Kerr-Schild coordinates introduced in §6.1.2. In ordinary
D dimensional ’spherical’ coordinates anti-de Sitter takes the form

d 2 N+e N
i=1 i=1

where the directional cosines p; are subject to the constraint i\Qf w; = 1. We
now introduce a new set of ’spheroidal’ coordinates (Boyer-Lindquist coordinates
in the zero mass limit M = 0) by the following two equations

N+e N+e
(L+rady?p? =P +ad?, Y =1 = =) Y +ail o (A.16)
)T 1y =Y i Vi i = = 1+ \a2 i :
=1 =1 1

N+e
17)\7"2:2 1>\{y2+a%} 1/12
1+ Aa? (A.17)

i=1
=W(1-xy%)

We see that

where we defined W by the equation

N+e l/»2
pr— 2 A..l
W ; 1+ Xa? (A.18)

i
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N+e N+e N+e N+e
Now using the relations ).~ T => vz =1, Do iy = => e ydy; = 0,
it is straight forward to show
N+e o 2 2 N+e 2 2
212 ta 2 2792 (y* + ai)vidv;
dr? = vidy; | +W2yAdy? +2W dy (A.19
ne l21+>\2 vi| Py ; TFaaz ) vy (A19)

and
r? Nzéed,uz = —dr® + NiL:E v y?dy?

N+e y2+a2 ) N+e Z/‘dV'
L) dui +2 G dy (A.20
+;(1+>\a?) it Zl—/\af ydy  (A.20)

i=1

Using these two expressions and the form of the metric in the original coordinates,
we obtain

2_ ) ) A N+e€ 2+ 9 2
. -
d§? = —W(1 — Ay?)de® + T 5) ZH“ vidy;

2 N+e 2

Y 2 vi 2
1-— d
+1—)\y2{/\W+( Ay);(ﬁ—&—af)(l—i—)\a?)} y
+
y? —|—a Yvidp, 9y vidy;
—_ 1—-A d
I—Ay {2( 1+ Aa? + y)1—|-/\az2 Y
N+e N 2 2
y? +a? Yy +ai\ 9.9
; : . A21
3 (T o 2o (e et ()

The first curly bracket is evaluated to

) N+e 1/2 N-+e 1/2
AW 1—-X L = —_—t A .22
o y);(y2+af)(1+)\a?) ;yz—i—af ( )

while the second curly bracket vanishes since ZZV:T v;dy; = 0. We therefore obtain

N+e
ds? = —W(1 — \y?)dt* + Fdy? +

1=

2 2

Yy +a‘i 2 y +a 2 2
dv; de:

1+ Aa? Vi ~ 1+ Xa ?Vﬁ

A <N+€y +a?

TWa =)

where F' is given by
2 Nte 2

Y i
F E ! A.24
1—Ay? P y? + a? ( )

A.3 THE ASYMPTOTIC FORM OF THE KERR METRIC

Here we derive the asymptotic form of the Kerr metric (6.23) (relevant for computing
the boundary stress tensor) in the coordinates (¢, 7, it;, ¢;), so that the metric takes
the form (6.22). To this end consider the Kerr-Schild form of the metric (6.17)
and simply perform the transformation (y,v;) — (7, ;). We know that ds? takes
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the desired form under such a coordinate transformation. We see that near the
boundary

N
v =y (14 00?) v P =1 aiul (A.25)
=1

So all we now have to determine is the asymptotic form of the functions V, F' and
W in the coordinates (t,r, u;, ¢;). We find

V=g N 01y = PP (1 0(1r)
F=y214+01/y*) =~*"2 (1 + (9(1/1"2)) (A.26)
W = ~2 (1+ 0(1/r2))

Using these relations it is straight forward to show that the metric takes the form

(6.23). Here it is important to note that we only retain terms that are subleading
up to order O(1/rP~1) compared to the pure AdS metric.

A.4 THE CHRISTOFFEL SYMBOLS OF THE ASYMPTOTIC KERR
METRIC

Here we compute the (relevant) Christoffel symbols of the asymptotic metric (6.23).
As we have explained, the relevant Christoffel symbols are those of the type I'“ .
In general the Christoffel symbols are given by the usual expression

1
Ihe = gGAD{aBGCD +90Gpp — dpGpe} (A.27)

here G 4 denotes the Kerr metric in the (¢, 7, it;, ¢;) coordinates. Near the bound-
ary we write

Gap =Gap+0Gap (A.28)

where G 45 is pure AdS metric (6.4) and §G 4 g is the small perturbation due to the
rotating black hole. From (6.23) we have

0Gy = %7d+2 0G,., = fdj\i A4 (A.29)
6G1g, = —%7“2 0Gg,0; = W7d+2 (A.30)

Now to leading order in 1/r, the inverse metric is given by
GAB = gAB _ 5GAB (A.31)

Since the unperturbed metric G 4p is diagonal, the non-vanishing components of
SGAB are exactly the same as those of §G 4. To leading order we find

2M

2M (1 +r?)

SGTt = 7 d42 G =21 /.4 A.32

At 2yt ) (A52)
) 2Ma; e 2Ma;a;

06 = T 0GH = =™ (A.33)

We can now compute the Christoffel symbols using (A.27). We find (retaining only
terms that are at most of order O(1/r?*1!) as higher order terms will be irrelevant
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for computing the boundary stress tensor)

1 1 1
I, = 5G"0,Gu + 5G"0,6Ch — 55G" 0,

r dM
_ 1 2 A2
1+7"2[ T }

1. 1 )
Fflﬁir = 9 tt8T6G¢'it - §5Gt¢lafG¢i¢i

_ dMaip? 4.

rd+1
1 1
Iy = §G¢i¢i&.5Gt¢i - §5G¢it8TGtt
dMa; g, (A.34)
T pdtl
ré = laeeg.q Lo, sa Lsaooa,.6
éir 9 rGoig; + ) rOMeid; T o TP ¢;
_ 1| dMaiag g,
- r 1) Td 7
o _ L5 qnog.q
0 5 ij r0,0;

The Christoffel symbols I, I‘ﬁ;w and Fz:r contain terms which are non-zero even
when M = 0 (pure AdS), these terms are important when computing the boundary

stress tensor.

A.5 THE KERR ANGULAR MOMENTUM

We will now look at the different, equivalent, expressions for the Komar charge
associated with some symmetry 7. To this end let J# be the Killing vector cor-
responding to the symmetry 7 and let J denote the associated Killing 1-form (i.e,
Ja = GapJB ). The Komar charge associated with the symmetry J is then given
by

QT] = *V.J (A.35)

oM

where * denotes the Hodge star operator and V.J denotes the 2-form VJp =
OraJp). Here OM is a timelike surface at spatial infinity of co-dimension 2 (usually
taken to be SP~2). In order to cast this expression into the form of [13], simply
recall that the volume element € is given by

e=/gda' Ao A da? (A.36)
or in components €4,...a, = /g €a,...a,, Where €4,...a,, is the totally antisymmetric

symbol. In abstract index notation (as in [13]) we then have *(VJ)a,..a, , =
eAl...ADQBcVBJC. The Komar charge can therefore be written as

QLI] =/ €ArAp VP IS (A.37)
oM

which is obviously the expression from [13] generalized from 4 to D dimensions. In
order to cast this expression into the pure component /coordinate notation as in e.g.
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[14], recall that the volume element of the surface M, €, can be written in terms
of € by

€ay.apo =n"0%pca, . ap_, (A.38)
where n? and ¢4 are two (respectively future and outward pointing) unit normal
vectors to OM. When restricted to OM, *VJ is a differential form of full dimen-
sionality since dim(0M) = D — 2. This implies that on M we have a relation
*VJ = fé, where f is some scalar function. Therefore

«VJ = fe=xf (A.39)

It is important to realize that the * on the LHS of this equation denotes the Hodge
star operator on M, where the resulting (D — 2)-form is restricted to 9M, while the
% on the RHS denotes the Hodge star operator on the (D — 2)-dimensional manifold
OM. Now applying the Hodge star operator (on M) to this equation, we obtain

f= (1) s
= (—1)° % (+7))

1 A 1
)s (D — 2)| EAl Ap—2 <2|6A1'~ADzBC’vBJC)

1 1
= FlymnEUFGEFAT”AD” (2|€A1~--ADQBCVBJC)

= (~1
(A.40)

= (=1)2(D — 2)12! ngopdiL st vB .

(D —2)!2!
= nAUBVAJB

The Komar charge can therefore be written

QL] :/ éntoBValp =/ P2y /4 ntoBV 405
oM oM (A.41)

= / AP ?y7 nto? (04T — TS Jc]
oM

where y denotes coordinates on M and ~ is the induced metric.

EVALUATION OF THE ANGULAR MOMENTUM: The Killing vector associated with
the angular momentum (in the ¢;’th direction) is 0g,. In pure AdSp, the corre-
sponding Komar integral is therefore given by L; ~ f gD—2 ntarffg Vg,. Since the
Christoffel symbol Fft vanishes in pure AdSp, the corresponding angular momen-
tum is zero, just as it should. Now suppose that we consider a rotating Kerr black
hole spacetime (with non-vanishing M parameter) in the ordinary spherical coor-
dinates (¢,7,{p;},{#:}). The asymptotic metric now takes the form (6.23). The
presence of a rotating mass introduces a small perturbation of the Christoffel sym-
bol I'% which we found in (A.34). It is easy to convince one self that only the
leading order r behavior of ﬂntarffz Vs, will be relevant for computing the Ko-
mar integral, since it is evaluated on a (D — 2)-sphere which is located at r = oc.
This gives

L; ~ QT du: TTderr? gs.6.T%
/SDQ\FH MH kT i Ui
~ a; 9] du; d 2,,d+2
o [ VaTldu [Taouis

Here v/Q is the measure of SP~2 in the coordinates ({y1;}, {¢:}) introduced in §A.1.
We see that the integral is exactly of the type considered in §6.3.4 and the result
(6.40) follows.

(A.42)
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B

VARIOUS BLACK BRANE
COMPUTATIONS

B.1 THE BLACK BRANE TEMPERATURE

Here we compute the temperature of the black brane (5.2) using the usual Euclidean
approach [52]. Consider a QFT in thermal equilibrium living on the spacetime
(5.2). As usual the thermal properties of a field theory is examined by consider
the corresponding Euclidean field theory with the time dimension compactified 7 ~
7 + (3. The period f is exactly identified with the inverse temperature of the field
theory. We therefore perform a Wick rotation ¢ — i7 of (5.2). This changes the
signature of the metric to Euclidean and gives

2 d-1 2

L
Bpdetde? = T [f(br)dr? + 3 (dei)?] + g dr? B.1
GAB €z €L 7,2 [f( T) T +i71( z)]+r2f(b7“) T ( )

Clearly this metric is singular at » = ;. (again a coordinate singularity). Moreover
we see that it only makes sense to have a thermal theory for r > r, since inside
the horizon the signature will not be Euclidean anymore. In order to examine the
behavior of the metric near that horizon we introduce a variable p by the equation

T—Try=—5p (B.2)

E A B 2 2 [draT ? i 2
Ghpdatda® = dp® + p?d | o5 | + 5D (day) (B.3)

We will now require that the metric is free of a singularity at p = 0 and that the
metric can not be continued inside p < 0. The geometry in the (7, p) directions is
recognized as that of an ordinary cone. The above metric is only free of a conical
singularity at p = 0 if we make the periodic identification (the cone simply reduces
to E? - the ordinary two dimensional plane of Euclidean signature, see fig. B.1):

dryT dryTt
212 212

+27 (B.4)

Moreover, we see that by construction, this metric cannot be continued for p < 0.
This means that a consistent thermal field theory living on the metric (5.2) requires
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conical singularity

——"tg :_/

tg A tp + 3 tg ~tg+

35

Figure B.1: The conical singularity is only avoided by choosing the period 3 for T.

that the period of the Euclidean time coordinate must be chosen as § = %. It
follows that the temperature of the thermal field theory is given by
d’f’+ d
fr— fr— B.5
ArL?  4rmL2b (B.5)

B.2 DUAL STRESS TENSOR TO THE D-DIMENSIONAL BLACK
BRANE

In this section we compute the stress tensor dual to the metric (5.40) up to first
order in the derivatives.

B.2.1 THE 0™ ORDER STRESS TENSOR

Here we compute the dual stress tensor of the boosted black brane in an arbitrary
number of spacetime dimensions. The D = d + 1 dimensional boosted black brane
is given by

1
r2f(br)

with f(r) = 1—1/r? and A,,, = 1, +u,u,. The method for obtaining the boundary
stress tensor dual to a generic bulk metric is explained in §3.4. The first step in this
construction consists of selecting a set of coordinates in which the metric takes the
appropriate asymptotic form. However, the coordinates (r,z*) already meet this
requirement. Indeed, in a neighborhood of the boundary r = oo the metric (B.6)
takes that form

Gapdz?tda® =12 [ — f(br)uyu,datda” + A, datda”] + dr?  (B.6)

1
Gapdz?dz? = —dr? + r2ndetdz” + O(1/r? B.7
2 22
’

Having made sure that we are working in the proper set of coordinates, we can now
compute the boundary stress tensor from the usual formula (cf. equation (3.43) and
the discussion below)

d

A
TF = 1 T QK H — @HF — §H B.8
V=i e S =008 (B.8)

where A, denotes the surface of constant r, ©# is the extrinsic curvature of the
surface A, and as usual we use Greek letters u, v, ... to denote the boundary (field
theory) directions. We may now proceed to compute the extrinsic curvature of A,..
The extrinsic curvature is given by

o1 = —V,nt (B.9)
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where n# is the unit normal vector to A,. Clearly we have n* = (n",0,0,...)
with n” = ry/f(rb). The extrinsic curvature can now be computed. After some
computation we find

or =K (;Zu“ul, — ((br)* - 1)55) (B.10)

where the factor K only depends on the radial coordinate r and is given by

! 1 11 B
h (br)iy/T =1/ r)d  (br)d <1 Ty T O((br) 2d)> (B.11)

where we also recorded the large r asymptotic form of K. The trace of the extrinsic
curvature is easily computed using u,u* = —1. Contracting the indices gives

0 =—(2(br) 1) (B.12)

This gives the following expression for the combination S#
d 2—d
S — K (Qu“uy +[(@-1ert+ 2}55) (B.13)

We can now compute the boundary stress tensor through equation (B.8). Notice
that S¥ contains terms (independent of u* and b) that will lead to divergences
in the stress tensor when we take the limit A, — oo. These terms are removed
through the holographic renormalization procedure and we will therefore simply
ignore such divergent terms, again we refer to the discussion below (3.43) for the
details. Normalizing S¥ appropriately, taking the large r limit, and raising the
indices with the boundary metric n*¥, we finally find

1 Ar T\
™ = g () ®29

where we used the relation 477b = d. Comparing this to the expression (4.29) we
see that this is exactly the stress tensor of the a perfect conformal fluidind = D —1
dimensions.

B.2.2 THE 1™ ORDER STRESS TENSOR

We now compute the first order stress tensor dual to the metric (5.40). We can
now straight forwardly proceed as above and carry out this computation for general
boost velocity u*, however, as explained in §5.3 we are free to set u* = 6} and b =1
in any given point. This freedom simplifies the computations significantly. We will
therefore compute the boundary stress tensor of the metric

Gapdz?da? = —2u, dx"dr — 7‘2f(br)u“u,,dx”dx“ + Ay datda”
+ & (r&,(r) dv? + 2r&;(r) dvda’ + 2r*F(r)&;;(r) da'da’)  (B.15)
with u# =6} and b=11in z# = 0 and
2 To
&, (r) =r+ -1 laiﬁi + a1
_ i B.16
61(T) = 7T + a?)ﬂi + Tdi—l ( )

Gij(r) = (1 +;/F(r))o;; (nosum over i and j)
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The above metric solves Einstein’s equation in a neighborhood of z#* = 0 for all
r. Here the term multiplying 7;; is included since the function F' was in principle
only defined up to a constant for each 7;;. We start by arguing that the - and
m-constants must all be chosen to zero in order for the boundary and normalization
conditions to be fulfilled.

First, we see that the v terms multiply modes that go like . By comparing
these to the original metric (the zeroth order term from the Taylor expansion of
the first line of (B.15)) we see that in order for the metric (B.15) to asymptote
AdSg441, all the v factors must be chosen to zero. Moreover non-vanishing v terms
give rise to uncontrollable infinite terms in the boundary stress tensor. All the ~
terms must therefore be set to zero in order for the metric (B.15) to fit into the
AdS/CFT scheme.

Now computing the extrinsic curvature is easy. First of all, it is not hard to con-
vince oneself that the above method still works in our Gaussian normal coordinates,
simply because they only involve a coordinate transformation of the boundary co-
ordinates. For this computation it is enough to use the asymptotic form of the
function F' which was recorded in the expression (5.36). Both the normal vector
n* and the Christoffel symbols get a small e-correction. The extrinsic curvature is
therefore modified according to

OF = (01 4 (@M + O(2) (B.17)

where (©(?)# is the extrinsic curvature from above, here evaluated for the boost
velocity u# = 6}. Having computed the extrinsic curvature we may now compute
the tensor S¥ as above. If we let (S(®))% denote the large r zeroth order term of
the combination S¥, we find for large r

2

SY = (SO — emy + O(1/r%) + O(e?)

57 = (SO); — Semi+ O(1/r) + O) (B.18)

i i 1 i
St = (SO + 5Em00; — eoi; + O(1/7) + O(e?)
The stress tensor is now given by the usual expression

TH lim SH =T + el 4 O(e?) (B.19)

T 81Gyqq oo (0) 1)

where T, ,EB) is the perfect fluid stress tensor (B.14). We therefore see that the
Landau frame condition w”II,, = 0 (which here evaluates to II,, = 0) forces all
the m, parameters to zero. Taking the large r limit and raising the indices with the
boundary metric, we finally find the following simple expression for the first order
correction for the boundary metric

HE’{‘) =0
i — 2 i (B.20)
@) 167G a1
We now re-introduce the length dimension. On dimensional grounds the correction
Hé{) is therefore modified to Hé{) = —162:;::10” (setting L = 1 renders Ggy1 a

dimensionless coupling constant in the boundary theory). Moreover, finding the
covariant version of the above equations is easy. We must simply have

2 4xT\ "t
m —=—— = (= uv B.21
(1) 167er+1( d ) 7 (B21)

This concludes our first order computation of the boundary stress tensor of the
fluctuating black brane.
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B.3 THE FIRST ORDER EXPRESSION FOR &p

Here we record the raw first order expressions for the generalized Einstein tensor
Eap evaluated on the metric G(©) + G, All the expressions are valid in a neigh-
borhood of z# = (0,0). Especially all the derivatives are evaluated in the point p
chosen to be in the origin of R(3). As explained in §5.4, most of the equations
below can be re-written as covariant expressions.

B.3.1 SCALAR SECTOR

d—1 dn®  a?p® )
Erp = — o [( -1) O +T’dr2:|€+0(€ )
o d-1 A1, (1) 3 2\ dr®
Eor = i [d(d Dri=th® —a (S +2r") =
2p,(1) (1 a4zt
—rd—ldd}; - dk 22615“3 £+ O(e?)
Epw = —7; 2‘(1_13 [d(d — )2t — 1)
T
7d 3dy\ dh™) d?n® dk®
ogp2d — a4 2% 1 — 9pd 2d 1_d
+<dr 2T+2) dr ( T+r)dr2 +( T)dr
+ (2rd 2 P 2)2 O 4+ @t 20,00 | + O(?)
(B.22)
B.3.2 VECTOR SECTOR
(1) 2 (1)
R L d—1/73 0) d]z d ]’L
Eri 5rdT [r (d—1)0,5; (d—1) I +r 92 e+ 0(?)
1
Evi = " 5203 lr“«d = r +1)0,0; — dr* 29,00 (B.23)
dJ(l) d dzﬂ(l) 2
—2)(1 — ¢ -1 :
+(d—2)(1 —rd)=Li— I +r(r ) 92 e+ O(e%)
B.3.3 TENSOR SECTOR
1 1 _ 0 _ 0
J#i
) M g2 ,
1)rd — 1) —i 1)
((d+1)r ) I +r(r ) = e+ 0(?)
1
€1 = —5mas | (@ = D 208" + 9;8)
da? a2l
d 1 d _ 1 ] d+1 _ ] 2
+ ((d+1)r )7dr + (r T)idr e+ 0(e?)

(B.24)
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