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ABSTRACT

New developments have recently led to an revival of the interest in non-relativistic theo-
ries in theoretical physics. The modern guise of these theories has departed considerably
from their historical roots and now enjoys a field theoretical formulation close to that of
their relativistic cousins. A principal ingredient is the suitable geometrical framework
called Newton-Cartan geometry which allows for a general covariant formulation of
physics. This has led to new insights in both relativistic and non-relativistic theories, of-
ten with the exposure of surprising features of the latter. There are substantial prospects
in employing these methods to diverse areas of physics.

The intention of this thesis is to investigate field theoretic and geometric aspects of
non-relativistic physics separate and together. We will provide all the necessary back-
ground material to understand the modern formulation Newton-Cartan geometry and
field theories and develop powerful methods to find non-relativistic theories from rela-
tivistic ones.

One intriguing feature of Newton-Cartan geometry is that there exists no connection
that can be expressed just in terms of the vielbeins unlike the Levi-Civita connection
of Lorentzian geometry. As a consequence it is not at all clear how to define a minimal
connection and what extra gauge field that comes with it, nor what this should couple to.
The main question we want to address is on the general features of how non-relativistic
fields couples to the background geometry.

An answer is given by applying the well-known Noether procedure to couple a non-
relativistic field to the vielbeins and connection gauge fields of the geometry at linear
level. With this original work we characterize the couplings in full generality and give
a field theoretic argument that identifies the minimal connection that includes a back-
ground field M,,. We find that the vielbeins couples to energy and momentum currents
like in the Lorentzian case while M, couples to either a conserved symmetry current or
a topological current depending on the symmetries of the theory.

The analysis will elucidate the origin of M, and its properties which turns out to be
of significant importance in field theories coupled to Newton-Cartan geometry. We shall
illustrate this by studying the properties of two concrete realizations, the Schrodinger
model and Galilean electrodynamics, in detail.
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An expert is a person who has found out by his own painful experience
all the mistakes that one can make in a very narrow field.

— Niels Bohr [1]
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ACRONYMS

EOM Equation of Motion

EEP Einstein Equivalence Principle

EM Energy-Momentum

GCT General Coordinate Transformation
GED Galilean Electrodynamics

LLT Local Lorentz Transformation

MED Maxwellian Electrodynamics

QFT Quantum Field Theory

OM Quantum Mechanics

SCT Special Conformal Transformation

SUSY Supersymmetry

NOTATION AND CONVENTIONS

We will work in natural units unless otherwise stated.
We work generally in D = d + 1 spacetime dimensions, with d spatial directions and
1 temporal direction. We employ the Einstein summation convention unless otherwise

stated. The time component is always the zeroth component. We use a, b, ¢, ... for spa-
tial indices and they range from 1,...,d, and y, v, p, ... and A, B, C, ... are used for
spacetime indices ranging from 0, . . ., d. If there is a hat on the indices (i.e. A, a, fl), then

this index has one extra range.

We use a “mostly positive” Lorentzian signature. Bold symbols (A, T, ... etc.) are co-
ordinate free expression. A bar on objects, i.e. A, means that are linearized versions of
previously defined objects unless otherwise stated. The Riemann curvature tensor RWUP
and the torsion tensor Tm/\ are both taken to be antisymmetric in the first two indices.
The Levi-Civita tensor € of rank D is defined with €y15..; = 1.

(Anti)symmetrization is with weight 1, i.e.
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1

Ay = 5 (A= 4j)
1
Agy = 5y (Aij+ Aji)

and et cetera for more indices.

If not stated otherwise, the following symbols are used:
id Identity mapping.
I Identity operator.
= Equality up to a total derivative
G A Lie group.
g The Lie algebra of G.
X Semi-direct product (of groups).
B Semi-direct sum (of algebras).
~ Isomorphic to.
&, §uv General Lorentzian signature metric.

1, Nuv, 1ap Flat Minkowski metric.






INTRODUCTION

1.1 APPETIZER AND HISTORICAL INTRODUCTION

The non-relativistic spacetime symmetries of Newtonian mechanics have now for over
a hundred years been superseded by the Poincaré symmetry of special relativity as the
best available description of our universe. One may wonder how it is not completely
irrelevant to consider non-relativistic spacetime symmetries given this fact? The answer
is manifold. Let us immediately state some persuasive reasons why the study of non-
relativistic theories is of interest today:

* Many realistic systems are approximately non-relativistic and are often described
well in terms of Newtonian mechanics or old Quantum Mechanics (QM). This in-
cludes many condensed matter systems, hydrodynamics and other non-elementary
particle theories.

¢ There is often not a very clear-cut distinction in the literature between relativistic
and non-relativistic effects. Working with a symmetry group that is inherently
non-relativistic makes it possible to determine the true relativistic effects.

e It is actually possible to couple non-relativistic theories to gravity in the same
general covariant fashion as general relativity which generalizes the foundations of
Galilean relativity. This framework is called Newton-Cartan geometry and opens
up for the application of differential geometric methods for these theories.

¢ The holographic boundary duals of some (non-)relativistic bulk geometries can be
described by theories with non-relativistic symmetries, especially certain strongly
coupled condensed matter systems. This gives hope of understanding for example
high-temperature superconductivity using such holographic techniques.

After the formulation of special and general relativity a lot of the research in the last
century has been centred around theories that were covariantly described in these frame-
works. Since the end of the 1920s, the development of relativistic Quantum Field The-
ory (QFT) has led to the class of theories that so far fits experimental data from the
real world the best. The foremost example is the Standard Model which has been very
successful in describing the phenomenology at large particle accelerators since its final-
ization in the 1960s [2].

To get to this point, there has been a huge development in the understanding of
relativistic field theories on the Minkowski manifold and their internal symmetries. The
use of differential geometrical techniques has led to a way of formulating theories that is
radically different from the mechanistic paradigms of the pre-Einstein and pre-QFT era.
In particular the modern development of gauge theories as connections on relativistic
manifold forms a very natural language to use for the aims of theoretical physics. Their
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relevance for particle physics can not be underestimated. As the current generation of
physicists are all educated in this philosophy, it has become a part of the standard
toolbox for solving problems in many different fields of physics.

It is hard to imagine how the modern statement of non-relativistic theories could have
taken place if there have not been the development of their relativistic counterparts. At
some point in the history in the 1960s starting with the work of Lévy-Leblond [3], some
people in the community started to take a new look at the non-relativistic symmetries
armed with the toolbox of differential geometry. This has given new insight to both re-
lativistic and non-relativistic theories. Recently research on non-relativistic holographic
aspects like those found in the works of Son [4], Taylor [5], Kachru et al. [6], Balas-
ubramanian and McGreevy [7] has paved the way for some very exciting directions
for future research. Because of this Newton-Cartan geometry describing non-relativistic
gravity in a diffeomorphic invariant manner has recently experienced a surge in interest.
The modern formulation is much more general than its original inception from 1923 by
Elie Cartan [8] as a diffeomorphic invariant formulation of Newton’s law of universal
gravitation. Torsionless Newton-Cartan, of which Cartan’s formulation of Newtonian
gravitation is a special case, has subsequent been developed by among others Friedrichs
[9], Trautman [10], Ehlers [11], Duval et al. [12]. In a sense this framework is too re-
stricted as a framework for interesting theories because the torsionless condition is very
restrictive for non-relativistic geometries as we shall see in chapter 3. The realization that
in non-relativistic spacetimes torsion is a more natural feature unlike its relativistic cous-
ins is responsible for a great deal of the newly found applications. This was first noticed
by Christensen et al. [13, 14] in a specific holographic setting. Because of the natural
focus on relativistic theories, there are still many questions of fundamental importance
in non-relativistic theories that are left unanswered. Previously there has been discrep-
ancy between various approaches to Newton-Cartan geometry and the interpretation
of it, but they have now begun to converge. Another example is the structure of (non-
abelian) non-relativistic gauge theories that is currently poorly understood (however see
for example [15] for recent developments).

1.2 EINSTEIN, GEOMETRY AND THE EQUIVALENCE PRINCIPLE

The biggest philosophical consequence of introducing special relativity was the unifica-
tion of space and time into a single quantity known as spacetime. These fundamental
quantities are separate in non-relativistic theories, as is deeply rooted in the ideas and
principles of absolute space and time in Galilean relativity. The idea that time might not
be absolute can at least be traced back to Voigt [16] who derived the Voigt transformation
that is very similar in structure to the later by Lorentz formulated transformation [17].
Voigt did however not realize the connection to spacetime symmetries. This connection
was only made when Einstein found that it was necessary to replace the underlying
Galilean spacetime symmetries of Newtonian mechanics with Lorentzian symmetries
and relativistic mechanics, which eventually led to special relativity [18]. Soon after
Minkowski gave a geometric formulation of Einstein’s theory where spacetime is a flat
manifold with a Lorentzian signature metric # [19].
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Figure 1: Illustration of the EEP applied to non-relativistic gravity: At any point in spacetime
it is possible to choose a reference frame where the laws of physics obeys Newtonian
mechanics locally.

A natural development from these ideas was to include gravitation which would later
be known as general relativity. According to the legend, the way Einstein arrived at
his field equations was by experiencing his “happiest thought” that in a nutshell states
special relativity holds in small enough regions of spacetime. In reality not all the honor
should be accredited to Einstein as a number of people including Hilbert was working
on finding the correct formulation along the same lines. Einstein’s reasoning was later
formulated as the Einstein Equivalence Principle (EEP):

The outcome of any local, non-gravitational test experiment is independent
of the experimental apparatus’ velocity relative to the gravitational field and
is independent of where and when in the gravitational field the experiment
is performed [20].

General relativity then arises as the consequence of the EEP where the laws of physics
locally is taken to be special relativity. This led to the formulation of gravitation as a
property of spacetime manifested through a Lorentzian metric g in the correct differen-
tial geometric framework.

A few years later in 1923 Cartan had his own “happiest thought”. He essentially used
the EEP, but assumed that locally the laws of Galilean relativity did hold. As described
earlier, the result was a version of Newtonian gravitation in a completely differential
geometric setting. This formulation did however not use a metric as the fundamental
object. Gravitation did instead manifest itself through a more general affine connection,
which determines the geodesics of point particles similar to in general relativity. To

3
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gain a bit intuition for the structure of such spacetimes, it is instructive to think about
what one would expect from taking the non-relativistic limit of general relativity. This
limit would have to “undo” the unification of space and time, which was one of the
hallmarks of special and general relativities. This split-up means that effectively taking
the non-relativistic limit should lead us to expect that the Lorentzian metric g of general
relativity splits up into a part that “measures” time T and a part that “measures” space
h,ie. [21]

8 & (t, h) . (1.1)

In a covariant fashion T then is a tensor that gives the local direction of time, while h
is a tensor that locally defines space. This is certainly what we are looking for. We will
give the proper definitions of these objects in later chapters.

1.3 STRUCTURE OF THE THESIS

The main purpose of this thesis is to investigate various interesting aspects of non-
relativistic field theories and Newton-Cartan geometry - separate and together. It can
roughly be subdivided into two parts: Chapters 1 to 4 and 6 mostly review the existing
literature on non-relativistic field theory and Newton-Cartan geometry while Chapters
5,7 and 8 will contain independent work within these subjects. Parts of this will appear
in [22].

We start this thesis by a thorough investigation of the relevant non-relativistic sym-
metry groups and their representations in chapter 2. Here we will continuously compare
the Galilean group and its central extension known as the Bargmann group and discuss
their relevance for non-relativistic physics. In chapter 3 we will give the proper defini-
tion of Newton-Cartan geometry taking a frame bundle approach. A major part of this
chapter is concerned with the structure of connections on such spacetimes. Next we
will in chapter 4 develop the relevant field representations and their properties. Again
the difference between the representations of the Galilean and Bargmann group will be
discussed in detail. In this chapter we will also discuss symmetry charges and currents
along with the formulation of field theories on general Newton-Cartan backgrounds.
We will in chapter 5 give an alternative construction of Newton-Cartan geometry at the
linear level using the Noether procedure. This will give new insights to the develop-
ments of the previous chapters and we present a key result of this thesis. In chapter 6
we will review a convenient way to obtain non-relativistic theories from a reduction of
the relativistic versions. Already in the following chapter 7 will we apply those results to
study the Schrodinger model on both flat and curved spacetime as a concrete example.
Here we will also study the various conservation equations, correlation functions and
see how they shed light on the general results we have derived previously. Another ex-
ample is given in the next chapter 8 where we study Galilean Electrodynamics (GED) in
great detail. This will also be the chapter where we obtain the non-relativistic analog of
scalar quantum electrodynamics coupled to gravity.

In parallel with the main text, we will in appendix A review the analog results for
the more familiar relativistic theories and spacetimes. The general Noether theorem and
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the Noether procedure will be proven and discussed in appendix B. A short review of
non-relativistic conformal symmetries can also be found in appendix C. Finally, we will
in appendix D give details about selected calculations in the main text and in appendix
E we list some useful formulas.

This is a thesis in the field of theoretical physics. Mathematical rigour is pursued when
it makes sense, but we will in general refrain from giving formal proofs. The emphasis
is on the development of the mathematical structure of the physical aspects. A special
“feature” of this thesis is that we in the main text will give numerous examples that
support and illustrate the ideas developed. All such examples are found in boxes for
easy reference.

What is assumed to be known and will not be discussed further:

* Basic knowledge of (Lie) groups and algebras including structural theorems.
* Basic knowledge of representation theory and linear algebra.

* Basic knowledge of differential geometry. The structure of connections for fiber
bundles will be reviewed to some extent.
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In this chapter we will review the relevant non-relativistic symmetry groups.
The focus is on the structure of the groups, the Lie algebras and their rep-
resentations. Most of our attention will be on the Galilean group and the
Bargmann group, but we will also review the Euclidean and Lifshitz groups

briefly.
2.1 GENERAL OVERVIEW AND THE EUCLIDEAN GROUP
’ Group G ‘ Transformations dim§ ‘ Ref. ‘
Euclidean | Spatial rotations + translations [23]
1
Lifshitz Euclidean + Lifshitz scaling | 3d (d +1) +2 | [24]
Lif (d,1) t = A%, x' = Ax ford >1
Galilean Euclidean + boosts [25]
1
Gal (d,1) =t x'"=x' +0't 24 (d+3) + 171 [26]
Bargmann Galilean + internal U (1) 14 (d+3)+2 [27]
Barg (d,1) central charge 2 [25]
Schrodinger | Bargmann + Lifshitz + 1 SCT [28]
‘ ; 1d(d+3)+4 | [25]
Schr(d,1) | # =i, xi=3 (z=2 |2
Conformal | Galilean + dilatation + D SCTs [29]
) 1
Galilean ' =t x"" = La'2x' (no sum) 24 (d+5)+3 | [30]
CGal (d,1) 2

Table 1: Spacetime transformations and properties of the relevant non-relativistic symmetry
groups in D = d + 1 dimensions. See appendix C for a review of the non-relativistic
conformal symmetry groups that will not be discussed in the main text.

The non-relativistic groups of interest in D = d + 1 spacetime dimensions are shown
in table 1. Their structures are more complicated than relativistic ones considered in
appendix A.1, with more different types of generators, as we let time play a special role
in the spirit of Galilean relativity. Let us now just emphasize some important general
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remarks and properties about the algebras before going in-depth. The Euclidean group
E (d,1) is the most simple one which is contained as a subgroup of all the considered
relativistic and non-relativistic symmetry groups. We will keep the presentation of this
and the Lifshitz group a bit short, as they are not the main target of our investigation.
The finite spacetime transformations of E (d,1) are translation along with spatial rota-
tions

' = t+a° (2.1a)
X = Ri]-xj+ai, (2.1b)

which are rotations parametrized by R’ i € SO (d), temporal translations a° € R and
spatial translations al € R? [23].

The pure spatial rotations J;; = —J;; form a so (d) subalgebra, under which the mo-
mentum P; transforms as a vector and the Hamiltonian H as a scalar. The Lie algebra
¢ (d,1) spanned by the generators takes the defining commutation relations

[P,H] = 0 (2.2a)
[Ji,H] = 0 (2.2b)
[P, P] = 0 (2.20)
[P Jij] = 6uP;— P, (2.2d)
Ui Ja) = Sl — duJjt + S Jix — STk - (2.2€)

Notice that the Hamiltonian H in this case actually is a central charge as it does
not enter on the RHS of any of the commutators. The translations forms an abelian
subgroup R%*!, while the rotations form a non-abelian subgroup SO (d). From the com-
mutation relations we also see that E (d,1) is the semidirect product of rotations and
translations, and so E (d, 1) has the structure of an affine group and is thus in particular
not semisimple. Hence we can write

E(d,1) = R x SO (d) . (2.3)
2.2 THE LIFSHITZ GROUP
A Lifshitz scaling with action
t = A%t (2.4a)
X = Ax (2.4b)

can be added to the Euclidean transformations (2.1). Here z € R is called the dy-
namical exponent and determines the anisotropy of the scaling. This transformation is
only consistent with relativistic symmetries for z = 1 as time and space must be on
the same footing. For non-relativistic theories general z can be allowed exactly because
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they need not be on the same footing. The additional commutation relations with the
dilatation generator D for the algebra of the resulting Lifshitz group Lif (d,1) on top of
the Euclidean algebra (2.2) are given by

[D,H] = zH (2.5a)
[D,P] = P (2.5b)
[D.Ji) = 0. (2.5¢)

This is the same as saying in an algebraic language that H has dilatation weight z, P;
weight 1, and J;; weight zero. The addition of D does not change the affine structure of
the Euclidean group.

Interestingly enough a D = 2 field theory with z = 0 Lifshitz symmetry satisfying
some technical assumptions about unitarity and the scaling spectrum is automatically in-
variant under an infinite dimensional symmetry group, which in the literature is known
as the warped conformal group, first shown by Hofman and Strominger [31]. This group
and its warped conformal field theory realizations are of relevance when using the holo-
graphic principle to calculate the energy of an extremal Kerr black hole, see for example

[32, 33, 34]-
2.3 THE GALILEAN GROUP

2.3.1  The algebra

Figure 2: The action of the Galilean boost: The new reference frame S’ moves with velocity —v

relative to the old S and the coordinates of the spacetime point (red dot) transforms
according to (2.6).

On top of the Euclidean transformations (2.1) it is also possible to add the Galilean
boost transformation
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t =t (2.6a)
Xt = x40t (2.6b)

This corresponds exactly to boosting one inertial to another inertial frame with a
relative velocity —v. When we add the d Galilean boosts to the Euclidean group, we
obtain the Galilean group Gal(d,1) that describes the symmetries of non-relativistic
theories of relevance in this thesis [35, 36]. The boost generator B; associated to (2.6)
now adds the following new commutation relations on top of (2.2) given by

[Bi,H = P (2.7a)
[Bx, Jijl = &iBj— 6yBi (2.7b)
[Bi,P] = 0 (2.70)
[BiBj] = 0. (2.7d)

The first structure to immediately read of from the commutation relations (2.7) is
that the boost again transform as a vector under the spatial rotations. The fact that
[Bi,H| = P; # 0 while [P;,B;] = 0 also means that we have an asymmetry between
space and time. The addition of B; retains the semidirect sum of the Euclidean algebra,
but now the boosts are also added through a semi-direct sum with rotations. For the
corresponding group we can write its structure as

Gal (d,1) = R x (so (d) xR) . (2.8)

The boosts forms an abelian subgroup R? on their own. We see that boosts and rota-
tions combined forms a subgroup called the homogeneous Galilean group HGal (d,1) =
SO (d) x R? of the Galilean group. In non-relativistic spacetimes this subgroup plays
the role of the Minkowski group that is a subgroup of the Poincaré group in relativistic
spacetimes.

2.3.2  Galilei as a non-relativistic limit of Poincaré

It is instructive to see how one obtains the Galilean group from the non-relativistic limit
of the Poincaré group, which is discussed in appendix A.1. In natural units this is most
easily done by performing an Inénii-Wigner contraction of the Poincaré group [37, 38].
This will leave us with the same number of generators, but a different group structure.
We will motivate the correct contraction by studying the usual representation of the
Poincaré group on spacetime with the generators represented as differential operators
[39] (see also section 4.1). We then require that velocities are much smaller than the

speed of light ¢, which is equivalent to sending ¢ — co. As velocities in some reference
frame is given by v/ = %,

coordinates

we see that we should really take the following rescaling of
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0 = ax® (2.9)

X i (2.10)

and take the scaling parameter « I® to obtain the non-relativistic limit with velocit-

ies o' 3 0. Transferring this idea to the corresponding generators Py, ], of the Poincaré

algebra (A.2), we see that we should really leave P; = —id; and J;; = —ix;d; + ix;0;
unchanged, while we must define new operators

H = lim aP (2.11a)
H—r00
.1

B, = 0}1_{{)10&]01- (2.11b)

in order to ensure that they stay finite and non-zero under the non-relativistic limit,
as the rescaling of coordinates for the spacetime differential operators leads to

1
Py=1idy — &iao (2.12a)

1
Joi = —itd; —ix;dy +— —witd; — ;ixiam (2.12b)

These are going to be our new Hamiltonian H and Galilean boosts B; for any repres-
entation of the Poincaré algebra when we take a 1\?{ oo, and one sees that the resulting

algebra is exactly the Galilean one.

11

Example 2.1 (Taking the non-relativistic limit). It is straight-forward to take the non-
relativistic limit using the above. One considers the Poincaré commutation relations
with Py and Jy;, and multiply with a and a~! appropriately to obtain the commutators
with H and B;. Doing this we will find it is consistent to take & — co. Four relations will
change in total, for example

[Py, Joj| = noiP; — njiPo =

1 1
[Pi,afoj'] = —(51']‘; (aPo) w [P, Bj] =0 (2.13)

and

[Po, Joj] = 1ooPj — njoPy =

1
|:06P0, “]0]':| = —Pj 1\7{ [H, BJ = —Pj . (2.14)

The Galilean boosts B; can thus be understood as the remnants of the Lorentz boosts
Joi in the non-relativistic limit. The boost transformation is now asymmetric in time and
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space, as we have the commutator (2.13) equal to zero, while (2.14) is non-zero. However,
the time coordinate stays “absolute” and does not transform unlike for Lorentz boosts.
The unification of space and time has been undone, which is just the spirit of Galilean
relativity.

The Casimir invariants of Poincaré C, and Cy4 (A.4) are investigated in appendix A.1
and are useful for classifying the representations. Taking the non-relativistic limit of the
momentum squared gives us that one Casimir is

C, = lim P? = P2. (2.15)

n—r00

One can indeed verify that P> commutes with all generators of the Galilean algebra
gal (d, 1). For the other Casimir C; we need to rescale by a2 to keep it finite (and put a
sign for convenience) and find

C, = lim 1 (;PZ JuwJ" — JupPP ]WP0> = P?B>— (B-P)*. (2.16)

a—oo g2

There is no ambiguity in the ordering as P;, B; span an abelian subalgebra. In the

special case of d = 3 one sees that this can be written as C4 = (P x B )2. Together C; and
C4 span the center of the algebra and can be used to label representations.

2.3.3 On unitary representations and little groups

For a Hilbert space # of quantum mechanical states, spacetime symmetries are repres-
ented by (anti-)unitary operators®. Gal (d,1) is non-compact because of the boosts and
therefore it does not have any finite dimensional unitary representations just like what
is well-known for representations of the Poincaré group [40, 39]. This is of course expec-
ted as there are infinitely many states with different momentum and one may boost and
rotate the reference frame, with transformed states considered equivalent.

It is possible to use the method of induced representations that classifies all possible
irreducible unitary representations by find various “little groups” of the homogeneous
Galilean group HGal (d,1) [36]. A little group is here a subgroup of HGal (d,1) that
leaves a certain standard energy Ey and momentum p, unchanged, which are dual to
translations. The action of a homogeneous Galilean transformation U (R, v,0,0) on a mo-
mentum eignenstate |p, E, o), where ¢ is the remaining quantum numbers of relevance
can then be written as

U(R,v,0,0) |E,p,0) =) Dy (R,v;Eo, py) |E, p',0") . (2.17)
o
Here D,, (R, v;Eg, p,) is a unitary representation of the little group corresponding
to a standard standard energy Ep and momentum p,, related to E, p by Galilean boosts
and rotations that takes the form?

Up to a phase, which is very important for non-relativistic spacetime symmetries as we will discuss in
detail later.

2 The energy and momentum together transforms as a covector under the fundamental representation (2.23).
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E' = E—9'Rp (2.18a)
P = Rp. (2.18b)

Since the states are assumed to be momentum eigenstates, translations will just give
a simple phase as

u(0,0,a%a) |E, p,o) = e~ ia"Etia-p |E,p,0) . (2.19)

There are now various choices of little groups relevant for physical representations.
One immediate choice is to pick standard energy and momentum Ey > 0 and p, = 0
that is left invariant by spatial rotations in (2.18). This corresponds to a representa-
tion with Casimirs C; = C4 = 0. Hence the little group is SO (d) which has the well-
known (2j 4+ 1) x (2j + 1)-dimensional unitary irreducible representations, so states can
be labeled as ‘E, v mj> (plus perhaps other quantum numbers). This gives particle
representations of positive energy and spin-j, j = 0, %, 1, .... More representations and
further discussions can be found in [41, 35].

A special feature of Galilean states is that they are not localizable: It turns out that
it is not possible to construct a linear combination of the corresponding wave-functions
(t,x| E, p,o) which is a é-function in space and time so no state can be said to have
a definite position at a given time, contrary to what is the case in standard QM. It is
however possible to obtain approximate localizability where the amplitude decays with
some distance. This shows that the Galilean states are not easily interpreted as particle
states, see Inonii and Wigner [36] for further discussions.

2.3.4 Finite dimensional non-unitary representations

It is useful to have concrete finite dimensional matrix representations to work with,
where the group product is represented by the usual matrix product. We will also use
this for constructing the Galilean fiber bundles for our geometry later on. One useful
non-unitary but finite representation is the faithful representation on D +1 x D + 1
matrices given by

1 0 a
Gh=1| o R a® | (2.20)
0O 0 1

where v* € R? is the (finite) boost parameter and R?, € SO (d) is the spatial rotation
matrix and A, B = 1,2,...,D + 1. Finally a° € R is the parameter for temporal transla-
tions, and a? € R? the spatial translation parameter. In this non-unitary representation
the semi-direct product structure of the Galilean group is obvious, as are the various sub-
groups. One also sees that Gal (d,1) C GL (D + 1,R). Composing two transformations
G, G’ we have that this results in a transformation G” given by

13
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A 1 0 a® +a”
A A
GNAA = (GG/) 5= 07+ Rabvlb Rachcb at + v%a'0 + Raba/b . (2_21)
0 0 1

One sees here that the temporal translations add up, while the spatial translation gets
boosted and rotated.

HGal (d, 1) furnishes from the above the fundamental D x D representation pp (HGal (d,1))

given by matrices of the following form [42, 12]

4 (1 0
G = < o R, . (2.22)

It is trivial to see that pp (HGal(d,1)) C GL (D,R). The inverse transformation is
given by

1 0
G H = . (2.23)
€= (R0 (R, )
Notice that because R is an orthogonal matrix R~ = R!. The group action on compon-

ents of (Galilean) vectors V? in the vector space R, and covectors Uy in the covector
space RP* is then defined by

vt = GAHVE (2.24a)
! -1 B
U, = Us <G )A, (2.24b)

which leaves any scalar VAU, invariant under Galilean transformations as it should.
It is then straight-forward to generalize this to obtain the transformation rules of general
Galilean tensors by multi-linearity [43].

pp (HGal (d,1)) has two invariant symbols that are invariant under any Galilean trans-
formation. These are in our representation pp (HGal (d,1)) easy to find and given by

(10) (2.252)

AsBa __ 0 0
6,107 = ( 0 st ) (2.25b)

TA

hAB
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little to show that this is also the case for h5:

hAB_>GACGBDhCD — GACGBdth
_ sAsBbpa ~1\°¢
= 545 RC<R )b

where we used the orthogonality of the rotation matrix.

In fact, the preservation of these two objects characterizes the fundamental represent-
ation pp (HGal (d,1)) = pp (SO (d) x RY) as a subgroup of GL (D,R) , and we could
equally well have defined the set of Galilean matrices [44]

oD (SO (d) % Rd) = {MAB € GL(D,R) | MAMB, P = 4B, 1y MB, = rA} . (2.27)

Finally it is also seen that the Levi-Civita tensor €4a,...4, is an invariant symbol of
HGal (d,1).

2.4 THE BARGMANN GROUP
2.4.1  Algebraic structure

There exists a central extension of the Galilean group, which is called the Bargmann
group Barg (d,1). Adding a central charge extends the algebra, showing the impossibil-
ity of being the result of a Inonii-Wigner contraction of the Poincaré symmetry group
of D spacetime dimensions Poin (d,1) as this preserves the number of generators. This
does not mean that the Bargmann group cannot be the result of a reduction of the
higher-dimensional Poincaré group which we consider in section 2.4.4.

Barg (d,1) is the relevant spacetime symmetry group for the typical non-relativistic
theories considered, namely those with a notion of mass. The central charge corres-
ponds to mass or particle number conservation, which is now non-trivially related to
spacetime in such theories as we shall see demonstrated several times [27]. To see that
this extension of the Galilean group exists and is unique, one can investigate the struc-
ture of the commutation relation: We can make an Ansatz for the central extension of
(2.7) and then see what can be allowed by the Jacobi identities and redefined away. Un-
like for the Poincaré group one finds that the Galilean group allows for a single central
extension with central charge M [39]. In this unique extension we have to replace the
[Pi, Bj] commutator (2.7¢) with

[Pl', B]] = M(Si]' . (2.28)

With this replacement in (2.7) we obtain the Bargmann algebra. If we make the action
of M trivial in some representation, then we are back in the Galilean case of section,

Example 2.2 (Invariant symbols). Invariance of 74 is obvious, but we have to work a

= 't v, (2.26)

15
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so the Bargmann group can be considered the most general. The commutator (2.28)
shows that on top of the structure of the Galilean group there is now another semi-
direct product with the center R generated by M, which now goes with the translation
subgroup exactly because it is an ideal of the translational subalgebra [42]. Hence the
full group structure is

Barg (d,1) = (]Rd+1 X ]R) X (O (d) x IRd> : (2.29)

2.4.2 Revisiting the unitary representations on states

Because M is a central element it is by definition one of the invariant Casimir operators,
so Bargmann has a total of three. The two Casimirs of the Galilean group (2.15), (2.16)
are no longer Casimirs for the Bargmann group because of the non-zero commutation
relation (2.28). We now need a new basis, which can conveniently be chosen as below

[35]:

M = ml (2.30a)
o 1
C, = H- %PZ (2.30b)
o 1. 1 . .
& = M~ (7B — BiRJ")
1 . ‘ ‘
+—5BIP, (B]Pk - kaf) . (2.300)

After proper rescaling with m they all reduce to (2.15) and (2.16) when we take the
m — 0 limit. In d = 3 the last Casimir takes the more convenient expression as C; =
(eijk [%]fk — % (Bf Pk)] )2, which we show in appendix D.2. The action of C, on a state
|E,p,j, mj) in the spin-j representation of section 2.3.3 is seen to relate the eigenvalue of
the Hamiltonian to that of momenta by the classical formula

p?
E = om + Ep, (2.31)
where Fy is the rest energy, the value of C, acting on the state. This demonstrates that
we are then led to think of M as being the mass of some representation and shows that
the Bargmann group is the one relevant for Newtonian physics. In particular (2.31) has
no equivalent when the mass is zero. For C4 we have with standard momentum p, = 0

it reduces to ,

Cy = Eﬂk]jk =j(+1) (2.32)
which is the invariant of the so (d) algebra, which labels the spin representations. The
states now being those of standard QM are localizable.

2.4.3 Finite dimensional non-unitary representations

Because of the direct product structure we have that Barg (d,1) has a natural faithful
(D +2) x (D + 2) matrix representation given by [12, 42]
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0

1 0 0 a
i (7 R? 0 a°
BAB = 5 b 7 (233)
0 0 0 1

where f € R is a parameter corresponding to the central transformation and A, B =
0,1,...,D + 1. Notice that Barg (d,1) is not a subgroup of GL (D + 1,R) like Gal (d,1),
but it is a subgroup of GL (D + 2,R) because of the different direct product structure.
Composing two transformations B, B we have that this results in a transformation B” =
BB’ given by

1 0 0 a% +a’
07+ Rabv/b RacR/cb 0 a® + a/Ovu + Raba/b
B”A~ — 1.2 ” 7 1.00,.,2
5 3 (v +0?) (04 0uR7) RE, 1 f+f —3a%
—v, Rabvlb —UgRabﬂl/b
0 0 0 1

(2.34)
One sees that the structure of the composition for the Galilean case (2.21) is contained

in this, but in addition to this one observes the rather complicated composition of the
center of the group.

HGal (d,1) = O(d) x R? now takes a (D + 1) x (D + 1)-dimensional matrix repres-
entation pp+1 (HGal (d,1)) with elements given by

B = o RY 0 (2.35)

, 1 0 0
(57 = R e (R 0| (2.36)
—v?/2 v, 1

Notice that this is an indecomposible but not irreducible representation, as it contains
a submatrix with the fundamental representation (2.22). The representation (2.35) now
naturally acts on (Bargmann) vectors VA of RP*! and covectors U 1 of RPT* In a sense
we now have (co)vectors with more components than we wished for, as would like to
eventually define D-dimensional vectors on a D-dimensional spacetime.

We may define a projection & : RP*1 — RP by

P24 = (33, 0) . (2:37)

Using the projector WAB we may project contravariant Bargmann tensors of RP*+! to
RP. We can also define a lift of covariant Galilean objects of R*P to R*P*1 by contracting
with the upper index of ‘@AB'

17
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Example 2.3 (Various projections and lift). Using the projector ‘@AB we may project the
representation of an element of pp;1 (HGal (d,1)) given by (2.35) to the one in (2.22).
We have more specifically

which shows that the projection commutes with action of the pp1 (HGal (d,1)) on vec-
tors in the sense

P4V = 24 BCVE = GAVE = VA, (2.39)

The two invariant objects A8, T, of (2.35) are easily seen to be given by

7; = (1,0,0) (2.40a)
0 0 1

pAB = 0 6% o | . (2.40Db)
1 0 O

Notice that 148 is not degenerate. The relation to the same objects of the homogeneous
Galilean group (2.25) may now be written nicely using QZAB to project or lift:

A PP = AP (2.412)

T, = TP, (2.41b)

2.4.4 Bargmann as a null reduction of Poincaré

While the Bargmann group Barg (d,1) cannot be the result of an Indnii-Wigner con-
traction as discussed in section 2.4.1, it is still possible that it may be the result of a
reduction of a higher-dimensional Poincaré group. The D + 1 spacetime dimensions
symmetry group Poin (d +1,1) has 3 (d +2) (d + 3) generators which is d + 1 more
than the 1d (d + 3) + 2 generators of Barg (d,1) for D spacetime dimensions according
to tables 1, 4. This is a hint that a reduction might work if we can remove these extra
generators consistently. It turns out that what we need to do is to perform a so-called
null reduction which we will now explain.

Consider the D + 1-dimensional Minkowski space where we make a change of co-
ordinates to the usual light-cone coordinates

xt = % (xo + xD) , (2.42)

so that the coordinates used are ordered as x# = (x+, xt, x‘). The Minkowski metric
in these coordinates is
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0 0 1
0 6% 0
1 0 0
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(2.43)

Notice that this is exactly one of the invariant symbols (2.40b) of the extended homo-
geneous Galilean group. The generators of (A.2) that does not change in this basis are
P; and J;; while the rest are given by an appropriate change of basis

~ N WX o
(Tl

1

2

(=)

po 4 pP
Joi + Ipi

]01

i — IDi

Jop -

(2.442)

(2.44b)
(2.44¢)
(2.44d)
(2.44€)

In this basis all generators that commute with M are P;, H, M, B;, J;; and they pre-
cisely form a closed subalgebra which is the Bargmann algebra (2.2), (2.7), (2.28) [45, 46].
The commutation relations of M with the d + 1 generators K;, K are non-zero and all
non-zero commutation relations with K;, K are given by

2P
(SikK]' — (5ij1'
2HJ;;

2y &4K)
—H

M

—K;.

(2.452)
(2.45b)
(2.45¢)
(2.45d)
(2.45€)
(2.45f)
(2.458)
(2.45h)

This shows that Barg (d,1) can be embedded in Poin (4 4+ 1,1) as a subgroup3. Look-
ing at the corresponding transformations in D + 1-dimensional Minkowski space, we see
that the Bargmann subalgebra is spanned by the generators that leaves out rotations in
the (x*,x7) and (x',x™) planes. An equivalent geometric statement is that we consider
the symmetries of a hypersurface x~ = constant orthogonal to the null x~-direction wrt.
the Minkowski metric, which is why we call it a null reduction. t = x™ now acquires the
interpretation as the non-relativistic time coordinate generated by H while the u = x~
translations generated by M are transformations of the center of the Bargmann group.

3 Interestingly enough the commutators involving just P;, H, K;, Ji; also span a closed subalgebra that can
be identified with the so-called Carrollian algebra, where K; are called Carrolian boosts and H is now a
central charge [47, 48]. This to be thought of as the ultra-relativistic limit of the Poincaré algebra where we
instead take ¢ — 0 and consider x* = constant hypersurfaces. If we further include the generator K, this
is seen to furnish an interpretation as some kind of dilatation operator since in this algebra H is no longer

central.
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In this chapter we will construct the correct non-relativistic geometric frame-
work. We take the approach of fiber bundles as an easy way of obtaining the
relevant structures, relying heavily of the results of the previous chapter. A
considerable effort is spent on interesting and subtle aspects of Galilean and
Bargmann connections and covariant derivatives. Finally we consider the for-
mulation of Newton-Cartan geometry on flat and linearized spacetimes.

3.1 GALILEAN FRAME BUNDLES

We now want to regard the entire Galilean group Gal (d,1) as a frame bundle consisting
of the 2D-dimensional manifold FM and the bundle projection 7 : FM — M. Intuitively
what we want to do is to identify the Galilean boost and rotations acting as “internal
transformations” of the vielbeins defined on the manifold M. This construction is natur-
ally a fiber bundle where the D-dimensional base manifold is M and the fiber F consists
of all bases of the (Galilean) vector space RP, i.e. all possible frames or vielbeins [49, 50].
This is a global trivialization FM = F x M, and we can write it as the union

FM= | (p, {ea(p)}), (3.1)

peEM

where {e4 (p)} = F, is the set of all vielbeins at point p € M. The bundle projection
7T is now simply
7w (p. {ea(p)}) = p (3-2)

and we may naturally define the right-inverse of this map called the sectionc : M — FM
satisfying 7w (0 (p)) = p, so that we have o (p) = (p, ea(p)). A particular vielbein
ea(p) € Fp is then a section of FM as we illustrate in figure 3. By construction the
action of the homogeneous Galilean group HGal (d,1) is to transform the vielbein in
representation (2.23) as

di(p)=es(p) (G (p) . (3

A

HGal (d,1) is here the structure group of the frame bundle, the group of all pos-
sible Galilean transformations of the frame. This shows that the frame bundle is a prin-
cipal bundle, because the diffeomorphisms of the fiber F are the same as the action of
HGal (d,1) on it.

Similar reasoning goes for the coframe bundle

FM= | (p, {eA (p)}) (34)

peEM
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Figure 3: Illustration of the bundle projection 7t and section map o for the fiber bundle FM =
F x M.

where coframes or inverse vielbeins {e (p)} = Fy transforms under the fundamental
representation (2.22) as

e (p) =G (p)pe (p) - (3:5)
This may be extended to tensor bundles by considering tensor products of frames. In

the spirit of non-relativistic physics, we will single out the time and spatial component
and write for a particular choice of (inverse) vielbeins

et = (1,¢% (3.6a)
ea = (—v,e). (3.6b)

The vielbeins must satisfy the completeness relations

T(v) = -1 (3.7a)

e’ (ep) = 9y (3.7b)
e"(v)=1(es) = 0 (3.70)
f'®Re, = id+T®U, (3.7d)

which defines the vielbeins in terms of the inverse vielbeins or vice versa. In simple
terms, we should think of A = {0,a} as a Galilean (frame) index and objects that are
Galilean scalars and thus spacetime tensors must be fully contracted. These indices trans-
form under the local boosts and rotations of the Galilean structure group, with a “down”
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index transforming oppositely to an “up” index. The local Galilean transformation laws
(3.3), (3.5) of the (inverse) vielbeins can then be written in components as

T = 7 (3.8a)

" = R%e' 4T (3.8b)
b

vV = v+te <R_1> o (3.8¢)
a

b
r -1
€ = & (R ) 2’ (3.8d)

where R”, is a local rotation and v” is a local Galilean boost". T is called the clock form
because we see from (3.8) it is indeed a spacetime 1-form unlike the other objects that do
transforms under Galilean transformations. This is of course clear since it is related to
one of the two invariant objects of the structure group as described on page 14. The other
Galilean invariant object we can construct is the (inverse) spatial metric constructed from
a tensor product of the “inverse” spatial vielbeins® e,

hl=6%,xe,. (3.9)

For a vector V = V#9, given as a particular section of the tangent bundle TM and
a covector U = U,dx" of the cotangent bundle T*M, we can write them as contracted
with their associated Galilean (co)vector components and (inverse) vielbeins as

V = Viey = -Vl + Vi, (3.10a)
U = Uge? = Uyt + Uze®, (3.10b)

where the components transforms in the representation of HGal (d,1) discussed in
section 2.3.4 so that V, U are invariant under Galilean transformations. The mappings
are bijective and isomorphisms FM ~ TM and F*M =~ T*M. We can equivalently find
the components of a given (co)tangent vector as

vA = 4 (V):ef}V" (3.110)
Uy = es(U)=2elU,. (3.11b)

This shows that the vielbeins can be thought of objects that maps from a coordinate
frame to a Galilean frame or the other way around. In a local coordinate basis we may

write e;? = <Ty,€Z> and eff‘ = (—v”,elf ), which can conveniently be used to map from

one to another.

We apologize for the possible confusion the use of v* for the boost and v* for the vielbein may cause.
2 We must stress that is not the inverse of anything, it is just poor but conventional terminology.
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Example 3.1 (Contraction). We have that the action V (U) of a vector V on a covector
U (and vice versa) is a scalar by construction. Written in terms of both Galilean and
spacetime components, we have

v(Uu) = VAU, =-vU, + veu,
= vru,, (3.12)

where we in the last equality used (3.7) and (3.11).

3.2 GALILEAN SPACETIME GEOMETRY

We have here taken a specific point of view that highlights the origin of the basic proper-
ties of Newton-Cartan geometries as fiber bundle constructions. To calculate geometric
quantities of interest, we often just need the spacetime tensors T, h™' that plays the
role of a metric-like structure in these theories [21, 51]. These alone are sufficient to
characterize what we may call Galilean spacetime or Newton-Cartan geometry:

Definition 3.2 (Galilean spacetime). A Galilean spacetime consists of a triplet (M, T, h_1>

where M is a D-dimensional manifold on which a non-vanishing 1-form T and a sym-
metric rank 2 contravariant tensor # ! that satisfies ' (T,-) = 0 are defined.

Here we can think of (T, hil) as a degenerate metric structure, with B! having
corank 1. It is of course useful to refer back to the frame bundle construction to interpret
some of the properties of such Galilean spacetime. First of all, we may in this language
then define projective inverses (v, h) as objects that satisfies

o', = -1 (3.13a)
hah™ & + 1,0 (3.13b)

These are not uniquely determined and we may redefine them as [42]

o — o' 4+ K", (3.14a)
My = My — Zb(y’q,) + h7bybe Ty Ty (3.14b)

These may be identified with the vielbein v* and hy, = eﬁem of the frame bundle

construction. The freedom in choosing the projective inverses can then be traced back
to the transformation of the vielbeins under local boost transformations with b, = vaez,
though it is not obvious in this language.

Any vector V that satisfies T (V) = 0 is called a spatial vector, showing that the com-
ponent V? = 0 of (3.10a), which is a geometric statement as T is a tensor. On the other
hand there is no geometric definition of a spatial spacetime one-form U because the
action v (U) is in general not Galilean invariant; e.g. it might be “spatial” in one frame,
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Y,

A 3

71
Figure 4: For two curves 7y and 7, the proper times T,,,, T,, need not be equal.

but we can always boost to a frame where it is “non-spatial”. We may however obviously
define a time-like covector as any covector that satisfies U (e,) = 0 or equivalently can
be written as U = f (x) T.

With the Levi-Civita symbol €4,4,...4,, of section 2.3.4 being an invariant symbol of
the structure group, it may be used to define natural volume element on M as

1
€= ﬁ(—:AOAl...AdeAO/\eA1 Ao Aetd (3.15)
This will allow us to do integration on the manifold. In local coordinates we may
simply write the measure as

e = det (t,e")dPx = edPx. (3.16)

As T is a one-form it may be integrated along some curve -y from a point A € M to
a point B € M. In Newton-Cartan geometry the integral T, = fv T is interpreted as the
proper time that passes when going along the tangent vector 4 of the curve 7. Notice
that the spatial part of 4 does not contribute to T, which shows that if we have a spatial

tangent vector, then T,, = 0. In local coordinates we may write # = dxgy) , and we thus
have
dx# (A
T, = / T, (2t (M) d/g)d/\. (3-17)
¥

Notice that if it happens that if the clock form T is closed i.e. T = dt which is gen-
erally not the case, then T, is independent of which curve <y connecting A, B € M one
chooses by Stokes” theorem. In such spacetimes, we really have a notion of absolute
time, which is a hallmark of Newtonian physics. This also shows on the contrary that
general Newton-Cartan geometry is beyond Newtonian physics. We will call spacetimes
with a closed clock form T and their corresponding constraint on Galilean spacetime Au-
gustinian [44].

The inverse spatial metric 1~ may also be used to perform types of integration with,
given that the Frobenius condition T A d7 = 0 or in local coordinates 7,9, 7,; = 0 holds.
This is because the Frobenius’ theorem states that there exists locally a nice foiliation
of spacetime by 7 if and only if T AdT = 0 [49]. In such cases we can really define
absolute space as a spatial hypersurface at a specific time. The pullback ¢* of h to such
a spatial hypersurface defines a Riemannian manifold with non-degenerate metric ¢*h.
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Name Clock form | Absolute time | Absolute space
Leibnizian | T Adt #0 No No
Aristotelian | TAdT =0 No Yes
Augustinian dt =0 Yes Yes

Table 2: Classification of Newton-Cartan geometries by the properties of the clock form 7.

Here we may apply all of the theorems about Riemannian manifolds, and we shall call
such spacetimes and their corresponding structure Aristotelian. If there is no constraint
on the clock form and we have the general case T A dt # 0, then we shall call this class
of spacetimes Leibnizian.

In total we thus see an obvious classification of Newton-Cartan geometry according to
the constraints on 7, which is given in table 2. Now in order to define a proper derivative
we must define a connection, which is the subject of the next section, where we will also
have more to say about this classification.

3.3 GALILEAN CONNECTIONS

3.3.1 Setting up the connection

We now need to define a frame covariant derivative that transforms correctly, i.e. it must
commute with the local Galilean transformations of the vielbeins [49, 52, 43]. We may
define any Galilean frame covariant derivative on the coframe bundle F*M by the action
on the inverse vielbeins through [42]

A _ A B
Dye” = —w, ge

0 0
wl‘ABE(Qa w ? >
I wb

as we see from (3.8) that e” transforms under both local boosts and rotations, while T
is invariant. (), = w,*; is the component of the connection associated with local boosts
and w,"; is the component of the connection associated with local rotations. We must
take wymp = —wyp, to have a metric compatible connection analog to the relativistic
case in appendix A.2.2. The connection transforms under local Galilean transformations
(2.22), (2.23) as

(3.18)

where we must have

(3-19)

w My = GYw, (G, — (G ,0,67, (3.20)

B/
while it transforms as a 1-form under a General Coordinate Transformation (GCT).
From the completeness relations (3.7) we find the action of the covariant derivative on

the vielbeins from the above definition. Written in terms of the components we have
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Dyt = 0 (3.21a)
Dpe" = —Q)ft— wp” beb (3.21b)
Dyv = —Qpaeu (3.210)
Doe, = wyb 2€b- (3.21d)

In a local coordinate basis the spacetime covariant derivative V, is defined by its affine
connection through the action on (co)tangent vectors as

Vpdy =T7,0,. (3.22)
One can then derive the transformation law under a GCT similar to (3.20) [53]

N oxM 9xP ox* ,  9xM 9%

PE T 9xh 9xe gxi T PH toxe oxP oxt (3.23)
We can then impose the vielbein postulate that identifies the connection of D, with

that of V, through the isomorphisms FM ~ TM and F*M ~ T*M related to (3.10). The

statement is then that (inverse) vielbeins are covariantly constant, i.e.

r

Voty = 0pTy— FQHTA =0 (3.242)
Ve, = 0p€) — Ff,‘yeﬁ - Q"5 — w,’ beZ =0 (3.24b)
Vol = 9pvh + rzAv/\ - Qpﬂefz[ = (3.24¢)
Vpef; = apef{ + FeruA + cuph aeg =0. (3.24d)

We then don’t need to distinguish between the two covariant derivatives any more
and we will denote both covariant derivatives by V.

The infinitesimal transformations of the vielbeins and connection are very useful and
will be needed later. Performing the linearization of the transformation laws (3.8), (3.20)
and including the transformation of the fields under general coordinate transformations
we find [21, 26]

oty = Lty (3.25a)

def = Lgel+A%e + AT, (3.25b)

6ot = LgoM+ el A (3.25¢)

5eZ = ﬁgeg + Al (3.25d)

50, = L:Q+0,A"+ 21,00+ Aw, (3.25€)

5wﬂ”b = ﬁgwy"b +9,A% + 2/\['1Cw,,|c|b] , (3.25f)

where A, is an infinitesimal boost parameter, A, = —A;, parametrizes the rotations

and ¢ is a vector that generates an infinitesimal coordinate transformation by following
the flow along its Lie derivative L.
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28 NEWTON-CARTAN GEOMETRY

Example 3.3 (V, and connections). When the frame covariant derivative V, acts on
spacetime tensors, i.e. Galilean scalars, the action is familiar. It is however instructive to
see how this works using the Leibniz rule when we write it as Galilean tensors contrac-
ted with the vielbeins. If we for example take U, = UAe;f we see that the Leibniz rule
gives us

Vol = et (Vola) +Ua (Veer)
= (9ot + @, yUp) et + U (9pept — Thed — w, el
= 9 (Uaeft) = Theitis
= U, —Ip Uy v. (3.26)

o

We could also have used Vpe;f = 0 directly to write

= e;? (8PUA + waAUB> , (3.27)

which would then give the relation between FQH and w pB 4 so that both expressions are
identical.

3.3.2 General results about curvatures

We may solve the vielbein postulates (3.24) for the affine connection in terms of the
vielbeins and the gauge connections. One finds

Fﬁv = —v)‘a,m, +et <8Meﬁ -y -w,/ befj) . (3.28)
We give the details of the calculation in appendix D.3.1. The torsion tensor Tw)‘ is

defined as usual as the antisymmetric part of the affine connection

T,/ =21}, (3-29)

As this is the difference of two connections it is indeed a true tensor. We may split
this into a spatial and a temporal torsion in the spirit of Galilean relativity by projecting
with the vielbeins as

TW/\ = —UARW (H) + ea)‘RW” (P), (3.30a)

Ruw(H) = mT," =201 (3.30b)
R, (P) = e‘)’\Tw/A = 20),e,) — 200,/ 7, — 2wy, Meﬁ] . (3.30¢)



Name | Clock form | Abs. time | Abs. space | Torsion
TNC | TAdT #0 No No Yes
TINC | tAdT =0 No Yes Yes
TLNC dr =0 Yes Yes No

3.3 GALILEAN CONNECTIONS

Table 3: Classification of Newton-Cartan geometries with a connection.

These are identical to the first Cartan structure equation discussed in appendix A.2.2,
which for a given connection is an equivalent definition of the torsion tensor. Finally
Ruy (H) and R,,? (P) are equal to the field strengths of the vielbeins in the Galilean
gauge theory considered by Andringa et al. [21], Hartong et al. [54]. Notice that R, (H)
is indeed a spacetime tensor which is just the exterior derivative of 7.

If we want an entirely torsionless geometry a necessary but not sufficient condition is
that 9,7, = 0, i.e. the clock form must be closed and the spacetime Augustinian. This
is a constraint on the vielbeins equivalent to the curvature constraint

Ry (H)=0. (3.31)

Such a relation that does not have an analog in the case of Riemannian/Lorentzian
geometry: Here taking zero torsion does not imply anything on the vielbein. Notice also
that unless we take zero temporal torsion 9d|,7,] = 0, then vanishing spatial torsion is
not a geometric statement as one can just boost to another local Galilean frame where
in (3.30a) can see that there will be a new non-zero spatial torsion component.

This property allows us to extend table 2 with information about the connection we
may have on such spacetimes, which we have done in table 3. We have here also in-
cluded the standard nomenclature used in the literature when we have a connection
defined. The most general case is also called “Torsional Newton-Cartan” (TNC), the Ar-
istotelian case is also called “Twistless Torsional Newton-Cartan” (TTNC), and finally
the Augustinian case is called “Torsionless Newton-Cartan” (TLNC).

The components of the Riemann curvature tensor may be defined conveniently through
the usual relation [55] as the failure of two covariant derivatives to commute, i.e.

[V, V] XP = RWUPXU - TWAVAXP (3.32a)
Ry’ = =20, Iy, =27 | T, (3-32b)

We may split this into a boost curvature a spatial rotation curvature by projecting with
the vielbeins as

RW” (B) = —eZv”RHWp = ZB[HQV}“ — Zw[}l”bﬂv}b (3.332)

(3-33b)

RIWab ) = ezeZ IW‘TP - 2a[ﬂwv]ab - Zw[ﬂacwv]cb .

These are identical to the second Cartan structure equation that gives an equivalent

definition of the Riemann curvature tensor as discussed in appendix A.2.2. Finally they
are equal to the field strengths in the Galilean gauge theory.

29



30

NEWTON-CARTAN GEOMETRY

We have already seen that if we take the entire torsion (3.29) to be zero, then we must
have the surprising necessary constraint dv = 0. The next question is of course whether
we actually can impose other curvature constraints that allows us to solve for w y”b, Oya
in terms of the vielbeins like in the Lorentzian case.

Example 3.4 (Levi-Civita connection in Lorentzian spacetimes). For the Lorentzian mani-
fold of appendix A.2.2 we impose that the connection should be torsionless (i.e. TH,,)L =0)
which together with the metric compatibility gives the Levi-Civita connection with
Christoffel symbols expressed entirely in terms of the metric as the unique solution

[52, 53]

We find in our Galilean case the somewhat surprising result that when we try to solve
Q,', w,", from the torsionless condition Ry, (H) = R, (P) = 0, it is not possible to
write a solution in terms of the vielbeins alone. We will thus not be able to realize the
geometry on just the vielbeins even in a torsionless geometry unlike for Lorentzian man-
ifolds as in the example above [44, 56]. This can be traced back to the degenerate metric
structure. As the connection and its covariant derivative is an additional structure on top
of the Galilean manifold, it most be stressed that this does not imply any inconsistency,
but it is an aspect that is unfamiliar from the relativistic point of view.

Example 3.5 (Newtonian spacetime). It is of course possible to impose constraints on the
Riemann curvature tensor also. One possibility in a torsionless geometry the so-called
Duval-Kiinzle condition [12] given by

WMER

A(m?l =0, (334)

which is the relevant condition to impose if one wants a covariantized version of New-
tonian gravitation. Here we still need to bring in new fields, as this condition is not

enough to realize the geometry on the vielbeins alone [44].

3.3.3 Hartong-Obers parameterization

One way to illuminate the degrees of freedom that are in the connection (3.28) is to solve
the analog of metric compatibility, i.e.

These are equivalent to the vielbeins postulates. The most general connection that
solves this is easily found to have an expression for the affine connection given by [26]

1
r;vzz__vAaﬂa/+-§hAU(aﬂhvg4-avhya-aghyv)+-vvﬁw, (3.36)

and the object WAW must satisfy some constraints

WA, = 0 (3.37a)
newh), = o. (3.37b)




3.3 GALILEAN CONNECTIONS

We shall denote “the affine (natural) pseudo-connection” f;}v defined by the first terms
in (3.36)

R 1
), = —v'9,7 + EW (Ouhve + Ovhye — dohyy) (3-38)

This is because it does not define a good connection on its own exactly because it
transforms under boosts, while the whole connection T;,\V =T ;}V + W)‘W must be boost
invariant. This equivalent to stating that the covariant derivative must be independent of

the chosen frame or a geometric object, which is a fundamental property of connections.

We must thus require

5Br£v = 531&‘21/ + 5BWA;W =0, (339)

This shows that W/\HV is not a tensor? and must be non-zero even when the connection
is torsionless, which in another way proves that the geometry cannot be realized on the
vielbeins alone. fﬁv and its associated pseudo-gauge fields QH”, @,", are however useful
quantities. Hartong and Obers [26] displays the structure of W)‘w by writing it in terms
of invariant non-tensorial objects Yy, Kjy and Ly, defined as

1
W)\P‘V = EhAUYU]w (3-40a)
Your = TwKoy + 1Koy + Loy (3-40b)
Kyv = _Kv;t ’ Lap/\ = _L/\pa~ (3-40¢)

Ky, Lyp) parametrizes all the possible “metric compatible” connections we may define
on our Galilean manifold. Under an infinitesimal local boost with parameter A, = A,ée;
we find

1 1
6Ty = 51T (38K + 9uAg — 3o \o) + STy (35K + 0 g — dry)
1
+ Ehpo— (53[40’}41/ - Ag’ (ayrv — ayry) + A‘u (aVTg - ag‘Ty) + AV (ay’fg’ — agT‘u)) 7 (3.41)
and thus to ensure § BFQV = 0 we see that they must have the transformation property

under boosts:

5BKU'V - aUAv - aVAg' (3.42&)
5BLU']/H/ - AU (a”TV - ayTy) - Ay (aVTO' - ag'Tl/> - AV (ayTg' - aO'TV) . (3.42b)

Equating (3.28) and (3.36) we may derive expressions for the boost and rotation gauge
tields given by

It still transforms correctly under GCTs, but it has additional local Galilean transformations.
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an = ()ya + C;la (343&)
Wyab = d)yab + Cyab ’ (3-43b)

where (), and @W,qp are the pseudo-gauge fields of the pseudo-connection (3.38) de-
rived by using the linearity in the gauge fields of the affine connection (3.28)

O}m = v"a[vey‘f—i—vve‘meyba@ea}]’ (3-44a)

C,L\)],mc = eA[a@AeﬂM — e)‘[a‘ayeﬂd — €Hb80[a€AC]aA€Ub, (344b)

and we have defined

Cua = —0'eaWh, (3.45a)
Cyac = EVC(ZAHWAV_V. (345b)

These objects are like the contortion tensor in Lorentzian manifolds, where it is well-
known that any connection may be written as the sum of the Levi-Civita connection
plus the contortion tensor as is reviewed in appendix A.2.2. For this reason we shall call
Cua, Cuac pseudo-contortions, which by their transformation properties derived from

W)‘W are not tensors, but yet play a similar role yielding any connection when added

A

to the natural pseudo-connection. As W7,

contortions.

may not vanish, neither may the pseudo-

3.3.3.1 Connections linear in a background field M,

There is a whole class of solutions for K, Lypy expressed in terms of a background
field M, that is defined to transform under Galilean transformations as

1
M;[ =M, + vaR”beZ + Ev”vary. (3.46)

M, is sometimes called the graviphoton field in the literature because of some of its
properties [57]. At this stage it might seem a bit arbitrary to introduce such a field to
the geometry but we will see that it is relevant in many situations as we will see in
section 3.4 and chapter 6. The infinitesimal version of this transformation law including
diffeomorphisms on top of those of the vielbeins and gauge fields (3.25) is given by

oMy = LeMy + €A, . (3.47)

From this transformation we see that its spacetime derivative must include the boost
connection and be given by

VoM, = 3,M,, — T}, My — Qe (3-48)
If we take
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Kpp = 20,M, (3-492)
LO’}IV — ZMUa[ﬂTV} - ZMI,{B[VTO-] + 2MV8[U’T]J} ’ (3.49b)

then this is seen to define a good boost invariant connection [58, 59]. This choice actu-
ally corresponds to the unique connection linear in M, [54]. We will later see how this
connection in the sense of being the physical relevant connection can be claimed to be
the closest thing to a “Levi-Civita”-like connection we may have for general (torsionful)
Newton-Cartan geometry:.

We may construct some new boost invariant objects using M,

o = ot — WM, (3.50a)
& = e — My, (3.50b)
hyw = hy +27,M,). (3.50¢)

hy,y is non-degenerate now but still not the inverse of #*" and the new vielbeins-like
objects still satisfy completeness relations analog to (3.7). We should not regard them
as true vielbeins as they do not have the correct transformation properties under boosts
any longer, but they are indeed useful objects in many ways as we shall see. As an aside
we could also imagine breaking boost covariance in some way, which would reduce
the symmetries of a given theory to that of the Lifshitz group or the Euclidean group
studied in chapter 2 and make these objects good vielbeins and tensors.

The new tensorial quantities are useful to build connections with the required proper-
ties from, and one may see that the choice corresponding to (3.49) can be written as

. . 1 _ _ _
Bl = =007 + 51 (3l + 3l — ol ) (3.51)
We shall call this connection* the “graviphotonic (Galilean) connection”. Its torsion is
given by
TW)L = —2@Aaw] , (3.52)
and from this we see that the spatial torsion is given by
R, (P) = ZeMMAa[VTV] . (3-53)

The expression for W)‘W and the pseudo-contortions (3.43) may be used to write the

gauge fields (3.43) in terms of only M, and the vielbeins.

4 This connection, despite being well-known in the literature, has not been given a name. Calling it the
“graviphotonic connection” is hence not standard terminology, but is motivated by the fact that it has a
U(1) gauge transformation, while still being a non-trivial part of the geometry as we shall see.
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3.3.3.2  More general connections involving M,

There are also more general choices, which however all are not linear in M,, [26]. To see
this, let us define two other useful objects as

o

1
—o' M, + EthﬂMV (3-54a)
M, = Myeg (3.54b)

where @ is indeed a true spacetime scalar, while M, transforms under both rotations
and boosts. It is easy to see that we may write

1 .

We can define a whole class of Hartong-Obers connections parametrized by « € R by
taking

1
I, =—0"9,7, + EW (0uHye (a) + 0vHye (a) — 0o Hyy () (3.56a)

Hyy (&) = hyy + ad7,7, (3.56b)

Notice that Tﬁv is boost and rotation invariant no matter how we choose a as it is
build from tensorial quantities. If we take & = 0, we obtain the connection (3.51), while
other choices gives connections non-linear in M,. Another interesting choice is « = 2,
which is equivalent to taking Hy, (2) = fzw = éﬁe}u.

This class certainly does not span all of the possible Galilean connections, as we may
always add a tensor to the affine connection to obtain a new one.

3.3.4 The Newton-Coriolis two-form

There is also another way of presenting the degrees of freedom in the connection which
is due to Geracie et al. [42]. This is equivalent to to the Hartong-Obers classification, and
we may go from one formulation to another using some formulas given later. Starting
again from the vielbein postulate (3.24), we may write the affine connection as

1
I, =—0'9,7, + EhM (Ouhve + Ovhye — dohyy)

uv
1
+ 5 <TM?\ _ TV/\I/ — TVAy) + T(HCS, (3-57)

where one has the torsion tensor Tw)‘ defined in (3.30a) and versions of it where the
last two indices are raised by> h"" and lowered by h,,, as

T, = hoph™' T, . (3.58)

5 We remind the reader that this is not a bijective mapping.
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The other new object is the so-called Newton-Coriolis two-form C,, given by

C],tl/ = 20[;31/]11 (3593)
CV)L = ijylfl]/l)L . (3'59b)

The Newton-Coriolis two-form is not really a two-form as it transforms under finite
local Galilean boosts parametrized by v* in a non-trivial way:

1 1
C;lv = —8[]4 (vaev]a + ZUZTV]) + Evza[ﬂr"] o UﬂTyva ’ (3.60)

where T, " is the spatial torsion (3.30¢). The connection (3.57) is invariant under boosts,
but each term (except for the torsion tensor) will transform in exactly such a way that all
non-invariances cancel as they should. The freedom in choosing the connection is para-
metrized by the Newton-Coriolis two-form C,;, and the torsion. In this form it is easier
to see what the various choices one can make do to the connection. Especially when the
connection is torsionless, all of the ambiguity in the connection is parametrized by C, .
For example, the Duval-Kiinzle condition (3.34) for a torsionless spacetime implies that
dC =0.

We may translate these results to those of section 3.3.3. Equating the two affine con-
nections (3.57) and (3.36), and solving for W/\W gives after some work

1
WA, = 09,7+ 5 (TAW ~ T, - TWA) +14,C,). (3.61)

On the other hand we may also revert the formulas and write the Newton-Coriolis
form in terms of Ky, Ly, as

CIW = —v)‘ewaa;\e‘v”}’ + a[yvAeV}aeA“ + U/\L[;w]/\ - Kpn/ s (362)

so we may translate between the two classifications at will. For our special gravi-
photonic connection (3.51), one sees in particular that the Newton-Coriolis 2-form is not
closed, but neither does it have any simple expression, which underlines that the two
classifications are not easily related.

3.4 BARGMANN SPACETIMES AND THE GRAVIPHOTON
3.4.1 Extended Bargmann frame bundles

We want to perform a fiber bundle construction for the Bargmann group (2.4) similar to
what we did for the Galilean group in section 3.1. The relevant fiber bundle FM will now
be constructed as a 2D + 1-dimensional manifold because translations and the central
transformation are given by the left coset R™*! x R ~ Barg(d, 1) /HGal (d,1) [42, 60].
One can then identify a set of D + 1-dimensional “extended vielbeins” living on a D-
dimensional manifold M again transforming under local Galilean boosts and rotations.
There is a natural fiber bundle construction that is obviously going to be different from
the Galilean case, but we will see that they are closely related.
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The fiber Fop = {&4 (p) } now consists of all bases of the (Bargmann) vector space RP*!
that we discussed on page 17. A certain section is then a particular extended vielbein

atapoint p € M, ie. 7 (p) = (p, é; (p)) We can then write the extended fiber bundle

FM as a global trivialization

FM=J (p {24 (D)D) - (5:63)
peM
This construction is a principal bundle because the diffeomorphisms of the fiber are
exactly given by the structure group HGal (d,1), albeit in the non-fundamental repres-
entation (2.35):

NOETIOICRIDI (569

A similar construction can be performed for the extended cofiber bundle F*M of
extended inverse vielbeins:

M= (p, {éA (p)}) , (3.65)

peM
& (p) =B ()" (). (3.66)
3.4.2 The relation to the background field M,

The extended (inverse) vielbeins does not constitute a frame because there are D + 1
components of &; (p) and & (p), which does not match with the D dimensions of M
and its (co)tangent space. We may however consistently identify the first D components
of the extended inverse vielbein with the true inverse vielbeins e = (7,e") of section
3.1. This is because the projector &4 i defined in (2.37) may be used to give e as the
projection

PN (3:67)

and we showed in example 2.3 that this projection commutes with the local Galilean
transformations. We can therefore write a particular section as

ed = (1,e",—M) . (3.68)

The extra field M is a part of the extended coframe but not the true frame. We can
interpret it as a background field on the manifold M that is a non-trivial part of the
geometry. Using (2.35) it can be seen to transform under local Galilean transformations
as

1
M =M+ Evzr +v,R", el . (3.69)

This is identical to the transformation background field M, (3.46), and we may thus
regard this construction identical to the one in section 3.3.3.1. This explains the origin



3.5 BARGMANN CONNECTIONS

of M, which was not clear at that point. From the gauging of the Bargmann group
studied by Hartong and Obers [26] M, has a natural interpretation as the gauge field
corresponding to the central charge, which we shall also see the equivalent of in our
framework later. It is however not yet clear how they might result in the same gravi-
photonic connection (3.51), which will be the subject of the next section.

For é; a projection that would allow it to serve as a true vielbeins does not exist
because #4 4 Is not a bijective mapping. We can instead define the vielbeins ey =
(—v,e,) as its inverse of a particular section e through the completeness relations (3.7).
e, may now be lifted to the extended frame as

e; = eAL@AA = (—v,e,0) . (3-70)

This is clearly not a section of the extended frame bundle because it has a zero basis
element.

We may then proceed as in section 3.1 and define the inverse spatial metric as h =
64Be sep and together with the clock form t this is by definition 3.2 a Galilean manifold.

3.5 BARGMANN CONNECTIONS
3.5.1 Relation to the graviphotonic connection
We may again define a covariant derivative on the fiber bundle similar to how we did

in the Galilean case of section 3.3. We define a connection through its action on the
extended vielbeins:

f)ﬂe"‘ = wVAEeB (3-71)
and see that we must have
0 0 0
wyAB =1 Q" w5 0|, (3-72)
0 —be 0

because the extra component M of the extended frame transforms under boosts as it
is seen from (2.35). Written explicitly, the additional covariant derivative in addition to

(3.21) is

DuM = e’ (3.73)

This will lead to the same spacetime covariant derivative of M, as given in (3.48), and
it is in particular not related to any vielbein postulate in this case.

There is a related “graviphotonic torsion” defined from the extra component of the
Cartan structure equation (A.10) for the extended vielbeins as

RIJV (M) = za[va] - ZQ[Vaev]a ’ (3-74)

which is also the field strength in the Bargmann gauge theory extra to (3.30). Notice also
that this can be written in terms of the Newton-Coriolis 2-form C,, defined in (3.62) as
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Ryy (M) = 20, M) + Cpuy - (3.75)

The spacetime torsion is independent of what the graviphotonic torsion is, but R, (M)
does transform under boosts, unless the spacetime torsion vanishes. Hence it is not a
geometric statement to set Ry, (M) = 0 unless there is no torsion as we may always
boost to another frame where it is non-zero.

We can certainly make curvature constraints, but they need to be boost covariant wrt.
the transformation of R, (M). An example of such curvature constraints are given by
fixing the spatial and graviphotonic torsions as

R, (P) = 2e"M,0),1, (3.76a)

Ry (M) = ZUAMAB[;,TV]. (3.76b)

Temporal torsion is already fixed by the general result (3.30b), the spatial torsion con-
straint is just (3.53) and thus we have fixed all of the torsions. The connection correspond-
ing to this choice is exactly the graviphotonic connection (3.51). This shows that it is pos-
sible to realize the local Galilean symmetry on the extended vielbeins ol = (t,e",—M)
and e; = (v, e, 0) that are natural objects of the extended Bargmann frames. With the
simple curvature constraints (3.76) this shows that the origin of the graviphotonic con-
nection and the field M, introduced there have natural interpretations. This also allows

us to substitute the complicated expression for C,, (3.62) with the more simple one

C;w = 2UAM/\aLuTV] — Zava} . (377)

In particular this shows that C,, is only closed when dt = 0.

36 PARALLEL TRANSPORT AND GEODESICS

The parallel transport equation for any rank (p, q) spacetime tensor T with components
T "1..v, is simply the requirement that it stays covariantly constant when moved

along a curve y parametrized by A:

DT dxt (A)
a7 A
For a general parallel transport the effect of torsion is measurable. The clock form and
inverse spatial metric are always parallel transported along any curve as we see from
(3.24) that

VT, L, =0. (3.78)

The geodesic equation is found by considering autoparallel curves, i.e.
Dy _ d2x" (A) LT dxf (A) dx” (A)
dA dA? 7 dA dA

Here torsion does not play a role. The major difference compared to the Lorentzian
case is that solutions of the geodesic equation no longer in general can be identified with

0

=0. (3.80)
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the stationary point of some spacetime length functional as we do not have the analog
of a Levi-Civita connection. In some cases special connections may be associated with
the geodesic equation [61, 62].

3.7 FLAT NEWTON-CARTAN GEOMETRY

Flat Newton-Cartan geometry is an interesting and relevant special case of the theory
derived so far. By a flat connection we mean one where there exists a (usually globally

defined) set of vielbeins where the boost and rotation gauge fields in (3.18) vanishes, i.e.

[49]

wyAB =0. (3.81)

In this case the Riemann curvature R},Wp = 0 and the covariant derivatives of the
vielbeins (3.24) becomes

Vot = 0Ty — FQFTA =0 (3.82a)
Ve, = 9pe,! —Tpue! =0 (3.82b)
Voot = 0,0t + FZ’AU)‘ =0 (3.82¢)
Vpela = 8pefa +T0,e% = 0. (3.82d)

In such a geometry this has the consequence that there is no change of vectors as they
are parallel transported along any closed curve and for geodesics initially parallel, they
will stay so. There could in principle still be non-zero torsion (3.29). Taking this to zero
is seen from (3.82) to imply that a[;,eﬁ = 0. A Galilean connection with no torsion and
curvature is what we will define as a flat Newton-Cartan geometry.

Let us further assume that the flat frame has the property that the symmetric part of
the affine connection is zero so we have FQP = 0 globally. Such a frame is a global inertial
frame where the covariant derivatives (3.82) implies

a},el’,‘1 (x)=0 <« e;‘ (x) = eﬁ. (3.83)

It is now possible to do global Galilean transformations so that we may always choose
the vielbeins as

T = 52 (3.84a)
ot = -6} (3.84b)
e, = 0, (3.84¢)
ey, = . (3.84d)

This is a global inertial (co)frame where the associated global inertial coordinates
xt = (t, xi) are natural to use for non-relativistic field theories [63]. The spatial metric
and its inverse then take the simple expressions
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hyv = 5ub5;55 (3.85&)
wvo = smslisy, (3.85b)

which as we would expect for a Aristotelian connection gives a good Euclidean metric
on spatial hypersurfaces.

For the graviphotonic connection (3.51) this does not imply that M, = 0. Rather we
see from the choice K, = 20,M,; in the general Hartong-Obers classification of section
3.3.3 that for a flat geometry we can only say that

M, = 9,M, (3.86)

where M is an arbitrary scalar. The minimal choice of M = 0 is certainly valid in a
particular global inertial frame. However, if we perform a local Galilean transformation
that preserves global inertial observers (3.84) and (3.86) this may in principle transform
M # 0 in some other frame. The various possibilities are called the orbits of M and are
studied further in [54].

Example 3.6 (Uniformly accelerated frames). The geometric framework makes it easy
to formulate physics in arbitrary coordinates by the general covariant structure. Say
we start in a flat Newton-Cartan in a global inertial frame (3.84) where the geodesic
equation (3.80) is % = 0, and now want to go to a uniformly accelerated frame, which
is just the coordinate transformation

t =t (3.87a)
: 1.
Xt = x4+ EaltZ : (3.87b)
The affine connection transforms non-tensorially as (3.23) which here is simply F;‘lfv/ =

I A
oxH oxv' dxHoxV "

The only non-zero components are
Thy=—a'. (3.88)
The geodesic equation with time as the parameter now becomes

d?x ;
ﬁ - ﬂl . (3.89)

This shows that we have a fictitious force in an accelerated frame, completely equivalent
to what we find in Newtonian mechanics.
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3.8 LINEARIZED NEWTON-CARTAN GEOMETRY
3.8.1 Linearizing the vielbeins

It is useful to have a linearized version of the results derived above as the full non-
linear theory can be rather complicated for some applications. We will consider small
perturbations to global inertial frames of the flat geometry considered in the former
section and keep everything at first order. We take

T = (52 + 7Ty (3.90a)
ot = g —o (3.90b)
e/, = o,+¢e/ (3.90¢)
e, = o —7¢, (3.90d)

where E}f, e, Ty, 0" are the perturbations. The completeness relations 3.7 must still
hold at first order, which implies some relations between the vielbeins and their inverses:

Ty = —0° (3.91a)
&g = &' (3.91b)
an = T, (3.91¢)
e = —0°. (3.91d)

This shows that the linearized inverse vielbeins are completely determined in terms
of the linearized vielbeins themselves. The spatial metric can then be expressed in terms
of the vielbeins up to first order as

- _ 0 —Tp
hyw = 63060 +5,, = (3.92a)
H e . ( —Uy ‘5ab +§ub )
=b
—Hv _ 0 —T
= M%%g—¢%:<_¢aéw_yb>, (3.92b)

where we have defined the perturbations of the spatial metrics as

§‘uv = Eyafsva + 5;5141 = 25[(1yév)a (393&)
S = @ 4 olie = 2sltene. (3.93b)

Because of the constraint (3.91b) we have that spatial components satisfy s = s,
and all spatial indices may be raised or lowered by the flat spatial metrics (3.85).
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3.8.2 Linearizing the Connections

The affine pseudo-connection (3.38) is straight-forward to linearize using (3.90) and we
find:

A AN = 1 Aa 5o = = =
F]/ll/ = 50 ayTV + 55 5b (aySvg' + aysl,{g - ag's;[y) . (3.94)

We can then write the linearized Hartong-Obers connection (3.36):

T, = T,+W', (3.952)
w Lora (50 0% T
W = 56 (83Kaw + 69Ky + L ) (3.95b)

where va, ZP#V are the linearized versions of the objects introduced in the Hartong-
Obers parameterization in section 3.3.3.

For the boost and rotation gauge fields we linearize the pseudo-gauge fields (3.44),
which after a small calculation gives

o O 0

O = ( P ) = ( . _ > (3.962)
Qg _jaOShu - a(avb)

é;mc _ ( ?Oac ) _ ( _aoé[ac} _a[aﬁc} > ) (3.96b)
Whac _abé[ac} + a[agc]h

The details of the calculation can be found in appendix D.3.2. The full boost and
rotations gauge fields (3.43) may then be written in their linearized forms as

Opa = Opa+ Cpa (3-972)
wyac = éyac + Cyac ’ (397b)

where we here have the two linearized pseudo-contortions (3.45) given by

A

Eyu = oW u0 (3-983)
= A
Cyac = oW ue* (398b)

3.8.2.1  Transformation of gauge fields

The non-linear transformations (3.25) were somewhat complicated. At linear order, this
is going to simplify a great deal. The zeroth order part (the global inertial frame) does
not transform under an infinitesimal local Galilean transformation, as the transforma-
tions must be considered a part of the linear order pieces. We find by substituting our
linearization into the transformation laws that the perturbations at lowest order trans-
forms as
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6Ty = 0,8°, (3-99)
e, = 0,8"+ A6k + A (3.99b)
55; = ayAi (3.99¢)
sw = 9T, (3.99d)

where all of the parameters are the same as those stated on page 27.

3.8.3 Linearization of the graviphotonic connection

The background field M, of the graviphotonic connection of section 3.3.3.1 in a flat
geometry as discussed in section 3.7 is not necessarily zero but M;, = d,M, and M is an
arbitrary function. Up to a linear order piece we can therefore write

M, =9,M+ M, (3.100)

For the graviphotonic connection (3.51), we had that the particular choice of Ky, Leyy
(3.49) at linear order becomes

Koy = 20,;M, (3.101a)

Lglﬂ/ = ZagMa[va] — ZayMa[ﬁ{ﬂ + ZavMa[ﬁ (3.101b)

-

Any two choices of M should be equivalent for the geometry in the end even though
it is not obvious at this point. If we choose M = 0, then we have L,;,, = 0 so it is entirely
higher-order, while Kgp is independent of how we choose M, so this is the simplest
choice.

—A a _ _
W' = 6 (899, M, + 0%, M, ) . (3.102)

The corresponding linearized pseudo-contortions Ca, Cyac (3.98) take the expressions

— 200 M

Cu = — 077 a] (3.103a)
' ( 9My) ) i

_ 9 M.

Cuij = ( [0 4 > : (3.103b)

These results of the linearization will be very useful in the following chapters, espe-
cially 7, 8.
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NON-RELATIVISTIC FIELD THEORY

In this chapter we shall study non-relativistic field theories on both flat and
curved Newton-Cartan geometry. We begin with the development of field
representations and discuss some concrete models that can be realized. Next
we will study the conserved spacetime symmetry currents of Galilean and
Bargmann theories and how the currents may be improved. Finally the min-
imal coupling of field theories to Newton-Cartan geometry will be discussed.

4.1 FIELD REPRESENTATIONS
4.1.1  Galilean theories

Assume that we have a field theory covariant under global Galilean transformations.
We assume further that it contains a field ¢, (x), where the index ¢ is belongs to some
representation of the homogeneous Galilean group HGal (d,1) = O (d) x R?, and the
spacetime transforms as described (2.1), (2.6). We are especially interested in finite ir-
reducible and indecomposable representations of the field components, which do not
need to be unitary contrary to the states discussed in section 2.3.3. If we assume that
the representations are linear, then we may represent the action of the Galilean group
on the fields by the operator on field space U,; (¢, A, L), where parameters are contrac-
ted with the generators, ¢# = (CO, (fi) for translations, A’ for boosts and A = —\Jf
rotations respectively [28]. We take the representation U; (¢, A, A) to be written as the
direct product [3]

Uy (8,A,0) =S5 (AA) X T (EA,M), (4.1)

where S; (A, ) is the representation matrix of HGal (d, 1) that the field carries para-
metrized by the boost and rotation only, and the action on the spacetime is represented
by a differential operator T (, A, A). For the generators this product implies that they
are represented by a commuting sum of a part that acts on the spacetime as differential
operators, and a part that only acts on the field components. T (§, A, A) is an infinite
dimensional and unitary representation of the form

0 iDL s AiB A
T(5,AA) = exp (—150H+1(',“Pi—|—1A1Bi~|—12/\”]ij>

, 1. ..
= exp (CVBV +tA'9; + EA” (xi0; — x]-az-)> (4.2)
where the generators are represented as differential operators H = idy, P, = —id;,
Bi = —itd; and [;; = —ix;0; + ix;0; that are hermitian wrt. the standard L? (RP) inner

product. The representation of S,; (A, A) may also be written as an exponentiated form
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with the generally non-anti-hermitian generators (B;),; and (Jij); of the HGal(d,1)
representation as

. 1.
Si7 (A A) =exp (AlBi + 2)&”]1-]) (4-3)

a
We then require the passive transformation law that the new field at the new space-
time point is equal to the old field at the old spacetime point, i.e.

oy (%) = g (t,x), (4.4)
where at the infinitesimal level ' =t + &%, x = %Aijxf +A't+¢and @) = S5 (A, M) @,
which can also be written as the action of U; (¢, A, A) on the field as

gp (') = Uy (&M N) @ (%), (4-5)
which is verified to be correct with the definition of the operators S; (A, A), T (¢, A, A)

we have given. Two subsequent transformations must of course satisfy the group multi-
plication law of the Galilean group, which constrains the possible realizations.

4.1.2  Bargmann theories and mass

If we instead consider the Bargmann group the discussion above will be nearly identical
except that we need to include the transformation of the field under the central charge
M. The homogeneous Galilean group representations are the same as before and thus
we can still use the same S; (A, A) for Bargmann theories. The central charge is related
to the spacetime part and not the homogeneous Galilean group as we have seen in
section 2.4. As it is commutes with all generators, it may be introduced as another factor
in (4.1) so we have

Uy (&A1) =S5 (AA) x e TEOM T (&A1), (4.6)

where f (t,x) a priori is undetermined but constrained by the Galilean group struc-
ture, especially group closure under compositions [27]. It turns out that there is a unique
and non-trivial solution given in terms of finite transformation parameters as

1
f(tx) = Evzt +v'Rx — 0. (4.7)

These linear Bargmann representations are equivalent to the projective representation
of the Galilean group we may study [39]. We have included a parameter o € R here,
because we can see that doing first a boost with velocity v, then a translation a, then
doing the inverse boost and finally the inverse translation is just a constant phase e~/
leaving the spacetime and components unchanged, so the theory automatically has a
U (1) symmetry, which is conveniently parametrized by ¢. Following the discussion of
section 2.4.2 we should here think of (M), = ml; as the of mass of the field, with the
field ¢, being an eigenvector of the mass generator. It is then clear that massless fields
with m = 0 are exactly the Galilean theories considered in the former section.
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4.1.3 Realizations

The spacetime part T (¢, A, A) is the same for all Galilean or Bargmann theories, and
only the representations S,; (A,A) may take different realizations. Besides this there
is the question of whether the central charge M acts trivially on the fields. If it does
(massless theories) we are to consider the linear Galilean representations, if the action
is non-trivial (massive theories) we are to consider the linear Bargmann representations
[64]. There are thus several possibilities and we will discuss some of them below.

4.1.3.1  Massless (Galilean) scalar

The simplest representation is the scalar representation where we simply take S ; (A, A) =
1 and take the mass of the field ¢ (¢, x) to be zero. The field will then only have Galilean
spacetime transformations under which it transforms linearly.

Example 4.1 (Massless free scalar). The simplest lagrangian density we can construct is

1 .
L= 3. (48)

The Equation of Motion (EOM) is just the Poisson equation with no sources. This theory
is a bit degenerate, as it does not involve time derivatives and thus there are no waves.
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4.1.3.2 Massive (Bargmann) scalar

If we instead take S,; (A,A) = 1 as before but now take non-zero mass m of the theory,
we are considering a scalar under the Bargmann group. The field is necessarily complex
because it gets a phase under the transformation (4.7) and it has a global U (1) symmetry
corresponding to the central transformation.

Example 4.2 (Schrodinger scalar model). A Lagrangian density

L = (img*dp — impd*) — 0;9™ ' (4.9)

can be obtained from a null reduction of a free massless complex Klein-Gordan field,
which we will show explicitly in chapter 7. The EOM is just the Schrodinger equation
with no potential, but it is easy to add a Bargmann invariant potential of the form V (|¢|)
to the theory to make it interacting. Notice also that the massless scalar of example 4.1

can be obtained from the m — 0 limit of this theory directly.

4.1.3.3 Spinor fields

HGal (d,1) contains a SO (d) subgroup, so we may identify the standard irreducible
representations with various spin representations. Let us now restrict ourselves to D = 4.
We may first take the representation of the boost to be trivial so that S,; (A,A) = S5 (A)
can be taken to be the usual (2j+1) x (2j+1) dimensional unitary and irreducible
matrix representation of the SO (3). These are however not faithful representations of
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the homogeneous Galilean group. If we consider the defining spin-% representation of
SU (2) in terms of Pauli matrices [64], then the fields are 2-spinors 1 (¢, x) that simply
transforms with a (4.3) here given by

yo i
SK/Z (M) =exp (2€z‘jk‘71’/\jk> . (4.10)

On the other hand, if we do not take (4.3) to be trivial in boosts, we find the only
possible indecomposable but not irreducible spin-% representation acts on 4-spinors
P (t,x) = (¢4 (t,x), P— (t,x)) with transformations of the form [3]

S% (M) 0
S(AA) = , . .
(4,2) (—;mAls% (A) S§*% (/\)) (4-11)

Example 4.3 (Free massive Fermi spinor). It is possible to do a null reduction [65] of the
massless Dirac Lagrangian density with Dirac 4-spinor ¥ = (¢4, ¢_), which results in

L= % ail/JtU'i1P+ - th‘iaz‘l/JJr + ailpigilpf — l,bi(]’iailp,
— V2 (9haops — gl +2mytp )] (12)

This Lagrangian density describes a non-relativistic free spin-%2 4-spinor, which we may
call the Fermi 4-spinor, that transforms under (4.11). The EOMs are easily derived from
this and one sees that ¢_ enters without derivaties for the Euler-Lagrange equations
wrt. . One may substitute this EOM into the other and the result is an equation for
¢+ which is just the Schrodinger equation.

Interestingly enough the EOMs may be obtained by a similar line of reasoning as origin-
ally led Dirac to his equation by “taking the square root” of the Klein-Gordon equation.
In the non-relativistic case we would try to “take the square root” of the Schrodinger
equation by introducing a Clifford algebra which will eventually led us to (4.12) [3].

4.1.3.4 Vector fields

For the vector representations there are several ones of interest to be considered. It is
of course possible to take the representation HGal (d, 1) be the fundamental irreducible
representation (2.22)

sS4 (U,R):< 10 ) (4.13)

v R,

which will act on Galilean D-vector fields. The Galilean D-covector fields can be con-
structed as fields that transform in the inverse transformation (2.23).

Besides this, there is also a D + 1 vector representation, which will be relevant for
Galilean electrodynamics that we will consider later. Here the D + 1 components trans-
forms under the representation (2.35), the extended representation of the homogeneous
Galilean group, i.e.
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A 1 0 0
$%@R)=| o R, 0 |- (4.14)
—v*/2 —v,R% 1
In this representation there is an extra component of the vector compared to the fun-

damental representation of before and it is indecomposable but not irreducible. On top
of this comes also the D + 1 covector representation that transforms under the inverse

of (4.14).

vector representation (4.13) is the incompressible Euler fluid [29, 66]. The EOM is

where the Galilean 4-vector is (p (¢, x), u; (t,x)).

Example 4.4 (Incompressible Euler fluid). An example of a theory that furnishes the

dout; (t,x) + uj (t,x) dlu; (t,x) +0;p (t,x) =0, (4.15)
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4.2 CONSERVED GALILEAN SYMMETRY CURRENTS
4.2.1  Canonical conserved Noether currents

Noether’s theorem states that every differentiable symmetry transformation of an action
S[¢] = [,;dPx L (¢,0¢) can be associated with a conserved symmetry current. We give
the proof of the most general case for the field theoretical version in appendix B.

For Galilean spacetime symmetries the infinitesimal versions of the coordinate and
field transformations (4.3), (4.5) are given by

Kt = xt 4 sxt (4.16a)
oy (x) = @u(x)+ 3¢ (x) (4.16b)
5t = Co=e€o (4.160)
ox; = Ci=e€+Nt+ /\Z‘]'Xj (4.16d)
, 1. ..
Sge(x) = N (Bi)g o (%) + 517 (Ji) g 97 (%), (4.16€)
where A = —\J" are just infinitesimal spatial rotation parameters, A’ boost paramet-

ers and €, € infinitesimal global translations that together are all of the parameters of
the Galilean spacetime transformation.

Specializing to our case, the conserved canonical Noether currents (B.g) takes the
expression



50

NON-RELATIVISTIC FIELD THEORY

L
Egan = 30906 - ‘SV'C (4.17&)
9 [0 ] ’
Thn = ———<0d'q@,— "L (4.17b)
9 [0y 9]
bhan = tTlan +wh (4.17¢)
jhan = x'Thhy — I Than + s (4.17d)
. oL .
w' = ——————(B") ¢ (4.17€)
9[99 ( )M e 417
y oL y
st = ———(JV) o, (4.17f)
3 [0,9/] (17) o 417

which are the canonical energy current El,, and momentum current Ty, the total
spatial angular momentum current ]é'alfl, and the boost current bl,,. We call the non-
conserved current w# the lift-current and s*/ the spatial spin-current, which are related
to the transformation of the field components under boosts and rotations. Notice from
the above that in a non-relativistic theory, the would-be energy-momentum tensor of re-
lativistic theories splits up into two independent currents. This demonstrates the general
hallmark of non-relativistic theories with time and space not being on the same footing.

The conservation laws for the boost and rotation current implies the relations

TV = —ayw”i (4.18a)
2T = —9,sM. (4.18b)

Hence the canonical stress tensor Teh, is only symmetric automatically if s#/ vanishes
and TY  is a total derivative with implications we shall study in the next section.

It is useful to write a variation of the action in terms of general local parameters.
These corresponds to local translations, boosts and rotations at lowest possible order in
the geometry and in this case (B.11) becomes

i 1 g
oS [(P] = /M deaﬂgOEgan + angTgaln + ayAiw’“ + an)\ljs"” . (419)

This variation is non-zero for general transformations. We recover the on-shell conser-
vation laws when we take the parameters to correspond to the global variations

Go(x) = eo (4.20a)
& (x) = e+ At+ Ay (4.20b)
Ai(x) = A (4.20¢)
)\i]' (x) = )\1] . (4.20d)

In this way one recovers the symmetry currents (4.17) by grouping together in the
same parameter.
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4.2.2  Generators of the Poisson algebra and wh!

The conserved Noether currents lead to conserved symmetry charges as described in
appendix B. These charges are defined by an integration of the charge densities of the
spacetime currents over a spatial hypersurface S:

H = /dex E2., (4.21a)
P = /s dix 1% (4.21b)
B = /dextTgain—i—wOi (4.210)
R R ) (4219

These generators are the representation of the Galilean symmetry on the field theory.
They furnish a representation of the Galilean algebra with the Poisson bracket defined
as [67, 68]

5F 6G G OF
F,Gl = [ dix |25 02 9% 97| .
{F,G} /5 * Lsnﬂ 5p; oIl dgy (4-22)

where IT¢ = a[gfp n is the conjugate field momentum transforming oppositely to the
field.

If we now use the constraint from the conservation law of the boost and rotation
currents (4.18), we see that this implies that we can write the corresponding momentum
generator as

P = —/ddxayw’”
S
= —ao/sddwai, (4-23)

where we in the last step used Stokes” theorem and assumed that the boundary terms
vanished. In the case that w# = 0, we see that this implies on the field generators (4.21)
that

PP=0 (4.24a)
B = 0 (4.24b)
Ji = /s dx? 07, (4.24¢)

In such theories the fields the total momentum is zero and the fields transforms trivi-
ally under translations and boosts. This happens for several Galilean theories of rel-
evance, namely all representations of HGal (d,1) that have S; (A,A) = S,; (A). These
theories have no interesting dynamics, in particular no any wave solutions. If further
stil = 0, then the theory does not carry any angular momentum.
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Example 4.5 (Galilean scalar). For massless Galilean scalars studied in section 4.1.3.1,
we have that S,; (A,A) = 1, which means that the boost and rotations generators are
trivially represented. Therefore w*' = s* = 0, and (4.18) implies that the momentum,
boost and rotation charges charges are zero and that the stress tensor is symmetric.

4.2.3  Improvement of the currents

There is an ambiguity with defining the currents whose charges generate the symmetries
on the fields as discussed in appendix B. They can be allowed to differ up to a total
derivative, which can be used to get versions of the currents with simpler properties.
We may define improved versions of the currents as

Eﬁnp = Ebn+ 0, ALK (4.25a)
Tiﬁp — Tl +9,B°M (4.25b)
fooky = jtah + 0, P (4.25¢)
bﬁ;p = blan + apEp”i (4.25d)

where the improvement terms all are antisymmetric in y, p. The choice of improve-
ments does not change the physics (i.e. the symmetry generators (4.21)) if there are no
boundary terms, which we will always assume is the case. This is well-known in the case
of relativistic theories, where for the Energy-Momentum (EM) tensor it is known as the
Belinfante procedure for obtaining the symmetric EM tensor as discussed in appendix
A.3 [69]. It is also worth noting that this discussion holds even for theories that does not
have a Lagrangian formulation.

4.2.3.1  Choosing the simplest improvements

In our case we want to do something similar and put the currents in the simplest possible
form. This is the same as saying that we want to make the constraints on the energy and
momentum currents coming from the conservation equations 9, ]ﬁgp = 8ybfﬁlp =0 as
trivial as possible by removing as much of the lift- and spin-currents as possible. One
can analyze how to maximally exploit the ambiguity to remove as much of them as
possible, with an essentially unique answer. We give details of how to perform such an

analysis in appendix D.4.1. The result one finds is

BH = (5}3‘581 [Zw(kl) - soﬂ + 55]’-4(5]‘; [sk” + sk 4 gk (4.26a)

D] —  yiBPHI _ yJ BPH (4.26b)
EPHE —  pBPH (4.26¢)
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which gives the improved spatial angular momentum and boost currents given by

b?nip = tTiﬁp"“l/JW (4.27a)
fimp = ¥ Ty =¥ Ty (4-27b)

where we have defined the non-conserved current that we have not succeeded in
removing by improvements as

P = o) [wOi] + 5];-4 {w[ﬁ] — ;SOU} . (4.28)

This current is non-conserved and as we see a combination of the lift and spin currents,
and it is antisymmetric in the spatial indices ¥/ = —y/". It will turn out to be of great
significance later when we want to couple Galilean theories to Newton-Cartan geometry,
but right now its interpretation is not clear. The new improved symmetry currents now
give the following constraints from the conservation of the rotation and boost currents:

Ti%p = _ayl/’m (4.29a)
2Tl = 0. (4.29b)

The stress tensor can thus always be made symmetric, but TV

& can in general only be
' imp
made the total derivative of the object .

4.2.3.2  Further improvements of the momentum current

If we want to keep the stress current symmetric, there are still some improvements that
can be done. We may write a new current as

Tilﬁlp = Ti’:‘;lp + apgwi_ (4.30)

Now, to still satisfy the properties (4.29), we must therefore have that 9,87 is sym-
metric but otherwise arbitrary.

4.2.3.3 The improvements of the energy current

The decoupling of time and space in a Galilean theory has the subtle consequence that
energy and momentum are decoupled. In fact, contrary to the Poincaré case in appendix
A.3 we have not specified the improvements of the energy current and they didn’t have
any influence on the analysis above. This is the reason why we couldn’t define currents
independent of the lift- and spin-current like in the relativistic case, as we simply didn’t
have enough improvements at our disposal because of the decoupling.

There might be other constraints that would determine the improvements uniquely.
In gauge theories we can require it to be gauge invariant, which will lead to a unique
choice of improvements.
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4.3 CONSERVED BARGMANN SYMMETRY CURRENTS
4.3.1  Canonical conserved Noether currents

Take a theory with Bargmann symmetry described by an action S [¢] = f M dPx L (¢,0¢)
where the fields carries some representation of the Bargmann group. The only difference
to the Galilean case of section 4.2.1 is now that there are two extra terms in d¢, due to
the representation of the central charge M on the field components. The infinitesimal
versions of the coordinate and field transformations (4.7) and (4.6) are given by

K= xt 4 sxt (4.312)

@r (x') = @u(x)+ 69, (x) (4.31b)

ot = Go = €o (4.310)

ox; = Gi=e+ Nt+ Ay (4.31d)
dpi(x) = H+ioc (M) 97— iNx; (M) 7 97

+A' (By) g 97 (x) + %/\ij (Jij) g e (%) - (4.31€)

The extra parameter compared to the Galilean case (4.16) is ¢ € R corresponding to
the global U (1) symmetry of the field. The corresponding conserved current is what we
will call the mass current J%,. There is an additional piece with a boost parameter from
the linearization of the projective factor exp (—if (t,x) M) and this will change the boost
current, but otherwise the rest is as in section 4.2.1. The two conserved canonical Noether
currents that change compared to the Galilean currents (4.17) take the expression

oL
]gan ] <M)@ Py (4'32a)

——
8 [aHQDE
blan = tTlan — X' Jlan + wh" . (4.32b)

We see that while the conservation law for the rotation current does not change, the
one for the boost current now implies a new relation so that we have

Tg;n = ]éan_a,llwm (433&)
2Tl = 3. (4-33b)

There is now a relation between the momentum density and the mass flux, which we
will exploit very soon to simplify the equation. It is again useful to write a variation of
the action in terms of general local parameters which is done as

. 1 )
oS [90] = - /M dPx ay&OE(P:lan + ayéOTcyaln + ayo']gar + ay/\iww + an/\ijswj . (4-34)

where we recover the on-shell conservation when we take ¢ constant and the rest as
in (4.20).
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4.3.2 Improvement of the currents

The new mass current brings in new improvements besides (4.25). It can be improved as

]i}:np = ]gan + apcpy . (435)

We may now choose the extra improvement C°* of the mass current in a useful way

to simplify the currents (4.33) as much as possible. The improvement EP¥ for the boost

current b* must be chosen in a different way than in the Galilean case (4.26), but the

remaining improvements are identical. The currents are maximally simplified when we
chose

cor = 268wt o 8l (4-36)

We give the details of the argument in appendix D.4.2. With this choice we have for
the boost currents that this leads to a complete cancellation of the lift current and we
find

pio_ ki i Tt
bimp - tTimp - xZ]imp : (4.38)
The conservation of this now implies that we have
oi ,
Til’;lp = Iilmp ’ (439)
which is to say that momentum density is the same as the mass flux. In a massive
Newtonian theory this relation is to be expected.

Example 4.6 (Fluid). To illustrate the physical relevance of (4.39), we consider a fluid
with velocity field u (¢, x) with mass density p (¢, x). The mass flux is then simply J' =
pu'. On the other hand the momentum of the fluid is found by summing all contributions
of the fluid particles, i.e.

P = /dexpui = /dex T (4.40)

From this we see that T% = ]/, confirming the equation (4.39).
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4.4.1  (Minimal) coupling to gravity

So far we have been considering theories on flat space. The Lagrangian densities we have
discussed have all of the required spacetime symmetries, albeit only in global versions.
In order to obtain a general covariant theory, we must replace the partial derivatives,
expressions etc. with covariantized ones. It is relatively straight-forward to do this for
known theories using the “minimal coupling principle” the same way we do it in general
relativity. More precisely, we should substitute time derivatives of a field ¢, with
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dopr — =o'V (4-41)

Spatial derivatives may be written contracted with ¢!’ along the lines of

dipr — eV gy (4.42)

The covariant derivatives here contains the appropriate boost, rotation and affine con-
nections that is required by the representation that ¢, furnish. In principle any connec-
tion may be used as we do not have a notion of a Levi-Civita-like connection as discussed
in section 3.3, which makes the minimal coupling principle more arbitrary here than in
the relativistic case. The covariantized derivatives must be combined so that the action
is invariant under local Galilean transformations. This is not as obvious as one would
have wished for, as for example v* transforms under boosts, while 1#* does not.

The graviphotonic connection of section 3.3.3.1 is of relevance here as it is particu-
lar simple, but it is not immediately clear what M, can be interpreted as or what it
couples to. This connection is good for both Galilean and Bargmann theories, but in
the Bargmann case M, has a natural interpretation as we will show soon. If we use the
graviphotonic connection, then one may use 9" and ¢! defined in (3.50) as they are boost
invariant.

We will in the following use this connection exclusively. Let us suppose that we now
have a theory that is properly coupled to some Newton-Cartan background with the
“graviphotonic Galilean connection”. The action is then in general expressed in terms of
the (inverse) vielbeins and M,, like

Sle, T, e, M| = /M dPxeL (¢,99,T,e,M), (4-43)

where e = det (7, e”) so the Lagrangian density indeed is a real scalar. Varying with
respect to the field will give us the EOMs through the Euler-Lagrange equations.

4.4.2  Enhancement of My, to mass gauge field

Consider a local transformation of the background defined by

S M, = 9,0 (x) (4-44)

together with leaving all vielbeins invariant, i.e. 5065 = 0 et cetera. This is effectively a
U (1) gauge transformation of M,. Such a transformation is actually the result of diffeo-
morphisms and local Galilean transformations in a special combination. To see this, we
can write the J,-transformation as defined above in terms of the general (infinitesimal)
transformation rules for the vielbeins and M, given by (3.25), (3.47). We see that the
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kind of diffeomorphisms generated by the vector ¢ (¢), local boost A, (¢) and rotations
A", (o) that produces such a transformation are of the kind

LeoMy = —e,/Na(0) +9u0 (4-45a)
Leoytn = 0 (4-45b)
Looes = —A%(0)e! — A (o), (4459
Lot = —el', A" (o) (4-45d)
Lyoye'y, = —A(0)es. (4.45€)

We can actually find a solution that only involves a diffeomorphism and local boost
[54]. This is completely analogous to the situation of section 4.1.2 where we saw that one
can always make translations and boosts to effectively get a (global) U (1) transformation
of Bargmann fields. For the geometry this shows that the §,-transformation is always
a local symmetry of the action (4.43) being just a particular diffeomorphism and boost,
but it does in general not give rise to a conserved current since it is not necessarily a
global symmetry to which the conserved currents are associated. This can only happen
in certain special cases, namely those where M, can be enhanced to the gauge field
associated with a local U (1) transformation. As Bargmann theories automatically have
a global U (1) symmetry generated by the central charge it is always enhanced to a
local U (1) symmetry with M, as a gauge field. We shall in this case often call it the
mass gauge field because it is associated with the conserved mass current 7 to which
it couples. It is not a usual gauge field since it is a non-trivial part of the geometry, in
particular as it transforms under local Galilean boosts.

What M, couples to in Galilean theories is one of the main results of the thesis which
we will give the answer to in section 5.2.

4.4.3 Energy, momentum and the coupling of M,

When coupling a field theory to a Newton-Cartan background, the background fields
are now sources for energy, momentum et cetera of the theory [57, 54, 63]. We may write
the variation of the action (4.43) wrt. the background in terms of the vielbeins and M,
in a way that defines some currents:

OpgdS (@, T, e, M] = /M dPxe (5”5@ + T”aéeﬁ + J”éM,J . (4-46)

In general curved space this leads us to think of £ as some kind of energy current,
as it is the response of variation wrt. the local time direction 7. This current is invariant
under local Galilean transformations because 7 is. This is not the case for the current
7", which should be thought of as some kind of momentum current, because it is
the response to variation of the local spatial directions. The current J# that couples
to M, is likewise not invariant under local Galilean transformations and its physical
interpretation is not clear in general. However when M, can be enhanced to the mass
gauge field, we have by our previous analysis shown that this current should be thought
of as the covariantized version of the mass current.
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Notice that we may write the above variation in a way where the behavior under
local Galilean transformations is more clear. We can identify the expression above as a
contraction of the current

T, = (& T =T") (4-47)

with the extended (Bargmann) frame oA = (t,e", —M) of section 3.4. TH 4 can be calcu-

lated from the functional derivative

TP‘A — W , (4-48)
4
where the functional derivative is taken at some point at some particular section of
the extended coframe bundle. We will in chapter 5 verify that if we expand around flat
Newton-Cartan geometry, then the currents we obtain are exactly the improved ones
of sections 4.2.3 and 4.3.2. This is similar to the relationship between the Belinfante-
Rosenfeld EM tensor and the Hilbert EM tensor discussed in appendix A.3.2.
The transformation of 7" 4 1s clear as it must leave the action invariant: It transforms
under local inverse extended homogeneous Galilean group representation (2.36) as

7-/}1[4 = TMB (B_l)BA . (4.49)

The subcurrent 7", = (€#, T",) is Galilean covariant transforming under the homo-
geneous Galilean group representation (2.22) and the coupling 7;{‘(56;? is Galilean invari-
ant on its own, while J# will mix with the other components of the current, but J* oM,
stays invariant. As the action is invariant when we do GCTs and local Galilean trans-
formations of (3.25), (3.47), there are now various off-shell Ward identities that relate the
currents and state the covariant conservation equations [13, 54]. If we do diffeomorphic
variations, i.e. (Sé’;i = ﬁgé’;?, we obtain the covariantized version of the currents (4.17) and
their covariant conservation equations:

1 oA oA

We can also perform the transformation (4.44) which then implies

%ay (eJ") =0. (4.51)

Notice that this shows that we in general only have D conserved currents, but 7" i
has D + 1 Galilean components. This is a reminiscence of the fact that J# only is a
symmetry current when there is a local U (1) symmetry of the field theory. If this is the
case, then the conservation (4.51) is non-trivial, which we see an example of in section
7.2.1. If there is no local U (1) symmetry of the field theory, then (4.51) is going to be
trivial in one way or another as it cannot correspond to a symmetry current. This we see
an example of in section 8.2.5.

If we instead do a Galilean boost (3.25), (3.47) we obtain:

j'ueya - _THaTy . (452)
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When J¥ is a true symmetry current because of the local U (1) symmetry enhance-
ment, then this is the covariant version of the statement that momentum density is equal
to mass flux (4.39) that was found by considering improvements of the flat currents. Oth-
erwise this is just relation that must be built into the theory.

If we do a spatial rotation (3.25) we obtain:

0=eu, 7", (453)

This is the covariant version of the flat case version (4.29) where we showed that we
can always make improvements so that the stress tensor is symmetric.

There is nothing stopping us from defining other energy and momentum current-like
objects that encode the same information. Having such quantities in terms of spacetime
tensors is particular useful. This is for example obtained by defining the variation of the
action in terms of (3.50) like Hartong et al. [54] do it:

OpgdS [go, f;,h—l,cb} = /M dee(—TyT”VzSﬁV — 840" T" 85 Ty6h”
1 .
+ EézeV”T”Végbépaéhp‘r + TMJV(SCI)) , (4.54)

where we see that T', encodes information about both energy and momentum, so it
may also claim to be a notion of an EM tensor for theories on Newton-Cartan geometry.

There is also yet another definition of an energy-momentum tensor-like object [70].
This one is one most convenient to use for the theories we consider in chapters 7 and
8, but it does of course encode the same information. We here define the variation wrt.
o, h*¥ and M,, as

bogaS [0, 171, M| = /M dPxe (=S80 + Tl + JHSM,) . (4.55)

The current 7;,1, is here symmetric and invariant under local Galilean transformations,
while this is not the case for S, J,. We may solve for T, J* or Sy, Tyy, JH in terms
of T" 4 Or vice versa equating (4.46) and (4.54) or (4.55). We find the relevant formulas
to be:

T, = —o'S, +h"*T, — J'M, (4.56a)

EV = 2007 Thy — v' S0P (4.56b)
T = 0'Speh — 21T e . (4.56¢)
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NEWTON-CARTAN FROM THE NOETHER PROCEDURE

In this chapter we see how we from the starting point of globally invariant
non-relativistic field theories can construct Newton-Cartan geometry at the
linear level. This is done following the Noether procedure for both Galilean
and Bargmann field theories. The analysis will make the coupling to geo-
metry clear so that we can see what the vielbeins and gauge fields couple to.
We shall give an argument showing that the graviphotonic connection is the
minimal connection of Newton-Cartan geometry and determine its coupling
for both Galilean and Bargmann theories.

5.1 THE NOETHER PROCEDURE IN GALILEAN FIELD THEORY

The way we obtained Newton-Cartan geometry in chapter 3 was more-or-less simply
figuring out how to define a geometry that had the correct properties imposed by a non-
relativistic theory of gravitation. In a sense this was a very constructive procedure with
little regard for the field theories that we want to live on these manifolds, as they entered
at the last stage of our analysis. Only after coupling the field theories to Newton-Cartan
geometry was it possible to figure out what could be inferred about the field theory
from the geometric framework.

One might wonder whether it is possible to turn this whole thing around and take the
field theories as the starting point and see what they would imply about the geometry.
This is indeed possible and is well-known in the literature as the Noether procedure
[71, 72]. The goal of the Noether procedure is to obtain an action S [¢, A] invariant under
local symmetries starting from an action (%) [¢] invariant only under global symmetries.
This is done by adding gauge fields A, to the theory and modifying the action by
adding coupling of the gauge fields to matter currents and modifying transformation
laws. There is a systematic way of doing this iteratively which we review in the general
case in appendix B.2.

In our case the global symmetries are the Galilean transformations (4.16) of some field
theory with action S [¢] = [,,dPx L (¢,9¢). The relevance of the Noether procedure
in coupling the theory to gravity stems from the observation that at lowest order this
is equivalent to having the theory invariant under local Galilean transformations. Fol-
lowing the Noether procedure, we will obtain just that. We are not aware of a complete
treatment applying this to theories with non-relativistic spacetime symmetries. The ad-
vantage of doing this is that it is easy to see what degrees of freedom couple to what
and how to obtain a minimal geometric structure that realizes the coupling to gravity.

At lowest order the general results of the Noether procedure (B.15) are universal
for any theory. We simply add the coupling of the flat conserved spacetime Noether
currents coupled to gauge fields to the action, which will then provide the lowest order
local invariance of the action. In our case that the gauge fields are going to be inverse
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vielbeins 1y, e,; coupling to the energy and momentum currents which gives us the local
translations, and gauge fields ();, wy,;; that couples to the non-conserved lift- and spin-
current to provide local boosts and rotations. The action up to first order is then given

by

Slee7,Q,w =5[] +5Y [pe,7T,Q,@], (5.1a)

_ i = 1
st = /M d7x I:TP‘Egan + 8ui Tean — Q! + 5 @pijs" (5.1b)

where we assign the local (first order) transformation law to the gauge fields that
according to the general theory should be

5(1)@ = 9du€o (5.2a)
0We, = duei + Aol + A (5.2b)
(5(1)§W = A (5.2¢)
sWw, = 9.0 (5.2d)

In our case the vielbeins 7y, ,; must couple to EL.., T, while the boost and rota-
tion gauge fields ();, wy,;; must couple to the non-conserved w*', s"/. This is in contrast
with a general internal gauge theory where all gauge fields would couple to conserved
currents and only tensors can couple to non-conserved currents. The coupling of gauge
fields to non-conserved currents is a special feature of gauging spacetime symmetries
and can be traced back to the fact that the background changes under the local trans-
formations [73]. For instance one sees from (4.16) that a boost comes with an infinites-
imal translation and only the total variation is proportional to a conserved current as
described on page 50. In principle one could go to next order in the iteration as outlined
in appendix B.2, but lowest order will be sufficient to study aspects of the coupling to
Newton-Cartan geometry.

The gauge fields (), w,;j can in principle be chosen arbitrarily, but we would like to
see what the “minimal choice” is. This is where the improvements (4.25), (4.26) that sim-
plify the conservation equations maximally enter the picture. Because we have chosen
the improvements so they were written entirely in terms of whi st we can do straight-
forward integration by parts to find new objects Cyq, Cy0p that couple to these currents:

- 7 . 1 . _ . 1— ..
s = /M d”x [TuEé’an +20iTimp + 55 Timp — Cu@™ + 5C,s |, (53)

where we write 7, = —ep, and have defined the perturbation of the spatial metric
§ij = 2¢(;;) in agreement with section 3.8 and define

EW = Qw—ﬁw (5.4a)
Cyab = wyab_ayab (54b)
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-~ 1 _
an _5‘; <28056a + a(cva)> (5-4¢)

éyab = —52 (aoé[ab] + a[ﬁb]) + 52 (8[usb]5 - BCEW,}) . (54(31)

The details of the calculation is given in appendix D.5.1. We give a demonstration
of the above for Galilean electrodynamics in section 8.3. The objects 6#%/ é#ﬂb arise
from the integration by parts are not actual connections on their own, as one can check
that their transformation properties under local Galilean transformations are not ex-
actly those of gauge fields at lowest order given by (3.99). However, these objects are
nonetheless well-known. They are identical to the linearized pseudo-gauge fields of the
pseudo-connection (3.96).

The reason why it is expected that we obtain just this is that the improvements of the
currents we chose simplifies them maximally. As it is the canonical currents that the viel-
beins couple to and we simply substitute the improved currents and the improvements
that simplified the conservation equations the most, we “extract” as much of a connec-
tion that can be expressed in terms of the vielbeins as possible. Contrary to the Noether
procedure for field theories with global Poincaré symmetry studied in appendix A.4
where the same line of reasoning gave the linearized Levi-Civita connection, we here
do not exactly get a connection, but only the well-known linearized pseudo-connection
(3.96). It might be profitable to review how this works in a more familiar setting, where
we also explain why it is expected that we in that case obtains a connection from the
improvements.

This proves at the linear level the previous result that the Galilean algebra cannot be
realized on the vielbeins alone that we discussed in section 3.3.2. The objects EW, Eyab
have the exact same structure as the pseudo-contortions, being the difference between a
true connection and the pseudo-connection that was introduced in section 3.3.3.

Hence the above shows that the Noether procedure reproduces a large part of the
Newton-Cartan geometry studied in chapter 3. We still need to determine a connection
in this language. To obtain a good connection, we thus need to add something (i.e.
choose EW, E;mb), and the big question is what must minimally be added.

5.2 THE COUPLING OF THE BACKGROUND FIELD MV

Let us now investigate what the minimal connection is that we can construct. To realize
a connection in this field theoretical approach, we need to be able to build it from
the coupling of some field to currents of the theory that are not coupled to anything,
because otherwise they will modify the conserved currents of the theory. The only such
current we have left after improvements is the current PH defined in (4.28). A coupling
to ¢ directly will obviously not work as it does not have the right index structure to
give pseudo-contortions. Also it cannot appear as a combination that gives a non-trivial
conserved current, because then there is an additional symmetry generator which would
enhance the theory. The unique choice that satisfies all of these requirements is given by
defining the current ®° expressed in terms of Y’ as
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of = — (909 + a9 ) oF + 3,95 . (5:5)

Notice that ®f as defined is automatically conserved by the antisymmetry of ¢/ and
thus is a topological current. In section 8.1.3 we shall investigate an example that sheds
some light on what the origin of the topological current is.

Given the structure of ®f it is then obvious that we need to introduce a background
field M,,, with linear order piece My that is defined to transforms under boosts as

SWM, = 55A, . (5.6)

This is of course the linearized version of our graviphoton of section 3.3.3.1 as it have

the same linearized transformation. By adding the coupling M,®* to the action S ™) we
have

_ - o Hij | 57
s = /M dPx [TuEgan+60iTilgnp + *Sz‘jTl] + Mpdfi . (57)

2 imp

The coupling M,®f can actually be rewritten as pseudo-contortions by doing some
integration by parts and using the definition of ¢/ in terms of lift- and spin-currents.
One finds

CW = —2(5ya[0Mi]—5;,a[]-Mﬂ (5.8&)
0~
wii = 0y (5.8b)

Ol
|

and one may check that this defines a good connection by adding these to ﬁya, ﬁwb
as

Opa = Opa+ Cpa (5.9)
wyab = é;wlb + Cyab : (59b)

These are exactly the gauge fields of the graviphotonic connection (3.51) at the linear
level discussed in section 3.8.3. This shows that the graviphotonic connection should be
thought of as the closest to a “Levi-Civita”-like connection we can have in a torsional
Newton-Cartan geometry in the sense that it realizes the geometry minimally.

Since (5.9) defines a connection, we can obtain any other Galilean connection by
adding “contortion”-like tensors to it after restoring the proper tensorial index structure.
This will evidently result in connections that couple non-minimally to the lift- and spin-
currents w!, s" similar to the extension of general relativity to Einstein—-Cartan-Sciama-—
Kibble theory with torsionful connections.

We can now also present the main contribution to Newton-Cartan geometry of this
thesis from the analysis that solves the mystery about the field theoretic interpretation
of M, when it does not become the mass gauge field:

When M, is not enhanced to a U (1) gauge field coupling to the mass current, it
remains a background field that couples to the topological current ®F.
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By integrating over a spatial hypersurface we obtain the corresponding charge is Q =
Js d?x 9;y¥ = 0 using Stokes’ theorem as expected. This does not imply that the current
is completely trivial. In particular it might have interesting correlation functions with
other currents of the theory. This would imply that it in principle is measureable.

5.3 THE COUPLING OF M‘u IN BARGMANN THEORIES

We have in the last section solved the mystery of what the background M, couples to
in Galilean theories with no central charge. We can understand more about the current
®F by examining the relationship to theories with Bargmann symmetries. Again we
will use the Noether procedure starting with some globally invariant field theory that
furnishes some representation of the Bargmann group. The extra global U (1) symmetry
generated by M in the Bargmann transformations (4.31) introduces an extra coupling in
the S(1) action of a new gauge field m,, that couples to the mass current ], that we
determined in (4.32). The action now becomes

Sle.e,7,Qw,m| =S9[g]+sY [¢,e7T,Qwm|, (5.10a)

N . ; s 1 . _ .
D = /M dPx |:T‘uEgan + ew‘Tégn - m,{]?an + EUJW‘]‘SW] — Q,,iw’“ (510b)

where, according to the general theory, we should give m, the first order transforma-
tion

s, = 0,0 + 64 A, (5.11)

and the remaining fields the same transformations as in the Galilean case (5.2).

Using the improvements of the boost and mass currents discussed in section 4.3.2 that
simplified the conservation equations maximally, we may again express the canonical
currents in terms of the improved ones together with their improvements. Comparing
to the Galilean case it is only the extra improvements of the mass current that needs to
be introduced. Doing integration by parts on this, we eventually find

_ 1 _ ;
= /M dPyx {TVEgan + eolTllr%p + Sl]Tllr]np ]lmp + = CWJS ij _ CV w,llz:| )
(5.12a)
Cua = Qua— Qua (5.12b)
Cyuh = w‘uab - i}tab (5'12C)
= 1 _ _ _
Q}La = —(5; (Zaoscg + a(cva)) — 2(528[0771“] — 6za[bma] (5.12(31)

—y (BO?W,] + a[m}) + 69 (a[asb}c . acé[ab]) + 699 7y -

Elo
=
N
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The connection we obtain now is exactly the linearized version of the graviphotonic
connection of section 3.8.3. We give the details of the calculation in appendix D.5.2.
The difference compared to what we did for Galilean theories in section 5.1 is now
that 77, immediately has the interpretation as the linearized mass gauge field while
the linearized background field M, of the previous section does not a priori couple
to a symmetry current. Assigning to M, the transformation 6, M, = 9,0 (x) as the
result of a local translation and boost discussed in section 4.4.2 effectively makes them
identical. This proves at the linear level that in Bargmann theories this enhancement of
M, toa U (1) gauge field is automatic.

The topological current ®f is exactly the same as those improvements of the mass
current we choose above in order to simplify the conservation equations as much as
possible. In general we can therefore write

]ﬁnp = ]gan“‘q)y/ (5‘13)

which M, then couples to. A Galilean theory then has a zero canonical mass current
Jéan as is familiar from the analysis of chapter 4.



DIMENSIONAL REDUCTION

In this chapter we see how to obtain non-relativistic theories from relativ-
istic ones by performing a null reduction. Both theories on curved Lorent-
zian manifold and flat Minkowski spacetime will be considered. We will
also discuss how to null reduce the higher-dimensional energy-momentum
tensor and see how the improvements can shed light on the currents of non-
relativistic theories.

6.1 NULL REDUCTION OF LORENTZIAN SPACETIMES
6.1.1 Frames and metric

In section 2.4.4 we analyzed how Barg (d,1) can be embedded in Poin (d + 1, 1) through
a null reduction of the algebra. This can be carried over to the vielbeins ei, eé and
Lorentzian metric gpp of a D + 1 dimensional spacetime that allows a null Killing
vector. Null reductions are a very efficient way of obtaining non-relativistic theories
coupled to Newton-Cartan geometry from higher dimensional relativistic ones coupled
to Lorentzian geometry as we shall demonstrate this in several examples in the following
chapters.

For a given D + 1-dimensional Lorentzian manifold we take the coordinates to be
Xt = (x*, Xt x*) = (x*,u) so that the null coordinate is u = x~ with null vector d,.. The
u = constant null hypersurface as illustrated in figure 5 is then a Bargmann spacetime of
dimension D to which d,, is the normal vector [12, 47]. For general Lorentzian covariant
tensors we can perform a pullback to the null hypersurface to define covariant tensors
on Bargmann spacetime immediately. On the other hand, general contravariation Lorent-
zian tensors can only be consistently be pulled back to the null hypersurface if they are
invariant in the u-direction.

To find the correct null reduction of the vielbeins, we first recall the analysis of sec-
tion 2.4.4 that showed that we must require that the null reduction leaves out (Lorentz)
rotations in (x*, u)-hyperplanes. This breaks the higher-dimensional structure group
SO (d+1,1) to HGal (d,1) = SO (d) x R%. A convenient (co)frame for the reduction
of the (inverse) vielbeins is found by choosing the sections of the higher-dimensional
(co)frame bundles as [74]

A a _
eﬂA = ( Ig‘ eg ]1\4” ) (6.1a)
- ey M
= ( v ¢ ”H 0 > . (6.1b)
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U = Cons fanyg

Figure 5: Geometry of the null reduction: The # = constant null hypersurface is the D dimen-
sional Bargmann spacetime.

The naming of the various components is of course not arbitrary: They are in one-
to-one correspondence with the objects we defined in chapter 3. It is then obvious that
the vielbeins transform nicely under the reduction of SO (4 +1,1) to HGal (d,1) with

their usual transformation rules. This choice can be verified to satisfy eﬁe% = 5; and

eée’; = (5;; as they must being proper vielbeins, which makes it clear that a subset of

the higher-dimensional vielbeins includes both the Galilean coframe eyA = (Ty, ey“) of

section 3.1 and the extended Bargmann coframe é’yA = (T,,, e/, —My) of section 3.5. In
particular the null reduction gives a natural interpretation of the extended Bargmann
frame bundle approach of section 3.4.1.

A, B
pbo

- ; o Oan 7] n s a0 _ L AB B D
If we now write the Lorentzian metric Sav = 1 zp€ and its inverse g'"¥ = n*”e €5

in terms of the vielbeins (6.1), we obtain [70]

g = ( Suv  uu ) _ ( hyw T ) (6.22)
Suwv  Suu w 0
IR uv pu Hv o __HH
R (A T (6.2b)
guv guu —v 2P
EVV = hVV — ZT(yMV) (6.2C)
ot = ot —h"M,, (6.2€)
5

e, —e""M,T,. (6.2f)

<
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6.1 NULL REDUCTION OF LORENTZIAN SPACETIMES

We see that all of these quantities are known as we defined the exact same ones
when considering the graviphotonic connection in section 3.3.3.1. Notice that 9, is a
Killing vector of the metric in these coordinates. Had we done the simplest Kaluza-
Klein reduction of a metric with such a null Killing vector 9,, we would have obtained
the exact same result [75]. The difference compared to the usual reduction along a spatial
Killing vector is that the nullness of 9, implies that the would-be dilaton scalar is zero
as guu = g (0y,9y) = 0. We can write the higher-dimensional metric in a component free
form in some coordinate system as

gﬁl;dxﬁdxﬁ = 27,dx* ® (du — M,dx") + hy,dx* @ dx”. (6.3)

Here it is easy to see that the most general transformation that preserves the form of
the null Killing vector 9, is given by

W' = uto(x) (6.4a)
M;, = M,+0,0(x), (6.4b)

where we see that the graviphoton M), transforms as a U (1) gauge field under such a
coordinate transformation and u gets a local x#-dependent translation. This corresponds
to a particular local translation along the null direction u , so it is the equivalent of the
transformation (4.44) and what we discussed in section 4.4.2.

In the particular choice of frame (6.1) the measure reduces to

\/E =e=det(t,e"), (6.5)

which is the same as the measure of D-dimensional Galilean spacetimes introduced
in (3.16). When we write higher-dimensional actions, we will then be able to pull out
the D-dimensional non-relativistic action with the correct measure.

6.1.2 Dimensional reduction of the Hilbert EM tensor

Assume now that we have an action S [g,g] = [dxP+1\/[g[L (¢, V) for a D + 1 di-
mensional field theory coupled to Lorentzian geometry. The response of the variation
of the action wrt. the metric ¢y is by definition the Hilbert energy-momentum tensor
(A.23):

. 1 -
3S[p, gl = 5 /deH\/ 1810800 - (6.6)

The covariant conservation law for the current follows from the diffeomorphic Ward
identity where we take dgny = Lzgpo and the result is:

00 1 0
0 = Ty 058p0 — Zmaﬁ < lg\Tﬁugw> : (6.7)

In terms of the higher-dimensional Levi-Civita connection, which is only a part of
the full connection we choose, this is equivalent to Vﬁ T{fﬁvl = 0. We can also write the
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components of the variation in terms of the reduced vielbeins using the variation of gnp
expressed in terms of the reduction (6.2a) [70]. For this we find

1 1

TI}-llll/l(sgVV = 50 + Ty
1
= S Thi (hu — 207, M,) = 27,6M,) ) + Tl (6.8)

This can easily be expressed in terms of the variations in section 4.4.3 where we gave
three different definitions of objects that encoded the information about the EM tensor.
In particular we can most easily convert the above to a variation of é;? which defined the

‘Ll . _ .
current 7" ; and using 6hy,, = Ze”(lyéez) we find

gr = Ty — TiM, (6.9a)
T, = T lew (6.9b)
Jh = -1k ﬂTV (6.9¢)

The other currents defined in section can be found by converting the above ones using
(4.56).

6.1.3 Reduction of the Levi-Civita connection

Using the formulas of the reduction we can null reduce the Levi-Civita connection as it
is expressed entirely in terms of the vielbeine. For the Christoffel symbols we find using
the formulas of (6.2)

1 o
M = §8A (9ugvo + 0ugpuer — Qo &)
= —0"9,T) + 5 Ly (3 + BuTte — Dol ) - (6.10)

We see that the result is the graviphotonic connection (3.51) with no torsion. As we
have not constrained 7 to be closed in the null reduction, this shows that doing the direct
reduction of f;;‘ﬁ will only give a good connection for the Newton-Cartan hypersurface
if we afterwards by hand enforce dr = 0.

It is actually possible to obtain a more general Galilean connection from the higher-
dimensional Levi-Civita connection with T satisfying only the Frobenius condition T A
dt = 0 and thus the spacetime being of the TTNC kind discussed in section 3.3.2. This
is obtained through a different reduction of the Levi-Civita connection that preserves
Vot = Vph!"' = 0, which is discussed in more details by Hartong [47]. In particular
this shows that one can obtain a torsionful Galilean connection by null reduction of
the Levi-Civita connection, but it is not possible to obtain completely general torsionful
connections.
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6.2 NULL REDUCTION OF MINKOWSKI SPACETIME

In the special case of flat Minkowski spacetime the null reduction is very simple and we
can give general formulas for derivatives etc. [65]. The higher-dimensional vielbeins be-
come identity matrices so the metric becomes (2.43) and the general action is of the form
S[p] = [ dxP*1L (9,0¢). The higher-dimensional partial derivative d; decomposes to
(94, 0u). We can assume that the fields are mass eigenvectors satisfying (M) ;; 97 = mg¢y
as discussed in section 4.1.2. Since mass is the momentum in u-direction this implies
that they can always be written as

oo (t,x,u) = ey (tx) . (6.11)

If the corresponding non-relativistic fields are massless, then the higher-dimensional
can have no dependence on u. The representation of the higher-dimensional Minkowski
group that the field components carry reduce to one of the representations of HGal (d,1)
like those considered in section 4.1.

vector representation (4.14).

With the higher-dimensional canonical energy-momentum tensor T2 and its im-
provements given in appendix A.3 there is now a short-cut to finding the corresponding
non-relativistic symmetry currents. Specializing the equations (6.9) to flat space, we find

ngﬁl = Egan (6.12a)
Tha = Thn (6.12b)
Tc};% = Jhn. (6.120)

If it happens that the higher-dimensional field has no dependence on u, then this im-
plies that there is no U (1) symmetry current and Jl,, is zero. The symmetric (Belinfante-

Rosenfeld) EM tensor Tla, is obtained by choosing the improvements as (A.21). For the
reduction this leads to improvements for all currents given by

Ei]:np = Efan+0,AM0 (6.13a)
Thy = Thn+0,AM (6.13b)
Thp = Jhn+32AMC. (6-130)

The dimensional reduction is a good route to choosing the improvements of the en-
ergy current, that were otherwise completely undetermined by the analysis of section
4.2.1. Notice also that even if it happens that there is no conserved mass current, then it
does still receive improvements. The current ]Knp contains in this case only total deriv-
atives and in fact as we discussed in section 5.3 exactly the current ®¥. We will see an

example of the relevance of this in section 8.1.3.

Example 6.1 (Vector representation). When null reducing the defining D + 1-vector rep-
resentation of the Minkowski group, the representation becomes the extended Galilean
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THE SCHRODINGER MODEL

In this chapter we will study the Schrodinger model on both flat and curved
Newton-Cartan spacetime. We will see how it can be obtained from a null
reduction of a relativistic theory. Its conserved currents are derived, and we
will see how it fits into the general theory developed so far.

7.1 SCHRODINGER MODEL ON FLAT NEWTON-CARTAN SPACETIME

The D-dimensional free Schrodinger model is defined by the action on a flat Newton-
Cartan spacetime as

s — /M dxP L0 = /M dxP (im¢*dop — impdgp™) — 9ip*'¢p. (7.1)

The EOMs are given by the Euler-Lagrange equations

, 1.
idop = —%818 ¢. (7.2)

This is of course the well-known free Schrodinger equation, which in quantum me-
chanics is interpreted as describing the time-evolution of the wave-function ¢ (¢, x) for a
single particle [76]. As a classical field theory it is a scalar Bargmann field that we also
considered briefly in example 4.2. Besides the Galilean spacetime symmetries, it also
has a global U (1) symmetry ¢’ = e*"7¢ and the corresponding conserved currents are

given by (4.17), (4.32):

Ti = 20U¢p*alg + 61,0 (7.3)
T = imgpd'p* — im¢p*d'¢p (7-3b)
Jho= [2mPgg] & + [impdig” — imep*0;p] o (7.30)

EH

|imdop” — im*dop + LO] o} + [9097'p + 0’9 20p| 8. (73d)

There are no improvements like those of section 4.3.2 to be done because s#/ = wh =
0. The mass current J# is in QM known as the probability current and the conservation
of it guaranties the interpretation of |¢ (, x)|* « J° as probability density.

Besides these symmetries, the action is also invariant under a Lifshitz scaling with z =
2 and a so-called temporal special conformation transformation. The maximal symmetry
group of the free Schrédinger model is the Schrodinger group which we consider in
appendix C, which is one of the non-relativistic conformal groups [28, 77].
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7.2 NULL REDUCTION OF MASSIVE SCALAR COUPLED TO GRAVITY

We now want to employ the methods of chapter 6 to obtain the Schrodinger model on
a general Newton-Cartan background. Our stating point is the complex Klein-Gordon
scalar field ¥ (¢, x, u) with potential V (|'¥|) coupled to Lorentzian geometry as

S l¥,] = [ @7 xy/=g (~g"art ¥ — V (¥])) - 7.4

Since we want a Bargmann scalar of mass m, the higher-dimensional field must be of
the form

Y (t,x,u) = e Mg (t,x) . (7.5)

Using the results (6.2) we can easily perform the null reduction decomposing the
metric and taking derivatives of the scalar field. The result is

Ssch [(P, v,h’l,M} = /dee {imv"qb*qub — imo*¢pD,p*
WD D~V (Y1) 76

where we have defined the covariant derivative

Dy¢p = 0, —imM,¢p. (7.7)

We give the details of this reduction in appendix D.7.1. This action thus describes
the Schrodinger model coupled to Newton-Cartan geometry, which in flat space has the
Schrodinger equation of quantum mechanics as EOM. This action would be the relevant
one to use if we wanted to study the minimal coupling of quantum mechanics to non-
relativistic gravity and is now completely covariantized [78]. Each term is not invariant
under boosts etc. on their own as for example v# transforms under boosts, but the whole
action is. The Bargmann scalar ¢ now transforms under the covariant generalization of
the projective transformation (4.6).

We see that M, is the U (1) mass gauge field associated with the transformation (6.4a),
which here gives a local U (1) transformation of the scalar field as

p(x) — e g (x) (7.8a)
M, — M, +09,0(x). (7.8b)



7.3 LINEARIZATION

7.2.1  Energy, momentum, mass and Ward identities

To determine the objects that encode information about energy, momentum and the
mass current, we vary the background wrt. the fields v*, ¥ and M,,. This leads us
directly to obtaining the currents S, 7,,, J" defined in (4.55)

Sy = —Lt,—im¢*Dyp + im$pD,¢p* (7.9a)
1

Tw = —5Lhw = D¢ Dyy¢ (7.9b)

Tl = —2mPpg ot +imh" (¢*Dyp — ¢D,¢*) . (7.9¢)

We give details of the calculation in appendix D.7.2. Here the current J# satisfies the
covariant conservation equation (4.51) non-trivially using the EOM. We can calculate the
other components of the current T 1= (5 N O ”) using (4.56) and find

= o' (impDydp* — imdp*Dyp) v°

—h"*v"D(,¢* Dy — LoV (7.10a)
T'e = o' (impDyp* — im¢p* Do) ef
+hHe (Ehpg + 2D, Da)¢) ey . (7.10b)

It is instructive to check that with this more elaborate framework can obtain correct
flat versions of the currents (7.3) using the results of section 3.7. With this we should
also take D), — 9, and after a small simplification we reproduce (7.3) with 7", = T",,
&M = E¥ and J¥ = J# as expected.

7.3 LINEARIZATION

It is illuminating to see how this specific example reproduces the results predicted by
the general theory of section 5.3. We use the general results of section 3.8 for how to
linearize Newton-Cartan geometry. Keeping only zeroth and first-order terms, we then
find that the action (7.6) (with V (|¢|) = 0 for simplicity) linearizes as expected and we
can read off the flat space currents in agreement with the correct flat currents (7.3). We
can therefore write the linearized coupling as

_ 1 3 o
S = /dd“x [ﬁ(m + TpE? + 55TV + 20T — M,J*| . (7.11)

One sees here that M, couples to a conserved non-zero mass current as was predicted
by the Noether procedure of section 5.3.
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7.4 CORRELATION FUNCTIONS IN FLAT SPACETIME

7.4.1 Dimensional reduction of relativistic propagator

T (E)

t<o

Figure 6: Deformation of the contour of integration for the Fourier transform of the propagator
(7.13). Notice that there is only contributions from a single pole.

Propagators are essential to understand the dynamics of the theory. Moreover, they gives
a simple way to solve inhomogeneous EOMs with sources being Green’s functions. It
would be useful if we could obtain the propagators of the non-relativistic theory by a
null reduction of their relativistic cousins, which we will see is the case. The higher-
dimensional momentum in the chosen null coordinates is given by

p* = —2psp- +p° = —2Em+p*. (7.12)

The massless Feynman propagator for the Klein-Gordon equation in D 4 1 dimensions
in momentum space in the light-cone coordinates of the null reduction is given by

1
—2Em + p? —ie’

G(E p) = (7.13)

The mass m # 0 is fixed by the corresponding mass of the field and hence it is not a
variable of the propagator [79]. Unlike the relativistic case we see that here there is only
a single pole at E = p?/2m for € — 0, which is exactly the on-shell Newtonian relation
between energy, momentum and mass.



7.4 CORRELATION FUNCTIONS IN FLAT SPACETIME

To obtain the position space propagator we have to perform a Fourier transformation
as well. We can then perform the E integral using the residue theorem fort > 0and t < 0

using the contours shown in figure 6, only the first one will give something non-zero.

After performing the p-integral, the result is

d?pdE —1i

. B iEt—ip-x
(@ (t,x)¢"(0,0)) = /]RD (2m)0 —2Em + p? — i€ -
. N2
= ()5, (—ZZ) e (7.14)

This is indeed the well-known free Schrodinger propagator which solves the Schrodinger

equation (7.2) [80]. As the time-ordered massless relativistic propagators of theories
with a standard kinetic term ~ 9"¢‘d, ¢, are proportional to the Feynman propagator
this verifies that a null reduction will give the corresponding non-relativistic versions
which is very useful. The appearance of the Heaviside step-function 6 (t) shows that the
non-relativistic propagator is causal in the sense that there is no correlation in the past
direction t < 0.

Example 7.1 (Sources and potentials). Given a source | (t,x) in the free Schrodinger
equation (7.2)

) 1 P
idop + %aia p=7, (7.15)

the inhomogeneous solution is given by the integral with the free Schrodinger propaga-
tor as the kernel:

¢ (t,x) = /}RD dPx’ (¢ (t,x)¢* (', %)) ] (¢, %) . (7.16)

This kind of interaction is not of relevance if we want to consider couplings to a potential
V (t,x) where the relevant EOM is

. 1.
1o + 5 0i0'p = V¢. (7.17)

We can solve for the full propagator G (t,x|t',x") of this equation in terms of the free
Schrodinger propagator, which has the well-known Born series as a formal solution [81]

G (tx|t'x') = (¢ (t,x)p* (%)) -|-/RD dPx" (¢ (t,x)¢* (¢, x"))
<V (t",x”) <(P (t",x”) P* (t/’x/)> 4 /]RD /lRD vee (7.18)

One could also be more general and add self-interactions of cubic, quartic etc. order,
which we would have to study perturbatively as they make the EOMs non-linear in ¢.
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7.4.2 Massless limit of correlator
If we now take the m = 0 limit in the momentum space propagator (7.13), we will
instead obtain

1
 pr—ie’

G(p) (7.19)

Performing the Fourier transformation to go to position space, the p-integral can be
done directly using the formula (E.2). For the E-integral we obtain a J-function in time
because only the complex phase e't! now depends on E, and in total we thus find

d —. . .
(0 (L) 9" (0,0)) — /]RD ‘Z‘;{frﬂjwewtﬂp.x
d-2
5 (1) ()

d/2 d-2"
42 x|

(7.20)

The appearance of ¢ () is thus a feature of non-relativistic massless theories as we
shall also verify for Galilean electrodynamics in the next chapter. It can be interpreted
as the fact that in such theories interactions are instantaneous and there are no wave-
phenomena that can propagate, which agrees with the intuition behind taking ¢ — oo.
We can also obtain the same from taking m — 0 limit of the free Schrodinger propagator
(7.14) directly, but it is more cumbersome to take this route.



GALILEAN ELECTRODYNAMICS

In this chapter we shall study Galilean electrodynamics as another interest-
ing example of a non-relativistic theory. We will derive its action from a
null reduction of the relativistic Maxwell electrodynamics in both flat and
curved spacetime. The conserved currents are derived and we see how these
and their couplings to the geometry fit with the general results derived for
Galilean theories. Finally we shall study an interesting extension where we
couple it to the Schrodinger model to obtain the non-relativistic analog of
scalar QED on curved space.

8.1 GED ON FLAT NEWTON-CARTAN SPACETIME
8.1.1  The non-relativistic limit of Le Bellac and Lévy-Leblond

Galilean electrodynamics was first obtained by Le Bellac and Lévy-Leblond [82] as the
non-relativistic limit(s) of Maxwellian Electrodynamics (MED) in D = 4 [83]. As dis-
cussed in section 1.2 it was realized before the appearance of special relativity that
Maxwellian electrodynamics was not compatible with non-relativistic physics. It has
thus taken more than 70 years to find a theory that in some respect was the theory
physicists of the 19th century could reasonably have been expected to formulate.

Let us investigate how to take ¢ — oo in Maxwell’s equations consistently following
[82]. It turns out there are two limits to take, either the “electric” or the “magnetic”,
loosely corresponding to what type of phenomena are dominant. To see this intuitively,
one realizes that the 4-current J# = (p, J) of MED can be said to be either “mostly
electric” if |p| > ||J|| or “mostly magnetic” if ||J|| > |p|. For the corresponding field
strengths, this is then equivalent to having either electric or magnetic effects dominating,
so our definition of the electric and magnetic limits may be taken more precisely to
mean:

Electric limit:  ||E|| > c||B]| (8.1a)
Magnetic limit:  ||E|| < ¢ ||B]| . (8.1b)
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Fixing a particular gauge of the 4-potential A# = (A°, A), we see that performing a
Lorentz boost with velocity v/c < 1 gives in either limits the transformations:

Electric limit: ~ AY = A° (8.2a)
A=A+ A% (8.2b)

Magnetic limit: AV =A"—v.A (8.20)
A=A (8.2d)

Notice that these transformations are Galilean (co)vector transformations, with 4-
potential being a Galilean vector in the electric limit transforming as (2.22) and as a
covector in the magnetic limit transforming as (2.23). This shows that electric and mag-
netic limits are really both non-relativistic limits. Taking the electric limit of Maxwell’s
equations gives

9B = 0 (8.3a)
AE = L (8.3b)
eijkaka = y0]i+yoeoatEi (8.30)
e IE* = 0, (8.3d)

and for the magnetic limit
9B =0 (8.4a)
o,E = elop (8.4b)
€ B = o (8.40)
e E* = —9;B, (8.4d)

with fields defined as

B = eijkajAk (8.5a)
E' = —d¢ (8.5b)
B = —aiqb—%atAi. (8.5¢)

Here we put a tilde on electric fields in the magnetic limit to separate them from those
in the electric limit, while the magnetic field is unchanged. However, the electric limit
does not have the Faraday term that gives rise to electromagnetic induction in MED
from a time-varying magnetic field. On the contrary in the magnetic limit we do not
have the displacement current due to a time-varying electric field in Ampere’s law with
Maxwell’s addition and there is only global charge conservation. This shows that in



8.1 GED ON FLAT NEWTON-CARTAN SPACETIME

both limits electromagnetic waves are absent, and we essentially have electrostatics and
magnetostatics respectively.
The Lorentz force law reduce in either limits to

Electric limit: F= / d3x pE (8.6a)
Magnetic limit: ~ F = /d3x] x B, (8.6b)

which agrees with the initial definition of the limits.

8.1.2  GED from null reduction

We may also obtain GED in D spacetime dimensions from considering a flat null reduc-
tion of MED in D + 1 spacetime dimensions in an elegant way [65]. All fields depends
only on (t,x) and we take ¢ = €y = pp = 1 for simplicity. The starting point is to write
the D + 1-dimensional gauge field as

Ap=(-¢,A9), (8.7)

or with upper indices raising the indices with (2.43)

Al = (9,A,—@) . (8.8)

Writing the higher-dimensional current J# = (p, J, —p) we find that the flat Maxwell
Lagrangian density

. 1 )
Ltk = — g o E" + Ap]" (8.9)

using the method of null reduction from section 6.2 can be written as

1 L1
gggD:—EB-B—i—E-E—i—EaZ—qu)—i—I-A—ﬁ(p. (8.10)

The field strengths are defined by (8.5) plus the scalar

a=—0Pe, (8.11)

and they may conveniently be written as the components of the higher-dimensional
field strength tensor as

0 —E —-E —-E -—a
Eq 0 Bs; —B, —E;
Foo=|E —-B3s 0 B —E (8.12a)
Es B, —By 0 —E;
a E E; Ej 0
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F*=1| —-E, -B3 0 By E, |- (8.12b)

—E3; B, —-B; 0 E;

—a —-E —-E, —-E5 0
The Bianchi identities are trivially satisfied for the field strength, as it is the exterior
derivative of a one-form and gives the homogeneous equations. The null reduction of

the higher-dimensional gauge transformation Ay, — Ay + 0, A (£, x) is now equivalent
to

darAl = A (8.13a)
dgr§ = —0doA (8.13b)
dgrp = 0. (8.13¢)

The EOMs in terms of the potentials are now found to be

—0; (af(p+aoAf) = p+d (8.14a)
—0:0'p = p (8.14b)
0,00 AF — 910K A; = T —9p0'g. (8.14¢)

There is no problem working with the theory without taking any of the limits, but it
is instructive to see how they arise. To obtain the limits, we must set some of the sources
equal to zero. We see that if we first choose ¢ = 0 and then imposes the Lorenz-like
gauge condition 9;A’ + 9;¢ = 0, we should take ¢ = 0 to solve the EOMs trivially. The
result obtained is exactly the electric limit of the MED EOMs (8.3). Had we chosen a
different gauge we would still obtain the correct EOMs but we would now have to take
¢ # 0, so the Lorentz gauge is the most simple to work in.

On the other hand, if we impose p = 0, then we see that we must take ¢ = 0 to solve
the EOMs trivially. This leads to the magnetic limit of the MED EOMs (8.4).

8.1.3 Symmetry transformations and conserved currents

It is obvious that the boost and rotation generators do not act trivially on the field
components unlike for the Schrodinger model. Under a global Galilean transformation
A" = (¢,A,—@) transforms as a vector under the extended homogeneous Galilean
transformation (2.35), since it is the null reduction of the relativistic gauge potential as
we discussed in example 6.1. The finite transformation rules of the components can thus
be written as
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¢ = ¢
A’ = RA-+vg
1
¢ = (i)+§vzq0+vtRA.

(8.15a)
(8.15b)

(8.15¢)

We see that the magnetic vector A transforms as a vector under rotations, but is
shifted under boosts. While ¢ is a true scalar, the transformation of @ is very non-trivial
and assymmetric at the finite level. Infinitesimally the symmetry variations of the field

components become

bp = 0
SAT = Al + 21,0 A"
5 = NA;.

(8.16a)
(8.16b)
(8.16¢)

With this we can then calculate the conserved canonical Noether currents using the
results of section 4.2.1 in a straight-forward manner. We find

B =

can

Eéan =

TOi _

can

ji
Téan =

pHi

U]
jéan
SOZ]
Skij

%aoq)ao(p — al(pa,go + a]Aka[]Ak]

& 9dod + & §oge + g Aldyg
—ajAkaoAk + akAjaoAk

do@d' @ + O pd' A
99§+ (9g+d041) o'
+ (afAkakAf - afAkafAk) _ L0

= $TH 4 M
= 999 .
= —Adg+29aUA

= T — Tl + 51
= 24l
— 2Aliglkl Al — 2 Aligil AK

(8.17a)

(8.17b)

(8.17¢)

(8.17d)

(8.17€)
(8.17f)
(8.178)

(8.17h)
(8.171)
(8.17))

One can check that these currents are not invariant under the gauge transformation
(8.13). The constraints (4.18) from the conservation equation for the boost and rotation

current that we found for the general theory in section 4.2.1 is verified to be satisfied.

Using the improvements that simplify the conservation equations the most as described
in section 4.2.3 now leads to a set of improved currents given by:
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T, = 209d'q+ 20l AY (8.18a)

The = 2009 ¢ +200A0) ¢+ 29,Al9) A* (8.18b)

—9l A Ax — 9k Alig AD — £61 (8.18¢)

Do = Ty + 9 (8.18d)

P = —gdlg (8.18e)

i = 2¢alk Al (8.18f)

iy = XTH =T (8.18g)

This confirms what we derived for general theories in section 4.2.3. In particular the
symmetry of the stress tensor and Ti?;p = —a,ﬂ/;ﬂi given (4.29) can be verified to hold

using the EOMs. The energy current EL,, has still not received any improvements from
our analysis, but they can be fixed uniquely by requiring gauge invariance as we do
soon. One should also consider what happens in the two limits of GED. In the electric
limit all currents are still non-trivial, but in the magnetic limit ¢* = 0, which then
implies that Tgp = 0 in agreement with the discussion in section 4.2.2.

An alternative is to use the formulas of section 6.2 for the null reduction of the well-
known relativistic canonical Noether Maxwell EM tensor

Téﬁl = —FﬁﬁaﬁAﬁ - UﬁﬁﬁMED . (819)

The reduction (6.12) can be seen to reproduce all of the currents (8.17). In addition we

also have the would-have-been mass current [/, = Tgﬁ& is here zero as expected since
there is no U (1) symmetry.

From the higher-dimensional Lagrangian we can easily calculate the spin-current of
MED using (A.16) and we find

st = _pFelr AYL (8.20)

Choosing the improvements for the higher-dimensional EM tensor as (A.21) is seen
to yield the required improvements to make the energy current gauge invariant, while
the other components reproduce the improved currents above. The improved energy
current is given by

Eiomp = L —39dop — ¢ (dA; + 0;p) (8.21a)
Eimp = 2(004;+9;¢) VAT —9p9 (80A" + a"cp) . (8.21b)

In addition to this, notice also that the zero would-be mass current receives improve-
ments. We find that it is identical to the current defined in (5.5):

JE =@k, (8.22)

imp —
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This demonstrates the origin of the topological current that we discussed in section 6.2:
It is the improvements of the would-be mass current in the higher-dimensional theory
to make the conservation equations as simple as possible.

8.2 NULL REDUCTION OF MED ON CURVED SPACETIME
8.2.1 Reduction of the gauge field

The goal is to couple GED to an arbitrary torsionful Newton-Cartan background. This
is conveniently done using the null reduction formalism developed in chapter 6. We can
use the reduction of the vielbeins (6.1) to figure out how to properly reduce the D + 1-
dimensional U(1) gauge field A, on an arbitrary Lorentzian spacetime. To do this, we
first define the gauge field with flat frame indices inspired analog to the flat version (8.7)
as

A= (=¢.A9). (8.23)
The spacetime gauge field is then obtained by contracting with the inverse vielbeins:
ay — @1 — M
AﬁZ(” vt (P’*>, (8.24)
4
where we have defined
ay = Aqey, . (8.25)

In the flat limit A, agrees with the definition given in (8.7). Notice that a4, is spatial
in the sense that it satisfies 0 = v¥a, in any frame as it is contracted with the spatial
vielbein, so boosting to another frame does not destroy this property unlike if it had been
a spacetime 1-form as discussed in section 3.2. The fields a,, ¢, ¢ are invariant under
transformations that preserves the null Killing vector d,, as they must not be charged
under the U (1) central charge. They can thus be claimed to be the correct covariantized
fields of GED. Their covariantized gauge transformations under the D + 1-dimensional
gauge transformation Ay — Ap + 9d;A (x) are found to be

o = ¢ (8.26a)
¢ = ¢+0",A (8.26b)
@, = ay+0,A+T0" A, (8.26¢)

We see that the gauge transformation is essentially a covariant way of projecting along
the time and spatial directions in agreement with what happens in the flat case. Under
local Galilean transformations A ; transforms as (8.15) and along with the transforma-
tion of the vielbeins (3.8), we find that a,, ¢, ¢ transforms like
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9 = ¢ (8.27a)
b
a;l = a,+aye (Rfl) ) ', + @ (vaR”bez + v”vary) (8.27b)
1
P = ¢+ Ev”vaqo +0,R% Abetla, . (8.27¢)

The transformation law for a, = Aae;ﬁ is in particular complicated because both A,
and e’Z, transform.

8.2.2  Reduction of the 2-form field

Taking the exterior derivative of the gauge field (8.24) defines the field strength tensor:

Fﬁﬁ = aﬁAﬁ — apAﬁ
_ o + 27,0, + 2M(, 0@ g (8.28)
—3,¢ 0

where we find it useful to define

fur = 204y (8-202)
fyv = fyv — qua[ﬂ"[v} — ZCPBLuMV] . (829b)

However because of the non-linearity of the null reduction, this does not immediately
give useable field strengths of dimensionally reduced theory. The “field strength” f,,
includes besides what is the naive generalization of the magnetic field strength f,,, also
couplings of the fields to the curls of 7, and M. It is obviously neither boost or gauge
invariant, transforming under the gauge transformations (8.26) as

f]iv = f]/ll/ - ZT[yav] (UAaAA> . (830)
To properly reduce the field strengths we identify the various fields of GED with
the components of the Galilean field strength tensor (8.12) and then convert them to

spacetime objects using the vielbeins (6.1). In general a D + 1-dimensional 2-form can
be written in Lorentzian frame indices as

Fig=| By Fp F- |- (8.31)
F. Fyu O

Contracting with the inverse vielbeins (3.6) we see that it is convenient to define com-
ponents of the proper dimensional reduced field strengths as

Fpo = ( Buv + 2B T + 2B, My + 2071, My _EVO_ ATy ) ) (8.32)

E,+at,
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where we have the properly covariantized components of the field strength tensor as

B, = Fabe]fevb = fw — 273,0° fv] 0 (8.33a)
E, = Fue =0 fp—0,§ — 1,00, (8.33b)
E, = F,aey“ = —0,¢ — TVU/\B)L(p (8.33¢)

a = F, =9",0¢. (8.33d)

These are the covariantized generalizations of the fields we have in the theory without
taking the electric or magnetic limits. Their interpretations and relations to the original
flat space field strengths can be confirmed by restricting to a flat Newton-Cartan ge-
ometry. The relation between the field strengths and the gauge fields is found from
converting (8.28) to frame indices and then identifying the components of (8.31). This
calculation is straight-forward but tedious. The field strengths are all spatial in the sense
that they in any frame satisfy

v'Byy, = 0"E, = o'E, = 0. (8.34)

We can therefore define fields with indices raised using the inverse spatial metric h*"
without loosing any information.

example for E¥ = h*VE, we see that the completeness relations (3.7) implies

h},“/EV - hy]/hV/\E/\

= 5£E/\ —|—IVDA/EX
EV

which is only true because of (8.34).

The higher-dimensional field strength with upper indices is then found to be given by

0 _ B 4+ 2EpVIA M, —M,B* + EF — got + 2 M, Elto/] (8.36)
MyB% — E¥ + av’ — 2M,El'oM 0 S

The non-gauge invariant “field-strength” f,, is seen to enter in many of the equations,
but the field strengths B, E;, E,, a are as expected invariant under the gauge transfor-
mation (8.26) as one may check explicitly. It is also easy to see due to their definitions
(8.33) that neither of the fields are tensors, but transform under local Galilean transfor-
mations in quite a complicated manner. One could simply use the transformation of
the gauge fields (8.27) to derive the transformation laws directly, but they are not very
enlightening and very complicated. Instead one can notice from the structure of (8.32)
and (8.36) that certain combinations are indeed tensors as Fjy and F/” are true spacetime

Example 8.1 (Raised indices). The fields with lowered indices can be obtained from
those with higher indices, showing that neither is more fundamental than the other. For

(8.35)
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tensors. We see for example directly that E, + a7, is a tensor and thus in particular E¥,
when raising with h*¥. As the sum of a tensor with another tensor is still a tensor, we
can also find some more tensorial objects that are convenient in the following.

Example 8.2 (Tensorial objects). It is important to notice that E¥9" is a tensor. We could
then have added 2E"9"! to B*” + 2E#hVI* M), that is read directly from (8.36), which then
gives another tensorial object

B* 4 2EpYIA M, + 26MEP = BM 4+ 2EW (hVMMA + @Vl)

= BW 4 2ElryV. (8.37)

The list of tensorial objects relevant for the construction below is found in this way by
doing projections with 1"V, T, and adding other tensorial objects:

E,+a7 (8.38a)
By + 2E, 1) + 2E, M, + 227, M, (8.38b)
ME*+a (8.38¢)
B* + 2EMRIA M, (8.38d)
B* 4 2E#V! (8.38¢)
EY —av’ — M, (B‘” + 2E[W1) . (8.38f)

Using the definitions of the field strengths (8.33) and the form of a general Bargmann
connection defined in (3.72) and the covariant constance of the vielbeins (3.18), we can
use the Leibniz rule to derive the expression of the covariant derivatives as

VB = (ap (eﬁ‘eZBM) + w,’ el By + W, beé‘eé’BM) eﬁeﬁ (8.39a)
V,E, = (ap (eé‘EO - wpb L E) + Qpbeﬁ‘e,;'BM> ey (8.39b)
VoE, = (ap (ea)‘E/\> + cupb N Ey — QpbeﬁegBM) ey (8.39¢)

Voa = (9dup —Thdre) 0. (8.39d)

The expressions for the covariant derivatives are evidently not very simple for a gen-
eral connection just like their transformation laws, but we see that they reduce to the
correct flat derivatives. It is much more convenient to write covariant derivatives of the
tensorial objects of (8.38) since the covariant derivative then only contains the affine
connection as usual.
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Example 8.3 (E, in flat spacetime). When we take the geometry to be flat and restrict to
global inertial frames, we find using the results of section 3.7 that E, reduces

Ey = —dup— 0 (—56\)8/\49

which agrees with the flat definition given in (8.5). The covariant derivative of flat space-

time with cupb .= Qpb = 0 then becomes

VB = (9
= 09p(Eq)Jy,. (8.41)

8.2.3 Reduction of the action

We are now ready to perform the null reduction of the action after defining all physically
relevant fields in a consistent manner. The D + 1 dimensional Lagrangian density for
Maxwellian electrodynamics on a general Lorentzian spacetime is

A 1 oo
SMED = —Zl/dD“x\/—gFWFW

1 S
= —ZL/dDHx\/—gg”PgWFﬁﬁFp;f. (8.42)

It is now straight-forward to find the null reduced action using the formulas for the
inverse metric (6.2) together with the proper decomposition of the field strength tensor
(8.28) or (8.32). Depending on which version of the field strength tensor one chooses, the
action will be written more-or-less convenient for some purposes, but they are of course
equivalent. After pulling out the integral over the null coordinate u, the resulting action
will be GED coupled to an arbitrary Newton-Cartan background.

We find, using either (8.28) or (8.32) to write the field strength tensor, that the action
becomes:

SGep = /dee [—ihwhwﬂvﬁpa+hypvvap€0f~uv

1
+h"f0,0d,§ + Ev"vvay oy (p} (8.43a)

1
Scep = /dee [—4}1””1“7 (B;w +ZE[HMV]> (BPU +2E[pMa])

+0°H"E, (Bpo +2E[pMy ) +HE, (Eo —aM,)

~ 1
_QhVUEon' - E (ﬁVﬁUEvEU - Za’ﬁVEy + ﬂz):| . (8.43b)
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These two actions are another of the main results of the thesis. The details of the
calculation can be found in appendix D.8.1. One can check explicitly that the action has
all of the required Galilean and gauge symmetries defined previously. The action (8.43a)
is more convenient when we do variations of the action, but boost and gauge invariance
is not obvious unlike for (8.43b). Restricting to flat Newton-Cartan geometry one can
verify to reproduce the correct Lagrangian density (8.10).

8.2.4 Equations of motion

If we vary the action (8.43a) wrt. the fields ¢, @, a, we determine the EOMs to be

0 = h?”’h‘”’a[}le]fpg — ZhF‘vaapq)ava]

—%E)p (eh"*v" f) — %8}, (eh"P0,@ + evt'vPo, ) (8.44a)

vo rd v 1
0 = WPh" 9,1, for — 2hH0"0p@dp, T, — Eap (eh"fo,¢) (8.44b)
0 = %aA [ehPMhM” For — 2ehPMvﬂlap¢} . (8.440)

They are the covariant generalized versions of the flat spacetime EOMs (8.14) pre-
sented in the same order as one can see by taking the flat limit. Expressed in terms
of the gauge invariant field strengths with raised indices we can write the EOMs in a
particular nice way:

0 = 9,M, (B" +2E'v") + %ap (eEP — evfa) (8.45a)
0 = am (B" +2E") + L0, (eE") (B.45b)
0 = %8;\ {eB)‘” + ZeEnyq . (8.45¢)

We see that now it is not obvious in general how one would impose the covariant
generalization of the electric/magnetic limits on the EOMs because neither E¥ = 0 or
EF = 0 solves the EOMs. It is convenient to have EOMs that are written in terms of
covariant derivatives. In order to do this, the easiest way is to rewrite (8.45) in terms of
the tensorial objects of (8.38) and then identify the affine connection from the derivative
of the measure e so that a covariant derivative may be formed. If we define the tensors

E¥ = W"E, (8.46a)
WM = BM 4 2EAH (8.46b)
ZfF = EP —ofa— M,W, (8.46¢)

we find that the EOMs can be written as
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VoZf = M VW + 3,7, (2My 8 W — Myo W™ — 26'2")  (8.47a)
VoEf = =31, W (8.47b)
VAW = 9,1, (20'W"P — 0P WH) (8.470)

where the covariant derivative here is wrt. the graviphotonic connection (3.51). The
analysis leading to this result can be found in appendix D.8.2. Notice that (8.47a) is not
written in tensorial combinations because of M, appearing. We see that many terms
on the RHS are proportional to dT so when there is no temporal torsion they simplify
substantially. Finally we can use the definition of Zf (8.46c) to write the first EOM (8.47a)
in a nicer albeit only Galilean covariant fashion by canceling the M, ﬁp WHP coming from
its definition:

Vo (B —ofa) = VMW" +3),7, (2My0 W — Myo" W —2017" )
—20, Moy WH + 1" M) M, 9, T,) WH
+3p T (2MAO'WH — My W — 207" ) (8.48)

where we in the equation used (3.48), (3.59a) and (3.77) to rewrite ﬁ[pMm.

8.2.5 Energy, momentum and ®" current

If we vary the action (8.43a) wrt. the background fields é” = (t,e?, —M) we can de-
termine the currents 7" 1= (&r, TV, —J ") defined in (4.46). We do the variation in
appendix D.8.3 and find

EN = —LoM+ RTRN fy fore + 20 0P RN o f,
+0" 0 "9, fuy + 2vaa(}, $9p) P + 0" 0"0"9, 90, ¢
+%ap (eh”[pv)‘} POy — eh’*["h)‘}"(pfyy) (8.492)
T = Le} — 1 foyeh™ et — RN £,9, (a)0€7)
~20"0(, @ f el — W'V’ el fiudpp
+2hP[Vv/\]8pqvay (agel) — ZB(ygoap) gbh)‘”eg
—v"aygoavgovAe? + %ap (eh”[ph/\]”ﬂwugeg'>
— %89 (eZh” o] ageloy go) (8.49b)
]. v [
T = Eap (ezhf‘[f’v)‘] P — ehtlepM (Pf;u/> ) (8.49¢)

These expressions might be simplified further, but we leave it like this for the future.
What is of interest here is of course J#, which does not correspond to a symmetry
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current. It is the total derivative of something, and as it couples to M, we see because of
the antisymmetrization in the current that under the higher-dimensional transformation
that preserves the null Killing vector (6.4), the variation of the action is trivial:

5,8 = / dPx e 715, M,
M

= — [ dPx,0, (2 ¥eMlpa,g — kP g, ) o
M
= 0. (8.50)

This verifies the general analysis of section 4.4.3 that also on general Newton-Cartan
backgrounds J*# is automatically conserved when there is no U (1) symmetry. It is also
not hard to check that in the flat limit it is identical to the topological current ®* as
expected.

8.2.6  Electric and magnetic limits for dt = 0 and comparison with other work

GED on Newton-Cartan geometry was studied for the first time by Kiinzle [51], albeit
restricted to Newtonian spacetime where the connection satisfies the Duval-Kiinzle con-
dition (3.34). Bergshoeff et al. [84] has a slightly more general formulation but is still
restricting to torsionless Newton-Cartan geometries with dM = dt = 0. Finally in the
paper by van den Bleeken and Yunus [85] they generalize to torsionless spacetimes with
just dT = 0 and closed Newton-Coriolis 2-form for the magnetic limit, but not in an
entirely covariant fashion.

To the best of our knowledge, this is first time GED has been formulated on a com-
pletely general Newton-Cartan background. It is interesting to see how our results may
reproduce the previous work when dt = 0. As noted on page 9o it is not obvious
what the electric and magnetic limits are. However when dt = 0 the situation improves
drastically. Imposing this on the EOMs (8.47), we simply obtain

VoZP = M,V,WH (8.51)
VoEf = 0 (8.51b)
VWM = 0. (8.51¢)

In particular (8.48) now simply becomes

ﬁp (Ep - vpa) = —ZB[FMP} WHe (8.52)

And using the expression for the Newton-Coriolis 2-form (3.77) we see that we can
write this as

Vo (E° —ofa) = CupWH . (8.53)

Using (8.46) we can then write all the EOMs (8.51) in terms of the non-tensorial field
strengths (8.33) in a particular frame where we have
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ﬁplép = Cyu (BVP + ZE[”UP]) + vpﬁpa (8.54a)
VoEf = 0 (8.54b)
V BM = vMV,EF. (8.54¢)

Notice that the first and last equation transforms covariantly under local Galilean
transformations as we have split up the tensorial invariant expressions. The electric and
magnetic limits are more clear now. We can set E¥ = a = 0 corresponding to ¢ = 0,
which gives the magnetic limit as one can verify by restricting to flat spacetime:

ﬁpﬁp = CypB"* (8.55a)
V.BM = 0. (8.55b)

This agrees with van den Bleeken and Yunus [85]. On the other hand the correct
electric limit is imposed by choosing Ef = a = 0. In terms of the potentials on flat
Newton-Cartan spacetime it reproduces the electric limit when imposing the Lorentz
gauge and taking ¢ = 0 in some frame as discussed on page 82. If the connection
is taken to satisfy the Duval-Kiinzle condition (3.34), then there exists a frame where
Cpor = 0 [42]. In this frame we obtain that the EOMs (8.51) simplifies to

VoEf = 0 (8.56a)
V,BM = o V,E}, (8.56b)

which agrees with the result of Kiinzle [51].

8.3 LINEARIZATION

We have seen that the non-linear theory is very complicated in part due to the non-linear
definitions of the field strengths. This simplifies drastically when we only keep first or-
der terms. Using the general results of section 3.8 of linearized Newton-Cartan geometry
we can write the action as couplings to conserved currents. The definitions of the fields
we have used make the linearization a bit more involved than for the Schrodinger model
of chapter 7. The definition of the a, (8.25) linearizes as

a, = A (5; + E;f) =al” +a}), (8.57)
while f,, now becomes
P (0) 1) 20 = NV
fyv = ZBWV] + Za[yav] — ZQDaLuTy] — 2(p8[HMV] , (8.58)

After some straight-forward but tedious calculations, one finds that the linearized
action can indeed be written as

_ B 1 Iy B . —
S= / di+ly [,c(O) + TpElnp + 55 Tignp + €io Timp + Mp®* |, (8.59)
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where all of the currents that one can read of are identical to the improved flat space-
time currents given by (8.18), (8.21), (8.22). One sees here that Mp couples to the topo-
logical current @ as predicted by the Noether procedure of section 5.1.

8.4 CORRELATION FUNCTIONS IN FLAT SPACETIME
8.4.1  Dimensional reduction of relativistic propagator

It is well-known that the photon propagator in Lorenz gauge for MED in D + 1-dimensions
in momentum space is given by [39]

(Au () A (=p)) = 50 (5.60

From this one can derive that the (gauge-invariant) propagator for the field strength
tensor in momentum space is given by

(Fao (p) Fso (—p)) |

il (Moo ppPs — NopPpPe — NpoPoPp + Nppbobe) - (8.61)

We can obtain the propagators of the field strengths (8.5) of GED by performing a
null-reduction of the above, taking the various components like in (8.12). In momentum
space in D = 4 we find

(Ei(p)Ej(-p)) = 51-]-;;5; (8.62a)
(Ei(p)Ei(=p)) = plfﬁe (8.62b)
(E(p)Ei(-p) = 0 (8.620)
(Bi(p)Bj(—p)) = pz_—lie (6P — pipj) (8.62d)
(Bi(p)Ej(—p)) = eijkpipk_Eie (8.62€)
(Bi(p)Ej(=p)) = 0 (8.62f)
(a(p)Ei(~p)) = p‘f” (5.628)
(a(p)Ei(=p)) = O (8.62h)
(a(p)Bi(=p)) = 0 (8.621)
(a(p)a(-p)) = 0. (8.62))

Notice that because of the mass m = 0, the energy E only enters in the numerator and
never in the denominator because p? = p?. Since many of these are zero and the energy
drops out of several, it witnesses that the dynamics of the theory is quite limited.



85 SCHRODINGER MODEL COUPLED TO ELECTRODYNAMICS

Performing the Fourier transform of these propagators using (E.2) we will find deriva-
tives of & (t — #')-functions that will be the result when we have E in the nominator. In

D = 4 the result one easily obtains is

(Ei(t,x)Ej (¢,x)) =

(Ei(t,x)E; (t,x)) =

<Ei (t,x) E] (t’,x’)> =

<Bl' (t,x) B] (t’,x’)> =

i 1
ZE@@%(r—H)—————

4

[l —x']|
i / 4 d ,
5 3@rﬂﬂ(%—#)
Ix — /| lx —~'||°

5 (x; xl)<xj—x;>
o=’ " a—x )
_iﬂkt(_y%ﬁgﬁL
4r |l — 2|
0
lftaa—wq Xi =%
4n = x/|°
0
0
0.

(8.63a)

(8.63b)

(8.63¢)

(8.63d)

(8.63€)

(8.63f)

(8.63g)
(8.63h)
(8.631)
(8.63j)

One can check that these satisfy the EOMs (8.14b) of the free theory at separated points
and that they transform correctly under Galilean transformations. We notice again the
feature that all propagators are proportional to ¢ (+ — ') (and derivatives) which we also
saw considering the massless limit of the free Schrodinger propagator in section 7.4.2.

85 SCHRODINGER MODEL COUPLED TO ELECTRODYNAMICS

8.5.1  Reduction of the action

We now have all tools ready to write an interesting and interacting theory: The Schrodinger
model coupled to Galilean electrodynamics. This theory will in particular have non-zero
sources for the fields of GED unlike what we have studied so far. Again we obtain the
non-relativistic action from a null reduction, this time of Klein-Gordon coupled to a U(1)
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gauge field to make the U(1) symmetry local like what we study in appendix B.2.2. The
action coupled to Lorentzian geometry is given by

S = Skg+ Smep + Sint
A . 1 ., s
= /M d”* /g [_gWDﬁ‘Y Do¥ — 78" 8" FasFas | - (8.64)
We have already studied the null reduction of Skc (7.4) in chapter 7 and SmED (8.42) in

this chapter. We thus only need to study the interaction term S;,¢ which can be written
as

Sin :/ APy (/o] [of? ((¥9,F* — i¥*9,F) Ay — F* ¥l A, A, . 8.6
= [, 47y lsl [87 (Y0¥ — %9, Y) g ApAs] (8.65)

This can then be null-reduced using the methods of chapter 6 as we have done many
times now. The result is

Sint = /M dPxe [ih’” (¢paudvp* — ¢*a,0,9)
—¢*ph" (ayay + 2ma,M,)
—i (90'0,9") +i¢” (90"9,9)
+¢ ¢ (2(9p+m) §+ ZZJF‘M,,mq))] : (8.66)

The details of the reduction can be found in appendix D.8.4. In our theory the total
action and its fields is given by

S|, 9, (p,a,v,h_l,M] = SceDp [go, (p,a,v,h_l,M]
+ Ssen [ @, 0,71, M| + S |9, 0, 6,007, M|, (8.67)

where Sgpp is given by (8.43a) and Ssu, is given by (7.6). The fields of GED will
now be dynamical and sourced by the Schrodinger field and themselves, which makes
the EOMs rather complex and we shall refrain from writing them down while it is in
principle straight-forward. We can write Sg, + Sint in a bit nicer way, which makes the
structure more obvious:

Sseh + Sint = /M dPxe [z’v" (m+ @) ¢* (9y —iA, —iM, (m+¢)) ¢
—ivh (m+ @) ¢ (9 +iAy +iMy (m+ @) ¢*

— W (0, + 1A, +iMy, (m+ ¢)) ¢* (3, — iA, —iM, (m+ ¢)) P|. (8.68)

The calculation is done in appendix D.8.5. The above invites us to define a new covari-
ant derivative
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Dup = (9 —iAy—iMy, (m+¢))¢
= 0y —i(ay— ¢1u — @My) — iMy, (m + ¢)) ¢
= (0 —iay — imM, +i¢Ty) ¢ (8.69)

which allows us to write the action in a simple way

Ssch + Sint = / dP*lxe [ivy (m+¢)¢"Du¢p
M
— vt (m+ @) ¢Dyu¢* — h'Dydp* Dy | . (8.70)

This covariant derivative commutes with both the electromagnetic U(1) gauge trans-
formation and the U(1) transformation of the background. Under a local Galilean trans-
formation A, = a, — ¢7, — ¢M,, is invariant, but M, (m + @) transform to keep the
entire action boost invariant like for the pure Schrodinger model.

It would now be straight-forward to derive the covariantly conserved currents 7" i
for the entire theory by varying (8.66) wrt. the background and adding the contribution
from the free GED currents (8.49) and the free Schrodinger currents (7.10). In particular
J¥ will now be a non-trivially conserved mass current that includes contributions from
both the topological current ®* of GED and the interaction.

8.5.2  Flat spacetime
The action on a general Newton-Cartan background is quite complicated, and it will be
sufficent to understand more about the currents and the interaction on flat spacetime. It
is also interesting to see how this compares with the usual coupling of the Schrodinger
equation to the electromagnetic field [49]. Using the results of section 3.7, we find that
(8.70) on a flat spacetime can be written as

Ssch + Sint = /M d*lxe [—i (m + ¢) ¢*Do¢ + i (m + @) $Do¢* — 6"Dip* Digp |, (8.71)

where the covariant derivative now is

Dup = (9 — iAS) +ip3)) . (8.72)

We can then write Sg, + Sint more simple as

Ssch + Sint = /M dPtlxe [—i (m+¢)¢* (90 +ip) ¢

+i(m+ )¢ (20— ip) 9" — (3 +iA) ¢ (9 —iA') 4>] . (873)
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The EOM for the Schrodinger scalar field is found to be

2i (m+ @) (0 +i9) § + idopp = (9 — iAi) (9 —iA') g (8.74)

That ¢ always appears in together with the mass as m + ¢ is a special feature of
coupling to GED also seen when the Fermi model of example 4.3 is coupled to GED [65].
In a sense this is expected as ¢ is a scalar and such a coupling is the only possibility in
the Schrédinger action.

We see that we reproduce the usual Schrodinger coupling to the electromagnetic field
in the EOM if we take ¢ = 0. However, it is now not a clear cut case what the electric
or magnetic limits of the theory are because there are sources for all fields of GED. By
rewriting (8.73) we determine the linear currents p, g, ]’ that sources ¢, @, A; respectively
as in (8.10) and find

p = —2my*¢ (8.752)
p = i3 — ipog’ (875b)
J' = ipdp* —ip*o'¢p. (8.75¢)

On top of these comes self-interactions of the GED fields that arises from the “Seagull
term” in the dimensional reduction. One can here identify (p, J') as being proportional
the mass current (7.3¢) of the free Schrodinger theory of section 7.1, which is no longer
conserved. The full currents are covariantly conserved wrt. the derivative (8.72).



DISCUSSION AND CONCLUSION

In this thesis we have developed Newton-Cartan geometry and the field theories that
lives on these manifolds. Using a great deal of differential geometry, group and repre-
sentation theory we have accomplished formulating non-relativistic physics on a natural
general covariant framework. The main challenge has been to understand the structure
of Galilean connections. We have succeeded in elucidating their properties and found
that there is a natural connection to use on these manifolds, namely the graviphotonic
connection defined in section 3.3.3.1. The Schrodinger model and Galilean electrody-
namics we have studied have served well to give concrete realizations of the general
theory.

The main new contribution to this research area of this thesis has been to understand
the coupling of M, in both Galilean and Bargmann theories. This has previously not
been well-understood, but the Noether procedure approach we employed has cleared
this up completely. We have showed that it couples to a topological current in Galilean
theories and the conserved mass current in Bargmann theories. While the Schrodinger
model has been studied extensively in the literature, we are as far as we know the first
to study Galilean electrodynamics on a general Newton-Cartan background and give
covariant equations of motion. The non-relativistic version of scalar QED on a Newton-
Cartan background is a further contribution to the field, being an interesting example of
an interacting theory.

The latter is one of the points where there is future work to be done. Another aspect is
to understand the correlators of the Galilean theories, especially the J-function in time
that appears so that one can give meaning to correlators between currents which will
tell us more about non-relativistic theories. In relation to this, it would be interesting to
calculate correlators with the current ®* to understand more about it properties. Finally,
since the framework of non-relativistic theories is more-or-less understood, it would be
interesting to see where the results of this thesis could be applied in holography. There
are hints that for certain bulk geometries the theory on the holographic boundary is
expected to be something along the lines of Galilean electrodynamics. This thesis has
provided the tools that would help understand this better.
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A.1 RELATIVISTIC SPACETIME SYMMETRY GROUPS

A.1.1  Minkowski and Poincaré groups

’ Group G ‘ Transformations ‘ dim G ‘ Ref. ‘
Minkowski Rotations + boosts [86]
1
=D (D -1
SO (d,1) X't = AP, x 2D ( )
Poincaré Minkowski + translations [86]
1
sD(D+1
Poin (d,1) x't = xt 4 al 2D ( )
1
Conformal Poincaré + dilation + SCT | 2 (D+2)(D+1) | [87]
inD >?2
C (d/ 1) H_pH 2
X = Axlt, X = e

Table 4: Spacetime transformations and properties of relativistic symmetry groups in D space-
time dimensions.

Even though the main focus of this thesis is non-relativistic groups and their realizations,
it will be useful to review the most important aspects of relativistic symmetry groups
and compare them. There are 3 prominent relativistic symmetry groups of interest to
theoretical physics as shown in table 4, but to these can of course be added various
extensions which they are subgroups of.

All of the groups are provides rotational and boost invariance with the antisymmetric

generator [, which also spans the entire Minkowski Lie algebra through the commuta-
tion relations

U;u// ]pa] = NvpJuo — MupJve + Novlow — Nopulov - (A.1)

The Minkowski group can be defined as the group of matrix similarity transforma-

tions that leaves the Minkowski metric 7,, unchanged, which is exactly SO (d,1). This
is also the defining representation of SO (d,1).

One obtains the Poincaré group Poin (d, 1) from the Minkowski group by adding trans-

lations generated by P, through a semi-direct product, where the momentum transforms

as a vector under rotations and boosts. The corresponding new extra commutation rela-
tions of the algebra are [39]
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[PuPy] = 0 (A.2a)
[Ppr ]ptv] = ’7pr1/ - vapy . (A.2b)

As it is a semi-direct product of Minkowski with the momentum generators, the struc-
ture is

Poin (d,1) = RP %SO (d,1) , (A.3)

which makes it obvious that Poin (d,1) is an affine group. Its homogeneous subgrup
is exactly the Minkowski group.

Neither the Minkowski or the Poincaré groups are compact. The algebraic structure
of the Poincaré group is due to the semi-direct product decomposition not semisimple
and so its representation theory is rather complicated, as is well-known due to Wigner
[40]. Poincaré has two Casimir invariants given by [88]

@)

p* = pI'pP, (A.4a)

1
C, = —EPZ Juw "+ JuoPPTH Py . (A.4b)

In D = 4 we have that it is possible to write Cy, = W, W#, where W, = %GWPUIVPP” is
the famous Pauli-Lubanski pseudovector. These labels the representations of interest.

A.1.2  The conformal group

If we do not require that the metric must stay invariant, but allow it to transform up to
an overall scale 7 — A (x)2 17, then the group of symmetries is of course larger and we
obtain the conformal group C(d,1). In D > 2 one obtains after an analysis like that one
found in [87], that the resulting group is finite dimensional with the extra generators
compared to Poincaré being the dilatation D and the conformal boost K. The dilatation
generates scale transformations, while the conformal boosts generates the Special Con-
formal Transformation (SCT); an inversion of spacetime followed by a translation and yet
another inversion. One finds that the new extra commutation relations of the algebra are

[D,P] = Py (A.5a)
[D/ ]m/] =0 (A5b)
[D,K,] = —K, (A.5¢)
[P Kv] = 2 (D — Ju) (A.5d)
U Kol = 115Ky — 170p K, (A.5e)
K, K, = 0. (A.5f)

One should notice that J,, has zero weight under dilatations, while the boost and
momentum have weights +1, and K, transforms as a vector under rotations. The in-
troduction of the extra generators also simplifies the group structure, so it is now a
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semisimple Lie algebra due to (A.5d), which shows that there are now just the trivial
ideals remaining.

In D = 2, one finds immediately doing the same analysis, yet still rather surprising,
that the symmetry group is automatically infinite dimensional, and can be written as
the direct product of two Witt algebras, a left one with generators L, and a right one
with generators L,, satisfying the algebra

[Lm/ Ln] = (m - 1’1) Lyt (A.6a)
L, La] = 0 (A.6b)
[Li,Ln] = (m—n)Lygn. (A.60)

The finite dimensional subgroup of this is the six-dimensional SL(2,C), which gen-
erates the dilation, SCT, translations and rotation. 2D conformal invariant theories are
strongly constrained by the infinite number of symmetries and as a result have many
nice properties. Further it is also true by an analysis first done by Polchinski [89], that
any 2D scale- and Poincaré invariant theory under some very reasonable technical as-
sumptions, automatically is conformally invariant.

One of the most interesting extensions that one can do of the above groups, is to add
N fermionic supercharges to Poincaré or the conformal group, which is more-or-less the
unique physical relevant extension of these groups. The result is that one gets Z,-graded
Lie algebras, described in the framework of Lie superalgebras. These extensions can then
be named Supersymmetry (SUSY) extensions of Poincaré or the conformal group, and
they have a nice mathematical structure, that make them very interesting to study in
their own right. Especially there is a non-trivial internal symmetry that can maximally
be U (N) that the supercharges transform under some representation of along with
some new central charges.

A.2 LORENTZIAN SPACETIMES

A.2.1  Vielbein formalism and frame bundles

A

The usual way to introduce vielbeins e;;

as the “square-root” of the metric, i.e.

in a Lorentzian geometry with a metric g, is

S = nABe;?eE. (A7)

There are some computations that becomes significantly easier in this formalism, but
in particular it also highlights the gauge theory aspect of Lorentzian geometry [55].
The (inverse) vielbein e;j‘, ey are in this sense gauge fields transforming under the local
Lorentz transformations A“t; € SO (d,1) in the (flat) Lorentz index of the vielbein. The
metric g, is invariant under these transformations because 774p is the invariant symbol
of SO (d,1).

This construction is quite naturally that of (co)frame bundles like those considered
in the chapter 3 with SO (d,1) as the structure group. Contracting the (inverse) vielbein
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with a Lorentz vector or covector then defines a particular section of the (co)tangent
bundles, and the mapping is bijective.

A.2.2  Connections

We can define a (frame) covariant derivative D, for any connection on a Lorentzian
geometry by its action on the inverse vielbein as’

DyeA = —wVABeB. (A.8)

The coefficients wyAB are called the spin-connection and transforms non-tensorial as
(3.20). The associated spacetime derivative of the vielbein that satisfy the vielbein postu-
late is given by

A _ 5, A_TA A A B _
Ve, = dpey, — T ex —w,"ge, =0. (A.9)

Given a connection, the Cartan structure equations defines the torsion TWA and Rie-

mann curvature R, two-forms as

uvB
o) A _  _ AB + lT A (A )
we = ~Wpoet 5T .10a
1
uw,i'p = —wCwycp + ERwBA . (A.10b)
The usual spacetime versions Tw)‘, Rywp are obtained contracting with the vielbeins.

Taking the exterior derivative of the structure equations (A.10) and converting to space-
time tensors we obtain the usual Bianchi identities R[ W]p =0and V| ARMUP = 0. Until
now this discussion has actually been completely general and in particular it also applies
to the Galilean connections of section 3.3.2.

If we want a Lorentzian metric compatible connection, then we see that the connection

must satisfy

prB = _waA- (A.Il)

The above procedure is equivalent to the gauge theory of the Poincaré group inves-
tigated in the appendix of the paper by Hartong and Obers [26]. Here we identify the
HA as the gauge field associated with the momentum generator P4
and the spin-connection w45 as the gauge field associated with the rotation generator
JAB = —JBA The antisymmetry of the rotation generator J4? implies that the spin-
connection wy, 4p is also antisymmetric which again implies metric compatibility. After
a deformation of the algebra one may also identify local translation gauge transforma-
tions with diffeomorphisms on the manifold M. The field strengths of Poincaré gauge
theory are then seen to be the torsion and Riemann curvature tensors.

In Lorentzian spacetimes an important class of connections are the torsionless ones.

If we also require metric compatibility, then we may solve the first Cartan structure

inverse vielbein e

1 We here take opposite sign convention compared to what is usually chosen.



A3 CONSERVED POINCARE SPACETIME SYMMETRY CURRENTS

equation (A.10a) which yields a unique solution, the famous Levi-Civita connection

[53, 52]

w "[AeB]"eycaveg . (A.12)

AB _ VA B
J=e aye

By LA
V]~ e’ B[Vev] —e
Notice the similarity with the pseudo-rotation gauge field (3.44b).
It may also be proven that given any metric compatible connection w;,sp, we may

write it as

wyAB = Wuas + Cuas, (A.13)

where Cy a3 is called the contortion. Contracting with vielbeins, the corresponding
contortion tensor C;,p = —Cyyy transforms tensorial, and takes an expression in terms
of torsion tensors

1

Cuvp = — 5 (Tyvp = Topp + Topv) - (A.14)

A.3 CONSERVED POINCARE SPACETIME SYMMETRY CURRENTS

A.3.1  Canonical conserved Noether currents

It is enlightening to see how one may use the Noether theorem investigated in appendix
B works in the more familiar case of theories with Poincaré spacetime symmetries. We

assume a Lagrangian description with action S [¢] = [,,d"x L (¢,9¢) and infinitesimal
transformations given by

Xt o= x4 bt (A.15a)
o) (*) = @0 (x)+ g (x) (A.15b)
oxt = H=el+ A Y (A.15¢)
1
Spe(x) = E)‘yv J*) e oe (x) (A.15d)
where A, = —A,, is just an infinitesimal Lorentz transformation and € an infinites-

imal translation that together are all of the parameters of the transformation. The gen-
erators of rotations (J*"); is in a suitable representation realized of the fields ¢,. The
corresponding conserved Noether currents are given by

oL
T = ————=d'g,— 'L (A.162)
9 [0p ]
ol = xFTPY — xVTPH 4 o1V (A.16b)
oL

s = — (A.16¢)

FIEI ) iz 92
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where T¢, is the canonical energy-momentum tensor and ]gﬂ the total angular mo-
mentum with the non-conserved spin-current s*#'. The conservation d,jtan = 0 implies

2T = —0ps, (A.17)

so in general Tlin # Tean. We can write a variation of the action in terms of arbitrary
local parameters &, (x), Ay (x) as

oS [p] = - /M dPx [ap(?yTpH + %ap)\ws‘”’” , (A.18)

where we recover the conserved currents proportional to the parameters when we
take

Su(x) = ep+Awx’ (A.19a)
)\yv (x) = )\yv . (A.19b)

A.3.2  Improvements of currents

The improvements of the EM tensor and angular momentum current takes the form

Ti’j;p Thin + 9, AMY (A.20a)
Jony = ¥Than — x'TE + s 4 9, B¥ (A.20b)
where AMYV = — AM\ and BMH = —BPMV are the improvement terms. If we choose
AMY = % (s’“’)‘ + sV — s)‘w> (A.21a)
BMH = xH AMYV _ xV AMH (A.21b)

the improved angular momentum current becomes

PRV — TV TEH

] imp imp imp * (A.22)

From this the conservation law for angular momentum implies that ".I“frl:l/p = Ti';f:p. This
improved EM tensor is also known in the literature as the Belinfante-Rosenfeld EM
tensor, and it is identical to the Hilbert EM tensor of general relativity

T’“./1 = 72 —55
i V181 08w

when we vary around flat space [90, 91].

(A.23)
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A.4 NOETHER PROCEDURE FOR POINCARE THEORIES

If we want local Poincaré invariance of our theory at lowest order in the geometry, we
need a first-order term in the action that cancels the non-invariance of (A.18) as de-
scribed in general in section B.2. We define two gauge fields that couples to the currents
in SO as

1
s = /M dPx [ewTé‘a’; + S Wpps™ (A.24)

which are the linearization of the vielbein e,, and the spin-connection w,, that ac-
cording to the general Noether procedure should be taken to transforms at first order
under infinitesimal local translations and rotations as

where Ay, is an infinitesimal Local Lorentz Transformation (LLT) and ¢, an infinites-
imal local translation. Writing Tly, in terms of the improved current (A.20) gives after
some integration by parts that we may write the action as

1. 1_
st = /M dPx [2hﬂvTiﬂp T ECPWSPW ’ (A.26)

where we have defined

Couv = Wopv — ﬁpﬂv (A.27a)

ﬁ,uvp = a[pﬁv]y + ayé[,/p] . (A.27b)

hyy = 2e(,,) is here the perturbation of the Minkowski metric, and one may check that
@pw as defined is exactly the linearization of the Levi-Civita connection (A.12). What
one should appreciate here is that contrary to the Galilean case of section 5.1, is that
the calculation shows that it is possible to realize the geometry on the vielbeins alone
(or equivalently the metric gy = 7 + Ew), with the Levi-Civita connection Wy, =
Wy as the “minimal choice” connection implied by the improvements. Cyy is here the
contortion tensor, which may be set to zero if we do not want a torsionful spacetime.

An explanation to why this is expected is based on the observation that connec-
tions must end up coupling to a conserved current. Here initially wp,, couple to a
non-conserved current because the vielbeins transforms under a LLT. After using the
improvements of the EM tensor the linearized metric occurs and this does not trans-
form under LLTs. Therefore what is left of the spin connection must also be a tensor
that couples to the non-conserved current to keep the action invariant under. Knowing
that this only happens when the spin current s**" couples to the difference of two con-
nections, this implies that whatever comes from the improvements of the EM tensor
must be a connection itself. As this connection then by the structure of the EM tensor
coupling must be build from the vielbein explains why we get the linearized Levi-Civita
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connection and nothing else, as this is the unique connection build from the vielbein
alone.



THE NOETHER THEOREM AND PROCEDURE

B.1 NOETHER’S THEOREM
B.1.1 Statement and proof

Theorem B.1 (Noether’s theorem for fields). Let an action S = [,,dPx L (¢, 9¢, x) for a set
of field(s) ¢y (x) with at most first order derivatives™ and perhaps explicit spacetime dependence
be given. If the action is invariant under differentiable symmetry transformations, then there
exists a corresponding conserved current for each independent transformation [73, 92].

Proof. Take the action S = [, dPx L (¢,9¢,x) and let us restrict ourselves to infinites-
imal symmetry transformations. We may without loss of generality assume that the
possible symmetry transformations are described by (constant) infinitesimal indepen-
dent parameters CA = {e*, A"}, A =1,...,N, where A, are the subset of parameters
that includes the variation of just the field ¢;, while the parameters €, parametrizes
just spacetime transformations. Both may give rise to infinitesimal spacetime variations
X4 (x) = {X§ (x), X} (x)}, and we may then write the infinitesimal transformation of
spacetime and the field as the passive transformation

o= x4 sxt (B.1a)
or (*) = @0 (x)+ 0 (x) (B.1b)
oxt = X (x) = " XY (x) + A"XY (x) (B.10)
ope (x) = Aaljpep(x), (B.1d)

where U, is a matrix that is a representation of the part of the infinitesimal symmetry
transformation that acts on the field components. The structure of the type of symmetry
transformations described is generally given by a Lie algebra g and hence if dimg = N
then there are going to be N conserved Noether currents as we will see.

As the Lagrangian density contains derivatives of the fields, we need to figure out
what the symmetry variation of these are. Using the Leibniz and chain rules we find

0 (Iu@pr (x)) = 9udepe () — 9y (9x") Dupy (%) - (B.2)

The variation (B.1d) of d¢, (x) consists of an internal transformation of the compo-

nents given by A,Uy; together with a spacetime variation from changing the coordinates.

From this we can more conveniently define a transformation d¢, (x) that singles out

the internal transformation part by calculating the difference of the transformed and
original field at the old spacetime point, i.e.

1 It is not hard to generalize to more general cases.
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i
=9 (o)
- (g(x—ch)Jr(Sq)g(x’ 6x)) — ¢ (x)

= (@etxy — 0x"0uqy (x) + gy (x' = 0x)) — @ty
) -

= 0¢¢(x) = 6x"9uqy (x (B.3)
This is useful, as we see that we may now write
Sq (x) = 09y (x) + 0x"9uqy (%), (B.4)

and from the definition of ¢, (x) (B.3) we see that it commutes with the derivative:

6 (Oupe (x)) = 0 (upe(x)) —0x"9y (0upy (1))
= 0u0@e (x) — (940x") dygy (x) — 0x"9y (e (x))
= 0,09 (x) — 9y (dx"9v gy (x))
= 0, (69 (%)) . (B.5)
We are now ready to consider the variation of the action 6S = f M dPx' £’ — f M dPx L,

which in general transforms both the integration measure and the Lagrangian density.
We may perform several useful manipulations and expansions, keeping only first order

terms in &4:
5S = /M/de’L(go' (x),0 /deﬁ )99 (x),x)
(i) = M/de’ﬁ((p’( ), x) /dDXﬁ ), 99 (x),x)
‘HSanAL((P( )99 (x ),x)+(9(f§)
(i) = [ d%xL (g (x),0¢' (x),x) £ (g (x),09 (x),)

)
91 (6L (9 (), 99 (x),%) ) + O ()

oL (¢,9¢,x)~ oL (¢,09,x) ., ~
ii) = dPx =2V T S, + G, (6
(i) / ¢y v dong] (0¢0)

01 (5L (9 (x),39 (x),2)) + O (&)

. oL - oL _
(IV) = /M de aAia [a/\gw] 5(P( + 78 [a)\g%] a/\ (54)5)
+0, (Mc) +0 (@)

— / dPxa, [ ]&pg-l—ﬁéx } +0 (&%) . (B.6)
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(i): We expand the transformed Lagrangian density at x*: £ (¢’ (x'),0¢’ (x'),x") =
6x10\L (¢ (x),09 (x),x) + O (&2).

(i)): We change of coordinates from x'# to x" through x'* = x* 4 éx" and using
dPx’ = %de = det (ID + ag;f) dPx = (149, (6x*)) dPx + O (&?). This extra piece
) (6x*) L (¢ (x),9¢ (x),x) may be combined with the term of the expansion of the
previous line to give 9, [6x*L (¢ (x),9¢ (x),x)].

(iii): We use that ¢}, (x) = ¢, (x) + 6@, (x) from the definition of d¢, (x) and expands
L around (¢ (x),0¢ (x),x), which kills of the zeroth order term and leaves the first
order term in the variation.

(iv): Using Euler-Lagrange equation %{ =9 /\% we can write a total derivative.

Now by the assumption of this variation with &4 = {€*, A%} corresponding to a global
symmetry transformation we have 65 = 0 which implies that

]gan ((;I) = 34’6 + LoxH (8-7)

oL
9 [9ugi]
is a conserved current when we use the EOMs of the theory, as we used the Euler-

Lagrange equations in the derivation. We can write J* () in a more useful way using
(B.1) and (B.3):

Jean (§) = (5(/’12 - 5anA§0€) + Lx!

- = ()\uuzzq)z — (e"‘f(ﬁ + /\”Xﬁ) aAq)g> + L ("X + A" X))

_ L TA\a a . Aa
= —A; <W (X o\py — ll@g%) —LX >

a£ A A
—€q XM, — LXM ] | (B.8)
(a{am ’ )

This defines two sets of conserved currents which together gives N conserved (canon-
ical) Noether currents corresponding to the N independent variations by

oL 8 5
o XM, 0, — U@, ) — LXM (B.ga)
3 g (X010~ Uiz
P = Lf@“&ﬂpg—ﬁf(”“. (B.gb)
9 [0, /]
O

Notice that Jhy is the only current that contains the internal variation of the field,
but both of them contains terms from the variation of spacetime. The internal part of
]é‘a”; does in general not define a conserved current on its own unless the symmetry
transformation is purely internal, i.e. X* = 0.
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We may define conserved symmetry charges by in some frame where y = 0 corre-
sponds to the time coordinate integrating over a d-dimensional spatial hypersurface S
as

Q" = /S dx? Jhan (B.10a)
Q* /ded Jtan - (B.10b)

These charges are then seen to furnish an representation of the Lie algebra g of the
symmetry group with the Poisson brackets representing the commutator as discussed
in the main text.

We can take the parameters ¢* to be local, i.e. ¢ = ¢4 (x) which then by assumption
no longer corresponds to a symmetry of the action. Because &# constant corresponds to
a symmetry of the action, the variation of the action may be written proportional to the
corresponding conserved canonical Noether current J* as

65 [p] = - /M dPx dua (X) ]ga?\/ (B.11)
which is seen to vanish when we again impose ¢4 = ¢4 (x) .
B.1.2 Improvements
The canonical Noether currents [lan, Jlan are fixed uniquely by the calculation above,

but they do not give rise to uniquely defined symmetry currents. From the conservation
equations 9, Jhan = Iy Jh = 0 we see that we may define new currents by

Jop = JhnraaAte At = e (B.12a)
Thep = 4 0,BMa | B — _prAa (B.12b)

that are still obviously conserved because of the antisymmetry of the improvement
terms AM®, BM4, These improved currents does not change the charges (B.10) exactly
because the improvement term is a total derivative. This shows that there are some
freedom left in the symmetry currents that may be exploited to give more simple conser-
vation equations. They may for example be used to make the currents gauge invariant,
symmetric in some indices etc.

B.2 THE NOETHER PROCEDURE
B.2.1  Generalities and setup

The Noether procedure is a systematic way of making global symmetries of some action
local by adding gauge fields to the theory [93, 94]. The starting point is a completely
general action S(%) [¢] globally invariant under some representation of a symmetry Lie
group G. The goal of the procedure is to obtain a modified action



B.2 THE NOETHER PROCEDURE

S[p, Al = SO [¢] + SW) [, A] + 52 [p, A] + ... (B.13)

that is invariant under local symmetry transformations of G. We want to obtain this
by defining a set of gauge fields gA,n, N = 1,...,dim G, in a systematic way by adding
couplings with higher and higher orders of A,y until local symmetry is manifest. We
find it useful to define a constant g so that all variations § « g. While this is usually
absorbed into the generators, we prefer to write it explicitly in the following to keep
track of orders in our procedure.

The big question is then how to construct the terms S [, A], S?) [, A], ... in a
systematic manner. The central observation made in section B.1 is that if we have a global
symmetry of any action S [p] but take the transformation parameter &y (x) to be
local, then the variation of the action may be written proportional to the corresponding
conserved canonical Noether current J(OFN ag

65lg) = —g [ dxd,dn (x) JOV. (B.14)

The non-invariance of the variation (B.14) may be canceled by defining and adding to
the action the coupling of a gauge field A,y to the current | (1N and define the gauge
field to transform (at first order) as

sSWip,A] = g/M dPx A;(}Z\),](O)”N (B.15a)
s*W Al = SO[g]+5W (g, A] (B.15b)
AVN — A;,N—l—(SA#N (B.15¢)
bAN = dWA,N=0.8N. (B.15d)

The variation of the new action is now easily seen to be
655 g, 4] = g [ dPx Ao]ON = O (%) , (B.16)
M

so unless 679" = 0 under the local symmetry transformation, the higher-order action
s*(1) [, A] is only invariant under local transformations to zeroth order in g. We have
then not achieved full local invariance of the action. However as we see that §S*(1) is of
order O (g2), as 6]¥N « ¢. The action S*) [, A] has a new set of conserved Noether
currents that we can write as

JEEN — OuN 4 or(uN (B.17)

The current JE#N now depends on Ayn, and the EOMs for the field ¢, have also
changed because of the new term.

To go to next order in (B.13), we proceed as above and thus must add a term to
the action that we call S [¢, A] which must be chosen so it has the property under a
variation that it cancels 6S*(1) [@, A]. Thus:

55 [, Al +65*V [g, A] = ¢ /M dPx Auné] N = 0 (¢%) . (B.18)
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It is now obvious how to perform the Noether procedure: For n € IN and a given
S=(1) [, A], find a S"+1) [, A] such that

55" [, A] 465 [, A] = O (g"*?) (B.190)

SE ) [, A] = §*) [, A] + 5" [, A, (B.19b)

and continue until §S*(X+1) = 0 for some K € IN or K = co. To determine S"+1) [g, A],
we must not only figure out exactly what to couple to the product of n gauge fields A,
but also define higher order transformation laws. In general the representation of the
symmetry group G on the coordinates of spacetime and the field ¢, must be modified as
we go higher order to make the iteration consistent. The transformation laws (B.1) when
the symmetry is global along with that of the gauge field (B.15¢) will each need to be
corrected by additional terms of higher order in g in (B.1) in order to keep invariance to
order O (¢"*1). We can write the generalization of (B.1) for the new local transformation
law as

Xt = XM 4 oxt (B.20a)

oy (¥') = @u(x)+ ¢ (x) (B.20b)
A;N (X/) = AMN (x) + (SAyN

sxt (x) = &N (x) (xggw (x) + gX\VF (x) + .. ) (B.20¢)

bpe(x) = Cn(x) (U,fg)N + U™ () + . ) ¢ (x) (B.20d)

SAN () = 08N+ Em (%) (gWI(\[%M . ) Ay (x) . (B.20€)

For AN (x) the lowest order is an abelian gauge transformation, while higher order
terms in general are non-abelian. This choice of how to define the higher order correc-
tions to the transformation laws is generally not unique, as is neither the choice of the
next order action S("*1) [p, A]. We must require that the Poisson algebra of the genera-
tors closes at each order, which helps determine the transformation laws.

Assuming that we are able find the terms we need to add, define the local transfor-
mation laws and the series (B.13) converges, then we have obtained an action S [¢, A]
that is invariant under local G-transformations. The result will be the same as if we
had covarantized the theory by replacing partial derivatives with covariant derivatives
associated with the connection of some fiber bundle. Depending on what choice of trans-
formation laws and what terms we add to the action we will obtain different connections
and there is typically a choice that corresponds to “minimal coupling”.

If G is an internal symmetry group the series (B.13) will only contain terms up to
S®) [, A] corresponding to a general 4-gluon vertex with the gauge field Ay (x) being
in the adjoint representation of G. On the other hand, if G is a spacetime symmetry
group the series will never terminate. This is because the local translations will exactly
be general coordinate transformations on the manifold. The covariant derivative here
will be that of some connection corresponding to curvature and torsion of the spacetime.
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The procedure is straight-forward to follow, but in practice the calculations are too
complicated because there is no systematic way to determine S [, A]. Further more,
this will never be a practical way to obtain the full diffeomorphic invariance when G is
a spacetime symmetry group.

However, even with spacetime symmetries we saw that the lowest order local invari-
ance (B.15) is essentially unique and universal, up to rescaling of fields and currents. This
is very useful as SV [¢, A] = 5O [¢] + SO [, A] then will be the coupling of the field
theory described by S [¢] to lowest order in the geometry, which should be enough to
study the effects of coupling the theory to gravity. That is indeed the motivation for us
to pursue this direction.

B.2.2 Example: Noether Procedure for the complex relativistic scalar

It is illustrative to see how the Noether procedure work in the case of a free massless
complex scalar. We have £ = —d"¢*d, ¢, which is invariant under the purely internal
U(1) transformation with parameter €

p— o, ¢f = e, (B.21)

bp=iep , O¢* = —ieg” (B.22)
The globally conserved U(1) current is
oL
o= ———Ujppp
P g

oL .
= Tapg] TV T g (Y

—ip dte. (B.23)

According to the Noether procedure we should then take

*

= ipd'e

= / dPx [(igd!e* —ip*d'g) Ayl (B.24)
M
0A, = 9,€ + (perhaps higher order terms) (B.25)
SO
s¥) — g0 L g

/dD —0'g"0up + (igdg" —ip*d"p) Ay]

= /dD —0 9 0, + o' o* (ipAy) — 04 (ig*AM)]

- / dPx [~D'g* Dy + |9l A1 4, |, (B.26)
M

where we identified the covariant derivative as
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Dy =0, —iAup, (B.27)
Let us check 6] (using [5,9] = [6,9] = 0) under a local U(1) transformation:

SJOM = ispatg* +igdtsg*
—id@p ot —ip g
= iliep] " +ipd" [—iep”]
—i[—ieg™] g —ig*d" [ieg]

= @@ ole+ ¢ pdte
= 2¢¢"d'e #0. (B.28)
We thus have
65*M = 550 4 55()
= [ dPxoOra,
= /M dPx2¢¢* A0, (B.29)

which shows that we indeed have to add another term to the action, namely one of
order O (Az), but we do not need to put additional terms into the transformation law
of 6A,. The S piece we guess from the above should be given by the “Seagull term”:

5@ = /M dPx " AV A, (B.30)

because we then have

6582 = ¢ /M dPx pp* AM A,
- /M dPx [5pg* AP A, + gog* AMA, + 29" A0 AV]
- /Mde [(ie@) g™ AP, + ¢ (—ie@ Y APA, + 209" Ay (3V€)]
= —/M dPx 29" @A, 0"e] , (B.31)

which then shows that

652 = 550 1 551 4 552
= /dDXZq)qo*Aﬂa"e—/ dPx [299* A 0M€]
M M
- 0, (B.32)

Thus the sequence in A terminates at order 2. We see that this can be assembled into
the following local invariant action:
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S = 5O 451452
= Mde [~D"¢*Dyg + |2 A*A, — ¢* pAMA,)
= /M dPx [—Dy(p*Dygo] . (B.33)

Hence the morale is: Making the theory locally U(1) invariant is equivalent to just
taking d, — D, in the global invariant Lagrangian density. The original global U(1)
current [¥ = i@pd¥ ¢* — ip* 9" ¢ is no longer conserved. The new conserved current is the
covariantized version of this

Ji =¥ = ipDFo* — ip*Dl'g. (B.34)

We can write the interaction term as

Sint = /M dPx [(igd'e* —ip*d'p) Ay — ¢*QAFA,] . (B.35)
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NON-RELATIVISTIC CONFORMAL GROUPS

C.1 THE SCHRODINGER GROUP

There are now various ways to define the analog of the relativistic conformal group. In
any case we must add the Lifshitz scaling of section 2.2 to the Galilean or Bargmann
groups, but the number of extra generators we need to add to make the algebra close
depends strongly on the value of z. Adding the Lifshitz scaling with generator D to
Bargmann for z = 2 leads to the necessity of adding a “temporal SCT” with generator
C to the algebra for closure, which gives us the Schrodinger group Schr (d,1). The new
extra non-zero commutation relations [4] compared to Bargmann are given by

[D,H|] = 2H (C.1a)
D,P] = P (C.1b)
[D,Bi] = —B; (C.10)
[D,C] = -2C (C.1d)
[C,H] = D (C.1e)

The corresponding symmetry group is the maximal symmetry group of the free
Schrodinger equation of section 7.1, hence the name [28, 77]. The structure of the group
is now a lot different than for Bargmann, but it is still a subgroup. In particular there is
a s[(2,R) subalgebra spanned by {D, H,C}.

C.2 THE CONFORMAL GALILEAN GROUP

If we instead for z = 1 add the Lifshitz scaling (dilatation) to the Galilean group, we see
that we need to add the same temporal SCT generator C along with d spatial SCTs K;
for closure. The resulting group is the conformal Galilean group CGal (d,1), which in
many regards is the one that is closest to the relativistic conformal group, as space and
time scale symmetrically. The resulting non-zero commutators [29] of the algebra are

[D,H] = H (C.2a)
[D,P] = P (C.2b)
[D,B] = —B; (C.2¢)
[D,C] = —C (C.2d)
[D,Ki] = -K; (C.2e)
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[C,H] = 2D (C.2f)
[C,P] = 2B (C.2g)
C,B] = K (C.2h)
K, H] = 2B; (C.2i)
[Ki,P| = 2J+26;D (C.2))
K Ji] = 0ukKi— 6xK; (C.2K)

Interestingly enough, it is easy to see from the Jacobi identity that it is not possible
to add the previous central charge M. Again we have an sl (2,IR) subalgebra spanned
by {D,H,C}. CGal (d,1) can also be obtained from an Inonii-Wigner contraction of the
relativistic conformal group C (d,1) of appendix A.1.2 [29].

C.3 AN INFINITE DIMENSIONAL EXTENSION

It is not too hard to guess how to generalize the two above algebras to more general
values of z, given that we have a sl(2,R) subalgebra in both cases: One could then
try to extend it to a Witt algebra with generators L". It is then also natural to give the
rotations and rotations a wight under this Witt algebra, which can be used to define two
sets of generators T;" for generalized translations and Jj; for generalized rotations. After
some work along these lines, which is straight-forward, one finds an infinite dimensional
algebra that contains all of the non-relativistic algebras without central extension of table
1 exists and is given by

L™, L" = (m—n)L"" (C3a)
[M??/M?z- = SpMiT" — 5ikM;7+" — oM + 51‘1M;?<+" (C.3b)
LM = (C30)
] = 0 (C.3d)
LT = (z—l (m—+1) — n) T (C.3¢)
[M?}/ T = oy — Tt (C.30)

This algebra consists of a Witt algebra spanned by L" (may be centrally extended
to a Virasoro immediately), a so(d) Kac-Moody algebra spanned by M, and Ti" are
so(d) vectors and Witt primaries. These are known in the literature as the spin—% ex-
tended Galilean algebras when we take z = 2/N, N € N [95, 29]. One can work out
the commutation relations to see that only if z = 2/N do we have an finite dimensional
subalgebra which is spanned by L™, L% L', M), and T7,..., T,Y . We may centrally ex-
tend this algebra for z = 2, %, , %, ... by a central charge M so that it contains all of the

algebras of table 1 with central charges as well. This is done by taking

[T;“, Tﬂ — I"™§,;M, (C.4)
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where [""" is the invariant symbol of sl (2,R) in the representations the generators T}"
carry.

The corresponding finite transformations are obtained by integrating the infinitesimal
spacetime transformations generated by (C.3). We find that the transformations are

L= ), | (C59)
o= () (RO A () (C.5b)

A theory with this symmetry would be invariant under arbitrary time redefinitions
and time-dependent rotations and translations. The corresponding transformations of
the finite subgroup are

y = — 1P (C.6a)

‘ N
o= ('yt—i—(S)_% (Ri]xj—i— ZA?t“) . (C.6b)
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CALCULATIONS

D.2 CHAPTER 2

D.2.1 Cyin d = 3 dimensions

We show that Cs = (e [3J7% — L (BIPY)] )2 in d = 3 by collecting terms in the formula
(2.30c) and using (E.3):

: 1. 1/ S TR
& = o ]jk—%@f B]-Pk—B]-Pk]]>—|—ﬁB]P (B — B*PY)
1 .. 1 . . 1 .. 1 . .

— Zgpkpk _ _—_ ]kB]pk_ 7B]pk ik fB]PkB]Pk

1 .. ‘ 1 ., . 1 . )
—Jikgkpi — —_Bipkjik — _—_ BipkBkpi
+2m] 2m I m2
1 .01, 1. 1 . .1, 1.
= —pk|zpk - —BipF| — —B/pk | =k — —Bipk
2] [2] m ] m 2] m
1.0 1., 1
_Zqpk | _Zpk _ —
2] [ 2] m

1. 1 . 1. 1 .
— |Zpk_ —pipk| | =k — —Bipk
[2] m ] [2] m

1
m

1

‘ 1
Zrik _
2]

kaf] + —B/pF [— kaf]
m

— B]ﬂf — ;prk] [_;]ﬂf — ;kaj}
- (e [ ) - o]
— (eijk Bp‘k _ % (prk)} )2 . (D.1)
On the contrary one could also start from Cy = (el-]-k [% Jik — % (Bj Pk)})2 and by a
careful analysis revert the calculation above to find the general d-dimensional expression

for it as there is non explicit d-dependence in the expression. This is actually how we
(2.30c) in the thesis generalizing the result of [35].

D.3 CHAPTER 3
D.3.1 Solving for the affine Galilean connection
An expression for the affine connection in terms of the gauge fields of the connection

can be found from the vielbein postulates (3.24). We find using the completeness relation
and the other vielbein postulate
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_ LA a a a ,b 0 A A

= ¢ (ayev -/ w," ey ) — L ((SP +v Tp)

_ LA a a a ,b A AP

= ¢ <8er -Q/ 17 —w, e, ) T =TT

_ A a a a b A A

= eu<8yev -Q/u -w, bev)—FW—v T, =

rﬁv = -9, +e, <ayev" -0/t —w, bevb) ) (D.2)

D.3.2 Linearizing the Hartong-Obers connection

We want to linearize the boost and rotation gauge fields (3.43). Starting with the boost
gauge field we find

20, = 20"9e,, + Zvve‘fueﬂba[veal]’ +2Cq
= =05 (3.2 — dutua) — 8% (2, — 02, ) +2Cya

_aOEya + a]JEOIZ - (Syh (aoéab - aaEOb> + ZEW (D3)

We then find that the components become

200, = —30ey" + oes” — dop (Do, —="aey’

= 2Co, (D-4)

204, = —00hq + Ip0a — (0Car — 9aCop) + 2Cha
= —2002(pq) + 9p€0a + 0alop +2Cpq
= —905pa + 20,8/} + 2Cha
= —00Spa — 20(,0p) 1 2Cpq .

In total, after dividing by two, we find

= Q E a
QW:< 0ﬂ>:< ) oo ) (D.5)
Qg —590Spa — 9(Va) + Cha

Linearization of the rotation gauge field gives
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In components:

zwbac

D.3 CHAPTER 3

26 Buenq + 2 ey + 2eue” e 0res” + 2Cac

25A[C|a,@,u} + 257 + 26,507 (5Aa]a 218” + 2Cuac

|aAe ¢

ple]
(5?2)”% - 538,@6) + (528@6 - 5?8Aé,m)

8 (0763 = 8761 ) 912 + 2Cyuc

(3y2ea — Ayac) + (9uBuc — dcBpa) + Sy (aaécb - 8CEub) +2Cac
20,2(ca) + 20148 /] + 20,9148, + 2Cpac

2811?[01] + 28[,1?“44 + 25yba[aécf + ZE‘WC . (D.6)
20000 = 2305[01] + Za[aé‘o‘c} + 260,1(;
= —2805[1”] — 28[1154 + ZEOM , (D7)

2042 (ca) + 20]48 p(c] + Opa9aCef + 2Cpac
= 204ca) + 201,81 + 20048p + 2Kpac
= (9peca — pac) + (9alpc — 9clpa) + (9alep — 9clap) + 2Cpqc
= 2047 +2 (96Z(e) — (b)) + 2Chuc
= 204€[cq) + 0aSpc — 0cSpa + 2Chac
2048(cq) + 201450 + 2Cpac
= —208[5 +2045p + 2Cpac (D.8)

so we can finally write

Gac = Qoac _ _a(ie[ac] - a[avc] + (:Bac ) (D.9)
Qbac _abe[ac] + a[as\h|c] + Cbac

From this we see that the pseudo-gauge fields (3.44) are linearized as

ﬁya = ( 2041 ) = ( . 0 ~ ) , (D.10a)
Oy —200S0a — 9(4Up)

é‘uuc = < ?Oac ) = ( _BOE[’ZC} _a[aﬁc] > . (DIOb)
Whac _abé[uc] + a[usc]b

We can then perform the linearization of the pseudo-contortions éw and éwc for the
graviphotonic connection of section 3.3.3.1 in the main text. Let us first consider the
linearization of W*,,, as all pieces multiplied with this must be zeroth order:

pv’
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=

Where we used that Ly,
is independent of the orbits.

éya

and for the other one

C;uzc

nv

1 _
Eh)\UYU’N

1 _
E(W(sgym

1 _
E(S/\IZ Y{lyv

1
5 (TuKaw + Ko + L)
g (5ga[ﬂv] + 59%@]) (D.11)

only contains higher-order pieces. The linearization of M,
We then find

—v”eMWAW

5362a0"" (8500, My) + 697, M, )
SN

5ya[uM0] + a[uMV] =

Cuu == 200,

e"CeMW)‘W
51/,:(5/\“5/\17 ((528[hﬂv] + 588[,,MM)

n — _
809, M + 003 M =

_ 9. M,
Cw'j:< [OJ] ) )

20,M,

_ (D.12)
9 My

(D.13)
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D.4 CHAPTER 4

D.4.1 Improvements of Galilean spacetime currents

Current ‘ Improvement ‘
Time Efp = Eean + 0;a! ol
Elp = Elan — 000! + ;8 B = —p
Translation . E%P — Tean + 97" a
Tomp = Tlan — 307 + 340 S
Rotation - ji()ri{p ':k'xiTgn‘— ?‘j Toan + U+ ?kKkij ] ] Kk ]
imp = % Tean — X Ty + 85 — 9ol + AT || AT = —AMY
Boost - bgi‘P — Mean + 0" + 9" ¢t
bﬁnp = T + Wit — Do + 9N pkit = —piki

Table 5: Improvements of currents and charges of a non-relativistic Galilean theory.

There is some freedom left in the currents defined in (4.17) as adding a divergence term
will not change the generating charges. We have the following improvements which
leaves the charges and transformation law unchanged

Eiymp = Elan +0,APH (D.14a)
Thp = T+ 3,B™ (D.14b)
jillrIl'ljp — ]ga% +9, DPHi] (D.14c¢)
bﬁ; , = bl p EFH (D.14d)

where all A, B, D, E are antisymmetric in the first two indices. In the spirit of Galilean
relativity we can separate the components of the improvements as in table 5 which is
more convenient for the following. The way to proceed is simply by expressing the
canonical currents in terms of the improved ones of table 5 and substituting the results
into the rotation and boost currents that are expressed in terms of the momentum cur-
rent.

D.4.1.1 Rotation current
We start with the zero component of the rotation current:

Oii i . ) 3
fimp = %' Tean — ¥ Tghy + 5% + 9™
= (Tgp — Bk'ykj) —x (Ti%p — ak'yki) + 9kl 4 g0

= £TY _ xjil}%p — X'y + Aoy + 9k 4 0 (D.15)

imp
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What is of interest is

— X M 4 X9k 4 9k 4 5% (D.16)

where we would like to choose 7 and x*/ so that we can remove as much as 5% as
possible. We can rewrite this using the product rule of differentiation:

— Ok (xi’ykj> + <8kxi) YN+ 0y (xjykl) — (E)kxj) VK 4 Qi 4 01
= —0k (xi'ykj) + O (xj’yki> + Qi 4 T — ol 4 %7 (D.17)

This is useful, because we see that if we choose

'in] = %501‘]‘ (D.18a)

KK = xiqki — xigki, (D.18b)

then we have a unique solution that removes all of s’/ in the improved current so that

00— )TV T (D.19)

] imp imp imp /
like we postulated in the main text. Continuing with the spatial components in the
same way, we have

kij
] imp

xiTgrl — ijgn + sMT — 9ok + al;\”“'f
= (T}, +307" = 8ig" ) = (Thh, +307" — 81"

— i 4 9, ATk 4 kil
= xiTiI;{lp — xfT{;;p + i (80'ykf — alg”ff)

—xJ <ao'yki — alglki) — QokM AR 4 kil (D.20)
Now the terms we focus on are those of the last line. We see that given our previous

choice of "/ in (D.18), we have three of the terms cancels, leaving some terms where we
again use the product rule

— g, 4 xfg g 4 g AT - gkil
— 3, (xiélk]) + (alxi) 7 4 g, (xjglki> _ (alxj> gk 4 g Ak - gki]
— 9 (xiglkj) 19 (xjérlki) g gk g Ak ki (Dax)

so we see that we can also make s*/ disappear in the improved currents by taking the
only solution in terms of the spatial spin-current that satisfies /¥ = —gkii
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gf”‘ = % (sjki + s 4 skij) (D.22a)
Ak =yl i gtk (D.22b)
We can still allow for extra terms that satisfies {/* = /¥, which are the further im-
provements described in section 4.2.3.2, but this solution is essentially unique.
Notice that while all freedom in «*/, A\*ii have been used, we have still not fixed the
symmetric part of 9/". The result is that we can always write
kij  _imkj i ki
]imp - xZTimp —x Tir;p ’ (D23)
as postulated in the main text.

D.4.1.2 Boost current

Let us now continue with the boost current in the same way. When we have no central
charge and no associated mass current there are less freedom in choosing the improve-
ments. We can start with the zero component of the current and see that we find

binp = tToan + @™ + 0"
= t (ngp — akfy’“') + " 9yt
tTh, — O (t’yki> + % 4 9, (D.24)

Now, we have already fixed the antisymmetric part of 4* and have no consistent way
of removing any components of w”. We can therefore only take

¢ =9, (D.25)
which gives
bimp = £ Ty + 0™ (D.26)

For the spatial components with the above choice we instead find

bip = tThan + w0/ — 3037 + 940"
=t (Ti];p + 307" — alC”’) + W' — 99 + 9"
5s .. .. l” ..
= Ty, +w' =" =9 (tC ”) + 0"
We now see that since 7!l is already fixed, we can only remove the symmetric part of

w!’ by choosing

AU = gl (D.27a)
plit =gkt (D.27b)
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This is a unique solution. The antisymmetric part of w/ and /' are left in this expres-

sion and shows in total that we have

iy = 1T+
by = 1Ty 4

where we have defined the current ("' as in (4.28) by

, , 1
pi — st |00 #o plill 2 G0if
P =4, [w]—HS] {w 58 }

(D.28a)
(D.28b)

(D.29)

This proves that the choices of improvements discussed in section 4.2.3.1 are the es-
sentially unique (up to the further improvements of the stress tensor) that simplifies the
Galilean symmetry currents as much as possible. The choice of improvements may then
be converted to the expressions for B, D, E in the main text (4.26).

D.4.2 Improvements of Bargmann spacetime currents

Current ‘ Improvement
_ 10 ‘ '
Time E?mp = Ecan +0i o
Eiimp = Eéan - aOD‘i + ajﬁji :Bji = _ﬁij
TO  — Ti0 4§ Ak ki
Translation . can ”kry _ _ i _
Ti]mp — Téaﬂ —doy! + akgk]l gkﬂ = _g]kl
_ 10 ' j
Mass iOrnp - ]can + aiﬂl 771
iimp = ]éan - 807/1’ + ajeﬁ 0/ = —6
Rotation / iIZP = X' Tedn — X To + 877 + K
]-ﬁgp _ xiTgn _ ijCk;‘n 4 skl kil - g AMKiT || A — _ \KIij
Boost by = T — X e + 0" + Z" gr
g = tThan — ¥ Jlan + 0 — 2007 + 0| g% = "

imp

Table 6: Improvements of currents and charges of a non-relativistic Bargmann theory.
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Like for the Galilean currents there is some freedom left in the currents defined in (4.17)
and (4.32). We have the following improvements that leaves the charges and transforma-
tion law unchanged

Eﬁnp = Elan + 0, APV (D.30a)
Thp = Tihn+03,B™ (D.30b)
]i}rlnp = Jtan +0,CP¥ (D.30c)
foogy = ftan -+ 9pDPM (D.30d)
Do = Dlan +9E" (D.30e)

where all A,B,C, D, E are antisymmetric in the first two indices and we can separate
the components of the improvements as in table 6 which is more convenient for the
following.

Now that we have the mass current, we can use its improvements in the boost current
also. Nothing changes with the rotation if we fix this first in the exactly as for the
Galilean case - starting fixing the freedom in the boost current would not give a different
conclusion.

For the zero component of the boost current we now have improvements of the kind

b?rznp = tT(?a{n - xi]gan + w0i + aké{ki
=t (Ti%p - ak')/ki) - -xi (LOmp - aknk) + wOi + akéki
— iETi(I’flp — x"]gnlD — (t’yki) + x'0n* + W + 9
— 4TV A0 (t ki)_|_a<ik —(aux') 1 i 4 o aki
- imp imp kLT k\XH kX |1 +w” + ké
= 1T0 — X — O <t’yki) + 0 (xiiyk) — i % 4 9t (D.31)

Contrary to the Galilean case there is now a unique solution that removes w% com-
pletely. This is done by choosing the improvements as

gki — t’)/ki . xiT]k (D32a)
i

po= w”, (D.32b)

which gives what we have postulated in the main text:

b?rznp = tTi%p - xi]gnp : (D33)

For the spatial components with the above choice we instead find
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Bhp = tThan = X' Jhan + W' — 3087 + "
= (T + 307" = 0L) = 27 (T, + 000/ — 016
Ll — 9oglt 4 3y
= T XL +M— o [T ) — De — o
0 (10) + 0 (x'64) — 07 + w0l + D"
— tTijrirlp — xi]ijmp — i

—o; (tg"fi> +o (xigkj> R W

We have already fixed the antisymmetric part of 7, but we see that we can now
remove w/' completely by choosing

AU = Uil (D.34a)
o7 = wli (D.34b)
P T A (D.34¢)

This is a unique solution that shows we can always choose improvements so that

jio it i 7
bimp - tTimp - xl]imp : (D-35)
The choice of improvements may then be converted to the expressions for B,C, D, E
in the main text section 4.3.2.

D.5 CHAPTER 5
D.5.1 Noether procedure for Galilean theories
The starting point is the expression (5.1b) for S(!) that is universally given by the the

Noether procedure described in section B.2. The improvements of the energy current
can using the notation of section D.4.1 be written as

s 3 / dPx T, El
M

_ / dPxToEY,,, + TE:
M
= /M dPx To (Eiomp — aiuci> + T (Eiimp + aOlXi — a]ﬁﬂ)
- Do m ey e
_ /M AP T, By, — Tod + 7 (300’ — 97 ), (D.36)

which does not give anything useful for our present purposes as we discussed in
section 4.2.3.3 in the main text.
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More interesting is the coupling of the momentum current with the linearized spatial
vielbeins. We now use the improvements of section D.4.1 that was found to maximally
simplify the conserved currents and write the canonical currents in terms of the im-
proved ones. We find

s 5 / Pz, TL,
= / dPxeyT Can +E]’iTgfm
/M dPx ey (ﬂ%p Ok ( Olk>
+eji < imp 190 < () 4 501]> %
_ /M dPx — 73, <T3;p 9% < % om))
+eji (Tlmp + do ( )+ so” > %

1
_ D, = o (ki) = 0ik
/dx Uz<1mp 8k< —|—25 ))

—~ —

+ < (ji )lellnp +E(ji)aow(ji) +% eji }80501 —7 )aks( ij)k ;e[ﬁ]aksk]‘i>
— / dPy Tl%p + ;SZJTlmp + 7,0, ( (ki) 4 ;SOik>
"2 S”aow " e“aos T = s~ *emaks g (D.37)
We here wrote e(jiy = %sﬁ = %sij and use that ey; = —7;. Let us now collect all terms

in the action by doing integration by parts on terms with derivatives of the lift and spin
current:

1 A
s — / dPy [Tﬂ tan — Tfr’;p + Sz]Tlmp + 0;0 ( wik) 2SOZk)
1 ij ik , 15 0ij Ki\ L 1= b o
+§Si]' (aow — kS > + Ee[ﬁ] <805 — Jis ) + Ewpabs — Qpaw
- / 4% [TﬂEcan Tl?‘lllp + Esi]'Tilr]np T Esifaowl] + (9% w'
1 1 1. 1 1 _
—Esijaks”k + E’UiakSOZk + QeUi} 80801] — EEM akSk]l + Ewpabsp‘lb — quw"”}

. 1 v i
- /M 4P |:T;4Ecan ﬂ%p 5 1]Tllr]np (805i]'+28(jvi)) wh

1o o 1o o /e o N 1
59y + 532" + 5 (90e(ss” 4 02y ) + S@puas™ — Qpawpa}
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2
. 1 ..
O —
+ (0) X w + <—28()Sl'j — a(lv])) wY

) - N 1 _ kij
2 (_a[ivﬂ - aoe[ijl) 13 (_ake[iﬂ +a[i5ﬂk) i

‘ 1 .
_ D, |= rH = .70i 1]
_ /M dPx |:TVEcan B N

1 _
+§wpabs — Qpaw“m]
= / dPx |7, EE ;T —1—15"T”
M p=can 1 imp 2 1] imp
+0piw” + Qjiw’ — 5Woijs Ewkl]sk”

_ - 1 i 1= —
= /M dP« [TVEgan — viTin?\p + EsijTilr]11p + Ecpabsubp _ Cpuwaﬁ .

(D-38)

In the second last equation we see that we can identify the linearized pseudo-gauge
fields that we originally calculated in (3.96) and define pseudo-contortions as in (5.8).

D.5.2 Noether procedure for Bargmann theories

The first order action of the Noether procedure should according to the general theory
of section B.2 be taken as

1 L .
s = /M dPx [ryEé‘an + B Than — Ty Jlan + 5 @iz — Q| (D-39)

The linearized mass gauge field 71, is taken to transform at linear order as (5.11).
For Bargmann we now have the improvements of the mass current of our disposal. In
section D.4.2 we saw how to choose them to make the currents maximally simple. Using
these improvements we find that its contribution to S(!) that are extra compared to the
Galilean case in section D.5.1 can be rewritten as
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s 3 / dP 77, Il
M
_ /M dP ¥y <]i0mp - az-;yi) + (]{mp + 3o’ — ajeﬁ)
= /M dPxmy <]i0mp — aiw0i> + m; (]fmp + o — %ajsol'j + a]-w[ﬁl>
= /M P,y — mdiw® + imdow™ — ;9 Gs"ii - w[ﬁ])
= /M deﬁy]f;np 4 9w’ — domw® + dimm; (;soﬁ — in]>
= /M dP iy, + 20w — 3y w’ + %BU%]SOU'
= /M APty Il — 2007w — 9y w! — %a[imj]s‘”f
= /M deﬁy]i’:np + Cpiwh — %ijsw : (D.40)

where we in the last line identified the pseudo-contortions of the graviphotonic con-
nection (3.8.3). This proves the claim of the main text.

D.7 CHAPTER 7
D.7.1  Null reduction of Klein-Gordon field

We simply use the methods of chapter 6 in the main text, in particular the expression
for the inverse metric (6.2b). The calculation is then straight-forward:

S = [d7Mxy=g [—gﬁﬁaﬂ*aﬁf — V(¥ )]
— / dP+x /—g [— g9, "0, ¥ — g9, %9, ¥
—¢"9, "9, ¥ — g9, Y9, Y — V (|‘1f|)]
= [dPxy=g [—Waﬂ*aﬂ +00,¥°9,¥
+019, %7, ¥ — 299,¥°9,¥ — V (m)}
= /dD+1x\/jg[—h”V8M¢*8V¢ + 0" (—im) ¢p* 0y

+019,u " (+im) ¢ — 2® (—im) ¢* (+im) g —V (\‘I’D]
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_ /dD+1x\/fg[_hﬂVay¢*av¢ — im?"¢p* oy
+imd' $o,* — 2m*Dp*p — V (!‘F!)}

= [ g g o i (o~ M) 970,
+im (o — W M) $3,,¢*
—2m? (—v”M,4 + ;h””Mva) Pp—V (|1P|)]

—imv" ¢ dy¢p + imvt $o ¢

—2m? <—UVMH + ;h”vMHMV> ¢ p—V (\‘FI)]
= [y ["”‘” (3™ + imMyg*) (dup — imMy@)
+1 (imMy) (g — imMp) — WP (imMy 9. )

+imv'¢* (9, —imM,) ¢ — imv'P (9, + imM,,) ¢*
~n g M, - (¥)]
= / dP*x\/~¢ [imv"cp* (0y —imM,) ¢ — imv'p (9, + imM,,) ¢*
=" (0y, + imMy,) ¢* (9, — imM,) ¢ — V ([¥]) | - (D.41)

We can now define the covariant derivative

Dy¢ = 0dup —imM,¢, (D.42)
which allows us to write the action as
Skg = /dDHx\ /—g [imv"cp*Dvgb — imotpDy¢*
—h"’'Dy¢*Dyp —V (’T‘)} ’ (D.43)
which then gives the Schrodinger action used in the main text.

D.7.2 Variation of action wrt. background

The response of the variation of the action S [¢, 9", h"’,®] wrt. the background fields
o, "V and M, is the currents S, 7,,,, J¥. We find directly, using (E.1) that
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5S — / A"y £5e + edL

/dd“xeﬁ <TH50V - ;h;tvéhw/>
44 (_im(Pvl"qu)* + im(i)*U‘HDH(P — h‘uvDy(P*DU(P _W)
= /dd“xeﬁ <Ty5v" — ;hwéhyu>

—im¢dvt Dy ¢* + im¢p* 60" D, — 6" Dy¢* Dy
—im¢pv*dD,¢* + im¢p 0" 6D, — W'6D,p* Dy — W' D,dp* 6Dy

1
= /dd“xeﬁ <TH(SU" — zhwéh”">

—im¢pot (—im¢*6M,,) + im¢p*v" (impsM,,)
—h"'Dy¢ (—im¢p*SM,,) — h*'Dy¢* (impsM,,)

= / d*lxe (L1, +im¢*Dyup — impDyd*) dovF
+ (—;Ehw - DH(/)*DV([)) ohtv
+ (—2m¢* pv! + im¢p* " Dy — imph' Dy™) SM, . (D.44)
We use here that the variation of the covariant derivative is
6Dup = 6 (0up —imMup) = —imdpsM, (D.45)
6D¢p* = 6 (0,9" +imM,p) = +im¢p*sM, (D.46)
Comparing to (4.55) we find the result given in the main text.
D.8 CHAPTER 8
D.8.1  Null reduction of MED on a Lorentzian manifold
Written in terms of the reduced gauge field A; (8.24) and the field strength F;; we obtain

directly using the methods of chapter 6 and in particular (6.2) that the reduction of the
action can be performed straight-forwardly:
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. 1 o

SMED = —7 / dP*xy /gl 88" FaoFan
1

= —Z/dDHX\/ 8] [8VP8WFHVFPU

+4gngV0’FuV PptT + ZguugVUFuv PMU:|

1 1
= —E/dDH\/ Fq [zhyphWFvapa

Now we use the reduction of the field strength tensor (8.28) to put it in a different
form:

A 1 D 1 r 5
SMED = -5 /d xe [2h"phw (fuv + 20,9579 + 2M,, 9, (P)
X <pr + 27,37 + ZM[pag}q)) + (21D — 09°) 9,90,
—2h"°%70,¢ (fpa + 2T[,oaff] ¢+ ZM[Pa‘ﬂ 90)}
1 1 z 7
= _E /dee |:2hVPhV‘7 (fyv + ZM[yav] (P> (fPfT + ZM[Pa‘T] qD)
+ (2h**® — 9M'0°) 9, qoapqo}
1 D 1 voF F vo f
e —E/d xe Ehyph fyvpr_ZW
+21PPRTE M, 9,) 9 M 0,1 ¢

—an (o — h My ) 9, pM o

+ (—Zh”vaMA 4 h”phAVMAMv> ayqoapq)}
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— (v” — hﬂAMA) (Up - hpAMA) a;t(/’apq’}

1 1 ooz 7 :
= =5 [ @O | G i~ 20
_Zhypayq)ap(p _ ZthUUaVQD (M—FW_W)

+21M"° K7 (M 0y = 9 Pe) M;051¢
+ (h** Y My M, — o' of + 20MHRAM, — h””hP”MVMU) EW q)apq)]
I g T T
= _5/ Xe\5 fuvfor = 0" 9p¢ fuw
—2h"P9,90,¢ — vl'vPo, (pap(p] . (D.48)
Here we used that M,0,¢ — M0, ¢ +2M,0,¢ = M,0,¢ + M,9,¢, which contracted

with M[,d,¢. is zero. This action is not obviously gauge invariant.
Alternatively In terms of the gauge invariant field strengths (8.32), we have instead

A 1 1
SMED = —E/dDe [Zhwh"”FprU

—2h* 979, 9F,r + (20D — 949F) 9, (pE)p(p]

1 -
_ D v
x (B + 25 + 2E), My + 2033,M57)
40P Y7 (EV —I—%) (Bpg‘ + ZE[pTU] + ZE[pMU} + ZaT[pM(TO

. 1
— <q>hw + 26Vz3‘7> (Ey+aty) (Es + aTa)]

1
_ D
— [ dPxe {-4%%“’ (Buw + 2, M,) ) (Boo + 2B, M)
—0°"E, (Bps + 2B, My, ) — h°E, (Eq — aMy)
. 1
~®N"E Ey — 5 (0"07E,Ey — 200", + aZ)] : (D.49)

This is as far as we can go without using some properties of the field strengths. This
action is explicitly gauge invariant.

D.8.2 Determining the EOMs in terms of covariant derivatives

A special property of the graviphotonic connection (3.51) is that it is related to the
derivatives of the measure in a simple way satisfying [26]
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. 1 . R
I = Ope = [, — 201, (D.50)

It is then possible to rewrite the EOMs in terms of the graviphotonic covariant deriva-
tive as we in can identify some of the combinations of the field strengths (8.38) that we
know are spacetime tensors in (8.45). We notice first from (8.45b) that with Ef being a
tensor, the derivative may be written as

%ap (eEF) = V,EP 420", 1, EF . (D.51)

The EOM (8.45b) may then be written as

VoEf = —9;,1,) (B + 2E'h""M,) , (D.52)

which we see is written entirely in terms of the tensorial objects of (8.38).
As BM 4+ 2EMH is a tensor, we can immediately write the EOM (8.45¢) as a covariant
derivative, where we find

Vo (B +2Eb0) = a7y (200 (BY + 260 )+ (BY +2EPo)) ) . (Di53)

The last EOM doesn’t look tensorial because 8[va} transforms under a boost, while
we know that BP* 4+ 2EPyH is a tensor. However, it is the EOM that is the result of vari-
ation wrt. the scalar ¢, so it must be tensorial, which is useful to know in the following.
We see by look at the last object of our list of tensorial objects (8.38f) that if we add

and subtract %ap (eMg (B"V + 2El UV])>, which is clearly non-tensorial, then the EOM
(8.452a) can be written as

0 = 3y, M, (B™ + 2EM0") + %ap (gMg (B"P + 2E[”vp}))
+ %ap (eEp —ev’a —eM, (B”P + ZE[‘TUP])> (D.54)

The latter combination is then a tensor and we can write its covariant derivative as

%ap (eE"P —evfa— M, (B"P + ZE[UZJP}))
= @p (EP —vPa — M, (B‘TP + ZE[UUP]>>

+20'9,7, (B —o'a — M, (B +2E0) ) . (D55)

The first line of (D.54) can be rewritten using
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%ap (eM,, <BHP +25[uvp]>>
=T (Mu (Bﬂp _|_2E[tfvp]>) — M, (Bup +25[uvp]> + M9, (Byp +2E[yvp])
- <_6ABPTA + ;h/\aaph)\a> (My (BHP + ZE[‘”U‘D]>)

— oM

o (B +2E0071) 4 M,9, (B + 2E00¢)) . (D.56)

We see that inserting this into (D.54) it cancels the first term and we obtain that the
EOM becomes

0= <—@Aapm + ;h)‘aaph;m> (M (B +2E1001) ) + My, (B + 2Elor])

)
+V, (EP —vPa— M, (BW + 2E%PJ)) +20'1, (EP —vPa— M, (BVP + 2E[va}))
(
(2

]
=M, [a — 09,y + h ahw] BVP+2EW)
+ @p (EP —ov’a — M, (BW’ —|—2E[va])> 420" T ( B —vfa — M, (B"p +2E[”vp}))
= M, [a — 0",y + 5 9,0 } (B +2Elor)

+Vp (B —ofa— My (B + 20} ) 26", 7, (B —ofa) . (D.57)

If we define spactime tensors as

E* = WYE, (D.58a)
WM = BM 4 2ERH (D.58b)
7P = Ef —ovfa— MW (D.58¢)

We see that the EOMs can be written more conveniently as

o 1 —

—Z@Aa[ﬂp]zp (D.59a)
VoEf = =31, W (D.59b)
VAWM =y (200 Wer 4 arwet) (D-59¢)

(D.59a) can be rewritten in terms of the covariant derivative of WF¥.

VoZ = =MV, W 43,7 (M8 W — Mg W~ 26777 ) (D.6oa)
VoEf = —0,T, W (D.6ob)
VW = 9y (200w 4 orwet) (D.60c)
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. . ’,l
0.8.3 Vary action to find current T" ;

We first find the variation wrt. the background of the fields

ofw = (20 (Ase]) =260y 7) — 209, M,
= 28[VAa56Vf + 2Aaa[‘u5€v? — 2438[#(571,] — Z(Pa[yéMV]

_ A a A a ~
= 28[7/1 (Q‘MBH) (5ev] =+ Za)teaa[yéev} — 2@8[7/15’@] — 2¢8[V(5MV] .

Sh'Y = 6 (ehe™)
= ¢ (—eéefdeﬁ + eﬁv”ém) + ek (—eﬁe?éei - eﬁv”én>
= (—h”‘ef&zgL + h‘”‘v”é'r;\) + (—hmewei + h”)‘vV(STO

= —ZhA(”eZ)(Sei + 2V sy
oot = —vtelde§ + vt oT,

1

We can then vary the action (8.43a)

(D.61)

(D.62)

(D.63)

(D.64)
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/ d?*x Lde + ed [—ih”f’h"” fuvfor + 100 000 fu
+h"*9,9d,¢ + ;v?‘vvaﬂq)évq)}

/dd“x/l (—v”éry + e?éeﬁ)

+e [— %hwf o foo 0N — %hwhwf wfoo

+0"0,¢ fuu0h* + W00, f11,60" + h'P0" 0,90 fiuy
+0,90, Poh'’ +v"0,, <p8v(p50"]

/dd+1x£ (—v"(STH + e?&eg)

+e [h"”fwfpg (h’\(yeg)éea - hA("vP)5TA>

—HPR (a[p (aweﬁ‘> de,] + aAeﬁ‘a[péea’]Z)
FHR Fu (991070 + 93,0My) )

+0"0,¢ fluw (—ZhA(P‘eﬁ)éej + ZhA(”vp)(STA) + W9, @ fuy 60"
+2h"*0"9, (au, (aM‘eﬁ‘) de, + a;\eﬁa[},éev@
—2h"0" 0, [qba[ydrv] + q)améMv]}

10,90, (—Zh/‘("ef)éeg + ZhA("vp)(STA>
+vyayq)8vgo(5v”]

/dde L (—zﬂ‘éry + 62563)
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From this we read off the currents that we give in (8.49)

D.8.4 Reduction of Sint

The null reduction is straight-forward:
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One can then pull out the D-dimensional integral, which gives the result in the main
text.

D.8.5 Simplification of Ssch + Sint

The easiest way to get is to null reduce Skg + Sint which has a simple expression in
terms of the higher-dimensional gauge covariant derivative
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This then leads to the result (8.70) given in the main text.






USEFUL FORMULAS

Variation of Newton-Cartan measure wrt. background:

1
be=e <TP,(SUV — 2hyv§hﬂv> .

Fourier-transform of #:

a—2
lim/ r ! e Y = T( ’ ) !
e—0 JR

Dlam)tpiie Ay

Contraction of Levi-Civita symbols in d = 3:

ei]-kel”m = 256(5,{} .

(E.1)

(E.2)

(E.3)
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