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Abstract

In this thesis we give a brief review of modern black hole physics. We point out that a
microscopic derivation of entropy for black holes, is facilitated by the mere presence of some
conformal field theory, whose central charges and conformal weights give us the entropy via
the Cardy formula. Ultimately we are interested in the continuation of the recently proposed
subtracted geometry approach, which manifests hidden conformal symmetry for non-extremal
asymptotically flat black holes. We review this approach in detail, reproducing several of
the results found in the literature, amongst which is the fact that for the four-charged
black holes in the N = 2 minimal supergravity model (STU model), the warp factor ∆0

may be altered to ∆ = ∆̄ + ΘG, leaving the thermodynamic potentials unchanged while
altering the asymptotics. This change in warp factor maintains separability of the massless
Klein-Gordon equation, and gives the radial equation a hypergeometric form; making the
conformal symmetry manifest. In the literature, the minimal warp factor ∆̄ (going like r for
large r) has been studied extensively, thus we focus our attention on the class of subtracted
geometries with warp factors ∆ with Θ 6= 0. We identify a set of warp factors ∆NHEK;A

given by Θ = Am2 + (7 − A)a2 + a2 cos2θ, for which the near-horizon extremal Kerr limit
coincides with the very same limit on ∆0. This is significant as the same limit on ∆̄ failed
to coincide with the limit on ∆0. In pursuit of matter supporting the subtracted geometry
with ∆NHEK;A, we find matter supporting a large class of warp factors in the simpler case
Θ = Θ0 (a constant for static geometries). In the rotating case we find matter for the
warp factor ∆− ≡ A2

red = 4m2((Πc − Πs)r + 2mΠs)
2 via a scaling limit on the original

matter. It remains to find matter for ∆NHEK;A, as a scaling limit is not applicable. We also
present the perspective of subtracted geometry from the dual CFT point of view, where in an
interpolating black hole family, the flow from subtracted to original geometry is understood
as the effect of irrelevant deformations. We conclude with an outlook, presenting several
interesting future directions.
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Introduction

The introduction is divided into five sections. The first gives a short historical introduction
to black holes in theoretical physics, with focus on general relativity. The second section
scratches the surface of the Schwarzschild solution, in a manner that allows for a fluid
introduction to concepts central to black hole physics. The third gives a brief review of black
hole thermodynamics, with emphasis on the questions that it allows us to ask. The fourth
section sets the stage for the remainder of this thesis, briefly introducing novel ideas that
may answer the questions of black hole mechanics, and resolve the microscopic structure of
black holes. Finally, the last section gives an overview of the remainder of this thesis.

1.1 The Birth of Black Hole Physics

The advent of black hole physics is hard to pinpoint, but perhaps it was the idea put forward
by John Michell in a letter to Henry Cavendish in 1783. Michell reasoned that particles of
light emitted from distant stars would slow down due to the attractive nature of gravity. He
argued that in extreme cases, when the star was sufficiently dense, the escape velocity would
be greater than the speed of light effectively making the star invisible to distant observers.

Perhaps not surprisingly, Michell’s idea did not catch on at the time, it was too wild! A
lucid treatment remained out of reach until Einstein shared his new insight regarding time
and space, which lead him to a novel understanding of gravity in the context of the theory
of general relativity (GR) published in 1916. GR is a pillar of modern physics, and a short
review of its principles is in order.

GR follows from a set of postulates and principles. Primarily, Einstein postulated the
constancy of the speed of light, which lead to the theory of special relativity. Unfortunately,
special relativity did not incorporate gravity, ultimately it treated spacetime as a flat space-
time, Minkowski-space, where coordinates and distances have their usual intuitive global
aspects. He extended the theory to explain gravity by an incredibly simple, and ingenious
insight, which we refer to as the equivalence principle. The equivalence principle asserts that
an accelerating frame and a stationary frame in a gravitational field, are locally indistin-
guishable: An observer accelerating in a space ship experiences the same ”force” as another
observer stationary in a gravitational field1. GR was as such born out of an adaptation of
special relativity, by discarding the idea of global inertial frames, and replacing it with the
notion of local inertial frames. A patchwork of such local inertial frames, translates into
the abstract mathematical construction of a differentiable manifold, the curvature of which
manifests itself locally as what we experience as a gravitational ”force”.

As a side note, the mathematics used to deal with the notion of spacetime in GR, is
the mathematics of differential geometry. An account of differential geometry and other
important mathematical results are largely omitted in this thesis. The literature available is
vast as well as brilliant, and the interested reader should not find accessibility a problem.

Now that the main underpinnings of GR have been sketched, we jump to the central pillar
of GR, namely Einstein’s field equations. These can be derived from fundamental principles,

1This is strictly only true in the limit of very tiny regions of space, the equivalence principle is a local
statement.
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2 Conformal Symmetry for Black Holes

as well as from a Lagrangian point of view. Denoting a general spacetime (M, g), a manifold
with an associated metric, Einstein’s field equations present themselves as a set of coupled
non-linear differential equations

Rµν − 1
2Rgµν = 8πGTµν , (1.1)

where G is the four-dimensional Newton constant and we are using units in which the speed
of light c = 1, we will stick to units in which c = 1 throughout this thesis. These equations
comprise the key relation between matter and geometry. The Riemann curvature tensor
Rµνρσ with its contractions Rµν and R, are invariant measures of the curvature of spacetime,
while the energy-momentum tensor Tµν encodes the energy content of the spacetime.

In the Lagrangian formalism of gravity, choosing the metric as the dynamical variable,
the field equations can be derived from the Einstein-Hilbert action supplemented with a
matter term Smatter:

SEH + Smatter =
1

16πG

∫
d4x
√
−gR+ Smatter. (1.2)

By the principle of least action (stationary action δS = 0), one readily finds that δSEH = 0
for all metric fluctuations δgµν only if (1.1) is satisfied, where the energy-momentum tensor
is identified with

Tµν = − 2√
−g

δSmatter

δgµν
. (1.3)

The idea is that Rµνρσ depends uniquely on the metric gµν (using the Christoffel con-
nection), therefore, the Einstein field equations relate gµν to the energy and momentum of
spacetime. A gµν that solves these equations for a given Tµν encodes the curvature of a given
spacetime manifold. Inserting a suitable energy-momentum tensor, such a solution reveals
what kind of spacetimes are supported by massive stars. As we shall see, stars with a density
beyond a critical value will support remarkable spacetimes, namely black holes.

1.2 Black Holes in General Relativity

Despite the fact that Einstein himself is said to have rejected black holes, his theory supports
their existence; they appear as solutions to his field equations. We thus move on to discuss
some of the, by now, well known black hole solutions.

The Einstein equations are highly non-linear, and finding a solution given some arbitrary
Tµν is not straight forward at all, if at all possible. To make the search for solutions feasible,
it is common practice to a priori look for solutions that posses a certain degree of symmetry.
Obviously, empty space, for instance Minkowski-space has the maximum symmetry, and
black holes will in general only inherit a subset of these symmetries. The black hole solutions
that we will discuss, and the black hole solutions that one in general looks for, are ones with
a large degree of symmetry, and this required symmetry simplifies the search for solutions
tremendously.

The first discovered exact black hole solution to Einstein’s vacuum2 field equations is
the Schwarzschild black hole, discovered shortly after the arrival of Einstein’s GR. The
characteristics of this spacetime are largely attributed to the symmetries employed in its
construction, being a spherically symmetric and stationary spacetime. These symmetry
requirements turn out to be very restrictive, and the corresponding unique solution takes on
the astonishingly simple form

gµνdx
µdxν = ds2 = −

(
1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 + r2dΩ2, (1.4)

2The vacuum field equations are acquired by setting Tµν = 0, rendering Einstein’s field equations Rµν = 0.



Chapter 1. Introduction 3

where t and r denote respectively time and radial coordinate, G is Newtons constant, M is
the mass of the black hole and dΩ2 = dθ2 + sin2 θdφ2 is the metric on the unit two-sphere3.
The signature of this metric is mostly positive, (− + + +), we will stick with this convention
throughout this thesis.

There are several things to note about this metric, firstly, due to the spherical symmetry
of the solution, it is to very good approximation the geometry of spacetime in the vicinity
of a spherical energy density, such as a non-rotating (i.e static) stationary star. Secondly,
notice the singularity at r = 2GM . This singularity gives rise to an event horizon, let us
emphasize that the horizon is only present for objects with mass confined within a sphere of
radius 2GM , since the solution is only valid in vacuum.

In Schwarzschild coordinates {t, r, θ, φ}, t represents the proper time of an observer sta-
tionary at infinity, and to such an observer, infalling matter will never be seen to cross the
horizon. This is a direct consequence of the singularity present in these coordinates which
dictates the closing up of lightcones with decreasing r, closing completely at r = 2GM where
for radial null geodesics dt/dr → ±∞.

In terms of coordinates adapted to an infalling observer however - one moving along a
geodesic parameterized with a proper time τ , there is nothing stopping the observer from
crossing the event horizon within a finite proper time. Eddington-Finkelstein coordinates are
such adapted coordinates in which light cones gradually tilt toward the center of the black
hole. The light cones no longer close up at the event horizon, but are found to be tilted to
such an extent that the entire future light cone is confined within the horizon. Consequently,
signals of light emitted beyond and at the event horizon will never reach future null infinity
(I + in figure 1.1), and an outside observer at r > 2GM sees nothing from within the region
enclosed by the horizon, the black hole.

In Eddington-Finkelstein coordinates, we can follow a freely falling observer past the
horizon, and we see that the coordinate singularity at r = 2GM is only an artifact of
Schwarzschild coordinates. However the physical singularity located at r = 0 is still present.
To convince oneself that the metric diverges independent of coordinates as r → 0, one can
compute the Riemann curvature tensor fully contracted with itself

RµνρσRµνρσ =
48G2M2

r6
. (1.5)

Clearly this expression diverges as r → 0, indicating that r = 0 represents a true singularity of
the spacetime. In figure 1.1, a conformal diagram of the maximally extended Schwarzschild
solution is shown. It brings the infinities to a finite distance, and allows for a compact
representation of the causal structure of spacetime. This diagram nicely summarizes our dis-
cussion of the Schwarzschild black hole, clearly showing the event horizon as the intersecting
45 degree lines. The diagram captures the essential fact that future directed time-like and
null geodesics that cross the future event horizon are destined to hit the singularity in the
future.

There are a few other exact black hole solutions to Einstein’s field equations in four
spacetime dimensions, they are the following generalizations of the Schwarzschild solution;
the charged, the rotating and the charged-rotating black holes, respectively named Reissner-
Nordström, Kerr, and Kerr-Newman black holes. These solutions are unique; they are the
only stationary spherically/axially symmetric solutions to Einstein’s field equations in vac-
uum (the charged are solutions to the Einstein-Maxwell field equations where Tµν is specified
by the electromagnetic field-strength tensor Fµν). These solutions are completely specified
by their mass, charge and angular momentum, a fact referred to as a no hair theorem. Ex-
plicit expressions for their metrics can be found in most modern textbooks treating general
relativity, such as [10]. Although the solutions presented in [10] are highly symmetrical and

3The tensor product ⊗ is omitted, as is usual, strictly speaking ds2 = gµνdx
µ ⊗ dxν .
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Figure 1.1: Conformal diagram of maximally extended Schwarzschild. The wavy lines indi-
cate the locations of spacetime singularities, the top being a black hole singularity
and the bottom a white hole. Horizontal lines are lines of constant time, and
vertical constant radius. Lines at 45 degrees are null geodesics.

stationary, they do in fact represent realistic or at least near realistic end products of grav-
itational collapse, since any deviations from stationarity in the past (upon early formation
of the black hole) is likely to decay quickly.

Before we go on to discuss the Kerr-Newman family we will mention a thing or two about
uniqueness of solutions to Einstein’s equations in general. Most notably, uniqueness is only
partially true as it breaks down in higher than 4-dimensional spacetime. In 5-dimensional
spacetime, restricting to asymptotically flat solutions with both mass and angular momen-
tum, Emparan and Reall found the existence of a black-ring, i.e a geometry with horizon
topology S1×S2 [24]. Furthermore, for specific ranges of mass M and the angular momentum
J , there is not a unique solution, in fact, they found that there are several possible solutions;
two black-rings (of different horizon area) and a black hole (horizon S3). However, for special
cases, such as the static asymptotically flat black hole solutions to Einstein-Maxwell-Dilaton
theory, uniqueness continues to hold in dimensions D ≥ 4 [33]. In general, uniqueness de-
pends on the matter coupled to Einsteins GR as well as the dimensionality of spacetime. For
a detailed review on uniqueness of black hole solutions take a look at [33]. Even though black
hole solutions are non-unique in general, they are still characterized by very few parameters,
too few to describe the matter that formed the black hole, e.g a massive star.

Let us get back to discussing the family of four-dimensional black holes of Einstein-
Maxwell theory, namely the Kerr-Newman family. This family encompasses a variety of
solutions corresponding to different regimes of the parameters M,Q and J . As expected, the
family contains of course, the Schwarzschild (Q = J = 0), the Reissner Nordström (J = 0),
and the Kerr (Q = 0) –black holes. Without going into the details, let us simply mention
that one finds solutions lacking an event horizon – naked singularities, solutions with an inner
and an outer horizon, and extremal solutions where the event horizon is degenerate4. Apart
from the naked singularities which are thought to be unphysical by the cosmic censorship
conjecture, the different types of horizon configurations are very interesting. For our purpose,
the extremal black holes are most noteworthy and will be the focus of later discussion.

In the previous paragraph we left out a feature specific to rotating black holes (J 6= 0).

4This implies that the surface gravity vanishes on the horizon, and as we will learn in the next section,
that the black hole will have zero Hawking temperature.
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Such black holes will possess an ergo region, within which observers can not remain stationary,
they are forced to partially move along orbits generating the axial symmetry. A curious
implication of this was discovered by Penrose, namely the Penrose process suggesting that
it is possible to extract energy from such a Kerr black hole by carefully tossing matter into
the ergosphere.

The Penrose process is a nice toy for learning about black hole mechanics. From it, we
can motivate an analogy between black hole parameters and the parameters characterizing
a thermodynamical system. In all fairness however, the pillars of black hole mechanics are
more fundamental and rely on deep geometrical truths as well as general observations in
certain GR settings. In the next section we will discuss the analogy between black hole
mechanics and thermodynamics, motivated by the Penrose process, and backed up by their
various rigorous geometrical/GR proofs.

1.3 Black Hole Thermodynamics

There is a limit to how much energy can be extracted from a thermodynamical system in the
form of ’useful’ work. In other words, there is only a certain amount of energy available to us.
Likewise, there is a limit to how much energy can be extracted from a Kerr black hole in the
Penrose process. As we are about to learn, this has to be so as one would otherwise violate
Hawking’s area theorem, also known as the second law of black hole mechanics. There is also
a zeroth and a first law of black hole mechanics, and a more general version of the second
law (GSL), all of which are conveniently named after corresponding thermodynamical laws.
We shall briefly review these laws in this section, starting with the zeroth law.

The zeroth law of black hole mechanics is a statement about the surface gravity κ of
black holes in stationary equilibrium. The zeroth law states that κ is constant on the event
horizon. Under certain assumptions this can be proved geometrically as was done by Carter
[56]. Another proof alleviates some of the geometric assumptions replacing them with the
dominant energy condition and validity of Einstein’s equations. This proof is due to Bardeen,
Carter and Hawking [4]. This law of black hole mechanics suggests that κ is analogous to
temperature; all parts of a system in thermal equilibrium are at the same temperature – the
zeroth law of thermodynamics.

The first law is an equation relating variations of the different black hole parameters. It
was originally derived in [4]. Their derivation requires the perturbation to be stationary, and
makes use of Einstein’s equations. More general derivations of this law have been established,
for instance it has been shown to be a consequence of an identity holding for the variation
of the Noether current when considering general properties of field equations, specifically
holding for any field equation derived from a diffeomorphism covariant Lagrangian [36].

A less intensive study; simply calculating the differential mass in the Penrose process for
a Kerr black hole with angular momentum J , horizon angular velocity ΩH, surface gravity
κ and horizon area A, reveals the following ’first’ law

δM =
κ

8πG
δA+ ΩHδJ, (1.6)

in units with ~ = c = kB = 1. One should compare this with the first law of thermodynamics

dE = TdS − pdV, (1.7)

where E, T, S, p and V denote respectively, internal energy, temperature, entropy, pressure
and volume.

Before we jump to conclusions based on these observations, let us also review the second
law of black hole mechanics and its generalized version. This law is perhaps the most
interesting of all the mechanical laws. Assuming the weak energy condition Tµνt

µtν ≥ 0,
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where tµ are tangents to null-geodesics, and that the cosmic censorship hypothesis is valid, it
can be proven that the area of a future event horizon in an asymptotically flat spacetime is
non-decreasing with time. The original proof by Hawking as found in [32] is rather involved.
Roughly speaking it relies on the study of the expansion θ of geodesic congruences generating
the null hypersurface (the horizon).

The expansion is a measure of the rate of change of the local area elements defined by
nearby geodesics in the congruence. If the area element were to decrease with time, that
is, if θ < 0, then, within a finite affine parameter nearby geodesics must intersect at some
caustic which would imply that such null geodesic generators would have a future endpoint.
A theorem by Penrose states that generators (geodesics) on the future horizon have no future
endpoints, which contradicts with θ < 0, implying that θ must be greater than or equal to
zero, and thus that the rate of change of area elements on the future horizon must be positive
with increasing time. Reference [14] gives a detailed and referenced account of this proof.

The increase in horizon area with increase in time, is of course analogous to the increase
of entropy with increase in time – a way of stating the second law of thermodynamics. In
the early 70’s, this and the fact that information crossing the horizon is irretrievably lost,
lead Bekenstein to propose that the entropy of a black hole was up to an unknown constant
given by the area of the horizon in units of the Planck area [5].

Bekenstein’s observation went something along the following lines. Working in units
where c = kB = 1, [E] = [m],5 the Planck length is simply

√
G~. Observing furthermore

that ΩHδJ is just a work term associated with changing the angular momentum of the Kerr
black hole, we find that that the expression for the differential mass for the Penrose process
can be expressed as

dE = TdS + (work terms), (1.8)

with

E ∼M, SBH ∼
A

~G
, T ∼ ~κ. (1.9)

These are not precise relations; we can multiply the entropy by an arbitrary constant α and
the temperature by 1/α, and the first law would be unchanged, due to their appearance as
TdS. However, this analogy gives us, with certainty, that SBH ∼ A and T ∼ κ. Furthermore,
the laws of black hole mechanics, such as constancy of κ over the horizon (stationary BH)
and δA > 0 coincide respectively with the zeroth and second laws of thermodynamics as
we have already pointed out. Bekenstein proposed that in general the following generalized
second law should hold

δStot ≥ 0, Stot ≡ SBH + Smatter, (1.10)

where SBH denotes the entropy of the black hole, and Smatter the entropy ascribed to the
matter outside the black hole. This ensures that the second law is upheld even when the
black hole is Hawking radiating, we will get to that in a moment.

Finally only the third law remains to be discussed. It states that a system cooled to
absolute zero also has to have vanishing entropy6. For black holes, this translates into κ→ 0
implies that A → 0. However, evaluating κ for the Schwarzschild solution, and noting that
at any moment in time the horizon is the spatial two sphere of radius r = 2GM , we have

κ =
1

4GM
, A = 16πG2M2. (1.11)

Clearly, taking M → ∞ gives us κ → 0 and A → ∞, in contradiction with the third law.
In general there are many such extremal (κ = 0) black holes whose entropy remains finite.
Although this is in violation with the third law this is not taken very seriously as the third

5By [·] we mean the dimension of ·
6For simplicity we assume no residual entropy associated with degenerate ground state
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law is known to be violated by ordinary quantum systems as well, it is in other words not
truly fundamental [56].

Although the third-law is somewhat brushed aside, we cannot ignore the fact that black
holes are ”black”: Recall section 1.2 - nothing can ever escape from the region of spacetime
enclosed by the event horizon - including the horizon itself. This implies that black holes
cannot emit radiation, which in turn makes it difficult to see how black holes can have a
temperature proportional to κ.

The temperature problem is not the only puzzle in store, what about the entropy? The
no hair theorem states that black holes are characterized by very few parameters. This is
a formal way of stating that the complexity of whatever collapsed to form the black hole is
not ’registered’ in the resulting black hole. As an example the Kerr solutions is completely
specified by its angular momentum and mass with no reference to its predecessor. This
theorem begs the question. How is the entropy realized, is there underlying ’microscopic’
physics that can support SBH ∼ A?

The temperature problem was surprisingly alleviated by a semi-classical calculation car-
ried out by Hawking [30]. Treating quantum fields on a fixed GR background, no back
reaction, Hawking showed that black holes radiate thermally, with a black body spectrum
at a temperature

TH =
~κ
2π
. (1.12)

Actually, to an asymptotic observer the radiation is not precisely given by the black body
spectrum, it deviates by so called greybody factors [29].

We will not dive into the details of the semi-classical calculation. There is a quick and
rather sketchy way of deriving the correct result, by analytically continuing the coordinate
time t to −iτ such that the time signature is now ’Euclidean’. The near horizon geometry
then turns out to be Euclidean space in spherical coordinates, with the exception of a conical
singularity that is only avoided by requiring τ to have period 2π/κ, which is identified with
the inverse temperature in the Euclidean partition function.

A more instructive and physically pleasant derivation relies on a phenomenon that de-
scribes the physics of a situation very similar to being near the horizon of a Schwarzschild
black hole, namely the Unruh effect. Unruh radiation [52] is the thermal radiation predicted
to be recorded by a constantly accelerated observer in Minkowski-space. This is a quantum
mechanical result, that roughly speaking asserts that there will in general be disagreement
on the particle number, and in particular on the vacuum state among different observers.

The relation to black holes is easily seen when studying the local structure of spacetime
for stationary observers (observers on timelike orbits). The structure is found to be that
of Rindler space – Minkowski-space as observed by a constantly accelerated observer. The
temperature that such a constantly accelerating observer measures is

TU =
~a
2π
, (1.13)

as predicted by Unruh, where a is the magnitude of the four-acceleration. To be stationary
close to the horizon requires a tremendous acceleration. In the limiting case where we
consider an observer on a timelike orbit at r → 2GM , a → ∞. However, on the watch of a
second observer stationary at infinity where the Schwarzschild time t is the proper time, we
measure an acceleration

ã =
dτ

dt
· a, (1.14)

where τ is the proper time of the stationary observer close to the horizon. In the limit
r → 2GM , ã → κ, thus we identify the Hawking temperature TH = ~κ

2π , as the temperature
measured by a stationary observer at infinite r. With this identification of temperature, it
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was possible for the first time to identify the previously unknown constant in (1.9) with a
quarter, thus fixing the expression for entropy

SBH =
A

4~G
. (1.15)

It is clear that Hawking radiation solves the classical problem of vanishing black hole
temperature. On the other hand, addressing the question regarding the micro-states com-
prising the entropy is extremely involved. It is in a very real sense a modern problem, that
despite much effort and successes in specific cases, lacks a generally fulfilling answer. As we
will discuss in the next sections, string theory gives us a possible scenario.

In light of Hawking’s discovery the third law seems to hold for ’normal’ black holes:
They have finite temperature and entropy, and attempts at cooling (reducing κ) of black
holes, becomes increasingly difficult with decreasing temperature. However, extremal black
holes, for which κ is zero may very well have non-vanishing horizon area. An example is
the extremal Reissner-Nordström black hole with GM2 = Q2 + P 2, the gravitational charge
(M) exactly balancing the electromagnetic charges (Q and P ). In this case the degenerate
horizon is located at r = GM , implying finite entropy in violation of the third law. Even
though we do not consider the violation of the third law as a problem, we do acknowledge
the fact that cooling a black hole to absolute zero, is in effect physically impossible. It is
conventional to think of extremal black holes as finely tuned black holes, that despite being
highly unrealistic have simplifying features that help shed light on the mysteries of black
hole thermodynamics. We will indeed have more to say about extremal black holes later.

Although Hawking resolved both the issue of classically vanishing black hole temperature
and the fixation of Bekenstein’s constant, his semi-classical calculation poses a new riddle.
Observing that κ ∼ 1/M , we notice that Hawking radiation facilitates a runaway process
for the mass of black holes. Large black holes can have lifetimes comparable or even greater
than the timespan of the universe, while smaller ones have very short lives, and completely
evaporate within the lifetime of the universe. At first thought this does not seem too bad,
the energy-momentum tensor does not satisfy the dominant energy condition in the semi-
classical framework [56], and thus the area theorem is not violated; allowing for the horizon
area to decrease with time. Furthermore, despite the fact that the area decreases during the
evaporation process, the total entropy S = SBH + Smatter does not, since the particles in the
Hawking radiation contribute to Smatter accordingly [56]. So what exactly is the problem
with Hawking radiation?

The problem with the runaway process of Hawking evaporation, lies in the completely
thermal nature of the radiation. Consider a region of spacetime containing matter which prior
to collapsing to form a black hole bears quantum correlations with matter that will remain far
outside the black hole once it forms. Now, as the black hole evaporates, the emitted Hawking
radiation is completely uncorrelated with the matter that remained outside the black hole,
i.e the matter remaining in the black hole becomes increasingly correlated retaining the
original correlations with the matter that remained outside the horizon. However, as the
black hole will eventually evaporate completely, it seems we have lost all correlations, that
is, the originally pure state has evolved to a mixed state. Thus Hawking radiation facilitates
the loss of information [56], and this paradox or puzzle is accordingly named the information
paradox (puzzle).

It seems very difficult to resolve this paradox. A reasonable approach would be to realize
correlations within the Hawking radiation, however this seems difficult, if not impossible,
in a local quantum field theory [43]. It is however, thought, that non-local quantum field
theories such as string theory, could allow for correlations giving Hawking radiation the
ability to encode the original information. String theory has indeed aided in the discovery of
certain idealized scenarios, in which information retention is realized. These take the shape
of holographic dualities such as the famous AdS/CFT correspondence that literally suggests
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that a conformal field theory lives at the boundary of a bulk string theory in anti-de Sitter
space. Thus is seems quite feasible, at least in certain settings, to realize the information
return scenario, and the problem lies in understanding where the semi-classical Hawking
derivation goes wrong [43].

In this thesis we will not dwell on the information puzzle, instead we will be addressing
the related entropy puzzle. The entropy of black holes has the puzzling feature of scaling
as the horizon area. Specifically, we are having a hard time trying to understand how to
derive the area law (1.15) from supposed microscopic degrees of freedom. As we shall see,
for certain extremal black holes, string theory gives a beautiful account of the entropy when
certain Dirichlet branes are used to model the microscopic degrees of freedom. In general, we
do not have the luxury of a string theory description. However, it seems that an underlying
conformal field theory (CFT) can account for the entropy of general black hole microstates.

1.4 A Theory of Quantum Gravity

To better understand black hole thermodynamics, it became necessary to incorporate quan-
tum mechanical effects as exemplified by Hawking’s semi-classical derivation of black hole
temperature. It is safe to say that his discovery revolutionized black hole physics; Hawking
radiation, gave rise to the information paradox and set the stage for a puzzling entropy.
Resolving these issues has been a common goal for many theoretical physicists intrigued by
black holes. To address the information paradox and the entropy puzzle we need to look
beyond semi-classical results. Indeed the presence of ~, G and c (which we set to 1) in
the Bekenstein Hawking entropy formula, is a clear giveaway to the quantum gravitational
nature of black hole entropy. What we really need to get our hands on, is a fully fledged
quantum theory of gravity, in which we can treat general relativity and quantum mechanics
simultaneously.

We are out of luck, it is not easy to quantize gravity, as a consequence, gravity is not
incorporated in the triumphant standard model. This might sound like a big flaw, but the
gravitational force is incredibly weak when compared with the electromagnetic, the strong
and the weak nuclear forces, to the extent that its presence hardly makes a difference at the
scales probable by todays accelerators. However, a clear understanding of quantum gravity
becomes necessary in order to understand the physics of black holes, precisely because these
are regions of spacetime where gravity dominates.

Roughly stated, the difficulty with quantizing gravity lies in the ultraviolet (UV) di-
vergences that arise (divergences at high energy - short length scale). It is our inability
to subtract these divergent terms by a finite number of counter terms, known as non-
renormalizability, that stops us [22].

Despite the difficulties in quantizing gravity, it looks like string theory may give us a way
to avoid UV divergences. In string theory, extended one-dimensional objects, strings, interact
with each other at finite distances characterized by the string length scale `s, providing
a natural UV cutoff [22]. In other words, the stringy nature is thought to comprise the
ultraviolet degrees of freedom that can regulate the UV divergence, and the string length,
usually taken to be of the oder of the Planck length `p, provides us with a cutoff. We should
point out that at the moment we do not seem to know for sure whether string theory is UV
finite or not [50]. String theory as we know it, may not be enough.

In addition to ’taming’ the UV divergence, one finds that spacetime emerges in the low
energy limit. There are several types of string theory to which low energy effective actions
correspond: A bosonic string theory in 26 spacetime dimensions and five supersymmetric
string theories in 10 spacetime dimensions, labeled by type - I, IIA, IIB, and HO, HE. Their
low energy effective actions are reminiscent of the Einstein-Hilbert action, with additional
field content. These are so called supergravity (SUGRA) theories, i.e supersymmetric theories



10 Conformal Symmetry for Black Holes

of gravity, we elaborate on this in section 2.1. Finally, although probably obvious, string
theory abides quantum mechanics by construction, thus string theory is a candidate theory
for quantum gravity, with luck it could be the theory.

To get a better understanding of black hole physics, it is clear that we need to tackle
quantum gravity. In this thesis we choose the beautiful, yet not fully understood framework
of string theory. Although conceptually a challenge, string theory brings us closer to a
resolution of the information paradox [22]. In particular the high degree of supersymmetry
that supergravity theories support, allows for partly supersymmetric objects, p-branes, whose
supersymmetry aids in identifying the precise solution in the supergravity theory. Such p-
branes (in particular charged p-branes with their Dp-brane counterparts), upon dimensional
reduction and compactification, comprise the ingredients of many lower dimensional black
holes [43]. In general, procedural steps such as ’lifts’, ’reductions’ and ’boosts’, as well as
the general T , S and compacted U -duality, allow us to construct and relate such solutions
with ease [43].

In some respect we are testing the applicability of string theory. If string theory should fail
to reproduce the Bekenstein-Hawking entropy, we would have to tone down our enthusiasm
for string theory. As we will see in what follows, the news is for the better, and string theory
somewhat miraculously reproduces the semi-classical results for a special class of extremal
solutions, identified with so called BPS states in the supersymmetric theory. These are
solitons of the low energy effective action of type IIA/IIB string theory that preserve some
fraction of the background supersymmetry. They are characterized by the fact that they
saturate a lower mass bound that is believed to be untouched by renormalization, which
in turn allows for an exact extrapolation between weak and strong string coupling gs. The
upshot being that stringy degrees of freedom are identified as the microscopic states that
constitute the entropy of extremal black holes. These successes are exemplified in holographic
dualities, of which we most notably point out the AdS/CFT correspondence. The AdS/CFT
correspondence is a remarkable cornerstone of modern theoretical physics. It has far reaching
applications, not just for black hole physics, but has proven to be an invaluable tool when
dealing with conformal field theories at strong coupling, however, we will not have space in
this thesis to give it a worthy presentation.

It is the goal of this thesis to extend the search for a string theory description of black hole
entropy to more general non-extremal black holes. We are still a far way away from finding
out exactly how string theory realizes the entropy for non-extremal black holes. However, we
are seeing evidence for an underlying ’hidden’ conformal symmetry that derives the entropy,
which is a significant step forward. In this thesis the focus is on aspects of revealing hidden
conformal symmetry for certain non-extremal black holes, with focus on the recent work by
Cvetič, Larsen and Gibbons [16, 19, 20] and also the closely related work by Baggio et al.
[2].

1.5 Outline of the Thesis

Before getting to the core of hidden conformal symmetry and subtracted geometry, we cover
the necessary background: chapters 2 - 4. Of main interest to the core topic of this thesis
is chapter 3, which covers an important example of microscopic entropy ”counting”, but also
the more general means of deriving an entropy without counting, i.e by indirectly identifying
the central charges of the relevant conformal field theory and applying the Cardy formula.

In chapter 5 we briefly address the notion of hidden conformal symmetries, but mainly
our focus is on subtracted geometry. We will derive important results from the previous
work done by Cvetič and Larsen, setting the stage for the subtracted geometries considered.
Specifically we consider subtracted geometries for the four-dimensional four-charged black
holes that are solutions to the minimal supergravity theory, the STU-model [13]. The focus
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is thereafter on warp factors ∆ ∼ r2 for large r. We also study the effect of the near-horizon
extremal Kerr limit on the warp factors, and find a possible ∆NHEK that coincides with the
NHEK limit on ∆0. Furthermore we study the extent to which subtracted geometries ∆ ∼ r2

for large r are asymptotically conical.
In chapter 6 we identify matter in the static case. We start by studying the Einstein

equations, and find that for special warp factors ∆± (∆− = A2
red), the equations of motion

simplify greatly. We furthermore find matter for a large class of warp factors by identifying
overlap between subtracted geometries and the members of the four-parameter family studied
in [2].

In chapter 7 we reproduce several of the calculations in [2]. In particular we study the
uplift and dimensional reduction, that allow for the identification of a dual CFT description,
where irrelevant deformations are found to be the dual operators that start the flow in the
four parameter family from subtracted to original geometry. We also extend part of the
analysis to the case ∆ ∼ r2.

In chapter 8 we review the use of scaling limits to obtain supporting matter for rotating
subtracted geometries. Notably we manage to find supporting matter in the rotating case
for ∆− = A2

red via a scaling limit akin to the one considered in [16]. We also address the
trouble with a scaling limit for ∆NHEK.

In chapter 9 we conclude, and give an outlook. We have set aside a discussion of di-
mensional reduction for appendix A. Further appendices deal with the STU model and
conventions.
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2

Black Holes in String Theory

We briefly mention some relevant aspects of string theory, and continue with a quick deriva-
tion of the bosonic sector of the low-energy effective action of type superstring theories. In
these theories supersymmetry is a key ingredient, and states invariant under part of the su-
persymmetry transformations, so called BPS states will be discussed, along with a derivation
of the BPS bound. We then introduce the solitons and use an embedding of a 5-dimensional
Reissner Nordström in a supersymmetric background as an example. We finalize with the
correspondence principle that matches supergravity solitons with the Dp-branes from per-
turbative string theory.

2.1 The Low-Energy Effective Action of String Theory

We will merely familiarize ourselves with the low-energy effective actions that arise in string
theory. To this end references [50, 57] were very useful. Our focus is on type IIA and
IIB string theories as they possess the maximum degree of supersymmetry, and contain a
massless spin 2 particle, i.e the graviton.

Type IIA and IIB are set in a D = 10 dimensional background. They solely contain
closed strings, this periodic nature of the string imposes a strict condition on the world-sheet
bosons Xµ, where µ = 0, · · · , D − 1, that is they have to be periodic. On the other hand, the
world-sheet fermions Ψµ only need to be periodic up to a sign. When Ψ comes back to itself
without a change in sign we have the so called Ramond (R) periodicity condition, and if Ψ
comes back to −Ψ going once around the string, we have the so called Neveu-Schwarz (NS)
anti-periodic condition. Enforcing either R or NS boundary conditions on either the left
movers or the right movers, we get the four sectors of superstring theory; R-R, R-NS, NS-R,
NS-NS. The R-NS and NS-R sectors support spacetime fermionic degrees of freedom, while
the R-R and NS-NS sectors are bosonic. It is the latter two sectors that we are interested
in, since we will in general consider a background free of fermions.

The low-energy effective description should only involve massless modes, a reasonable
assumption as the excitations are separated by mass gaps ∼ 1/`s, where `s � 1 is the string
length. The massless field content of the NS-NS sector involves the graviton Gµν , the Kalb-
Ramond two-form gauge field Bµν and the scalar dilaton Φ. The massless field content of
the R-R sector is slightly different for IIA and IIB. In both the massless degrees of freedom
are packaged into q-form gauge fields Cq. Where q takes on the values 1 and 3 in IIA, while
it has values 0, 2 and 4 in type IIB.

The low-energy effective actions of type IIA/IIB string theory are actions of IIA/IIB
SUGRA which can be thought of as generalized versions of the Einstein-Hilbert action.
They produce the equations of motion of the low-energy background which other strings
probe (feel), i.e, the emergent 10-dimensional spacetime.

For the free relativistic bosonic quantum string one has the Polyakov action, which is
also the form the superstring action takes if one only considers the bosonic fields Xµ:

SPol =
1

4π`2s

∫
dσ2 √−g gαβ ∂αXµ∂βX

ν ηµν , (2.1)

where ηµν is the flat target-space metric and gαβ is the world-sheet metric. This action
reduces to the intuitive Nambu-Goto action via the equations of motion for the world-sheet

13
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metric. It is important to understand that the world-sheet1 metric is an unphysical parameter
that is simply added for convenience. The reason one considers this action, is that it is readily
quantized as opposed to the Nambu-Goto action. The action is also invariant under local
rescaling of the world-sheet metric

gαβ → Ω2(x)gαβ. (2.2)

We refer to this as Weyl invariance. The key observation is that Weyl invariance together
with general reparameterization invariance amounts to conformal invariance. This allows us
to fix the world-sheet metric (by a choice of gauge) which is reassuring since the world-sheet
metric is unphysical. Let us emphasize that in order for the world-sheet metric to appear
as an unphysical (gaugeable freedom) we require conformal invariance. We will use this
required conformal invariance to impose constraints on the low-energy modes in the form of
differential equations for which one identifies a corresponding action, namely the low-energy
effective action.

For the general interacting string action, one would have to add all kinds of terms asso-
ciated with the possible interactions. A way to approach the low-energy effective action, is
to argue that in this regime, one only has massless modes Gµν(X), Bµν(x) and Φ(X) (other
massless fermionic modes enter for the superstring), ignoring all higher (massive) string ex-
citations. Consequently, there are only three interaction terms in the action that play a role;
the ones coupling to each of the massless modes. By means which we will not dwell upon, one
calculates the vertex operators associated with the three fields and arrives at the following
action, where we see that quite naturally the field Gµν(X) resulting from the graviton mode
replaces the Minkowski metric. The low-energy effective action of such an interacting string
is thus the string probe action

Sprobe =
1

4π`2s

∫
dσ2√−g

(
gαβ ∂αX

µ∂βX
ν Gµν(X) + iεαβ∂αX

µ∂βX
ν Bµν(X) + `2sΦ(X)R(2)

)
+ (fermionic part). (2.3)

Here R(2) is specifically the Ricci scalar associated with the world-sheet metric.
The dilaton term `2sΦ(x)R(2) is not explicitly Weyl invariant, and hence spoils the explicit

Weyl invariance of the action. As we emphasized earlier, Weyl invariance together with
general reparameterization invariance gives us the freedom to fix the world-sheet metric.
Without it the world-sheet metric would appear as a physical dynamical quantity in the
action. We therefore require Weyl invariance by fixing the behavior of the background fields
Gµν(X), Bµν(X) and Φ(X) order by order in `2s, the sigma model loop expansion parameter.
This ensures that the physics does not care about the world-sheet metric.

In order to restore Weyl invariance at O(`2s), the background fields must solve three
coupled differential equations. This requirement stems from the corresponding requirement
〈Tαα〉 = 0, and the fact that

〈Tαα〉 = − 1

2α′
βµν(G)∂αX

µ∂αXν − i

2α′
βµν(B)εαβ∂αX

µ∂βX
ν − 1

2β(Φ)R(2). (2.4)

In general this implies that each of the beta functions must vanish independently yielding
three sets of coupled differential equations, as can be seen from the one-loop expressions of
the beta functions displayed in [50]. An action whose equations of motion coincide with this
set of differential equations is the action governing the low-energy physics of the background.
The action turns out to be

SS =
1

2κ2
0

∫
d10X

√
−Ge−2Φ

(
R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ

)
, (2.5)

1When referring to the world-sheet we mean the surface swept out by the string as it propagates in its
target spacetime.
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where R is the Ricci scalar associated with Gµν , and H = dB. From [R] = −2 we must
have for dimensional reasons κ0 ∼ `8s. This action SS is part of the bosonic sector of IIA/IIB
SUGRA. We will come back to the complete IIA/IIB SUGRA actions when we discuss p-
branes.

The effective action SS is reminiscent of the Einstein-Hilbert action, however it is not
quite the same, the term e−2Φ spoils it. We are free to absorb this term without changing
the physics, by simply making a field redefinition. We refer to the action in its present form
SS as the string frame action, and Gµν as the string metric. While we refer to

G̃µν = Gµνe
−4Φ̃/(D−2), Φ̃ = Φ− Φ0, Φ0 ≡ 〈Φ〉 (2.6)

as the Einstein metric. The corresponding Ricci scalar is

R̃ = e4Φ̃/(D−2)R+ (terms proportional to Φ̃). (2.7)

Where D is the dimension of spacetime. With these field redefinitions and D = 10, the
action reads

SE =
1

2κ2
0e

2Φ0

∫
d10X

√
−G̃
(
R̃− 1

12
e−Φ̃HµνλH

µνλ − 1

2
∂µΦ̃∂µΦ̃

)
. (2.8)

In string theory, eΦ0 is recognized as the string coupling gs. Comparing with the Einstein-
Hilbert action we therefore find

GN ∼ `D−2
s g2

s , (2.9)

where we put a subscript N just to emphasize that it is Newton’s constant and not the de-
terminant of some metric. It is convenient to enhance it to an identification by the definition

16πG
(10)
N ≡ 2κ2

10 = (2π)7g2
s`

8
s. (2.10)

In the next section we go into more detail with regard to supersymmetry and the related
BPS bound.

2.2 Supersymmetry and the BPS Bound

Since the BPS condition, and BPS states are of such great use in establishing a match
between quantum states and the effective gravity at strong coupling, it is almost cheating
not to look into the physics that supports this bound.

The ’magic’ of supergravity lies in the supersymmetry (SUSY). We will look at one of
the central consequences of extended supersymmetry, i.e the BPS bound. We will start off
with a brief introduction to supersymmetry, and work our way toward the BPS bound by
considering N = 2 SUSY in D = 4 spacetime. Our discussion bases for the most part on
[53, 59].

For a time it was believed that one could not extend the external continuous symmetries of
spacetime beyond the Poincaré group, at least not without jeopardizing the axioms dictating
properties that a reasonable theory should have, such as locality, positivity of energy, etc.
Under these assumptions (locality, positivity ...), Coleman and Mandula showed that it was
not possible to extend the group. Among many of their reasonable assumptions, one was that
the algebra consisted solely of commutators. This was reasonable as generators of continuous
symmetries usually satisfy a Lie algebra (involving only commutators).

Supersymmetry extends the set of known symmetries by supposing the existence of su-
persymmetry charges. They are packaged into spinors that appear in anti-commutators in
the extended super-algebra, i.e the symmetry Lie algebra is extended to a graded Lie algebra.
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In this sense the above no-go theorem is avoided as it assumes only commutators while now
we are considering anti-commutators as well.

Super-Poincaré is achieved by extending the Poincaré group by adding to the set of
commutators, a set of anti-commutators between spinors. Haag, Lopuszanski and Sohnius
narrowed down the possible spin of the spinors to spin-1

2 . As an important example, the
super-Poincaré algebra in four dimensions is achieved by the addition of Majorana spinors
Q

Q =

(
Qα
Q̄α̇

)
, (2.11)

where Qα is a left handed Weyl spinor, and Q̄α̇ a right handed Weyl spinor. Depending on the
number of spinors (supersymmetry charges) we add, we have either regular supersymmetry
where N = 1 spinor is added, or we have extended N > 1 supersymmetry.

Consider extended supersymmetry in D = 4 spacetime, i.e we extend the Poincaré group
by adding

QI =

(
QIα

Q̄α̇I

)
, I = 1, · · · , N. (2.12)

The graded lie algebra that one obtains is comprised of the usual commutator relations of the
Poincaré algebra and the following additional commutators and anti-commutators between
Poincaré generators and the spinors QI .

[Pµ, Q
I
α] = 0, [QIα,Mµν ] = (σµν)α

βQIβ,

[Pµ, Q̄
I
α̇] = 0, [Q̄Iα̇,Mµν ] = −Q̄I

ḃ
(σ̄µν)β̇ α̇,

(2.13)

{QIα, Q̄α̇J} = 2σµαα̇Pµδ
I
J ,

{QIα, QJβ} = εαβZ
IJ ,

{Q̄α̇I , Q̄ḃJ} = −εα̇β̇Z
∗
IJ .

(2.14)

Here Mµν are the Lorentz generators, and Pµ are the generators of spacetime translations.
The indices α and β are spinor indices, while µ and ν are spacetime indices. We denote the
completely antisymmetric symbol εαβ, and ZIJ is an antisymmetric complex N ×N matrix.

The first two commutators on the left in (2.13) are not actually that straight forward.
On the LHS, one gets an object belonging to(

1
2 ,

1
2

)
⊗
(

1
2 , 0
)

=
(

0, 1
2

)
⊕
(

1, 1
2

)
. (2.15)

The RHS clearly needs to transform accordingly, but generators transforming in (1, 1
2) under

the Lorentz group would posses spin 3
2 as well as 1

2 . We only allow for spinors with spin 1
2 ,

and for consistency the RHSs must vanish as shown by Haag et al.
The two commutators on the right in (2.13) follow from the fact that the Q’s are spinors,

and σµν and σ̄µν generate Lorentz transformations for respectively the left handed and right
handed Weyl spinors that are carried in the Majorana spinors QI .

The first of the last three clearly transforms as (1
2 , 0)⊗(0, 1

2) = (1
2 ,

1
2), that is, as a vector.

The RHS must therefore transform as a vector, and the only generator in the algebra that
transforms as a vector is Pµ. To contract away the spacetime index and get an expression
with two lower spinor indices, the four-vector of Pauli matrices σµαα̇ is introduced. The ε
symbol and the matrix Z are introduced to ensure that both sides of the equality have the
same symmetry with respect to interchanging indices. Since the ZIJ commute with all other
generators in the algebra (to ensure closure and consistency), they only appear on the RHS
and are therefore called central charges of the algebra.

Although we are currently only considering the four-dimensional case, the following cal-
culation generalizes to higher dimensions. We will now show that for the present case, and
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focusing explicitly on N = 2 supersymmetry, we will get a lower bound on the mass M , the
so called Bogomolnyi bound. It is an inequality between the mass and the central charges.
In the present case we will only have a single complex central charge Z, since ZIJ is anti-
symmetric, and in the case N = 2 it is specified by the number Z12 = −Z21 = Z ∈ C.

Boosting to the rest frame Pµ = Mδµ0 and choosing a basis2 where ZIJ is replaced with
a real antisymmetric matrix Z̃IJ , the anti-commutators read

{QIα, Q̄β̇J} = 2σ0
αβ̇
MδIJ ,

{QIα, QJβ} = 2εαβε
IJ Z̃,

{Q̄α̇I , Q̄β̇J} = −2εα̇β̇εIJ Z̃,

(2.16)

where Z̃ = Z̃12. This set of commutators is readily diagonalized by introducing suitable
creation and annihilation operators

aα = 1
2(Q1

α + εαβQ̄
2
γ̇ σ̄

0γ̇β), bα = 1
2(Q1

α − εαβQ̄2
γ̇ σ̄

0γ̇β),

a†α̇ = 1
2(Q̄1

α̇ + εβ̇α̇σ̄
0β̇γQ2

γ), b†α̇ = 1
2(Q̄1

α̇ − εβ̇α̇σ̄
0β̇γQ2

γ).
(2.17)

The anti-commutators read

{aα, a†β̇} = σ0
αβ̇

(M + Z̃),

{bα, b†β̇} = σ0
αβ̇

(M − Z̃),

{aα, bβ} = · · · = 0.

(2.18)

Here σ0
αβ̇

= 1αβ̇, and σ̄µα̇β = εα̇δ̇εβγσµ
γδ̇

. To ensure a unitary representation such that one

obtains only positive norm states, the following inequality must be satisfied

M ≥ |Z̃|. (2.19)

This inequality is referred to as the Bogomolnyi bound. It is clear that if M < |Z̃|, the RHS
of one of the anti-commutators in (2.18) will be negative. From now on we take Z̃ = |Z̃|
without loss of generality.

One can show that QI1 and Q̄I
2̇

lower the spin of a massive state by a half, while QI2 and

Q̄I
1̇

raise the spin by a half. It follows that α2, α
†
1̇
, β2 and β†

1̇
raise the spin by a half, while

the others lower it by a half.
When M > |Z̃| we then have four creation operators, two that raise the spin and two

that lower the spin by a half, respectively α†
1̇
, β†

2̇
and α†

2̇
, β†

1̇
. Acting on a state with spin 0,

one can then construct a massive vector multiplet with 8 fermionic and 8 bosonic degrees of
freedom.

On the other hand, massive states with mass

M = |Z̃|, (2.20)

will only have two creation operators, as the b†’s create zero-norm states. In total there will
only be 2 fermionic and 2 bosonic degrees of freedom. In this case we say that the states
saturate the Bogomolnyi bound, or that they are BPS states3. In general BPS multiplets
have 2N states, while a general massive multiplet has 22N states.

The above reasoning can be generalized to higher dimensions, in particular to the cases
that we are interested in, namely the settings of type II string theories, the a-chiral IIA

2We are free to change the basis in this way, simply because these are central charges and commute with
the rest of the generators.

3This term stems from a similar bound, the Bogomolnyi-Prasad-Sommerfeld bound encountered in the
study of monopoles in supersymmetric gauge theories.
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and the chiral IIB. These posses N = 2 supersymmetry, which is the maximum allowed
supersymmetry in 10 dimensions, due to the constraint limit of a maximum number of 32 real
supercharges4. From now on when we say supercharges we mean strictly real supercharges.

It is not at all obvious that N = 2 SUSY in 10 dimensions has a minimum of 32 su-
percharges. Naively one might think it has 2 × 64 supercharges, since a Dirac spinor in D
dimensions will have 2D/2 complex components5, i.e 64 real components. This number can
however be lowered. It turns out that for even D we can have Majorana spinors, that is,
Dirac spinors satisfying the Majorana condition Ψ = ΨC = CΨ̄T , thus halving the number of
components. This brings the number of supercharges down to 2×32 which is still greater than
32. However, for D = 10 it turns out that in addition to the Majorana condition, one can si-
multaneously project out half of the charges using Γ11, the product of all the 10-dimensional
Dirac gamma matrices, that satisfy {Γµ,Γν} = 2ηµν · 1. The spinors transforming in this
chiral representation and simultaneously satisfying the Majorana condition are referred to as
chiral-Majorana spinors. We see now how two chiral-Majorana spinors contain 2×8 complex
components in total, giving rise to 2 × 2 × 8 = 32 supercharges. Indeed type IIA and IIB
SUSY have two such chiral-Majorana spinors (also called Majorana-Weyl spinors) each with
8 complex components [47]. Similarly, quite remarkably, beyond 11 dimensions one cannot
have supersymmetry with 32 supercharges or less. Indeed N = 1 SUSY in 11 dimensions is
the maximum number of dimensions with a minimum of 32 supercharges.

The reason for the upper limit of 32 supercharges goes hand in hand with the upper limit
on the helicity of the allowed field content of the theory. Roughly speaking, we do not know
of any interacting field theories with a finite number of fields with helicity greater than 2. It is
easy to see why we cannot have more than 32 supercharges in the case of four dimensions. In
this case the N = 8 SUSY generators raise or lower the helicity (spin in the massive case) by
a 1/2, thus we have four raising operators and four lowering operators. Acting with a raising
operator four times on a state of helicity zero gives a state with helicity 2, and likewise,
lowering four times gives a state of helicity −2. Clearly we can not have more than a total
of 8 SUSY generators in four dimensions, i.e 32 supercharges as this would necessarily imply
states of helicity greater than 2. I turns out to be the general case for higher dimensional
SUSY as well, that 32 supercharges is the upper limit if we wish to restrict our field content
to states with at most helicity 2 [47].

We will go ahead and simply write down the important results, which can be found
in [51]. The IIA supersymmetry algebra has a single non-chiral Majorana spinor worth of
supersymmetry charges. That is, it is a combination of a left-handed and a right-handed
chiral-Majorana spinor, denoted (1, 1) SUSY. The anti-commutators read

{Qα, Qβ} = (CΓM )αβPM + (CΓ11)αβZ + (ΓMΓ11C)αβZM + (ΓMNC)αβZMN

+ (ΓMNPQΓ11C)αβZMNPQ + (ΓMNPQRC)αβZMNPQR, (2.21)

where Γ are 10-dimensional gamma matrices, and ones with several indices are antisym-
metrized products thereof. Furthermore C is the charge conjugation matrix for 10-dimensional
Majorana spinors, and the Z’s are the different p-form central charges which are carried by
BPS states6. For type IIB, the supercharges, are packaged into two chiral-Majorana spinors
QIα of the same chirality. We may take these to be left-handed and denote this (2, 0) SUSY.

4We do not know of any consistent interacting field theories with a finite number of fields with helicity
> 2.

5When D is odd it will be 2(D−1)/2 complex components.
6As elaborated on in detail in [35], the different p-form charges Z,Z+ are interpreted as charges carried

by p-branes. In particular
1

p!
Zi1···ipv

i1···ip =
1

Ωñ+1

∫
Sñ+1

F̃ ,

where the p-brane is aligned in the directions given by the spatial p-form v.
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The anti-commutators read

{Qiα, Q
j
β} = δij(PΓMC)αβPM + (PΓMC)αβZijM + εij(PΓMNPC)αβZMNP

+ δij(PΓMNPQRC)αβ(Z+)MNPQR + (PΓMNPQRC)αβ(Z+)ijMNPQR, (2.22)

where P = 1
2(1 + Γ11) is the chiral projector. In both (2.21) and (2.22) the maximum

number of supercharges on the LHS is 528 which is broken down into the direct sums of
charges on the right hand side, respectively as follows 528 = 10 ⊕ 1 ⊕ 10 ⊕ 45 ⊕ 210 ⊕ 252,
and 528 = 10⊕ 2× 10⊕ 120⊕ 126⊕ 2× 126.

One can again boost to a frame PN = MδN0 as we did to get (2.16). When the dust
settles one again finds that it is necessary to demand

M ≥ |Z| (2.23)

in order to avoid negative-norm states. As we mentioned in the example of N = 2 SUSY in
four dimensions M = |Z| gives us short BPS multiplets. Since the relation M = |Z| is at
the level of the supersymmetry algebra it is believed to be protected from renormalization
(assuming unbroken supersymmetry) despite the fact that both |Z| and M are in general
renormalized. This is reasonable as one does not expect the degrees of freedom to somehow
jump from e.g 4 to 16 at a certain value of gs [6]. This allows for the extrapolation between a
microscopic description in the low string coupling gs � 1 regime to a macroscopic description
of black holes in a regime where gs � 1. As we shall see in chapter 4 this remains one of the
most successful arguments for an entropy matching for certain black holes in the context of
string theory.

In the next section we will introduce p-brane solitons as solutions of SUGRA, these
serve as useful building blocks from which one may construct various black holes in lower
dimensions by wrapping the branes around compact dimensions [43]. Thanks to the BPS
condition (saturation) and the fact that it is protected from renormalization, we can then
extrapolate between the strongly coupled SUGRA regime to the weakly coupled string per-
turbation theory regime. As we will motivate briefly in section 2.4, the SUGRA p-branes
may be identified with a collection of Dp-branes at weak coupling, suggesting the under-
lying microscopic degrees of freedom. What is going to be really astonishing is that this
gs � 1 microscopic description in terms of Dp-branes produces an entropy matching the one
prescribed by Bekenstein and Hawking.

2.3 Solitons in Supergravity

In the literature and as reviewed in [6, 58], solutions to the equations of motion that are
regular, stable and have finite energy are referred to as solitons or being solitonic7. Of
particular interest are the supersymmetric solitons which as implied by the invariance under
part of the supersymmetry are BPS. Certain extremal black holes fall into this category, i.e
they are supersymmetric solitons of the SUGRA action, and the central charges in the BPS
bound are identified with the charges of the black hole.

2.3.1 Reissner-Nordström as a SUGRA Soliton

It is instructive to consider the embedding of a familiar black hole solution into a supersym-
metric background. In particular, consider the unique solution to D = 4 Einstein-Maxwell
theory, the Reissner-Nordström solution. We embed this solution into N = 2 supergravity,
to this end it is necessary to add two gravitini to fill the supergravity multiplet. Indeed the

7Strictly speaking, by soliton, one is referring to the subset of non-singular solutions, and one calls the
singular ones elementary. In this thesis we will use soliton to refer to both regular and singular solutions.
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SUGRA multiplet contains degrees of freedom corresponding to a graviton (helicity ±2), a
gauge boson (helicity ±1) and two gravitini (helicity ±3/2), thus the Reissner-Nordström
solution is only missing out on the gravitini. What we would like to show is that in order
for the Reissner-Nordström solution to be a supersymmetric soliton of the SUGRA action,
it has to be extremal [41].

The well known Reissner-Nordström metric with mass parameter M and charge param-
eter Q reads

ds2
RN = −

(
1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1

dr2 + r2dΩ2. (2.24)

The outer and inner horizons are respectively

r± = M ±
√
M2 −Q2. (2.25)

We require M ≥ |Q| to avoid a naked singularity, and notice that for M = |Q|, r+ = r−, i.e
the horizon is degenerate, and hence the surface gravity κ = 0. In other words one gets the
extremal Reissner-Nordström solution for M = |Q|. In isotropic coordinates (r → ρ = r−M)
the metric reads

ds2
ERN = −

(
1 +

M

ρ

)−2

dt2 +

(
1 +

M

ρ

)2

(dρ2 + ρ2dΩ2). (2.26)

We will see that (2.26) is the only metric in the (D = 4) Reissner-Nordström family of
solutions that preserves supersymmetry. We do this in a roundabout way, starting with a
general symmetric ansatz for the metric

ds2 = e2A(r)dt2 + e2B(r)d~x2, r =
√
δijxixj , (2.27)

and an electric type ansatz for the gauge field

A0 = eC(r) − 1 =⇒ Fi0 = ∂iC(r)eC(r). (2.28)

One could now calculate the curvature scalars, and solve Einstein-Maxwell equations of
motion, and arrive at the Reissner-Nordström solution. However, we would like to impose
supersymmetry invariance prior to solving the equations of motion, which simplifies the
calculation greatly, and goes to show how supersymmetry invariance, i.e BPS saturation, is
related to extremal Reissner-Nordström.

In order to preserve half of the supersymmetry, half of the super-transformations must
act trivially on the field content of the solution. In our case, and as is usual, the background
is free of fermions, and therefore all super-variations of the bosons are trivially zero for all
super-transformations. The only variations we have to check explicitly are the variations of
the gravitini [41]

δεψµA = ∇µεA − 1
4F
−
abγ

aγbγµεABε
B = 0, (2.29)

where
F±µν = 1

2(Fµν ± i ? Fµν), F±ab = F±µν e
µ
a e

ν
b , (2.30)

and A,B = 1, 2 are spinor indices, where the position of the index denotes the chirality
γ5ε

A = εA, γ5εA = −εA. In order to satisfy this equation, i.e preserve half the SUSY, it turns
out that the three functions A,B and C are all determined by a single harmonic function
H. This is precisely, and only then realized by the single centered, that is, the extremal
Reissner-Nordström solution, i.e

eA(r) = 1 +M/r, (2.31)



Chapter 2. Black Holes in String Theory 21

or the multi-centered solution, which is really just several copies of the extremal Reissner-
Nordström solution positioned arbitrarily in spacetime

eA(|~x|) =
∑
i

(
1 +

M

|~x− ~xi|

)
. (2.32)

The multi-centered solution is only possible due to the force balance; gravitational attraction
balances electro-magnetic repulsion, due to the BPS saturation. These black holes will
therefore not interact with each other, and hence the multi-centered solution is static and
stable!

2.3.2 More General p-brane Solitons

We are now warmed up, and ready to tackle more general p-brane solitons of N = 2
supergravity, i.e SUGRA. The steps involved are more or less proceeding in the same spirit
as the example of the Reissner-Nordström black hole. The major difference is that calcula-
tions get more tedious as the field content of the action is more involved. Just like we looked
upon the Reissner-Nordström black hole as a point particle or 0-brane, coupling electrically
to the gauge field via F = dA, we now consider generalizations thereof, namely higher di-
mensional extended fundamental objects, branes, and more generally p-branes that couple
to (p+ 1)-forms.

In general p-branes are charged by coupling to (p + 1)-form gauge fields C(p+1). It is
really simply a matter of extending the familiar notion of a charged point particle (0-brane),
which we know couples to a one-form gauge field A(1). The equations of motion for such a
charge point particle are derived from the action

Spp = −m
∫
γ

√
ηµνẊµẊνdτ + q

∫
γ
dτAµẊ

µ

= −m
∫
γ
ds+ q

∫
γ
A,

(2.33)

where

Ẋ ≡ dX

dτ
(2.34)

and, m and q are respectively the mass and charge of the point particle, and in this last line
it is understood that the integrands such as A are pulled back onto the world-line γ. This is
the probe action for the 0-brane.

Conceptually, the generalization to a p-branes is rather straight forward, however whereas
the action of a point particle is simply the proper length, for a higher dimensional object it is a
little less straight forward, indeed for a one-brane (string) it is the proper area (Nambu-Goto
action). For Dp-branes we not only have world volume bosons (embedding coordinates), but
also a U(1) gauge field. As explained in [50], studying the beta function and using the same
kind of argument as was used for the low-energy effective SUGRA action, one arrives at the
action for a p-brane probing a closed string background (Gµν , Bµν ,Φ), which reads

SDp-probe = SDBI +Qp

∫
Vp+1

C(p+1), (2.35)

where

SDBI = −Tp
∫
dξp+1e−Φ̃

√
−det (γab + 2πα′Fab +Bab). (2.36)

Extra terms can be added to describe interactions between several p-branes. The terms in
(2.36) respectively correspond to fluctuations of the brane, the U(1) gauge field, and coupling
with open strings that are charged under the Kalb-Ramond field.



22 Conformal Symmetry for Black Holes

It is Sp-probe that acts as a source for the R-R gauge field C(p+1) in the SUGRA action

SII =
1

2κ2
0

∫
d10X

√
−Ge−2Φ

(
R+ 4(dΦ)2 − 1

12H
2 − 1

2(p+2)!F
2
(p+2)

)
. (2.37)

We consider general p-branes as they naturally couple to the field strengths F(p+2) = dC(p+1)

already present in the massless spectrum of superstring theory. Of course, even more appar-
ent, we have the fundamental string itself, that couples electrically to the Kalb-Ramond two
form gauge field B, which follows from the term H = dB present in the SUGRA action. We
call it fundamental to distinguish it from the R-R string that is electrically charged under
C(2). We should point out that when in IIB the self dual five-form R-R field strength is
present, one has to supplement the action (2.37) (at the level of the equations of motion)
with a self duality constraint.

What about magnetic charges, indeed there are magnetic p-branes that are magnetically
charged with respect to dual field strengths ?F = dC̃. However, we will not dwell on the
details thereof, we will only mention that as an important example, the dual object to the
fundamental string is the magnetic NS-NS 5-brane to distinguish it from the R-R 5-brane
[6].

Let us construct some p-brane solitons, i.e generalize the technique used to find the
solution for the 0-brane, the Reissner-Nordström black hole. In general one starts with a
p-brane ansatz that reads

ds2 = e2A(r)d~x2 + e2B(r)d~y2, (2.38)

where ~x denote the longitudinal coordinates, i.e the coordinates along the brane: ~x =
xµ∂µ, µ = 0, . . . , p, and the remaining D − p − 1 coordinates, the transverse coordinates

are denoted by ~y, and r =
√
~y2. We imply furthermore that the world volume metric d~x2

be Poincaré invariant and the transverse metric be SO(D − p− 1) invariant, i.e

d~y2 = dr2 + dΩ2
D−p−2. (2.39)

This finalizes the ansatz for the metric, furthermore we have the ansatz for the dilaton
φ = φ(r) and the R-R gauge field (electric) ansatz with the only non-zero component C01···p =
eC(r). For a magnetic ansatz it is more convenient to deal with the field strength F(p+2)

which should be proportional to the volume form of Sp+2, i.e the magnetic ansatz involves
no unspecified function. We proceed with the electric ansatz following reference [6].

As we pointed out for the 0-brane, the Reissner-Nordström black hole, we could proceed
to compute the Christoffel symbols and solve the equations of motion directly, however, we
consider solutions that are invariant under a fraction of the supersymmetry transformations,
and it turns out to be much more economical to satisfy this condition first. In short, one finds
that the four arbitrary functions A,B,C and φ all reduce to one function via the requirement
of supersymmetry. We will not dive into the details, but merely note that the procedure is
similar albeit more complex than our previous discussion concerning the Reissner-Nordström
black hole. At the end of the day, the p-brane solutions are specified by the single function
Hp(r), which needs to be harmonic

Hp(r) = e−C(r) = e−C0 +
Qp

rD−p−3
, (2.40)

where C0 ≡ limr→∞C(r) and the possibility of C0 6= 0 allows for non-trivial vev φ0 of the
dilaton. In general for the solution to be asymptotically Minkowskian, one has for D = 10
in the Einstein frame

A =
7− p

16
(C − C0), B = −p+ 1

16
(C − C0), φ = φ0 +

p− 3

4
(C − C0). (2.41)
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An important example is the R-R three-brane, which has constant dilaton. It serves a
central role in a canonical example of the AdS/CFT correspondence, namely the type IIB
on AdS5 × S5/(N = 4) SYM4. Specifically as evident from the harmonic function

H3 = 1 +
Q3

r4
, (2.42)

that appears in the spacetime metric, it is evident that the limit Q3 →∞ would result in a
non-asymptotically flat spacetime, an alternative interpretation of this limit is taking r → 0.
Indeed in this limit one gets precisely AdS5 × S5 [6]. As we will discuss in limited detail
in the next section, R-R charged p-branes have a microscopic description in terms of Dp-
branes arising in the perturbative sector of string theory. In this case the R-R three-brane
with charge Q3 is identified, in the above limit Q3 → ∞ as Q3 coincident D3-branes. The
world-volume theory of such a stack of D3-branes is found to coincide with the large N limit
of U(N) N = 4 super-Yang-Mills theory in four dimensions. That is a four-dimensional
CFT with N = 4 supersymmetry [6]. The relation between black holes, p-branes and the
conjectured gauge/gravity duality is nicely reviewed in [1].

2.4 Black Holes as Strings and Dp-branes

We have seen that p-branes are the generalized black object possible in higher dimensions,
we can think of them as extended black holes. It turns out that one can construct lower
dimensional black holes from p-branes in higher dimensions by wrapping the branes around
compact dimensions. Even more interesting black holes can be constructed by putting dif-
ferent branes together as described in [43]. We will not go into the details, but we will
eventually give a brief example in chapter 3. What we would like to address in this section
is the extent to which p-branes and indeed the low-energy-effective actions (SUGRA) are a
valid descriptions of black holes, and what might happen when we go away from the regime
of validity. We shall see that there is a non-trivial correspondence point.

Clearly the SUGRA action is only valid when the sigma-model loop-counting parameter
α′ = `2s is small compared to a suitable measure of the spacetime curvature. For the d-
dimensional Schwarzschild black hole, an invariant measure of the curvature is (and evaluates
at the horizon to)

RµνρσR
µνρσ

∣∣∣
r=rH

=
12

r4
H

, rd−3
H =

16πGdM

(d− 2)Ωd−2
∼ g2

s`
d−2
s M. (2.43)

This suggests that as longs as `s � rH we can trust the supergravity description. However,
when rH ∼ `s it gets murkier, one goes over to a regime where stringy effects matter [43].
The question is what kind of stringy degrees of freedom take over.

For the neutral black holes, the simplest neutral string theory object which only carries
mass is the fundamental string. Following [43], it is instructive to consider how the entropy
of a single fundamental string behaves near a supposed correspondence point where rH ∼ `s.
From string perturbation theory it is well know that the degeneracy of states scales as em/m0 ,
where m0 ∼ 1/`s is the Hagedorn temperature. One then finds (using that `2sm

2 = N , where
N is the oscillator number) that the entropy associated with the fundamental string goes as

Sstring ∼ log(em/m0) ∼ m`s. (2.44)

This is a result from perturbation theory, hence only valid for gs ∼ 0. We will currently work
under the assumption gs ∼ 0, the validity of which we will address in a moment.

The mass of the fundamental string should scales as the mass of the black hole at the
correspondence point, thus

M ∼
rd−3
H

g2
s`
d−2
s

∼ m. (2.45)
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Now using this we find that the ratio of the entropies scales as

SBH

Sstring
∼ rH

`s
. (2.46)

This again suggests that when rH ∼ `s there exists a correspondence between the funda-
mental string and the neutral black hole. Furthermore, noting that S ∼

√
N and S ∼ 1/g2

s ,
we see that for large N , gs ∼ 0, implying that our assumption of gs ∼ 0 is valid for large N .
Thus the correspondence principle is applicable for large N .

When it comes to black holes carrying R-R charges, i.e constructed out of R-R branes,
a similar correspondence is evident [34], this time involving also open strings ending on so
called Dp-branes.

Dp-branes were realized as p-dimensional hypersurfaces on which open strings with (D−
p) Dirichlet boundary conditions could end. The remaining p coordinates have Neumann
boundary conditions, i.e string endpoints are constrained to the p-dimensional world-volume
of the brane. In this sense, open strings with such boundary conditions allow for the inclusion
of so called Dp-branes in string perturbation theory.

We may ask whether Dp-branes are related to the classical R-R p-brane solutions of the
low-energy effective SUGRA actions. There is good reason to believe that Dp-branes in
perturbation theory describe the general brane object at low string coupling gs ∼ 0, while
R-R p-branes describe a collection of coincident Dp-branes at large coupling gs � 1 [34]. The
idea then is that R-R p-branes have charge Qp proportional to the number of fundamental
Dp-branes that constitute them.

In general, the correspondence principle as elaborated in [34] suggests that we can identify
strings and Dp-branes as the microscopic constituents of black holes, and general black p-
branes. This principle along side with the important non-renormalization theorem for BPS
states allows for the exact extrapolation of results calculated in the low string coupling, i.e
Dp-brane picture, to the regime of high string coupling where the classical black p-branes are
the valid description. As we shall see in the following sections the counting of the degeneracy
of states for certain extremal BPS black holes agrees exactly with the Bekenstein-Hawking
entropy.
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Entropy Through the Looking Glass

In the previous chapter we introduced supergravity as a low-energy effective string theory.
We also introduced several results such as the BPS condition which is protected by a non-
renormalization theorem. In this chapter we will finally discuss an example in which these
results can be applied to get an entropy from the perturbative string theory regime, that
matches with the classical Bekenstein-Hawking area law for the entropy (1.15). However,
of equal importance, and of central importance to this thesis, is the idea of attributing the
entropy to microscopic degrees of freedom associated with a dual CFT.

3.1 Entropy Prelude

The concept of entropy has been refined classically and quantum mechanically in statistical
physics, where it has been identified in the microcanonical ensemble to be the logarithm of
the number of accessible microstates Ω

S = kB ln Ω, (3.1)

and in general, given a density matrix, a corresponding density operator ρ̂ the above is
generalized to the Von Neumann entropy

S = −Tr(ρ̂ ln ρ̂). (3.2)

If SBH really is the entropy we should associate with black holes, then for a complete under-
standing of the entropy, an understanding of the nature of the microstates comprising it is
needed.

We mainly focus our attention on string theory and its applications to black hole physics.
However, having mentioned the Von Neumann entropy formula it is appropriate to mention
”entanglement-entropy”, entropy attributed to correlations between states separated by a
domain wall, in the case of black holes the horizon. This entropy is very different from the
kind of entropy that one usually considers, i.e one related to the random fluctuations within
the bulk of a system due to a finite temperature, instead entanglement-entropy resides in
the correlations across the boundary (the domain wall) [23]. When introducing the Planck
length as a cut-off, the Von Neumann entropy associated with the correlations across the
horizon scales as the area of the horizon, however, crucially it does not seem to be able to
fix the constant of proportionality [56].

Although various approaches to microscopic derivations have managed to show that the
entropy scales as the area of the horizon like the above mentioned entanglement-entropy, but
also other approaches such as attributing the entropy to the thermal atmosphere just outside
the horizon, it seems that at present they are unable to fix the constant of proportionality
[56].

Without further delay, let us move on to the successful microscopic entropy-counting
facilitated by string theory for certain extremal (BPS) black holes. To understand the
derivation of entropy it is necessary to be aware of the preliminary result known as the
Cardy formula that gives the entropy at high-temperature for any unitary 2D conformal
field theory. Aspects of conformal field theories and specifically a derivation of the Cardy
formula is reserved for chapter 4.
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3.2 Microscopic Counting for BPS Black Holes

We will now take a look at an example where the counting of Dp-brane states derives the
correct entropy (coinciding with the Bekenstein-Hawking area law). The general procedure
relies on the identification of Dp-brane constituents as the appropriate objects for describing
the black hole (wrapped p-branes) at strong coupling. Then by the non-renormalization
theorem that applies for BPS states, the degeneracy of the states in the D-brane worldvolume
theory should agree with the degeneracy at high string coupling.

The simplest, and first studied case, seems to be the five-dimensional three-charged black
hole constructed from D1, D3 and D5-branes. Such black holes were considered by Stro-
minger and Vafa in [49]. The charges are carried by p-branes (p = 1, 3, 5), which are described
by Dp-branes at low string coupling.

In [49] Strominger and Vafa consider 10-dimensional type IIB string theory with 5 com-
pact dimensions over K3 × S1. In this theory one can construct black holes with both
axionic and electric charge respectively (QF and QH) from Dp-branes p = 1, 3, 5 wrapping
the K3× S1.

They restrict to extremal black holes whose microstates are BPS specifically preserving
a quarter of the N = 4 D-brane worldvolume supersymmetry. In this case one can make use
of the non-renormalization theorem (that BPS remains BPS) when extrapolating between a
regime of strong and weak string coupling. At low string coupling it is the D-brane description
that is valid, and it is in this regime that the counting of states is performed.

Then proceeding by the simplification where K3 is taken to be very small, the theory
is effectively described by the conformal field theory on the cylinder S1 × R whose target-
space manifold is given by the symmetric product of K3 surfaces [49]. The number of
real dimensions of this manifold turn out to be 4(1

2Q
2
F + 1) thus dictating a central charge

c = 6(1
2Q

2
F + 1) for the effective conformal field theory [58].

To get the entropy it is then simply a matter of applying the Cardy formula

S = 2π

√
nc

6
, (3.3)

where n is the lowest level L0 (the left-movers do not contribute). In the case under consid-
eration n = QH . For the Cardy formula to be applicable we need to have QH much larger
than QF . Inserting the expressions for n and c one finds that the statistical entropy reads

S = 2π
√
QH(1

2Q
2
F + 1). (3.4)

For large QF this matches with the entropy prescribed by the Bekenstein-Hawking formula
(1.15) which for the black hole under consideration equates to

SBH = 2π
√

1
2QHQ

2
F . (3.5)

Although there is not precise agreement, the results are valid for large QF and that is when
the Bekenstein-Hawking result is reliable [49]. In the literature this is considered the first
real example of a microscopic derivation of entropy [38].

Obviously we have left out most of the details which go beyond the scope of the thesis.
We mention it as an important example, illustrating the level at which string theory actually
succeeds at deriving the correct entropy. We should also note the more intuitive approaches
taken in a similar case described in detail in [9, 39, 55]. It is overall a slightly different
perspective, where the effective conformal field theory of the D1-D5 system (with Q5 D5-
branes wrapped around T 5 and Q1 D-strings wrapped around one of the compact dimensions
belonging to T 5) comprises a total of 4Q1Q5 superconformal fields with only the massless
modes excited and carrying left moving momentum. This corresponds to 4Q1Q5 bosonic and
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4Q1Q5 fermionic species with energy E = N/R9 (ie. at level N). This dictates a central
charge cL = 3

2 × 4Q1Q5 and that we in the Cardy formula should substitute heff = N , giving
us the entropy

S = 2π
√
Q1Q5N (3.6)

which coincides nicely with the Bekenstein-Hawking result [39]. In [40] they also sketch a
quick derivation of this five-dimensional example, and extend it to a four-dimensional black
hole.

Without going into the details, we merely note that for certain near-extremal black holes,
a similar counting of microscopic states gives the correct entropy. In particular employing
the dilute gas regime for the near-extremal black holes, effectively a decoupling limit, one
finds agreement with the area law for the entropy [43].

3.3 Entropy Without Counting

We shall now see that a derivation of microscopic entropy does not require knowledge of
the precise nature of the underlying microscopic degrees of freedom. This is perhaps not
that surprising: At the end of the day, the much utilized Cardy formula only requires that
the underlying microscopic degrees of freedom comprise a two-dimensional unitary confor-
mal field theory, and utilizes merely the effective central charges and conformal weights to
determine the asymptotic density of states. What is more surprising is the means by which
one can extract the effective central charge without knowledge of the UV completion, and
furthermore that the Cardy entropy coincides with (1.15).

In the following we briefly discuss the work of Brown and Henneaux [8] and a more recent,
yet similar approach [27], that identifies the relevant central charges, without referring to
a specific UV completion such as string theory, but simply by analyzing the asymptotic
symmetry group of respectively AdS3 and the near-horizon extremal Kerr (NHEK) geometry.

Brown and Henneaux have demonstrated that any consistent theory of quantum gravity
on AdS3 is holographically dual to a two-dimensional conformal field theory [8]. Specifically,
they found that the algebra satisfied by the generators of the asymptotic symmetry group
could be identified with the Virasoro algebra with central charges cL = cR = 3`

2G . More
recently this has been found to apply to any black hole whose near-horizon geometry is
locally AdS3 up to global identifications [48]. As an instructive example, the BTZ black
hole which is locally AdS3, is dual to a two-dimensional conformal field theory with central
charges cL = cR = 3`

2G , where ` is the AdS3 curvature radius and G is the three-dimensional
Newton constant [8]. The conformal weights of the dual field theory are respectively nR, nL
and relate to the mass M and angular momentum J as described in [48] yielding the entropy
via Cardy’s formula

S = π

√
`(`M + J)

2G
+ π

√
`(`M − J)

2G
, (3.7)

which is found to be in complete agreement with the Bekenstein-Hawking area law.

As another interesting example, we can derive the statistical entropy for the five-dimensional
black hole considered in [49] (which we discussed previously had a microscopic interpretation
in terms of wound Dp-branes) by identifying the effective three-dimensional BTZ black hole
[48]. Again using that the central charge is the one given by Brown and Henneaux in [8],
we can apply Cardy’s formula and as noted in [48] one gets precise agreement with the area
law.

Lastly we point out that in the recent paper [27], the Kerr/CFT correspondence, the
authors more or less repeat the analysis done by Brown and Henneaux in [8], but now for
the near-horizon extremal Kerr (NHEK) geometry. They find that extremal Kerr is dual to
a chiral two-dimensional CFT with left central charge cL = 12J , and after identifying the
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correct CFT temperature, they find precise agreement between the entropy prescribed by
Cardy’s formula and the Bekenstein-Hawking area law.

Crucially all of these examples as noted in [27] require no knowledge of the ultraviolet
degrees of freedom that dictate the UV completion of the theory, in other words we do not
need to know about the underlying theory in detail. It is enough to assert the existence
of a conformal field theory, which we may then conjectured to be dual to the quantum
gravity theory in question. This is corroborated by the matching of the CFT entropy and
the semi-classical Bekenstein-Hawking area law.

Indeed as reviewed in [38] the entropy matching for the BTZ black hole, or black holes
with an effective BTZ description, is not surprising as the effective partition function for
the BTZ black holes matches with the partition function of a CFT, so called AdS3/CFT2

correspondence.
We see that even though we can only utilize the D-brane picture for extremal and some-

times near-extremal black holes, we can, as exemplified with the BTZ black hole, identify
a dual CFT whose central charge derives the correct entropy via Cardy’s formula. In this
sense, as far as this thesis is concerned, string theory is currently the most promising UV
completion of quantum gravity, however we do not need to worry about the UV completion
in order to derive the entropy for black holes, we simply need to identify an underlying
conformal symmetry, that would hint at a dual CFT description.

At this point in the thesis, we thus part with our idealistic extremal black holes, and
proceed to discuss more recent development in the realm of non-extremal black holes (i.e
more realistic black holes). It has become increasingly apparent that an entropy as prescribed
by the Cardy formula matches with Bekenstein Hawking entropy, given an appropriate dual
CFT description of the degrees of freedom. Before going into the details of explicit examples
and the general outlines of this procedure, we would like to review CFTs, just like we
reviewed SUSY prior to the example displayed in the previous section. Unlike our discussion
of SUSY/BPS-bound we will devote an entire chapter to CFTs, simply because it is more
central to the focus of the thesis.



4

Conformal Symmetry and CFTs

In many cases we are able to identify the black hole entropy with the entropy of a supposed
dual conformal field theory (CFT), this is to a large extent in the spirit of AdS/CFT. In this
chapter we discuss conformal symmetry and some of its implications for CFTs, in particular
for two-dimensional CFTs. It is important to note that to extract the entropy of a two-
dimensional CFT, we do not need to know the precise details of the CFT: In the appropriate
limit, the Cardy formula gives us the entropy as a function of the central charges and the
lowest weight. Indeed we shall take a close look at the derivation of the Cardy formula in the
last section, but we start off with general considerations of CFTs, for the most part drawing
from [7, 26, 50].

4.1 Symmetry Prelude

It seems only fair to take a moment to briefly address the notion of a symmetry in gen-
eral. Symmetries, as always, are enjoyed by systems that are invariant under the associated
transformation. For example, Minkowski space-time enjoys Poincaré symmetry, that is the
metric is invariant under Lorentz transformations and general space-time translations. A
theory that enjoys conformal symmetry is characterized by being invariant under coordinate
transformations that effectively result in a local rescaling of the metric. For instance the
world-sheet field theory living on the freely propagating relativistic string, is as seen by the
Polyakov action (2.1), invariant under a local Weyl rescaling of the world-sheet metric

gµν(σ)→ Ω2(σ)gµν(σ). (4.1)

It is easy to see that the factors cancel√
Ω4(σ)× Ω−2(σ) = 1, (4.2)

leaving the action invariant. Clearly the world-sheet field theory is a two-dimensional CFT,
classically. A theory that enjoys a symmetry classically, may not successfully be quantized in
a manner that retains that symmetry at the quantum level. Simply put, conformal symmetry,
while plain and simple classically, may not even be supported in the quantized theory. In
fact, as an example the bosonic string only retains its classical symmetries at the quantum
level if the dimensionality of the target space (the background) is precisely 26. Similarly the
superstring requires D = 10.

4.2 Conformal Transformations

A uniquely specifying feature of general conformal transformations, are that they leave all
local angles between tangent vectors of intersecting curves, unaltered, i.e conformal transfor-
mations preserve angles locally. Which is quite transparent noting that the angle θ between
two vectors u and v is given by

cos θ =
gµνu

µvν
√
gρσuρuσ gκγvκvγ

, (4.3)
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and after a rescaling gµν → Ω2(x)gµν the angle θ′ is given by

cos θ′ =
Ω2(x)gµνu

µvν√
Ω4(x) gρσuρuσ gκγvκvγ

= cos θ, (4.4)

that is the two angles are the same, regardless of the rescaling function Ω2(x)

θ = θ′. (4.5)

To efficiently and abstractly deal with the physical implications of symmetry invariance we
find it tremendously useful to work with the concept of a symmetry group. The symmetry
group is in general a group in the strict mathematical sense, i.e closure, associativity, etc.,
and contains all the transformations that characterize the symmetry (i.e leave the system
invariant). When the symmetries are continuous, the generators form a Lie algebra. The
key to this abstraction, is that any transformation in the group can be constructed by
compounding the generators. It is crucial to keep in mind that the Lie algebra is only a local
statement. Indeed, only a finite-dimensional subset of the infinite-dimensional space of local
conformal transformations in two-dimensions are globally well defined.

It is instructive to derive the generators of conformal transformations and their Lie al-
gebra. All groups will have an identity, that acts trivially. We can derive the properties of
the generators in general, by considering deviations from the identity element to lowest oder.
To this end we begin by inspecting how the infinitesimal transformations act on a vector xµ

specifying a point in the coordinate system. The vector is mapped to itself by the identity,
and gets a correction proportional to the infinitesimal parameter when acting on it with a
transformation deviating infinitesimally from the identity

xµ → x̄µ = xµ + εµ(x). (4.6)

The above resulting infinitesimal change in xµ is completely general. We have not speci-
fied the nature of the transformations yet. To find out the nature of the vectors εµ under
conformal transformations, we need to consider how the metric transforms under the same
general transformation induced by the infinitesimal εµ. To this end we proceed, noting that
in general the metric transforms as a (0,2) tensor, thus

gµν(x)dxµdxν → gµ̄ν̄(x̄)dx̄µ̄dx̄ν̄ = gµν(x)
∂xµ

∂x̄µ̄
∂xν

∂x̄ν̄
dx̄µ̄dx̄ν̄ . (4.7)

We have

xµ = x̄µ − εµ(x̄) =⇒ ∂xµ

∂x̄µ̄
= δµµ̄ − ∂µ̄εµ(x̄), (4.8)

Note that to lowest order in ε we have

ε(x) = ε(x̄). (4.9)

We thus find that

gµ̄ν̄(x̄) = gµν(x)
(
δµµ̄ − ∂µ̄εµ(x)

)
(δνν̄ − ∂ν̄εν(x)) (4.10)

and keeping only the terms to leading order in ε yields

gµν(x̄) = gµν(x)− ∂µεν(x)− ∂νεµ(x). (4.11)

Clearly, for the transformation to be a conformal transformation, the change in the metric
needs to be cast in the form of a local rescaling

gµν(x̄) = Ω2(x)gµν(x). (4.12)
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This requirement imposes the condition ∂(µεν) ∝ gµν , and the constant of proportionality is
fixed by simply requiring equality of the traces on both sides of the equation.

2∂µε
µ = 2∂ · ε = const×D (4.13)

where D is the dimensionality of the metric. Thus

∂(µεν) = 2
D (∂ · ε)gµν =⇒ Ω2 = 1− 2

D∂ · ε. (4.14)

When the metric is simply Minkowskian, this restricts the ε(x) to be at most quadratic
in x as it can be shown to follow from the above relation for ε(x) that for D > 2 the
third derivatives must vanish. One can then split up the different forms of ε(x) into the
independent generators of

εµ(x) = aµ (translations) (4.15)

εµ(x) = ωµνx
ν (rotations) (4.16)

εµ(x) = λxµ (scaling) (4.17)

εµ(x) = bµx2 − 2xµb · x (special conf.) (4.18)

We just mention them here for completeness, while our main focus will be on the case D = 2,
which we address in the next section.

4.3 Conformal Algebra in Two Dimensions

We will from now on restrict ourselves to two dimensions, and flat space with Euclidean
signature, that is, we consider the case where

gµν = δµν , µ, ν = 1, 2. (4.19)

We are free to go to Euclidean space, by a Wick rotation, at the end of the day we can undo
the Wick rotation and recover the physical setting i.e Minkowski space

x0 → −ix2, x1 → x1, (4.20)

where x0 is taken to be the timelike coordinate, and x2 is the ”Euclidean-time”. Euclidean
space is chosen so that the formalism becomes more elegant. It is easy to see that the
condition set on the εµ(x), then become

∂1ε2 + ∂2ε1 = 0, (δ12 = δ21 = 0), (4.21)

∂1ε1 − ∂2ε2 = 0, (δ11 = δ22 = 1). (4.22)

These equations are none other than the Cauchy-Riemann equations for the complex function

ε(z) = ε1(x1, x2) + iε2(x1, x2), z = x1 + ix2. (4.23)

Any complex function satisfying these conditions is holomorphic. Furthermore we observe
that f(z) = z + ε(z), is also holomorphic. Therefore we identify the set of infinitesimal
conformal transformations in two-dimensions as the set of transformations, one for every
holomorphic function f(z)

z → f(z), z̄ → f̄(z̄). (4.24)

It is convenient to at the same time work with z̄ the complex conjugate1, since

x1 = 1
2(z + z̄), x0 = −ix2 = −1

2(z − z̄). (4.25)

1Clearly it should be z̄ → f(z̄) and not f̄(z̄), this is however standard notation found in the references, an
abuse of notation, that nevertheless makes book keeping easier, we should just think of it as a single bar i.e
f(z) = f̄(z̄) = f(z̄).
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When treating z and z̄ as the independent variables2 we have that

ε(z) = ε1(x1, x2) + iε2(x1, x2), (4.26)

ε̄(z̄) = ε1(x1, x2)− iε2(x1, x2) (4.27)

are the independent local infinitesimals. Here ε̄(z̄) is necessarily anti-holomorphic, satisfying
a slightly different version of the Cauchy-Riemann equations where the signs have been
switched (it is equivalent to being holomorphic with respect to z̄). As a side note, one often
uses the terms, left and right-movers for respectively holomorphic and anti-holomorphic in
analogy with the terminology used for excitations of the string.

A function that is holomorphic is also analytic (in the relevant domain), these two prop-
erties are interchangeable, and therefore we are free to power series expand around any point
in its domain, i.e

ε(z) =
+∞∑
−∞

εnfn(z), fn(z) ≡ −zn+1, (4.28)

ε̄(z̄) =

+∞∑
−∞

ε̄nf̄n(z̄), f̄n(z̄) ≡ −z̄n+1, (4.29)

where εn and ε̄n are infinitesimal constant parameters. In this way we find a natural basis
in which we can express any infinitesimal conformal coordinate transformation {ε(z), ε̄(z̄)}.
Furthermore we readily identify the corresponding generators that should exponentiate and
act on z, z̄ as follows

z → e`nz = z + fn(z) + · · · =⇒ `n = −zn+1∂z, (4.30)

z̄ → e
¯̀
n z̄ = z̄ + f̄n(z̄) + · · · =⇒ ¯̀

n = −z̄n+1∂z̄. (4.31)

The commutators are readily computed, one finds

[`m, `n] = (m− n)`m+n, [¯̀m, ¯̀
n] = (m− n)¯̀

m+n, [`m, ¯̀
n] = 0, (4.32)

that is, we have two copies of the Witt algebra.
The infinite set of generators, is what is remarkable about infinitesimal local conformal

transformations in two dimensions. In two dimensions, imposing conformal symmetry there-
fore turns out to be rather restrictive, and a great deal can be deduced about conformal
quantum field theories in two dimensions, simply from the conformal symmetry. Clearly for
D > 2 we have a finite set of generators as indicated by the list (4.15 - 4.18).

We should stress that the generators are not all well defined globally. To address the issue
one needs to consider not C but the Riemann sphere S2 ∼ C ∪ ∞. Specifically generators
`n become singular at z = 0 for n < −1 and at z = ∞ for n > 1, and the same applies
for the anti-holomorphic (barred) generators, in terms of z̄. The only globally well defined
conformal generators are then `0, `−1, `+1 and ¯̀

0, ¯̀−1, ¯̀
+1.

It is instructive to get a geometric intuition of the transformations generated by this
subset of the globally defined `’s and ¯̀’s. It is straight forward to see how `−1 and ¯̀−1

generate translations, while for `0 and ¯̀
0 it is useful to introduce r and φ by

z = reiφ. (4.33)

Then it becomes clear that `0 + ¯̀
0 generates dilations, while `0− ¯̀

0 generates rotations. We
are then left with `+1 and ¯̀

+1 which generate the special conformal transformations. All
together these generate transformations of the form

z → az + b

cz + d
, ad− bc = 1, a, b, c, d ∈ C. (4.34)

2Thus treating C2 instead of R2, and one needs to keep in mind that we are really only concerned with
z∗ = z̄, i.e the z under the bar is the same z.
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These transformations comprise the so called Möbius group, PSL(2,C) which is isomorphic
to

SL(2,C)/Z2. (4.35)

The modular invariance (PSL(2,Z)) of a two-dimensional CFT on a torus will facilitate a
crucial step in the derivation of the Cardy formula which is at the end of this chapter.

4.4 The Energy-Momentum Tensor

For any conformal field theory the trace of the energy-momentum tensor has to vanish. This
follows from scale invariance alone. It is instructive to see how this comes about.

Specifically a scaling transformation

xµ → xµ + (λ− 1)xµ = λxµ (4.36)

results in a change of the metric

δgµν = 2(λ− 1)gµν . (4.37)

To see how this relates to the energy-momentum tensor, we note that for a diffeomorphism
invariant theory it is readily identified with the functional derivative of the action with
respect to the metric

Tµν = − 4π
√
g

∂S

∂gµν
. (4.38)

Now varying the action with respect to the metric and plugging in the above metric variation,
as well as using the explicit form of the energy-momentum tensor, we find

δS =

∫
d2x

∂S

∂gµν
δgµν = − 1

4π

∫
d2x
√
g Tµν2(λ− 1)gµν = −λ− 1

2π

∫
d2x
√
g Tµµ, (4.39)

thus
Tµµ = 0 (4.40)

if scaling is a symmetry of the action. Therefore in any conformal field theory the trace of
the energy-momentum tensor has to vanish. It is curious how restrictive this condition turns
out to be upon quantization.

Restricting back to the case we investigated previously, i.e conformal symmetry in two-
dimensional Euclidean space, in terms of complex coordinates z and z̄, we note that the
metric reads

ds2 = 1
2dz ⊗ dz̄ + 1

2dz̄ ⊗ dz, δzz̄ = δz̄z = 1
2 , (δzz̄ = δz̄z = 2). (4.41)

Thus for the energy-momentum tensor to be trace less, we have to require

Tzz̄ + Tz̄z = 0, (4.42)

and since it is symmetric this implies

Tzz̄ = Tz̄z = 0. (4.43)

Conservation of the energy-momentum tensor furthermore restricts the tensor to obey

∂µT
µν = 0 =⇒ ∂z̄Tzz = ∂zTz̄z̄ = 0, (4.44)

from which it follows that
Tzz ≡ T (z), Tz̄z̄ ≡ T̄ (z̄), (4.45)

i.e, they are respectively holomorphic and anti-holomorphic functions. T (z) and T̄ (z̄) specify
the energy-momentum tensor completely, as the other components are trivial.
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4.5 Approaching Operators: The OPE

In conformal field theories, it is common to refer to pretty much any local expression (opera-
tor) f(z, z̄) as a field. We will of course stick to this nomenclature throughout our discussion
of CFT. The crucial nature of conformal invariance, is very much due to scale invariance. As
a result CFTs can not have massive excitations, there is simply no length scale, i.e inverse
mass scale to be defined. As such, the degrees of freedom are all massless. Furthermore there
is no such thing as a scattering matrix, since the s-matrix is only definable when the concept
of separation between states is meaningful, clearly this is not the case for scale invariant
theories. Therefore, instead of scattering amplitudes, we focus on the local relations between
fields, i.e correlation functions between fields (whereby fields we are really restricting to local
operators in a CFT).

Precisely because we are interested in correlation functions between local operators, we
turn to the Operator Product Expansion (OPE) of such time-ordered products of fields. The
OPE gives us the precise behavior of such expressions. We are taking the limit |z − w| → 0
of local operator insertions at points z and w. The OPE asserts that in this limit the
product can be expressed as a linear combination of operators inserted at one of the points.
Suppressing the 〈 〉 around products of operators, and implying time-ordering, we write the
OPE between two operators Oi and Oj as

Oi(z, z̄)Oj(w, w̄) =
∑
k

Cijk(z − w, z̄ − w̄)Ok(w, w̄). (4.46)

The weights Cijk take their functional form to ensure translational invariance.
Using Ward identities for the conformal currents, and invoking other consistency argu-

ments, such as equality of the dimensionality of fields, one can deduce the general forms
of OPEs. Of particular importance are the ones involving the energy-momentum tensors
T (z), T̄ (z̄). In particular the OPEs give us a way of labeling operators with conformal
weights h and h̃. We say that an operators O(z, z̄) has weight (h, h̃) if

T (z)O(w, w̄) = · · ·+ h
O(w, w̄)

(z − w)2
+
∂O(w, w̄)

z − w
+ · · · (4.47)

T (z̄)O(w, w̄) = · · ·+ h̃
O(w, w̄)

(z̄ − w̄)2
+
∂̄O(w, w̄)

z̄ − w̄
+ · · · (4.48)

where ’· · · ’ indicate possible other singular as well as non-singular terms. The conformal
weights h and h̃ are related to the more intuitive spin s (eigenvalue under rotation), and
scaling dimension ∆ (eigenvalue under scaling)

s = h− h̃, ∆ = h+ h̃. (4.49)

One also refers to local operators O whose OPE with the energy-momentum tensor takes the
form

T (z)O(w, w̄) = h
O(w, w̄)

(z − w)2
+
∂O(w, w̄)

z − w
+ non-singular (4.50)

T (z̄)O(w, w̄) = h̃
O(w, w̄)

(z̄ − w̄)2
+
∂̄O(w, w̄)

z̄ − w̄
+ non-singular (4.51)

as primary fields. These are fields from which all other’s can be generated by acting with
raising operators in the conformal algebra. They are so called highest weight states, annihi-
lated by lowering operators in the appropriate representation. Finally we give the OPE of
the energy-momentum tensor with itself, the TT -OPE reads

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ non-singular, (4.52)
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T̄ (z̄)T̄ (w̄) =
c̃/2

(z̄ − w̄)4
+

2T̄ (w̄)

(z̄ − w̄)2
+
∂̄T̄ (w̄)

z̄ − w̄
+ non-singular. (4.53)

Of particular importance, and of special interest to us, are the central charges c and c̃, that
when turned on, ensure that the energy-momentum tensor is not a primary field. An often
used example, and indeed a very useful study, is that of the conformal mapping

w → z = e−iw, w = σ + iτ, σ ∈ [0, 2π) (4.54)

that maps points on the cylinder w to the plane z. Indeed, working out in detail how the
energy-momentum tensor transforms under such a mapping (which of course lives in the
space of conformal transformations), gives the result

Tcyl(w) = −z2Tplane(z) + c
24 , (4.55)

and equivalent for T̄ (z̄). From this one identifies the negative Casimir energy associated with
the cylinder to

−2π(c+ c̃)/24. (4.56)

Another important appearance that c and c̃ make is in the expectation value of the trace of
the energy-momentum tensor

〈Tµµ〉 = − c

12
R (4.57)

where R is the Ricci scalar3. In general this equality is referred to as the Weyl anomaly, and
for good reason, we recall that the trace must vanish in any conformal, i.e ’Weyl’ invariant
theory, and here we see that the charges c and c̃ as well as R have appeared on the RHS
instead of zero, hence making conformal invariance at the quantum level, rather restrictive!
Moreover, it is this Weyl anomaly that breaks the symmetry of the classical theory upon
quantization.

As suggested by these remarks, the central charges are very ’central’. They encode
key features of the conformal theory at hand. As a major goal of this chapter, we wish
to heuristically derive, and argue for its intimate relation to entropy. However, for both
fluidity and to some extent completeness, we wish to discuss a particularly nice quantization
procedure, well suited for 2D CFTs.

4.6 Quantizing a 2D CFT

Indeed it is upon quantizing a theory with conformal invariance that the fun and games
begin. The tricky part of any classical theory, is whether or not its symmetries survive
quantization. Indeed there turn out to be very few unitary quantum field theories that
are conformal at the quantum level in dimensions greater than two, a unique and important
example isN = 4 super-Yang-Mills which is a superconformal field theory in four-dimensional
spacetime. There are however many two-dimensional unitary CFTs.

What we would like to in this section, is to shed light on the Virasoro algebra, that
appears as a centrally extended Witt algebra, with central charges. The central charges are
very important for our purposes, and will appear as key ingredients in the CFT tools that
we will employ throughout the remainder of this thesis.

Radial quantization, as it’s name suggest involves a mapping of the space under consid-
eration such that time ordering translates to radial ordering. Using the same mapping as in
the previous section,

w → z = e−iw, w = σ + iτ, σ ∈ [0, 2π), (4.58)

3Why c and not c̃? Actually, we could just as well have written c̃. In fact it only makes sense to have
c = c̃ when R 6= 0, else one has a so called gravitational anomaly.
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we relate the theory on the cylinder naturally mapped by w = τ + iσ to the theory on the
plane z and vice versa. On the cylinder, time τ is open and extends from −∞ to ∞ while
space σ is compact. Note that due to the factor i in front of the argument in the exponential,
constant τ maps to circles with radius eτ , while σ parameterizes these circles. In this way
constant time, i.e space-like slices of the cylinder, are mapped to circles of a given radius in
the plane as illustrated in figure 4.1.

Figure 4.1: Illustrating the mapping of the cylinder to the plane. The shaded region on the
cylinder gets mapped onto the shaded region in the plane.

Due to the periodic nature of the compact direction σ it is natural to write the Fourier
decomposition

Tcyl(w) = −
+∞∑

n=−∞
Ln e

−iwn +
c

24
(4.59)

where the signs and the constant central charge term, are added such that we from (4.55)
get as a definition for the operators Ln:

Tplane(z) =
+∞∑

n=−∞

Ln
zn+2

. (4.60)

Of course we implicitly have identical expressions for the anti-holomorphic (right-moving)
functions T̄ (z̄). It follows from the Cauchy integral formula, that upon integrating both sides
around a suitable contour enclosing the singularity, we effectively invert the equation, and
arrive at an expression for Ln in terms of T (z), where we now drop the subscript plane.

Ln =
1

2πi

∮
dz zn+1T (z), L̃m =

1

2πi

∮
dz̄ z̄n+1T̄ (z̄) (4.61)

Now we can in principle dive into evaluating the commutator, between modes, Lm and Ln.
Let us do just that! In order to do so leniently, let us play with the commutator of contour
integrals.

[

∮
dz,

∮
dw] (4.62)

Without further ado, we choose to perform the z contour while keeping w fixed. Due to
the radial ordering, translating into, operators to the left are at greater radii, and operators
to the right are at smaller radii, we get a contour containing w subtracted by a contour
not containing w. Deforming the contours, we identify performing the z integration while
keeping w fixed, as the single contour tightly wound around w.

As shown in figure 4.2, the commutator amounts to taking the z contour tightly around
the point w. Clearly, acting on some expression ? with the commutator, one has

[

∮
dz,

∮
dw][?] = 2πi

∮
dw Res[?]

∣∣∣∣
z=w

. (4.63)
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Figure 4.2: The difference of the contours gives a contour winding anticlockwise tightly
around w.

Thus we find from the expressions for the modes Ln in terms of the energy-momentum tensor,
that

[Ln, Lm] =
1

2πi

∮
dw Res[zn+1wm+1T (z)T (w)]

∣∣∣∣
z=w

. (4.64)

Given the TT -OPE, and residue calculus, we get contributions only from the singular terms
in the OPE. To ease reading of this section we display the TT -OPE once again

T (z)T (w) =
c/2

(z − w)3
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ · · · . (4.65)

Evaluating the residues associated with each of the poles (of different order) at w then yields

[Ln, Lm] =
1

2πi

∮
dw
( c

12
(n+ 1)n(n− 1)wn+m−1

+ 2(n+ 1)wn+m+1T (w) + wn+m+2∂T (w)
)
. (4.66)

Integrating by parts to move the derivative in front of T (w) to act on the factor wn+m+2.
The term involving the central charge only contributes when n + m = 0, as that is when it
has a simple pole at the origin. The other terms are readily identified with a multiple of one
of the modes, and we end up with having found that

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δ(n−m),0 (4.67)

and it then follows in exactly the same way that

[L̃n, L̃m] = (n−m)L̃n+m +
c̃

12
n(n2 − 1)δ(n−m),0, (4.68)

and since z and z̄ can be treated as independent

[Ln, L̃m] = 0. (4.69)

These commutators specify the algebra, namely the Virasoro algebra, the centrally extended
Witt algebra.

4.7 The Cardy Formula

All this business with CFT has up to this point, not really presented us with any unique
tools specific to black hole physics. In this section we shall remedy this, by introducing
the Cardy formula. We will discover that the central charges encode information about the
CFTs asymptotic density of states (density of states for high energy), which in turn gives us
the entropy.

One can readily compute the central charges of a theory with N non-interacting free
bosonic degrees of freedom to be c = c̃ = N . Clearly this indicates that c in some sense
encodes the number of degrees of freedom in the CFT. Of course this is simply a vague
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Figure 4.3: This parallelogram illustrates the fundamental domain of the torus, correspond-
ing to a given modular parameter τ .

suggestive argument, which gets firmer ground in the derivation of the Cardy formula that
is to follow.

We will not go into extreme detail, and this is merely an outline of the derivation. In
short it comes about from a saddle-point approximation of the CFTs partition function on
a torus, which is only valid in the regime ceffheff � 1 and 24heff/ceff � 1. These are the
effective charges and conformal weights which will be defined in a moment. In sketching the
derivation we found appendix B of [42] very useful.

One considers a CFT on a torus with modular parameter τ , (not to be confused with
the timelike coordinate on the cylinder), that is, we compactify the complex z plane by the
identifications

z ∼ z + 2π, z ∼ z + 2πτ, τ ≡ τ1 + iτ2 (4.70)

where both τ1 and τ2 are taken to be positive reals. It is instructive to visualize these
identifications as a parallelogram in the complex plane, by simply shifting the real interval
[0, 2π) by 2πτ as illustrated in figure 4.3.

Working in Euclidean signature, the periodicity allows us to identify the correlation
function with the partition function at inverse temperature given by the periodicity in the
time like coordinate. In terms of the independent moduli τ and τ̄ , the partition function
reads [7]

Z(τ, τ̄) = Tr
(
e2πiτ(L0−c/24)e−2πiτ̄(L̃0−c̃/24)

)
=
∑
φ

〈φ|
(
e2πiτ(L0−c/24)e−2πiτ̄(L̃0−c̃/24)

)
|φ〉

=
∑
h,h̃

ρ(h, h̃)e2πiτ(h−c/24)e−2πiτ̄(h̃−c̃/24), (4.71)

where ρ(h, h̃) is the density of states, i.e the number of states with given conformal weights
h, h̃. The partition function is identical to a discrete Laplace transformation of the density
of states. Introducing q and q̄

q = e2πiτ , q̄ = e−2πiτ̄ , (4.72)

one has
Z(τ, τ̄) =

∑
h,h̃

ρ(h, h̃)q(h−c/24)q̄(h̃−c̃/24). (4.73)

By the inverse transformation we find

ρ(h, h̃) =
1

(2πi)2

∮
dq

∮
dq̄ q−(h−c/24+1)q̄−(h̃−c̃/24+1)Z(τ, τ̄) (4.74)

=

∮
C
dτ

∮
C̃
dτ̄ e−2πiτ(h−c/24)e2πiτ̄(h̃−c̃/24+1)Z(τ, τ̄), (4.75)
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where C and C̃ are respectively the contours around the origins of the complex planes mapped
by q and q̄.

In order to use the method of steepest descent, i.e approximating the integral by the
saddle-point, we need the integrand to factor into a slowly varying prefactor and a rapidly
varying phase. This can be arranged!

For simplicity we continue the calculation, only for the τ dependence, suppressing τ̄ . The
calculation for the τ̄ dependence follows identically. We would then like to assert that Z(τ)
is a slowly varying factor, as we approach high temperature, i.e when 1/τ2 → ∞ in other
words, when τ → i0. Now is the time to invoke a trick, namely the modular invariance of
the CFT (4.34), specifically the invariance under τ → −1/τ , τ̄ → −1/τ̄ which implies that
the partition function better be invariant as well. Suppressing the τ̄ dependence, we then
write, by modular invariance, that

Z(τ) = Z(−1/τ). (4.76)

We have then, quite remarkably, that the high temperature limit is identified with the low
temperature limit. In other words τ → i0 has translated into the limit −1/τ → −i∞. Look-
ing back at the τ dependence of Z(τ), we see that indeed, in this limit Z(−1/τ) exponentially
suppresses all states with weight different from a minimum value hmin. We therefore write

Z(−1/τ) = e−2πi(hmin−c/24)/τ Z̃(−1/τ), Z̃(−1/τ) = Tr
[
e−2πi(L0−hmin)/τ

]
. (4.77)

In this way we have managed to split the partition function into a slowly varying factor
Z̃(−1/τ) and a rapidly oscillating phase. Let us write down the integral once more, now
explicitly in terms of the slowly varying and rapidly oscillating factors, and suppressing τ̄
dependence,

ρ(h) =

∮
C
dτe−2πif(τ)Z̃(−1/τ), f(τ) ≡ (h− c/24)τ + (hmin − c/24)/τ. (4.78)

So far no approximations have been made, it is an exact statement. However, we would
like to find a closed form for the asymptotic density of states, and we do so, by a saddle-
point approximation. The function Z̃(−1/τ) is by construction slowly varying and in fact
equal to unity in the limit τ → i0. We therefore pull this factor of 1 outside the integral,
effectively replacing Z̃(−1/τ) by 1. The integral that remains is the one of the oscillating
phase, which in accordance with the saddle-point approximation is approximated by only
taking into account the contributions coming from the minimum of f(τ). The minimum of
f(τ) is clearly at

τ ≡ τ0 = i

√
c/24− hmin

h− c/24
≡ i
√

ceff

24heff
, (4.79)

where in order to reduce the number of variables we have introduced ceff = c − 24hmin and
heff = h− c/24. We notice that in order to justify the limit τ → i0 we must have

24heff/ceff � 1. (4.80)

We must also have

heffceff � 1, (4.81)

in order for the rapidly oscillating phase to be rapidly oscillating and to be dominating in
the integral.

Expanding f(τ) around its minimum

f(τ) = f(τ0) + 1
2f
′′(τ0)(τ − τ0)2 + · · · , (4.82)
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we get to leading order in (τ − τ0), by evaluating the Gaussian integral

ρ(h) ≈ exp

(
2π

√
ceffheff

6

)(
ceff

96h3
eff

)1/4

. (4.83)

It is possible to take higher order terms into account, but it is usually sufficient to stop at
this order. In fact, one is usually satisfied with identifying the entropy with

S = log ρ(h, h̃) = 2π

√
ceffheff

6
+ 2π

√
c̃effh̃eff

6
, (4.84)

i.e ignoring the logarithmic correction(s). Here we have included the full expression in terms
of the right-moving degrees of freedom as well. This is referred to as the Cardy formula.

Transforming to the canonical ensemble [15], we can express the entropy (the Cardy
formula) in terms of left and right temperatures defined by(

∂S

∂heff

)
h̃eff

=
1

TL
,

(
∂S

∂h̃eff

)
heff

=
1

TR
. (4.85)

To save writing subscript ’eff’, let us dub

cL ≡ ceff, cR ≡ c̃eff. (4.86)

Then, in terms of the above defined left and right effective temperatures, we have the Cardy
formula expressed as

S = 1
3π

2(cLTL + cRTR). (4.87)

The region of validity in terms of these temperatures, as dictated by heffceff � 1 and
24heff/ceff � 1 reads

TL � 1/2π, cLTL �
√

6/π, (4.88)

and of course the same applies for the right movers

TR � 1/2π, cRTR �
√

6/π. (4.89)
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Subtracted Geometry - Hidden Symmetry

In this chapter we briefly review hidden conformal symmetry for the Kerr black hole and
focus on the subtracted geometry approach to revealing hidden conformal symmetries for
asymptotically flat black holes in the STU model. We will see that the black hole thermo-
dynamics are independent of a certain warp factor ∆0. Essentially it is the insensitivity of
black hole thermodynamics to changes in ∆0, that allows for subtracted geometry. We will
derive a separability condition for general warp factors ∆ that gives the radial equation a
hypergeometric form. We find a warp factor of particular interest, namely ∆NHEK. Further-
more we study the large r behavior of subtracted geometries and address the extent to which
we may interpret subtracted geometries as placing the black hole in a confining box. Finally
we present the generators of SL(2,R)2 relevant in the minimally subtracted case.

5.1 Introducing Subtracted Geometry

The entropy matching is striking for extremal black holes, and is suggestive of a dual CFT
description. The Kerr/CFT correspondence conjectured for extremal Kerr black holes is a
prime example. In [27] the near-horizon extremal Kerr (NHEK) geometry with enhanced
isometry group SL(2,R) × U(1) is found to possess a set of BCs for metric fluctuations,
whose asymptotic symmetry group (ASG) enhances the U(1) to a single copy of the Virasoro
algebra with central charge cL = 12J . It would be a triumph to achieve similar results
for black holes away from extremality. However, this has shown to be problematic; the
symmetries inherent in the near-horizon region for extremal geometries are in general not
present away from extremality. As an example, the NHEK region which facilitates the
Kerr/CFT correspondence in [27] is no longer present. Instead, the near-horizon geometry
is simply Rindler space, for which a dual CFT is currently out of reach [11]. It is also clear
that non-extremal Kerr black holes have both the left and right moving sector turned on,
while extremal Kerr is chiral. The fact that there are no consistent boundary conditions that
allow for both left and right movers [25] goes to show how the methods of [27] cannot be
applied for non-extremal black holes.

The trouble with a CFT description away from extremality is the lack of symmetry in the
geometry. Conformal symmetry of the geometry is sufficient for conformal symmetry of the
inhabiting fields, however it is not necessary. When field equations have the symmetry, while
the geometry does not, we call it hidden. Indeed there is a hidden conformal symmetry for
Kerr black holes as noted in [11]. The symmetry is apparent for massless scalar fields1 whose
wave equation (in a certain regime2) is solved by hypergeometric functions. Hypergeometric
functions transform under SL(2,R) indicating conformal symmetry.

In the Kerr case [11] the hidden symmetry is only apparent in a certain limit when the
offending term proportional to ω2 can be discarded. It would be great if such a simplification
could be circumvented. This is what is achieved in the subtracted geometry approach to
hidden conformal symmetry.

1This also appears for higher spin and fermionic cousins.
2The offending term is proportional to ω2, the authors consider a regime in which this term is safely

ignored

41
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The so called subtracted geometries were introduced by Mirjam Cvetiĉ and Finn Larsen
in [19, 20]. They find that the thermodynamic potentials of the black hole and the causal
structure are independent of a certain warp factor ∆0. They interpret this independence to
mean that the warp factor encodes information about the spacetime surrounding the black
hole, suggesting that one may consider alternate warp factors to study the same black hole.

They also argue more generally that it is the negative specific heat characteristic of
generic black holes that obstructs a CFT interpretation, since unitary CFTs always have
positive specific heat [20]. Furthermore the fact that this is related to the physical coupling
between the internal structure of the black hole and modes that escape to infinity, suggests
that one needs to put the black hole in a reflecting cavity (a system in equilibrium) in order
to study the black hole by itself. Indeed the subtraction procedure effectively facilitates this,
by altering the asymptotic form of the metric, in particular one finds that the subtracted
geometries are asymptotically conical [16]. Furthermore one finds that it is necessary to alter
the matter as the subtracted geometry by itself does not satisfy the equations of motion.
One may then loosely interpret this matter as supporting the confining box.

A guiding principle in the subtraction procedure is the requirement of separability moti-
vated by the separability of the massless wave equation for the original black hole. Generically
one therefore looks for warp factors that render the wave equation separable. However, more
importantly the goal is to identify warp factors that in addition give a wave equation that
can be mapped to the hypergeometric equation, thus revealing hidden conformal symmetry.

Before diving into the details of [19] we give a list of the requirements imposed on the
possible generic warp factors ∆ that define a subtracted geometry a priori:

1. ∆ must render the massless wave equation separable.

2. ∆ needs to give the massless wave equation a hypergeometric form.

3. ∆ cannot contain singularities distinct from the event horizons and r =∞.

It is important to stress that whatever warp factor we choose, the thermodynamics are
implicitly unchanged as shown in [19, 20], and that the above restrictions are imposed to
ensure separability and hypergeometric structure in the wave equation. Actually the last
point regarding the singularities is not only motivated physically, but also goes hand in hand
with a hypergeometric radial equation, we will get to these salient points eventually.

We also stress that it is the SL(2,R) invariance of the hypergeometric radial equation
that indicates conformal symmetry. Indeed this invariance is the precursor for identifying a
Virasoro algebra in the general subtracted geometry [20].

In what follows we will be considering a particular family of four-dimensional black holes
in the N = 2 minimal supergravity coupled to three vector multiplets, the STU model. We
note that Cvetič and Larsen originally considered five-dimensional black holes in [20]. A lot
of the work in [20] parallels that in [19] where they consider four-dimensional black holes,
and we will stick to the latter in this thesis. The four-dimensional black holes are of course
of special interest due to them being four-dimensional.

5.2 The Four-Dimensional Black Holes

In [19] the stage is set by the general rotating four-dimensional black holes from string theory
with four independent U(1) charges QI , I = 0, 1, 2, 3, mass M and angular momentum J
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parameterized by m, a and δI via

G4M = 1
4m

3∑
I=0

cosh 2δI , (5.1)

G4QI = 1
4m sinh 2δI , (5.2)

G4J = ma(Πc −Πs), (5.3)

where G4 is the four-dimensional Newton constant, and

Πc ≡
3∏
I=0

cosh δI , Πs ≡
3∏
I=0

sinh δI . (5.4)

We note that the δI are dimensionless, while both m and a have dimensions of length.

The metric reads

ds2
4 = −∆

−1/2
0 G(dt+A)2 + ∆

1/2
0

(
dr2

X
+ dθ2 +

X

G
sin2θ dφ2

)
, (5.5)

where

X = r2 − 2mr + a2, (5.6)

G = r2 − 2mr + a2 cos2θ, (5.7)

A =
2ma sin2θ

G
[(Πc −Πs)r + 2mΠs]dφ, (5.8)

∆0 =

3∏
I=0

(r + 2m sinh2δI) + 2a2 cos2θ

[
r2 +mr

3∑
I=0

sinh2δI + 4m2(Πc −Πs)Πs

− 2m2
∑

I<J<K

sinh2δI sinh2δJ sinh2δK

]
+ a4 cos4θ. (5.9)

The original warp factor ∆0 simplifies greatly when all charges vanish, then we have the
purely rotating geometry with

∆0 = (r2 + a2 cos2θ)2. (5.10)

A derivation of this family of black holes and the accompanying matter fields can be found
in [13]. Details regarding the STU model can be found in appendix C.

Having set the stage, we investigate the physical and thermodynamic quantities of these
black holes. What we need to show is that the physical and thermodynamical properties
ascribed to the black hole, are independent of ∆0.

We start by identifying the ergosphere, this is the region outside the event horizon, and
enclosed by the static-limit surface. The static limit surface is the locus of points in the
spacetime for which trajectories along the Killing direction parameterized by t cease to be
time-like, i.e where gtt = 0. It is clear from (5.5) that this surface is where G = 0. The
event horizon, in the clever coordinates chosen, can simply be identified as the constant r
hypersurface that is everywhere null. This is where grr = 0, and hence where X = 0. As
a check we see that the points for which X = 0 are inside the static limit surface G = 0.
Specifically the outer and inner horizons are two-spheres of radius

r± = m±
√
m2 − a2. (5.11)
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When moving on to study the thermodynamic potentials, we will keep it slightly more
general, considering arbitrary3 X,∆0,Aφ and G specified via (5.7). Following [19], we write
the metric in the form

ds2
4 = ∆

1/2
0

(
dr2

X
+X

sin2θ

G
dφ2

)
+
[
∆

1/2
0 dθ2 −∆

−1/2
0 G(dt+Aφdφ)2

]
, (5.12)

where it is now apparent that when near the horizon X ∼ 0 and G ∼ −a2 sin2θ, the part
enclosed in round brackets has Lorentzian signature, and indeed can be interpreted as Rindler
space:

dr2

X
− X

a2
dφ2. (5.13)

Wick rotating to Euclidean signature φ̃ = iφ and employing a new radial coordinate ρ =
2
√
X, we find

dρ2

(∂rX)2

∣∣∣∣∣
r=r+

+ ρ2dφ̃
2

4a2
. (5.14)

Now φ̃ must have period

βφ =
4πa

∂rX

∣∣∣∣∣
r=r+

, (5.15)

to avoid a conical singularity. To determine the Euclidean periodicity of the asymptotic time
t, we use the fact that βφ should take on the same value everywhere on the event horizon.
Furthermore, seeing that the geometry of the event horizon is encoded in the square brackets
of equation (5.12), we see that

dt+Aφ dφ (5.16)

needs to be unchanged as φ is periodically identified. This determines the Euclidean period-
icity of t (and thus the Hawking temperature) to

βH = −Aφ
∣∣∣
r=r+

βφ. (5.17)

Since Aφ may in general depend non-trivially on θ, it is not immediately clear that the
inverse temperature is constant over the horizon, as it should be. To remedy this it is useful
to introduce the reduced potential

Ared ≡
G

a sin2θ
Aφ, (5.18)

which depends on r only, and at the horizon coincides with −aAφ, whose θ independence
at r = r+ is unclear in general, but certainly holds when Aφ is given by (5.8). In general
we should have that Aφ reduces to an expression independent of θ at the horizon r = r+.
Thus we express the thermodynamic potentials in terms of a, in general unspecified reduced
potential Ared which in our case is defined by (5.18).

We also have that these periodicities are related to the rotational velocity ΩH , that is

ΩH =
βφ
βt

= − 1

Aφ

∣∣∣∣∣
r=r+

. (5.19)

Finally the area of the outer horizon r+ is found by the integral

A+ =

∫
r=r+

√
−GA2

φ dφ dθ =

∫
|Ared|

∣∣∣
r=r+

sin θ dθ dφ = 4π |Ared|
∣∣∣
r=r+

, (5.20)

3We will however restrict to non-extremal black holes, for which X = 0 is a simple pole in X(r).
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where the measure is read off from (5.12). This concludes our short inspection of the ther-
modynamics. The main lesson is that the locations of the static-limit surface as well as the
event horizon are independent of ∆0. Moreover the thermodynamic quantities; Hawking
temperature, horizon area (entropy) and the rotational velocity of the horizon are all inde-
pendent of ∆0. This is what justifies the interpretation of ∆0 as encoding information about
the geometry in the vicinity of the black hole, i.e its asymptotics, rather than information
about the black hole itself.

5.3 Separability of the Massless Wave Equation

We want to find out the restrictions set on possible warp factors ∆, when demanding a
separable wave equation. We begin by showing that the wave equation is separable for the
original warp factor ∆0, and afterwards find a condition for separability for general ∆. We
will also write down the radial and angular equations that result from separation of variables.

The wave equation, specifically the Klein-Gordon equation for a scalar field of mass M̃
reads

1√
−g

∂µ(
√
−ggµν∂ν)Φ− M̃2Φ = 0. (5.21)

To start off with, we again only employ the generic dependence on the various functions, i.e
in terms of the functions X, ∆ and Aφ and using the relation

G = X − a2 sin2θ. (5.22)

We employ ∆ instead of ∆0, leaving open the possibility of ∆ 6= ∆0. In terms of these
functions the metric components read

gµν = ∆−1/2


−G −GAφ

∆
X

∆

−GAφ ∆X
G sin2θ −GA2

φ

 . (5.23)

Due to the block diagonal like form of the corresponding matrix, we find the determinant to
be simply the product

g = grrgθθ(gttgφφ − gtφgφt) = −∆ sin2θ. (5.24)

Similarly, finding the inverse amounts to inverting grr and gθθ while the (t−φ) block, is also
easily inverted

gµν = ∆1/2


G
∆

A2
φ

X sin2θ
− 1

G − GAφ
∆X sin2θ

X
∆

1
∆

− GAφ
∆X sin2θ

G
∆X sin2θ

 . (5.25)

Since the components of the metric only depend on r and θ, we get the Laplacian

gµν∂µ∂ν +
1√
−g

∂µ(
√
−ggµν)∂ν , (5.26)

with the last term only getting contributions from terms with µ = r, θ. Computing gives

gµν∂µ∂ν = ∆−1/2

[
−∆

G
∂2
t +X∂2

r + ∂2
θ +

G

X sin2θ

(
Aφ∂t − ∂φ

)2]
, (5.27)

1√
−g

∂µ(
√
−ggµν)∂ν = ∆−1/2

[
(∂rX)∂r +

1

sin θ
(∂θ sin θ)∂θ

]
. (5.28)
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Thus we find that the wave equation reads

∆−1/2

[
−∆

G
∂2
t + ∂rX∂r +

1

sin θ
∂θ sin θ∂θ +

G

X sin2θ

(
Aφ∂t − ∂φ

)2]
Φ− M̃2Φ = 0. (5.29)

In general it is the first and last term inside the square brackets of (5.29) that prevent
separability, i.e these terms generally prevent scalar probes of the form

Φ(t, r, θ, φ) = R(r)Y (θ, φ, t), (5.30)

since the effective potential may couple the different coordinates ”V (x, y) 6= Vx(x) + Vy(y)”.
However, using G = X − a2 sin2θ and employing the reduced potential (5.18), the Lapla-

cian simplifies to

∆−1/2

[
− 1

X
(Ared∂t + a∂φ)2 + ∂rX∂r +

1

sin θ
∂θ sin θ∂θ +

1

sin2θ
∂2
φ +
A2

red −∆

G
∂2
t

]
. (5.31)

Furthermore, plugging in the explicit expressions for G and Aφ, and setting ∆ = ∆0, we see
that the massless wave equation becomes separable, since

Ared = 2m[(Πc −Πs)r + 2mΠs] (5.32)

and

∆0 −A2
red = G

[
r2 + 2mr

(
1 +

3∑
I=0

s2
I

)
+ 8m2(Πc −Πs)Πs

− 4m2
∑

I<J<K

s2
Is

2
Js

2
K + a2 cos2θ

]
, (5.33)

where s2
I ≡ sinh2δI . Clearly the terms potentially spoiling separability are now seen not to

do so. Equation (5.33) is simply a polynomial in r with ”constant” term depending on θ (the
factor of G in front is divided out in the Laplacian (5.31)). Thus the original warp factor ∆0

indeed realizes a separable massless wave equation.
From what we have found so far we can conclude that for an arbitrary warp factor ∆,

the massless wave equation is separable provided that

∆−A2
red

G
= fr(r) + fθ(θ), (5.34)

where fr and fθ are arbitrary up to some constraints which we will elaborate on in a moment.
Indeed, to investigate the situation further, we should separate the differential equation

via the method of separation of variables. The general warp factor ∆ is taken to be inde-
pendent of t and φ, in general we therefore have that ∂t and ∂φ are Killing vectors of the
spacetime (5.5), and expanding in eigenmodes

Φ(t, r, θ, φ) = Φ(r, θ)e−iωt+imφφ, (5.35)

the Laplacian (5.31) is found to read

∆−1/2

[
1

X
(Aredω − amφ)2 + ∂rX∂r +

1

sin θ
∂θ sin θ∂θ −

m2
φ

sin2θ
+

∆−A2
red

G
ω2

]
. (5.36)

If this is separable, we should be able to extract two independent differential equations, one
for the r dependence and one for θ dependence. Writing

Φ(r, θ) = R(r)S(θ), (5.37)
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noting that the overall factor of ∆−1/2 plays no role for massless scalars, and dividing by
R(r) and S(θ), one finds that the massless wave equation, (5.29) with M̃ = 0, implies

X
R′′

R
+X ′

R′

R
+
S′′

S
+

cos θ

sin θ

S′

S
+ V (r, θ) = 0, (5.38)

where

V (r, θ) =
1

X
(Aredω − amφ)2 −

m2
φ

sin2θ
+

∆−A2
red

G
ω2 ≡ Vr(r) + Vθ(θ), (5.39)

and primes on R and S denote differentiation with respect to r and θ respectively. Clearly all
terms are either constants or depend solely on either the radial or angular coordinate given
that ∆ satisfies (5.34). This allows us to separate r and θ dependence such that equation
(5.38) takes the form

X
R′′

R
+X ′

R′

R
+ Vr(r) = −S

′′

S
− cos θ

sin θ

S′

S
− Vθ(θ). (5.40)

As usual the fact that this equation needs to hold for all r while θ is kept fixed and vice
versa, implies that each side equates to the same separation constant, which we denote K.
The angular and radial equation then read

S′′ +
cos θ

sin θ
S′ + (Vθ +K)S = 0, (5.41)

and

XR′′ +X ′R′ + (Vr −K)R = 0, (5.42)

respectively.

From this analysis, it is clear that the massless Klein-Gordon equation is separable,
however the massive Klein-Gordon equation is in general not separable. This is related to
the fact that there is no Exact Killing-Stackel Tensor (EKST) for the general four-charged
black holes that we are considering, instead one has a Conformal Killing-Stackel Tensor
(CKST) [37], hence a weaker form of separability. Notably however, setting all charges equal
one gets the familiar Kerr-Newman black holes. Both the Kerr-Newman black holes and the
two-charge black holes (setting the charges equal in pairs) exhibit EKSTs; both the massless
and massive Klein-Gordon equations are separable [37]. In this thesis we will focus on the
massless Klein-Gordon equation, for the four-charged rotating black holes (5.5).

5.4 Singular Points of the Radial Equation

We have already seen that requiring separability of the massless wave equation gives rise to
the relation (5.34). Now we would like to identify the subset of warp factors that in addition
give us a hypergeometric radial equation. It is well know that any linear ordinary differential
equation with three regular singular points can be mapped to the hypergeometric equation,
thus we proceed to analyze under what circumstances our radial equation has three regular
singular points.

We recall that a differential equation of the form

f ′′(x) + p0(x)f ′(x) + p1(x)f(x) = 0 (5.43)

has in general regular points, but also possibly singular points, which are identified as being
either regular or irregular [28]. Consider a point x = p, then (5.43) is regular at p if p0(x)
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and p1(x) do not diverge at x = p, while it is singular otherwise. Indeed if either p0(x) or
p1(x) diverge, that is

p0(x) ∼ 1

(x− p)α
, p1(x) ∼ 1

(x− p)β
for |x− p| → 0 (5.44)

then p is regular singular when α ≤ 1 and β ≤ 2, otherwise when α > 1 and/or β > 2, p
is an irregular singular point. For completeness, if the singular behavior is not of the form
(5.44), then it is an essential singularity.

To analyze the possible singular points of the radial equation we consider the normalized
radial equation (divide (5.42) by X):

R′′ +
X ′

X
R′ +

Vr −K
X

R = 0. (5.45)

We immediately see two singular points, the values of r for which X = 0, namely

r± = m±
√
m2 − a2. (5.46)

The factor multiplying R′ has a pole of order one. Furthermore, noting that

Vr =
(Aredω − amφ)2

X
+ (regular at r+ and r−) (5.47)

and that the numerator of the first term is simply a polynomial in r with roots distinct from
r±, we see that the factor multiplying R has a second order pole at r+ and r−. Thus r+ and
r− are regular singular points.

To investigate the singular nature of r =∞ we employ the coordinate transformation

1

w
= r (5.48)

such that w = 0 coincides with r = ∞. Derivatives with respect to r then transform into
derivatives with respect to w via the chain rule

d

dr
f(r) =

d

dw
f(r)

(
dr

dw

)−1

=⇒ f ′ = −w2ḟ (5.49)

where primes denote differentiation with respect to r and dots with respect to w. Repeated
use of the chain rule gives

f ′′ = w4f̈ + 2w3ḟ . (5.50)

After applying this transformation to the radial equation (5.45) we get

R̈+ 2

(
a2w −m

a2w2 − 2mw + 1

)
Ṙ+

1

w2

(
Vr −K

a2w2 − 2mw + 1

)
R = 0. (5.51)

The factor multiplying Ṙ is seen to be regular at w = 0, while the factor in front of R is
looking singular. Indeed, since (for ∆0) Vr ∼ r2 for large r (look at (5.39)), we can pull out
an extra factor of 1/w2 revealing a fourth order pole. From now on when we write ∼ rα we
mean the power-law behavior for large r.

Clearly r =∞ is an irregular singular point, thus for the original warp factor ∆0, we get
a radial equation with two regular singular points r+ and r−, and an irregular singular point
r =∞. We would have been happy if r =∞ was a regular singular point, however, since it
is irregular we cannot map the radial equation to the hypergeometric equation.

We note that the singular point at infinity is only irregular as a consequence of ∆0 ∼ r4

for large r, which in turn results in potential Vr ∼ r2. Therefore we should be able to reduce
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the order of this pole by replacing the original warp factor by a ”subtracted” warp factor ∆.
If we choose a ∆ ∼ r3, infinity remains irregular, while for ∆ ∼ r2, and indeed for ∆ ∼ rγ

with γ ≤ 2 the singularity at r =∞ becomes regular. As we shall see we can only have γ = 1
or γ = 2 as we are not at liberty to introduce new singularities in the metric. Furthermore,
upon closer inspection these are the only cases for which we can satisfy (5.34).

Let fr(r) = const.× rα, then the condition of separability (5.34) implies that

∆ = · · ·+ const.× rα + const.× rα+1 + const.× rα+2. (5.52)

To ensure at most ∆ ∼ r2 we see that we need α ≤ 0. For α < 0, ∆ would be singular at
r = 0 thanks to the term ∼ rα. The only possible choice is therefore α = 0, thus proving
that fr must be a constant which we are free to absorb with fθ(θ). We may now write the
”hybrid” separability condition as

∆−A2
red

G
= fθ(θ). (5.53)

As we claimed in the previous paragraph, it is now clear that we can only have ∆ ∼ rγ ,
γ = 1, 2, as both G and A2

red are second order polynomials in r (with the exception of a
”constant” θ dependent term in G).

We move on to verify the result of [19]; that there is a unique ∆ ∼ r satisfying (5.53). We
will also see that for this particular warp factor the angular equation simplifies to spherically
symmetric form. After this we will identify the broader class of warp factors when allowing
for ∆ ∼ r2.

5.5 The Minimal Warp Factor ∆̄ ∼ r

Explicitly the condition for separability (5.53) reads

∆− 4m2
[
(Πc −Πs)

2r2 + 4mΠs(Πc −Πs)r + 4m2Π2
s

]
r2 − 2mr + a2 cos2θ

= fθ(θ). (5.54)

For ∆̄ ∼ r, the condition for separability is rather restrictive. Note that we are unable to
effect the overall coefficient multiplying r2 in the numerator, i.e it is fixed to −4m2(Πc−Πs)

2,
thus the condition implies

fθ(θ) = −4m2(Πc −Πs)
2. (5.55)

Solving for ∆̄ gives

∆̄ = (2m)3(Π2
c −Π2

s)r + (2m)4Π2
s − (2m)2(Πc −Πs)

2a2 cos2θ. (5.56)

For this particular warp factor

Vr(r) =

(
2m
[
(Πc −Πs)r + 2mΠs

]
ω − amφ

)2
r2 − 2mr + a2

− 4m2(Πc −Πs)
2ω2, (5.57)

Vθ(θ) = −
m2
φ

sin2θ
. (5.58)

We see that for such an angular potential Vθ, the angular equation (5.41) reads

S′′ +
cos θ

sin θ
S′ −

m2
φ

sin2θ
S = −KS. (5.59)

Writing χ(θ, φ) = S(θ)eimφφ, and combining the θ differentials this angular equation takes
on the familiar spherically symmetric form(

1

sin θ
∂θ sin θ∂θ +

1

sin2θ
∂2
φ

)
χ(θ, φ) = −K χ(θ, φ). (5.60)
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Where K = `(` + 1) for integer `, as usual. Furthermore, for the radial equation the now
regular singular point r = ∞ is found to have indices (`,−` − 1). We briefly elaborate on
how.

When using Frobenius’s method to solve the radial equation around the regular singular
point r =∞, a series expansion multiplied by w−γ is used (where w = 1/r). To zeroth order,
this exponent γ has to satisfy the so called indicial equation. For the radial equation (5.51),
performing such a series expansion around r =∞, i.e w = 0, gives the indicial equation

γ(γ + 1)−K = 0. (5.61)

This has roots

γ± = −1
2 ±

√
1
4 +K = −1

2 ±
(
`+ 1

2

)
, (5.62)

and hence

γ+ = `, γ− = −`− 1. (5.63)

5.6 General Warp Factors

We just saw that there is a unique ∆̄ ∼ r that gives a separable massless wave equation.
Now, we investigate the possible ∆ ∼ r2, and see what restrictions (5.53) imposes in this
case. A priori, the constraint (5.53) should be less restrictive in this case, due to the extra
degree of freedom associated with the ability to tune coefficients multiplying terms ∼ r2 in
∆.

We start by inspecting the explicit version of (5.53)

∆− 4m2
[
(Πc −Πs)

2r2 + 4mΠs(Πc −Πs)r + 4m2Π2
s

]
r2 − 2mr + a2 cos2θ

= fθ(θ). (5.64)

In general, this implies that separability amounts to tuning coefficients in ∆ such that the
numerators factorizes as G × (separable). It is easy to see that the warp factor has to
depend on θ, indeed we need a term proportional to cos2θ. We restrict the r dependence
to polynomials that go like r2 for large r. Indeed as we showed in section 5.4 ∆ must be a
polynomial in r (with the exception of θ dependent ”constant”) of at most quadratic degree.

We are therefore restricted to warp factors that take the form

∆ = Ar2 +Br + C +D cos2θ, (5.65)

where A,B,C and D are real constants. For the numerator to factorize as G× fθ one must
have

A− 4m2(Πc −Πs)
2 = fθ, (5.66)

B − 16m3Πs(Πc −Πs) = −2m fθ, (5.67)

C − 16m4Π2
s = 0, (5.68)

D = a2 fθ. (5.69)

We identify the minimally subtracted warp factor ∆̄ when fθ = −4m2(Πc − Πs)
2, and

furthermore, see that this allows us to express the general ∆ ∼ r2 as

∆ = ∆̄ + [fθ + 4m2(Πc −Πs)
2]G. (5.70)

We introduce Θ ≡ fθ + 4m2(Πc −Πs)
2 in terms of which (5.70) reads

∆ = ∆̄ + ΘG, (5.71)
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where now Θ = 0 corresponds to the minimally subtracted warp factor.

We have now established the general class of warp factors that give us a separable massless
wave equation whose radial equation takes on hypergeometric form (5.71). We note that in
[19] they say that Θ is a constant, clearly our analysis shows that it may depend non-trivially
on θ. Whether this went unnoticed or there is an underlying reason to discard θ dependence
is not clear from [19]. We continue under the assumption that the result (5.71) is correct.

We are mostly interested in the cases ∆ ∼ r2 for large r since the minimally subtracted
case with ∆ = ∆̄ has been studied extensively in the literature [2, 16, 19, 20, 54]. Furthermore
as we will show (and as was pointed out in [19]), considering the case δI = 0, the NHEK
limit on ∆̄ does not coincide with the NHEK limit on ∆0, thus suggesting perhaps, that ∆̄
is not an ideal choice. It would indeed be interesting to try and find warp factors (5.71) that
give the same NHEK limit as ∆0.

5.7 NHEK Limit on Warp Factor

Restricting to the case δI = 0, we find that the original warp factor simplifies to (5.10). This
is the purely rotating four-dimensional Kerr black hole. In [27] they study the near horizon
region of such an extremal Kerr black hole, and furthermore identify boundary conditions
for metric fluctuations whose ASG suggest a dual chiral CFT description. The NHEK limit
originally taken in [3] plays a central role in the analysis of [27]. When applied to the Kerr
geometry, the NHEK geometry is seen as a warped AdS3 geometry with radius `2 = 2m2

and warp factor

Ω = 1
2(1 + cos2θ). (5.72)

As far as the warp factors are concerned, the NHEK limit is realized via the scaling limit√
m2 − a2 = ελ, r −m = Uλ, λ→ 0, (5.73)

where ε and U are dimensionfull constants and λ is the dimensionless scaling parameter. In
this limit, we find that the warp factor

√
∆0 →

`2

2
(1 + cos2θ). (5.74)

On the other hand, for δI = 0, the minimally subtracted warp factor (5.56) simplifies to

∆̄ = 4m2(2mr − a2 cos2 θ). (5.75)

This time, the NHEK limit (5.73) gives√
∆̄→ `2

√
1 + sin2 θ, (5.76)

which is clearly different from the NHEK limit of ∆0. In [19] they suggest that this may
not be contradictory, but may simply suggest that there are two valid CFT descriptions
for rapidly spinning (i.e extremal/near-extremal Kerr) black holes. Nevertheless, it may be
worth while to search for other warp factors for which the NHEK limit coincides with (5.74).

Sticking to the case of vanishing charges, we have that the general ∆ ∼ r2 warp factor
reads

∆ = 4m2(2mr − a2 cos2θ) + Θ(θ)(r2 − 2mr + a2 cos2θ). (5.77)

In the NHEK limit, ignoring for now what happens to Θ we get

∆→ 4m4(2− cos2θ)−m2 sin2θ Θ(θ). (5.78)
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Interestingly we see that there is a Θ(θ) such that ∆→ 0, namely

Θ(θ) = 4m2

(
1 +

1

sin2θ

)
. (5.79)

Furthermore we readily see that the correct NHEK limit is achieved with the choice

Θ(θ) = 4m2

[
1 +

1

sin2θ
− (1 + cos2θ)2

4 sin2θ

]
= 7m2 +m2 cos2θ, (5.80)

In this expression all the terms are proportional to m2, however it is clear that we could
also have chosen to make them proportional to a2 since in the NHEK limit

√
m2 − a2 → 0.

However, as we will elaborate on in limited detail in section 6.1, the warp factor cannot
depend on θ when a = 0, therefore the angular term in (5.80) should be proportional to a2

not m2, while the constant term is still ambiguous, therefore we restrict to Θ of the form

Θ(θ) = Am2 + (7−A)a2 + a2 cos2θ, A ∈ R. (5.81)

For a given A such a Θ corresponds to a warp factor

∆NHEK;A = (Am2 + (7−A)a2 + a2 cos2θ)r2

+ [(4−A)m2 + (A− 7)a2 − a2 cos2θ](2mr − a2 cos2θ),
(5.82)

whose NHEK limit coincides with the NHEK limit on ∆0. To be clear (5.81) is the most
general choice given that the angular term should vanish when a vanishes, clearly for all
choices of A the NHEK limit on such a Θ gives 7m2 +m2 cos2θ, where m = a as a result of
the limit.

To the best of the authors knowledge such ∆NHEK;A have not been observed in the liter-
ature. In order to take such warp factors seriously, one would have to show that there exists
matter consistent with the STU model that support the corresponding four-dimensional black
hole geometries. In [19] they found matter consistent with the STU model that supports
the geometry with warp factor ∆̄ in the static case, and in [16] they extended this to the
general rotating case by employing a suitable scaling limit. However, ∆̄ is a warp factor that
goes like r for large r, while our proposed ∆NHEK;A go like r2 for large r as long as a and
m are non-vanishing. Although we will not manage to establish matter for this warp factor
in this thesis, we will make progress in that direction by finding matter both in the static
and rotating case, that supports a warp factor that goes like r2 for large r, namely the warp
factor ∆− = A2

red. We will get to that shortly, first we address the asymptotic behavior for
subtracted geometries.

5.8 Asymptotic Behavior

The subtraction process alters the asymptotic behavior. This, as we have seen, is a con-
sequence of demanding that the radial equation has a regular singular point at r = ∞.
However it is also desirable from a purely physical point of view. As a great example, the
Hawking-Page phase transition between an asymptotically AdS-Schwarzschild black hole and
thermal AdS, was discovered by studying the Schwarzschild black hole in confinement, in
particular by placing it in an asymptotically AdS spacetime [31]. The reason behind studying
such a confined black hole is to avoid the problem of negative specific heat; the black holes
Hawking temperature increases with a decrease in mass. We therefore take a closer look at
the asymptotic behavior for the subtracted geometries, and furthermore briefly address the
related confinement properties.
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For a general warp factor the asymptotic behavior of (5.5) reads

ds2 ∼ −∆−1/2r2dt2 + ∆1/2 1

r2
(dr2 + r2dΩ2

2), (5.83)

which readily follows from the definitions of the various functions involved in the line element
for our family of black holes.

The minimally subtracted warp factor ∆̄, goes like ∆̄ ∼ (2m)3(Πc − Πs)
2r. Introducing

R = 4`3/4r1/4 where `3 ≡ (2m)3(Πc −Πs)
2, the asymptotic reads

ds2 ∼ −
(
R

4`

)6

dt2 + dR2 +

(
R

4

)2

dΩ2
2, (5.84)

which has the apparent scaling symmetry ds2 → λ2ds2 implemented by R → λR and t →
λ−2t. Here the non-standard scaling of time is pointed out to be reminiscent of the Lifshitz
symmetry found in recent developments of holography in condensed matter systems [19].

For the more general warp factors ∆ ∼ r2 one has the behavior ∆ ∼ Θ(θ)r2 for large r.
With this behavior it seems appropriate to introduce R = 2Θ1/4r1/2, for which the behavior
reads

ds2 ∼ −R
2

4Θ
dt2 +

(
dR− 1

4R∂θ(log Θ) dθ
)2

+ 1
4R

2 dΩ2
2. (5.85)

For constant Θ we have

ds2 ∼ −
(
R

2`

)2

dt2 + dR2 +

(
R

2

)2

dΩ2
2. (5.86)

with ` ≡ Θ1/2. This time the scaling is implemented by R→ λR and t→ t.
It is interesting to note that for Θ’s of the form (5.81), ∂θΘ = −2a2 cos θ sin θ. This

expression vanishes at θ = 0 and θ = π
2 , implying that ∂θ(log Θ) in (5.85) vanishes. Further-

more since a ≤ m to avoid a naked singularity, we have that Θ > 0 for all θ provided that A
in (5.81) is chosen such that the constant term in (5.81) is positive for m ≥ a > 0.

In [16] they note that these metrics asymptote to a form where the spatial part for fixed θ
is a flat two-dimensional cone. This they refer to as the metric being asymptotically conical
(AC). Indeed, the relevant two-dimensional cone for the spatial part of (5.86) restricted to
the equatorial plane (θ = π

2 ) reads

ds2
equ = dR2 + 1

4R
2 dφ2. (5.87)

This is the metric of a two-dimensional cone with deficit angle

2π(1− 1
2). (5.88)

While the cone in the case ∆ ∼ r has deficit angle

2π(1− 1
4), (5.89)

which is a greater angle of deficit implying a ”steeper” cone. Indeed for ∆ ∼ r4 the metric is
no longer asymptotically conical, but as expected, asymptotically flat. We see that ∆ ∼ r2

is closer to being asymptotically flat, than ∆̄ ∼ r.
The fact that ∆ ∼ r2 subtracted geometries are AC with angular deficit less than for

the case ∆̄ ∼ r suggests that those geometries are less confining as illustrated in figure 5.1.
An idea behind the subtracted geometry approach is that one necessarily needs to study the
black hole in a ”confining box”, a system in equilibrium for which the specific heat is no loner
negative, making it possible for a CFT description. As elaborated on in [16], the confining
property is determined by the exponent p when writing the general AC metric of the form

ds2 = −
(
R

R0

)2p

dt2 +B2 dR2 +R2 dΩ2
2. (5.90)
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Figure 5.1: Illustrating the spatial part of the asymptotic spacetime (restricted to θ = π
2 )

for different power-law fall off of the warp factor. The black dot represents the
throat region connection the asymptotic region with the horizon.

Clearly B = 2, R0 = ` and p = 1 gives (5.86) up to an overall constant factor. In [16] they
argue that for p > 1 these geometries have confining properties, and indeed since p = 3 for
∆̄ ∼ r the minimally subtracted geometry displays the desired confinement properties, akin
to the properties of asymptotically AdS spacetimes. It seems however that for the general
warp factors ∆ ∼ r2 we may not have such confining properties since p = 1. This challenges
the usefulness of subtracted geometries with ∆ ∼ r2.

To make this discussion quantitative, they [16] consider null geodesics whose spatial
projections are geodesics of the optical metric

ds2
o = B2

(
R0

R

)2p

dR2 +R2

(
R0

R

)2p (
dθ2 + sin2θ dφ2

)
, (5.91)

which is directly read off from (5.90) setting ds2 = 0, and identifying dt2 = ds2
o. To analyze

R =∞ we employ R̃ = R1−pRp0 in terms of which the optical metric reads

ds2
o = B̃2 dR̃2 + R̃2

(
dθ2 + sin2θ dφ2

)
, B̃ ≡ B

|1− p|
. (5.92)

This is clearly the metric of a cone over a two-sphere. We note that R = ∞ coincides with
R̃ = 0 for p > 1. Furthermore outwardly directed null-geodesics that are not strictly directed
radially (in the R direction) will necessarily not reach R̃ = 0 (R = ∞), but instead wind
around R̃ = 0 (the tip of the cone) for a finite time and head back. When such geodesics are
radially directed they will however hit R̃ = 0 in finite time.

We see that the cone in question has angular deficit

2π

(
1− |1− p|

B

)
. (5.93)

The special case p = 1, which we recall is the case for warp factors ∆ ∼ r2, is seen to give a
deficit angle of 2π, however the radial coordinate R̃ is ill-defined. Going back to (5.91) and
employing the radial coordinate Ř = R0 log(R/R0), we find that the optical metric reads

ds2
o

∣∣
p=1

= B2 dŘ2 +R2
0 (dθ2 + sin2θ dφ2). (5.94)

It is clear that we do not have a cone, instead as suggested by the fact that the angular deficit
limits to 2π and now clarified by the above form of the optical metric, we have R× S2, and
it seems that null-geodesics are free to escape toward infinity regardless of whether they are
strictly radially outward directed or not.

Furthermore, according to the Tolman red shifting law the temperature of thermal radi-
ation for metrics of the form (5.90) falls off as −1/

√
g00 = R−p, implying that for p > 1 the
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entropy outside a shell of radius Rs is finite while for p = 1 for instance, which is the case
for ∆ ∼ r2, we have that the entropy outside a shell of radius Rs is infinite. This is apparent
from the behavior of

∫∞
Rs
R−p dR.

Before ending this section it is worthwhile to mention the alternative viewpoint of the
”confinement”properties. Indeed surprisingly little is required to show that the metrics (5.90)
for p > 1 are conformal to AdS2 × S2. We rescale the time coordinate and employ a new
radial coordinate

τ =
(

`
R0

)p t
B̃
, ρ =

Rp−1

`p−2
, (5.95)

where B̃ was defined in (5.92) and ` will be identified with the radius of AdS2. In terms of
the new coordinates (5.90) reads

ds2 = B̃2
(ρ
`

) 2
p−1

(
ds2

AdS +
`2

B̃2
dΩ2

2

)
, (5.96)

where

ds2
AdS = −ρ

2

`2
dτ2 +

`2

ρ2
dρ2. (5.97)

Thus it is evident that the asymptotically conical metrics (5.90) are conformal to AdS2×S2

where the sphere has radius `/B̃. This nicely shows that null-geodesics are confined just
like in AdS spacetimes. However this form of the metric is ill-defined for p = 1, thus again
leaving the discussion open for warp factors ∆ ∼ r2.

We conclude this section on the note that confinement properties for warp factors ∆ ∼ r2

seem to be significantly weaker than for ∆̄ ∼ r. Indeed it seems unclear whether or not we
can interpret subtracted geometries with ∆ ∼ r2 as putting the original black hole in a
confining box. A thorough investigation of the confinement properties for ∆ ∼ r2 is left
for future study. In particular it would be illuminating to study the radial coordinate of
geodesics, and the corresponding effective potential.

5.9 Hidden Conformal Symmetry

There are several means by which to reveal explicitly the hidden conformal symmetry of
a geometry. As we have pointed out, a precursor is for the scalar wave equation to be
hypergeometric, however, it is instructive as well as clarifying to see explicit evidence. In
[19] they show how the subtracted geometry uplifts to a five-dimensional geometry which
is locally AdS3 × S2, and as we mentioned in section 3.3, all locally AdS3 spacetimes have
a dual CFT description. Another way to go about it, is to construct the generators of the
rigid conformal transformations SL(2,R)L × SL(2,R)R as in [11]. In [19] they accomplish
this by comparing the Laplacian on global AdS3

`2∇2 =
1

sinh 2ρ
∂ρ sinh 2ρ ∂ρ −

∂2
τ

cosh2ρ
+

∂2
σ

sinh2ρ
(5.98)

with the Laplacian of the wave equation in the minimally subtracted geometry (5.31) with
∆ = ∆̄. It is straight forward to check that these Laplacians are identified if we identify the
coordinates as follows

sinh2ρ =
r − r+

r+ − r−
, (5.99)

σ − τ = −2πi

βL

(
t− βR

βHΩH
φ

)
, (5.100)

σ + τ = − 2πi

βHΩH
φ, (5.101)
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where
βL
2π

= m(Πc −Πs),
βR
2π

=
m2

√
m2 − a2

(Πc + Πs). (5.102)

AdS3 is a maximally symmetric spacetime with isometry group SL(2,C) ≈ SL(2,R)L ×
SL(2,R)R, the generators of these rigid conformal transformations can be represented using
the global coordinates as

R± = R1 ± iR2 = e±(τ+σ)(∓i∂ρ + tanh ρ ∂τ + coth ρ ∂σ), (5.103)

R3 = ∂τ + ∂σ, (5.104)

L±,L3 are given by R±,R3 with τ → −τ. (5.105)

The generators Ri and Li satisfy the SL(2,R) algebra

[Gi,Gj ] = 2iεijk(−)δk3Gk, (5.106)

and the Casimir H2 = G2
1 + G2

2 − G2
3 is precisely the Laplacian (5.98). Noting that

∂σ = i
2πβHΩH∂φ + i

2π (βR + βL)∂t, (5.107)

∂τ = i
2πβHΩH∂φ + i

2π (βR − βL)∂t, (5.108)

we see how in the coordinates t, r, φ we have

H2 = `2∇2 = ∂rX∂r −
1

X
(Ared∂t + a∂φ)2 + 4m2(Πc −Πs)

2∂2
t , (5.109)

which is the Laplacian (5.31) with warp factor ∆ = ∆̄. However, due to the periodicity in φ,
the generators R± and L± are globally ill-defined. We may however interpret this in terms of
a thermal CFT on a torus with temperatures TR and TL for which the SL(2,R)L×SL(2,R)R
is spontaneously broken down to the U(1)L × U(1)R subgroup generated by (L3,R3) [11].
In terms of the useful coordinates

t± = i
2(σ ± τ) (5.110)

we have R3 = i∂+
t ,L3 = i∂−t . Furthermore, we see that the identification φ ≡ φ+ 2π forces

t+ ≡ t+ +
4π2

βHΩH
, (5.111)

t− ≡ t− − 4π2

βHΩH

βR
βL
. (5.112)

For a CFT with left and right temperatures TR, TL the fundamental domain reads

t+ ≡ t+ + 4π2TR, (5.113)

t− ≡ t− − 4π2TL, (5.114)

from which we read off

TR =
1

βHΩH
, TL =

1

βHΩH

βR
βL
. (5.115)

Recalling chapter 4, specifically the Cardy formula that gave the entropy for a unitary
2D CFT on a torus

S =
π2

3
(cLTL + cRTR), (5.116)
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we may now wonder whether we could reproduce the entropy (5.20)

πAred

G4

∣∣∣
r=r+

=
2πm

G4

(
(Πc + Πs)m+ (Πc −Πs)

√
m2 − a2

)
(5.117)

via (5.116) for some central charges cL, cR. Indeed it turns out that for cL = cR = 12J ,
where (5.3)

G4J = ma(Πc −Πs) (5.118)

gives the correct entropy [19]. This is striking, as it coincides precisely with the central
charge cL = 12J established in [27]. It would be interesting to see if a similar analysis is
possible for subtracted warp factors ∆ ∼ r2.
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6

Supporting Matter - Static Case

In general, the subtracted geometry where ∆0 has been replaced by ∆, does not satisfy
the equations of motion. As an example, the Kerr geometry δI = 0 is originally a vacuum
solution. However, when ∆0 is replaced by ∆̄, this is no longer the case: The Einstein
tensor no longer vanishes. In general any matter whose energy momentum tensor equates
to the Einstein tensor will support the geometry, however, one also needs to ensure that the
matter solves its own equations of motion. It can be challenging to identify matter that both
supports the geometry and solves the matter equations of motion.

To address the situation we begin with a thorough analysis of Einstein’s field equations in
the static case for generic warp factors that only dependent on r. We verify our computations
by checking that the original matter solves its equation of motion and supports the original
geometry. We then move on to establish matter for the minimally subtracted case in section
5.9.3 following [19]. Finally in section 5.9.4 we address the situation for the general class of
warp factors (5.71). In particular we find the warp factor ∆ = A2

red as the simplest member
of (5.71) that goes like r2 for large r, in hindsight this is rather obvious (look at equation
(5.53)), finding matter that supports this subtracted geometry is nonetheless instructive and
relevant toward identifying matter for generic warp factors.

6.1 Einstein’s Field Equations

In the absence of rotation, i.e a = 0, the line element (5.5) with functions (5.6 - 5.9) is
diagonal and reads

ds2 = −r(r − 2m)

∆1/2
dt2 + ∆1/2

(
dr2

r(r − 2m)
+ dθ2 + sin2θ dφ2

)
. (6.1)

In [19] the warp factor ∆ depends on r only, but is otherwise unspecified. For the minimally
subtracted warp factor ∆̄, this is clearly the case, since then Θ(θ) is a constant and the
angular term being proportional to a vanishes in the static case. However, the condition of
separability (5.53) in the static case reads

∆− 4m2
[
(Πc −Πs)

2r2 + 4mΠs(Πc −Πs)r + 4m2Π2
s

]
r2 − 2mr

= Θ(θ), (6.2)

which still allows for ∆ = ∆(r, θ) when ∆ ∼ r2 for large r. Even though there exists
static charged black holes that are not necessarily spherically symmetric [45], in our case
it is safe to assume that the matter content of the action discards this possibility, and we
consider spherically symmetric geometries where necessarily ∆ = ∆(r). Thus even though
the separability condition allows for ∆(r, θ) generically, we argue that this is unphysical in
the static case, and therefore restrict our discussion to ∆(r) when a = 0.

Computing the Einstein tensor, with ∆ ≡ e−4U , then gives

−r(r − 2m)Grr = Gθθ =
Gφφ

sin2θ
= (r∂rU + 1)

(
(r − 2m)∂rU + 1

)
(6.3)

Gtt = r(r − 2m)e4U
[
Gθθ + 2r(r − 2m)

(
∂2
rU − (∂rU)2

)]
(6.4)

59
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In [19] they use the standard orthonormal frame, i.e they make use of the vielbeins

eaµ = |gµµ|1/2δaµ, gµν = ηab e
a
µe
b
ν (6.5)

and one finds that the non-zero components of Gab = Gµν ea
µ eb

ν read

Gθ̂θ̂ = e2UGθθ, Gr̂r̂ = r(r − 2m)e2UGrr,

Gφ̂φ̂ =
e2U

sin2θ
Gφφ, Gt̂t̂ =

e−2U

r(r − 2m)
Gtt,

(6.6)

where the hats indicate that these are components in the vielbein basis. In orthonormal
frame we thus have

−Gr̂r̂ = Gθ̂θ̂ = Gφ̂φ̂ = e2U (r∂rU + 1)
(
(r − 2m)∂rU + 1

)
, (6.7)

Gt̂t̂ = Gθ̂θ̂ + 2e2Ur(r − 2m)
(
∂2
rU − (∂rU)2

)
. (6.8)

Now that we have the LHS of Einstein’s field equations (the Einstein tensor), it remains
to calculate the RHS, i.e the energy-momentum tensor. The energy-momentum tensor is
given by varying the action with respect to the metric. In the static case it turns out to be
sufficient to deal with the truncated (pseudoscalar free) STU Lagrangian, which reads

L =
1

16πG4

(
R− 1

2

3∑
i=1

∇µηi∇µηi − 1
4e
−η0F 0

µνF
0µν − 1

4e
−η0

3∑
i=1

e2ηiF iµνF
iµν

)
, (6.9)

where η0 ≡ η1 + η2 + η3, and the action is given by

S =

∫
d4x
√
|g|L. (6.10)

As noted in [2], solutions to the truncated action still have to satisfy the pseudoscalar equa-
tions of motion to be consistent, a requirement that amounts to

−fHij ? F
0 ∧ F j + 1

2CijkF
j ∧ F k = 0, (6.11)

where Hij is the metric on the scalar moduli space, Hii = (hi)−2, hi = e
1
3
η0−ηi and f = e−

1
3
η0 ,

see appendix C.3. Here we are restricting lowercase Latin indices to i, j, k, . . . = 1, 2, 3 while
uppercase cover the full range I, J,K, . . . = 0, 1, 2, 3, we will stick to this index convention
throughout.

In [2] they solve the constraint (6.11) by taking F i purely magnetic and F 0 purely electric.
In order to avoid confusion we will put tildes over the dual field strengths. In particular
reference [19] employs purely electric fields, in which case the Lagrangian density reads

L =
1

16πG4

(
R− 1

2

3∑
i=1

∇µηi∇µηi − 1
4e
−η0F 0

µνF
0µν − 1

4e
η0

3∑
i=1

e−2ηiF̃ iµνF̃
iµν

)
, (6.12)

where
F̃ i = −eη0−2ηi ? F i. (6.13)

The dualization prescription is the one that interchanges the Bianchi identity with the equa-
tions of motion for the given field strength. For the moment we stick to F i so that we can
compare with [2].

Having introduced the truncated action, we proceed to compute the energy-momentum
tensor:

Tµν = − 2√
|g|
δSM
δgµν

, (6.14)
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where SM is the matter part of the action, given by the terms in the Lagrangian that
depend on the matter, in this case all terms other than R. Keep in mind the relation
δS =

∫
d4x δS

δgµν δg
µν . The variation reads

δSM =

∫
d4x

(
δ(
√
|g|)LM +

√
|g|δLM

)
, (6.15)

where LM is the matter part of L, and

δ
√
|g| = −1

2

√
|g|gµνδgµν , (6.16)

δLM = − 1

32πG4

(
3∑
i=1

∂µηi∂νηi + e−η0F 0λ
µ F 0

λν + e−η0

3∑
i=1

e2ηiF iλµ F
i
λν

)
δgµν . (6.17)

This amounts to

δSM = − 1

32πG4

∫
d4x
√
|g|

[
3∑
i=1

(
∂µηi∂νηi −

gµν
2

(∂ηi)
2
)

+ e−η0

(
F 0λ
µ F 0

νλ −
gµν
4

(F 0)2
)

+ e−η0

3∑
i=1

e2ηi
(
F iλµ F

i
νλ −

gµν
4

(F i)2
)]

δgµν , (6.18)

where

(∂ηi)
2 ≡ ∂µηi∂µηi, (F I)2 ≡ F IµνF Iµν . (6.19)

Thus the energy momentum tensor reads

8πG4Tµν =
1

2

[
3∑
i=1

(
∂µηi∂νηi −

gµν
2

(∂ηi)
2
)

+ e−η0

(
F 0λ
µ F 0

νλ −
gµν
4

(F 0)2
)

+ e−η0

3∑
i=1

e2ηi
(
F iλµ F

i
νλ −

gµν
4

(F i)2
)]

, (6.20)

in agreement with [2].

In addition to Einsteins equations we have the equations of motion for the scalar and
vector matter. From the action it follows that they read

0 = ∇µ∇µηi + 1
4e
−η0F 0

µνF
0µν + 1

4e
−η0

3∑
j=1

e2ηj (1− 2δij)F
j
µνF

jµν , (6.21)

0 = ∇µ
(
e−η0F 0µν

)
, (6.22)

0 = ∇µ
(
e−η0+2ηiF iµν

)
. (6.23)

In [19] they consider spherically symmetric matter, i.e ηi = ηi(r), and only electric fields,
as they are implicitly employing F̃ i in place of F i, however they suppress the tildes. The
spherical ansatz for the electric gauge fields thus reads

A0 = A0(r) dt, Ãi = Ait(r) dt. (6.24)



62 Conformal Symmetry for Black Holes

For this kind of matter, the non-zero components of the energy-momentum tensor read

8πG4Ttt = 1
4X

2e4U
3∑
i=1

(∂rηi)
2 + 1

4Xe
2U

(
e−η0(F 0

tr)
2 +

3∑
i=1

eη0−2ηi(F̃ itr)
2

)
, (6.25)

8πG4Trr = 1
4

3∑
i=1

(∂rηi)
2 −

1
4e
−2U

X

(
e−η0(F 0

tr)
2 +

3∑
i=1

eη0−2ηi(F̃ itr)
2

)
, (6.26)

8πG4Tθθ = −1
4X

3∑
i=1

(∂rηi)
2 + 1

4e
−2U

(
e−η0(F 0

tr)
2 +

3∑
i=1

eη0−2ηi(F̃ itr)
2

)
, (6.27)

8πG4Tφφ = −1
4X sin2θ

3∑
i=1

(∂rηi)
2 + 1

4e
−2U sin2θ

(
e−η0(F 0

tr)
2 +

3∑
i=1

eη0−2ηi(F̃ itr)
2

)
. (6.28)

In orthonormal frame (indicated by hatted indices), we find

8πG4Tt̂t̂ = 1
4Xe

2U
3∑
i=1

(∂rηi)
2 + 1

4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2, (6.29)

8πG4Tr̂r̂ = 1
4Xe

2U
3∑
i=1

(∂rηi)
2 − 1

4e
−η0(F 0

tr)
2 − 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2, (6.30)

8πG4Tθ̂θ̂ = −1
4Xe

2U
3∑
i=1

(∂rηi)
2 + 1

4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2, (6.31)

8πG4Tφ̂φ̂ = −1
4Xe

2U
3∑
i=1

(∂rηi)
2 + 1

4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2. (6.32)

It is rather apparent that three of the four non-trivial Einstein equations are linearly
dependent: −Gr̂r̂ = Gφ̂φ̂ = Gθ̂θ̂. Solving Einstein’s equations for the geometry then boils
down to solving

Gθ̂θ̂ = −1
4Xe

2U
3∑
i=1

(∂rηi)
2 + 1

4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2, (6.33)

Gt̂t̂ = 1
4Xe

2U
3∑
i=1

(∂rηi)
2 + 1

4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2. (6.34)

We can isolate an equation for the scalar matter, and one for the vector matter

1
2(Gt̂t̂ +Gθ̂θ̂) = 8πG4T

vector
t̂t̂

, (6.35)

1
2(Gt̂t̂ −Gθ̂θ̂) = 8πG4T

scalar
t̂t̂

. (6.36)

6.2 Matter Supporting the Original Geometry

Before we go on to find the matter that supports the minimally subtracted geometry, let us
verify that

e−ηi = hi

√
h0

h1h2h3
, AIt =

2m sinh δI cosh δI
hI

, (6.37)

where

hI = r + 2m sinh2δI , and i = 1, 2, 3, I = 0, i, (6.38)
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is the matter that supports the original geometry with standard warp factor (in the static
case)

∆0 =
3∏
I=0

hI , U0 = −1
4 log(h0h1h2h3). (6.39)

For this warp factor we find

1
2(Gt̂t̂ +Gθ̂θ̂) = 1

4e
2U0

[
r(r − 2m)

3∑
I=0

1

h2
I

− 2(r −m)
3∑
I=0

1

hI
+ 4

]
, (6.40)

1
2(Gt̂t̂ −Gθ̂θ̂) = 1

4r(r − 2m)e2U0

 3∑
I=0

1

h2
I

− 1
4

(
3∑
I=0

1

hI

)2
 . (6.41)

The vector matter gives

8πG4T
vector
t̂t̂

= 1
4e

2U0

[
(2m)2 sinh2δ0 cosh2δ0

h2
0

+

3∑
i=1

(2m)2 sinh2δi cosh2δi
h2
i

]
. (6.42)

Clearly we have

(2m)2 sinh2δI cosh2δI
h2
I

=
r(r − 2m)

h2
I

− 2(r −m)

hI
+ 1. (6.43)

We thus see that the vector matter supports its ”half”of the Einstein equations. It is similarly
straight forward to verify that the scalar matter supports the other ”half”.

We note that the equations of motion (6.21 - 6.23) change slightly in terms of F̃ i. Equa-
tion (6.22) is unaltered while the other two read

0 = ∇µ∇µηi + 1
4e
−η0F 0

µνF
0µν − 1

4

3∑
j=1

eη0−2ηj (1− 2δij)F̃
j
µνF̃

jµν , (6.44)

0 = ∇µ
(
eη0−2ηiF̃ iµν

)
. (6.45)

6.3 Matter Supporting the Minimally Subtracted Geometry

We proceed to find matter that support the subtracted geometry with the minimally sub-
tracted warp factor ∆̄ = e−4Ū , keep in mind a = 0 for the moment. For

Ū = −1
4 log

(
(2m)3[(Π2

c −Π2
s)r + 2mΠ2

s]
)
, (6.46)

the equations (6.35 - 6.36) read

1
4e

2Ū

[
3 +

(
2mΠcΠs

(Π2
c −Π2

s)r + 2mΠ2
s

)2
]

= 1
4e
−η0(F 0

rt)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ irt)
2, (6.47)

3

4

(
(Π2

c −Π2
s)

(Π2
c −Π2

s)r + 2mΠ2
s

)2

=
3∑
i=1

(∂rηi)
2. (6.48)

It is easy to see that the differential equation for the scalars ηi under the ansatz ηi ≡ η,
implies

ηi = C ± 1
2 log

[
(Π2

c −Π2
s)r + 2mΠ2

s

]
, (6.49)
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where C is an integration constant. For the vector equation, we see that we need to be able
to pull out a factor of e2Ū on the RHS. Recalling that η0 = η1 +η2 +η3, we see that a solution
is1

ηi = −1
2 log

(
(2m)3[(Π2

c −Π2
s)r + 2mΠ2

s]
)
, (6.50)

F itr = e−
1
2
ηi+Ū = 1, (6.51)

F 0
tr =

ΠcΠs

(2m)2
[
(Π2

c −Π2
s)r + 2mΠ2

s

]2 , (6.52)

when one chooses C = −1
2 log

[
(2m)3

]
.

This matter is not unique, more general matter is given in [2], in terms of magnetic
charges Bi, i = (1, 2, 3). Dualizing the magnetic field strengths of [2] gives us the more
general matter from the electric perspective chosen in [19]:

ηi = −1
2 log

(
(2m)3[(Π2

c −Π2
s)r + 2mΠ2

s]
)

+
∑
j 6=i

logBj , (6.53)

F itr =
1

Bi
, (6.54)

F 0
tr =

ΠcΠsB1B2B3

(2m)2[(Π2
c −Π2

s)r + 2mΠ2
s]

2
. (6.55)

6.4 Toward Matter for General Warp Factors

We would like to investigate whether or not there can exist matter supporting geometries
with more general warp factors ∆ ∼ r2 for large r. Eventually we would like to be even more
specific, and see whether or not we can find matter supporting a ∆ ∼ r2 whose NHEK limit
coincides with the NHEK limit on ∆0 (recall our discussion from section 5.7). In order to
investigate the latter, we inevitably need to consider the case with rotation, which is more
complex. To start off with, we therefore stick to the simpler static case and try our luck with
the general warp factors (5.71) when a = 0:

∆ = (2m)3[(Π2
c −Π2

s)r + 2mΠ2
s] + r(r − 2m)Θ(θ). (6.56)

Indeed, when Θ(θ) is angularly dependent, the warp factor necessarily depends on θ as
well. This is incompatible with a static and stationary black hole, which (as we pointed out
at the beginning of section 6.1) is necessarily spherically symmetric. Thus in the static case
we are naturally restricted to Θ = Θ0 a constant.

It is not difficult to see that for the general constant Θ = Θ0, the angular equation
(5.41) simplifies to the familiar spherically symmetry form. Furthermore ∆ = ∆(r), i.e
only depends on the radial coordinate, implying that the non-vanishing components of the
Einstein tensor are again (6.7 - 6.8) now with

U = −1
4 log

(
(2m)3[(Π2

c −Π2
s)r + 2mΠ2

s] + Θ0 r(r − 2m)
)
. (6.57)

Using a spherical ansatz for the matter, finding matter again boils down to solving (6.33 -
6.34) of which the linear combinations

1
2(Gt̂t̂ +Gθ̂θ̂) = 8πG4T

vector
t̂t̂

, (6.58)

1
2(Gt̂t̂ −Gθ̂θ̂) = 8πG4T

scalar
t̂t̂

, (6.59)

1There is a slight typo in the expression for the scalar fields ηi in [19].
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are nicer to consider.
Employing (6.57) the LHSs evaluate to(

1
2e
U

(2m)3[(Π2
c −Π2

s)r + 2mΠ2
s] + Θ0 r(r − 2m)

)2 [
3−Θ2

0 r
2(r − 2m)2

+ 2(2m)3Θ0(r −m)[(Π2
c −Π2

s)r
2 + 4mΠ2

s(r −m)]− (2m)8Π2
cΠ

2
s

]
, (6.60)

and after dividing the scalar equation by 1
4Xe

2U its LHS reads(
1

(2m)3[(Π2
c −Π2

s)r + 2mΠ2
s] + Θ0 r(r − 2m)

)2 [
Θ2

0

(
r(r − 2m) + 3m2

)
+ (2m)3 Θ0

[
(Π2

c −Π2
s)r − (3Π2

c + Π2
s)m

]
+ 3

4(2m)6(Π2
c −Π2

s)
2
]
. (6.61)

We now have numerators on the LHS that are no longer constants depending on the
black hole parameters, as they were for ∆ = ∆̄, instead we have quadratic polynomials in
r. When setting Θ0 = 0 the above match with the LHSs of (6.47 - 6.48) as they should.
After dividing the scalar equation by e2U , the RHSs of both vector and scalar equations are
independent of the warp factor, and are thus identical to the RHSs of (6.47 - 6.48).

6.5 The Warp Factor ∆− = A2
red and its Matter

As corroborated by the ansatz ηi ≡ η, for which the RHS of the scalar equation reads
3(∂rη)2, it would be advantageous to have the LHS of the scalar equation be the square of
some function, say F 2(r). This would give a particularly clean linear ODE after taking the
root:

F (r) = 3∂rηi. (6.62)

Collecting powers of r in the numerator of (6.61)

Θ2
0 r

2 + 2mΘ0

(
(2m)2(Π2

c −Π2
s)−Θ0

)
r + 3m2Θ2

0

− 8m4Θ0(3Π2
c + Π2

s) + 3
4(2m)6(Π2

c −Π2
s)

2, (6.63)

we find that for special Θ:
Θ0(±) ≡ 4m2(Πc ±Πs)

2 (6.64)

the polynomial is a complete square, thus providing our sought after simplification for the
scalar equation. For Θ0(±) the warp factor reads

∆± ≡ 4m2
(
(Πc ±Πs)r ∓ 2mΠs

)2 ≡ e−4U± , (6.65)

and the Einstein equations for the matter simplify greatly

1
4e

2U±

(
2∓ 8m2ΠcΠs[

(Πc ±Πs)r ∓ 2mΠs

]2
)

= 1
4e
−η0(F 0

tr)
2 + 1

4

3∑
i=1

eη0−2ηi(F̃ itr)
2, (6.66)

(
Πc ±Πs

(Πc ±Πs)r ∓ 2mΠs

)2

=
3∑
i=1

(∂rηi)
2. (6.67)

Inspecting the vector equation, wee see that the possible minus sign in front of the second
term on the LHS could give rise to an imaginary field strength depending on the sign of
Πs. Clearly if Πs > 0 we should choose ∆−, while if Πs < 0 we should choose ∆+ to
avoid imaginary field strengths. We also note that ∆− = A2

red and thus trivially ensures
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separability of the wave equation. Note also that (6.65) are expressions valid in the static
case only, when a 6= 0 the warp factor ∆− still coincides with A2

red, however, ∆+ acquires
angular dependence

∆+ = 4m2
(
(Πc + Πs)r − 2mΠs

)2
+ 16m2ΠcΠsa

2 cos2θ. (6.68)

We shall finish off this section by finding matter that supports the subtracted geometry
with warp factor ∆− in the static case. To start off our search for matter, we employ the
same simplifying ansatz as was done in [19], namely

η1 = η2 = η3 ≡ η(r). (6.69)

Under this ansatz, the scalar equation simplifies to a linear ODE, which is easily integrated.
Choosing integration constant −1

3

√
3 log(2m), the solution reads (up to a sign)

η = −1
6

√
3 log

(
(2m)2

[
(Πc −Πs)r + 2mΠs

]2)
= 2

3

√
3U−. (6.70)

When we now attempt to identify possible field strengths for the vector matter, we run into
problems that seem to be related to the irrational factor

√
3. It seems that the easies way to

avoid an irrational factor is to employ the alternative ansatz η1 ≡ η(r) and η2, η3 constants.
This works out, but we will not carry it out in detail, instead we draw from the work done
in [2].

In [2] a four-parameter family is constructed that is a solution to the STU model with
truncated Lagrangian (6.9), that is, it is a family of static black holes. This family contains
both the original and the minimally subtracted geometries of [19], but also warp factors that
go like r2 for large r. Maybe some of these warp factors are separable, and perhaps one
coincides with ∆−.

For clarity we display the parameterization of the warp factor in the family studied in [2]

∆ =

√
q2

0B
2
1B

2
2B

2
3

(2m)4

3∏
I=0

a2
Ir + 2m√

1 + a2
I

, (6.71)

here q0 and B1, B2, B3 are respectively an electric and three magnetic charges, and aI , I =
0, 1, 2, 3, 4 are the four parameters. We provide a derivation of this family in chapter 7.

It is now rather straight forward to see that for

a0 = a1 =

√
Πc −Πs

Πs
, a2 = a3 = 0 (6.72)

and

q0 = −16m4 ΠcΠs

B1B2B3
, (6.73)

one has

∆ =

√
q2

0B
2
1B

2
2B

2
3

(2m)4

3∏
I=0

a2
Ir + 2m√

1 + a2
I

= 4m2
(
(Πc −Πs)r + 2mΠs

)2
, (6.74)

which is precisely the subtracted warp factor ∆− given in (6.65). This is strikingly similar
to the a’s that give the minimally subtracted warp factor in [2], and we note that the charge
q0 matches precisely, take a look at (7.56).

With a’s defined in (6.72), the scalar matter is readily transcribed from [2], specifically
the equations (7.51 - 7.54), and reads

η1 = −1
2 log

(
4m2

(
(Πc −Πs)r + 2mΠs

)2)
+ log(B2B3), (6.75)

η2 = −1
2 log(16m4ΠcΠs) + log(B1B3), (6.76)

η3 = −1
2 log(16m4ΠcΠs) + log(B1B2). (6.77)
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Similarly the vector matter reads2

F 0
tr =

16m4ΠcΠs

q0
e4U− , (6.78)

F 1
tr =

16m4ΠcΠs

B1
e4U− , (6.79)

F 2
tr =

1

B2
, F 3

tr =
1

B3
. (6.80)

We got the electric F i’s by dualizing the magnetic fields of [2]. Equation (6.66) was
explicitly checked and found to hold for these field strengths, clearly the scalars solve (6.67).
Furthermore, all the equations of motion were found to hold. This is not surprising as this
particular matter and geometry is a member of the four-parameter family studied in [2].

Here we took a close look at ∆− = A2
red in particular, however we could also have

considered ∆+ for which one equally well can find matter using the interpolating solution of
[2]. Indeed in this case one gets ∆+ for a’s

a0 = a1 =

√
−Πc + Πs

Πs
, a2 = a3 = 0. (6.81)

6.6 Matter for General Warp Factors

It is instructive to work the other way around, i.e start with the family of warp factors (6.71),
and see what constraints (5.53) imposes on the a’s. This will turn out to give us a larger
class of warp factors for which one has supporting matter given by the interpolating solution
of [2].

We first note that imposing ∆ ∼ r2 for large r amounts to forcing two of the parameters
in (6.71) to be zero. Without loss of generality, let us consider the case

a0 6= 0, a1 6= 0, a2 = a3 = 0, (6.82)

then (6.71) reads

∆ =

√
q2

0B
2
1B

2
2B

2
3

4m2

(a2
0r + 2m)(a2

1r + 2m)√
(1 + a2

0)(1 + a2
1)

. (6.83)

Comparing this with (6.57) and recall ∆ = e−4U , we find that imposing separability and a
hypergeometric radial equation restricts the four-parameters a0 and a1 via three equations

4m2Θ0 = a2
0a

2
1

√
Q2

(1 + a2
0)(1 + a2

1)
, (6.84)

16m4(Π2
c −Π2

s)− 4m2Θ0 = (a2
0 + a2

1)

√
Q2

(1 + a2
0)(1 + a2

1)
, (6.85)

16m4Π2
s =

√
Q2

(1 + a2
0)(1 + a2

1)
, (6.86)

where

Q ≡ q0B1B2B3. (6.87)

Treating a0, a1 and Q as unknowns, we proceed to solve in terms of Θ0, Πc, Πs and m.

2We note that there is also the more compact way to write the field strengths F i: F itr = Bi e
−η0+2ηi+2U− .
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Adding the three equations (6.84 - 6.86) we find

16m4Π2
c =

√
Q2(1 + a2

0)(1 + a2
1). (6.88)

Utilizing this relation we eliminate Q from the first two equations. Suitable linear combina-
tions of these and a bit of manipulation gives

Θ0

4m2Π2
s

= a2
0a

2
1, (6.89)

Π2
c

Π2
s

= (1 + a2
0)(1 + a2

1). (6.90)

Using the first of these to eliminate either a0 or a1 from the last equation, we get a quadratic
equation for respectively a2

1 and a2
0. Since a0 and a1 appear on equal footing, we get the

same quadratic equation

a4
i −

(
Π2
c −Π2

s

Π2
s

− Θ0

4m2Π2
s

)
a2
i +

Θ0

4m2Π2
s

= 0, i = 0, 1. (6.91)

The solutions read

(a2
i )± =

1

2

(
Π2
c −Π2

s

Π2
s

− Θ0

4m2Π2
s

)
±

√
1

4

(
Π2
c + Π2

s

Π2
s

− Θ0

4m2Π2
s

)2

− Π2
c

Π2
s

. (6.92)

Thus given a Θ0 we can find a’s and a Q via (6.88) that produce the subtracted warp factor
(6.57) via (6.71). Most significantly, for any warp factors (6.71) there exists matter that
supports it [2], given explicitly by the parameters ai and the charges baked into Q.

As is easily checked, when plugging Θ0(±) into (6.92) the square root term vanishes, thus
we drop the ± label on the a2

i in this particular case and find

a2
i

∣∣∣
Θ0(+)

= −Πc + Πs

Πs
, a2

i

∣∣∣
Θ0(−1)

=
Πc −Πs

Πs
. (6.93)

Clearly ai for Θ0(−) and Θ0(+) coincide with (6.81) and (6.72) respectively up to an overall
sign. We furthermore observe that when Πs > 0, the ai corresponding to Θ0(+) are strictly
imaginary, while the ai for Θ0(−) are strictly real, and vice versa when Πs < 0. Furthermore
we note the general observation that (a2

i )± are only strictly real provided that

Θ0 ≤ 4m2(Πc ±Πs)
2 = Θ0(±). (6.94)

The main result here, is that we have found that a significant sub-class of the warp factors
(6.57) are supported by the matter presented in the family of solutions in [2]. Furthermore,
the bound (6.94) suggests that it is only when Θ0 satisfies (6.94) that we have sensible matter
supporting the geometry. It would be interesting to investigate the properties of the matter
when Θ0 does not satisfy (6.94), we defer this to future work.

Recall section 5.7 where we found a class of warp factors ∆NHEK;A for which the NHEK
limit coincided with the NHEK limit on ∆0. In particular the corresponding Θ’s are given
by (5.81) which reads Θ = Am2 when a = 0. Now the bound (6.94) suggests that we should
restrict to A ≤ 4. Furthermore the case A = 4 might be of particular interest since such a Θ
coincides with ∆− for non-charged and static geometries; (5.5) with δI = 0 and a = 0.
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Irrelevant Deformations

In sections 6.5 and 6.6 we made use of the four-parameter family of solutions whose warp
factors read (6.71). This family is derived in [2], where the Einstein equations and matter
equations of motion are diagonalized and solved explicitly. In this chapter we go through the
steps of [2] that lead to the four-parameter family. We will also focus on the core analysis of
that paper, namely the identification of irrelevant operators in a 2D CFT that are dual to
the sources that start the flow from the minimally subtracted static geometry to the original
static geometry. Furthermore we will extend parts of this analysis to the case ∆ ∼ r2 by
repeating a similar analysis for ∆− = A2

red.

7.1 The Static Four-Parameter Family

Since we are restricting to the static case, we again deal with the truncated Lagrangian (6.9),
and the relevant action reads

S = − 1

2κ2

∫
d4x
√
|g|

[
R− 1

4e
−η0F 0

µνF
0µν − 1

2

3∑
i=1

(
∇µηi∇µηi + 1

2e
2ηi−η0F iµνF

iµν
)]
. (7.1)

Note that in order to satisfy the original constraint h1h2h3 = 1, the new scalars are con-
strained by

η0 = η1 + η2 + η3, (7.2)

see appendix C.3.
The equations of motion read

0 = ∇µ∇µηi +
1

4

[
e−η0F 0

µνF
0µν + e−η0

3∑
j=1

(1− 2δij)e
2ηjF jµνF

jµν

]
, (7.3)

0 = ∇µ
(
e−η0F 0µν

)
, (7.4)

0 = ∇µ
(
e−η0+2ηiF iµν

)
, (7.5)

Gµν = 1
2

3∑
i=1

(
∇µηi∇µηi − 1

2gµν∇ληi∇
ληi

)
+ 1

2e
−η0

(
F 0ρ
µ F 0

νρ − 1
4gµνF

0
λρF

0λρ
)

+ 1
2e
−η0

3∑
i=1

e2ηi
(
F iρµ F

i
νρ − 1

4gµνF
i
λρF

iλρ
)
. (7.6)

Since we are dealing with the static case, we employ a spherically symmetric ansatz for the
metric. In addition, to fulfill the constraint equation (6.11), we adopt an electric ansatz for
F 0 and a magnetic ansatz for F i [2]. The ansatz reads

ds2 = − G(r)√
∆(r)

dt2 +
√

∆(r)

(
dr2

X(r)
+ dθ2 +

X(r)

G(r)
sin2θ dφ2

)
, (7.7)

A0 = A0
t (r) dt, (7.8)

Ai = Bi cos θ dφ, (7.9)

ηi = ηi(r), (7.10)

69
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where the constants Bi, i = 1, 2, 3 are the magnetic charges. We note that the ansatz for the
metric is identical to (5.5) with vanishing angular momentum (a = 0).

The functions G(r), X(r) and A0
t (r) are for the moment arbitrary, and will be fixed as we

go along. A constraint between G and X can already be inferred from the (r, θ) component
of (7.6), which is seen to imply

− cos θ

2 sin θ

(
X ′G−XG′

XG

)
= 0, (7.11)

where primes denote differentiation with respect to r, from which it follows that

G = γX, (7.12)

for some constant γ. Plugging this back into the ansatz one finds a further constraint on
X ′′. This can be seen after writing out (7.6) for Grr and Gθθ. Indeed (7.6) only comprises 4
non-trivial equations:

Gtt = −1
4gttg

rr
3∑
i=1

(∂rηi)
2 + 1

4e
−η0grr(F 0

rt)
2 − 1

4e
−η0gttg

θθgφφ
3∑
i=1

e2ηi(F iθφ)2, (7.13)

Grr = 1
4

3∑
i=1

(∂rηi)
2 + 1

4e
−η0gtt(F 0

rt)
2 − 1

4e
−η0grrg

θθgφφ
3∑
i=1

e2ηi(F iθφ)2, (7.14)

Gθθ = −1
4gθθg

rr
3∑
i=1

(∂rηi)
2 − 1

4e
−η0gθθg

rrgtt(F 0
rt)

2 + 1
4e
−η0gφφ

3∑
i=1

e2ηi(F iθφ)2, (7.15)

Gφφ = −1
4gφφg

rr
3∑
i=1

(∂rηi)
2 − 1

4e
−η0gφφg

rrgtt(F 0
rt)

2 + 1
4e
−η0gθθ

3∑
i=1

e2ηi(F iθφ)2. (7.16)

The RHSs were evaluated using the fact that the metric is diagonal, that F 0
rt = −F 0

tr and
F iθφ = −F iφθ are the only non-vanishing components of the field strengths, and that the scalars
ηi(r) only depend on r. The Einstein tensor was computed and the non-zero components
read

Gtt = − 1
16

γX

∆3

[
−16∆2 − 7X(∆′)2 + 8X∆′′∆ + 4X ′∆′∆

]
, (7.17)

Grr = 1
16

1

∆2X

[
−16∆2 −X(∆′)2 + 4X ′∆′∆

]
, (7.18)

Gθθ = − 1
16

1

∆2

[
−X(∆′)2 − 8∆2X ′′ + 4X ′∆′∆

]
, (7.19)

Gφφ = − 1
16

sin2θ

∆2γ

[
−X(∆′)2 − 8∆2X ′′ + 4X ′∆′∆

]
. (7.20)

Notably X ′′ only appears in (7.19 - 7.20). Using that the metric is diagonal we see from
(7.14) and (7.15) that

Grr + gθθgrrGθθ = 0. (7.21)

Using (7.18) and (7.19), this constraint reads

8∆2X ′′ − 16∆2 = 0, (7.22)

and hence
X ′′ = 2. (7.23)

Therefore without loss of generality G and X are fixed to

G = X = r2 − 2mr. (7.24)
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The function A0
t (r), or rather F 0

rt, is fixed by (7.4). Using η0 = η0(r), and employing the
ansatz for F 0

rt we find

∇µ(e−η0F 0µν) = −∂rη0e
−η0F 0rt + e−η0

(
∂rF

0rt + ΓµµλF
0λν + ΓνµλF

0µλ
)
. (7.25)

The last term inside the parenthesis vanishes since the connection is symmetric while F 0 is
antisymmetric. Furthermore, computing the middle term yields

ΓµµλF
0λν = 1

2g
µν∂rgµνF

0rt = 1
2

∆′

∆
F 0rt. (7.26)

Upon lowering of the indices on F 0, which only changes the equation by an overall sign, the
equation amounts to

∂rF
0
rt − ∂r

(
η0 − log(

√
∆)
)
F 0
rt = 0, (7.27)

which gives

F 0
rt = q0

eη0

√
∆
, (7.28)

where q0 is the integration constant. Note that the equation for F i is solved by the ansatz
(7.9), and does not require any adjustment.

With the arbitrary functions of the ansatz now fixed, we recast the non-trivial equations
of motion (7.3) and (7.6). We start with the scalar equation (7.3). The first term is easily
computed using that grr = X/

√
∆

∇µ∇µηi =
1√
−g

∂r(
√
−ggrr∂r)ηi =

(r(r − 2m)η′i)
′

√
∆

. (7.29)

The contractions of the F ′s read

F 0
µνF

0µν = 2grrgtt(F 0
rt)

2 = −2q2
0

e2η0

∆
, (7.30)

and noting that F iθφ = −Bi sin θ

F iµνF
iµν = 2gθθgφφ(F iθφ)2 = 2

B2
i

∆
. (7.31)

Substituting these into (7.3) yields

0 =
(
r(r − 2m)η′i

)′ − eη0

2
√

∆

q2
0 +

3∑
j=1

(2δij − 1)e−2(η0−ηj)B2
j

 . (7.32)

Finally we take a closer look at (7.6), which written out reads on the RHS (7.13 - 7.16),
and on the LHS (7.17 - 7.20). Given γ = 1 and X ′′ = 2, it is straight forward to see that
(7.13 - 7.16) are degenerate. We can therefore reduce from 4 to 2 equations, and following the
paper, we choose the (r, r) component and a linear combination of (t, t) and (φ, φ), namely

gttgφφGtt +Gφφ = −1
2gφφg

rr
3∑
i=1

(∂rηi)
2. (7.33)

Thus the four equations (7.6) reduce to the following two equations

0 =

(
∆′

2∆

)2

− 2(r −m)

r(r − 2m)

∆′

∆
+

4

r(r − 2m)
+
(
η′1
)2

+
(
η′2
)2

+
(
η′3
)2

− eη0

r(r − 2m)
√

∆

[
q2

0 +

3∑
i=1

e−2(η0−ηi)B2
i

]
, (7.34)
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and

0 =
∆′′

∆
− 3

4

(
∆′

∆

)2

+
(
η′1
)2

+
(
η′2
)2

+
(
η′3
)2
. (7.35)

In total we now have five coupled non-linear differential equations; three in (7.32) and the
above two. Quite remarkably, it turns out that we can diagonalize this set of equations. In
[2] they simply introduce the fields φ0, φi

φ0 = 1
2 log

(
∆

m4

)
− η1 − η2 − η3, (7.36)

φ1 = 1
2 log

(
∆

m4

)
− η1 + η2 + η3, (7.37)

φ2 = 1
2 log

(
∆

m4

)
+ η1 − η2 + η3, (7.38)

φ3 = 1
2 log

(
∆

m4

)
+ η1 + η2 − η3, (7.39)

in terms of which the equations are diagonalized.
One way realize this is by subtracting (7.35) from (7.34), which gets rid of the (η′i)

2 terms.
After multiplying by an overall factor of r(r − 2m) the resulting equation reads

0 = r(r − 2m)

[(
∆′

∆

)2

− ∆′′

∆

]
− 2(r −m)

∆′

∆
+ 4− eη0

√
∆

[
q2

0 +

3∑
i=1

e−2(η0−ηi)B2
i

]
. (7.40)

Furthermore, the three first terms in (7.40) can be compactly written in a form similar to
the first term in (7.32). Using this to rewrite the equation, and multiplying by an overall
factor of −1

2 , we arrive at

0 =

(
r(r − 2m)

(
1
2 log(α2∆)

)′)′ − 2 +
eη0

2
√

∆

[
q2

0 +
3∑
i=1

e−2(η0−ηi)B2
i

]
, (7.41)

where α is some unspecified constant. To ease the reading, we reproduce (7.32)

0 =
(
r(r − 2m)η′i

)′ − eη0

2
√

∆

q2
0 +

3∑
j=1

(2δij − 1)e−2(η0−ηj)B2
j

 . (7.42)

We now see that it is tempting to try with fields of the form

φ = C0 · 1
2 log(α2∆) + C1 · η1 + C2 · η2 + C3 · η3 (7.43)

where C0, C1, C2, C3 are constants to be specified. The differential equations, in terms of
these new fields, are then linear combinations (specified by the C’s) of (7.41) and the three
equations that comprise (7.32). This gives equations for the φ’s of the form

0 =
(
r(r − 2m)φ′

)′
+ · · · . (7.44)

We need to tune the constants (C’s) in such a way that we can express · · · completely in
terms of the φ’s and the charges q0, Bi. Writing it out, we find

· · · = 1
2αq

2
0(C0 − C1 − C2 − C3) exp{−1

2 log(α2∆) + η1 + η2 + η3}

+ 1
2αB

2
1(C0 − C1 + C2 + C3) exp{−1

2 log(α2∆) + η1 − η2 − η3}

+ 1
2αB

2
2(C0 + C1 − C2 + C3) exp{−1

2 log(α2∆)− η1 + η2 − η3}

+ 1
2αB

2
3(C0 + C1 + C2 − C3) exp{−1

2 log(α2∆)− η1 − η2 + η3}

− 2C0.

(7.45)
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Clearly, if we wish to write the above in terms of φ, φ must satisfy

φ ∼ 1
2 log(α2∆). (7.46)

In general the linear combination of terms appearing in the exponentials must be proportional
to the φ’s or else diagonalization is not possible. We see to our relief that the fields in the
exponents are all linearly independent, and furthermore, that the C ′s corresponding to a
given exponent, ensure that the prefactors in front of the others vanish.

To clarify, focusing our attention on the first term in (7.45), where all η’s come with the
same positive weight, the exponent is identical to the φ with C1 = C2 = C3 = −C0, which is
a constraint which simultaneously ensures that the other three terms vanish. Thus, setting
α = 1/m2 for dimensional reasons, we have found the φ’s of (7.36 - 7.39) that diagonalize
the set of coupled non-linear differential equations.

From all this work we can easily read off the new decoupled equations

0 =
(
r(r − 2m)φ′0(r)

)′
+ 2

(
q2

0

m2
e−φ0(r) − 1

)
, (7.47)

0 =
(
r(r − 2m)φ′i(r)

)′
+ 2

(
B2
i

m2
e−φi(r) − 1

)
. (7.48)

Solutions to these equations give us solutions ηi(r), ∆(r), and F 0(r) given by (7.28) that
solve the non-linear equations that we started with.

In [2] they have obtained general solutions to these decoupled equations involving two
integration constants. Of those solutions only a specific subset are found to be regular at
the horizon, effectively fixing one of the integration constants. The regular solutions read

φreg
0 (r) = log

[
q2

0

4m4

(a2
0r + 2m)2

1 + a2
0

]
, (7.49)

φreg
i (r) = log

[
B2
i

4m4

(a2
i r + 2m)2

1 + a2
i

]
. (7.50)

Here a0 and ai are the four integration constants that parametrize the family of static black
hole solutions. The solutions in terms of ηi and ∆ read

∆(r) =

√
q2

0B
2
1B

2
2B

2
3

16m4

3∏
I=0

a2
Ir + 2m√

1 + a2
I

, (7.51)

e2η1(r) =

∣∣∣∣B2B3

q0B1

∣∣∣∣
√

(1 + a2
0)(1 + a2

1)

(1 + a2
3)(1 + a2

2)

(a2
2r + 2m)(a2

3r + 2m)

(a2
0r + 2m)(a2

1r + 2m)
, (7.52)

e2η2(r) =

∣∣∣∣B3B1

q0B2

∣∣∣∣
√

(1 + a2
0)(1 + a2

2)

(1 + a2
1)(1 + a2

3)

(a2
3r + 2m)(a2

1r + 2m)

(a2
0r + 2m)(a2

2r + 2m)
, (7.53)

e2η3(r) =

∣∣∣∣B1B2

q0B3

∣∣∣∣
√

(1 + a2
0)(1 + a2

3)

(1 + a2
2)(1 + a2

1)

(a2
1r + 2m)(a2

2r + 2m)

(a2
0r + 2m)(a2

3r + 2m)
. (7.54)

7.2 Interpolating: Subtracted and Original Geometry

The main feature of the four-parameter family of solutions (7.51 - 7.54), is that it contains
both the original and the subtracted geometries of [19]. Comparing (5.9) with (7.51), it is
easy to see that in the static case the warp factor (7.51) coincides with the original warp
factor (5.9) when

aorig
I =

1

sinh δI
, qorig

0 = m sinh(2δ0), Borig
i = m sinh(2δi). (7.55)
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Similarly one readily obtains the minimal warp factor in the static case (5.56) when

asubt
0 =

√
Π2
c −Π2

s

Π2
s

, asubt
i = 0, qsubt

0 = −16m4ΠcΠs

B1B2B3
. (7.56)

Furthermore, as indicated in [2] figure 1 and our own version figure 7.1, these geometries
are smoothly connected in parameter space: By dialing the aI ’s, this family of solutions
interpolates between the original and the subtracted geometries of [19]. It is also apparent
from (7.51) that there exist choices of aI that give warp factors ∆ ∼ r2. We made us of this
in sections 6.5 - 6.6 to identify matter supporting the subtracted geometry with warp factor
∆− = A2

red, recall the choices (6.72) and (6.81) respectively coinciding with ∆− and ∆+.

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

100 102 104 106 108 1010

d log ∆
d log r

r

Figure 7.1: Log plot of d log ∆
d log r for the warp factors (7.51). The thick lines leveling out to

2.0 and 1.0 for large r show respectively the behavior of general ∆ ∼ r2 and
the minimal warp factor ∆̄. The curves departing from the thicker ones show
the behavior of the original warp factor ∆0 where successive curves to the right
correspond to smaller values of ai. Specifically we have for the curves departing
the upper solid line i = 2, 3 and for the lower i = 1, 2, 3. From (7.55) it is
apparent that the original warp factor and subtracted warp factors agree over
a broader range as the magnetic charges are increased (B2, B3 for ∆ ∼ r2 and
B1, B2, B3 for ∆ ∼ r). This figure is an adaptation of figure 1. in [2]

7.3 Irrelevant Deformations: Summary of the Procedure

In [2] the sources that turn on the flow to the original geometry are found to correspond
to irrelevant operators in a CFT dual to the theory. To arrive at this conclusion, the 4D
theory is uplifted to 5D using that the STU model is obtainable by dimensional reduction
of a Lagrangian that we denote L5, see appendix C. The 4D subtracted solution is found
to uplift to a geometry that asymptotes to AdS3×S2 allowing for the standard application
of the AdS/CFT correspondence. Firstly though the AdS3 part is isolated by dimensionally
reducing over S2.

A consistent Kaluza-Klein reduction is performed giving rise to a 3D theory with scalar
content Ψ(x),Φ(x), U(x) where x = (r, t, z). The 3D equations of motion simplify when



Chapter 7. Irrelevant Deformations 75

considering constant scalars. In particular Einstein’s field equations simplify allowing for
the identification of an effective cosmological constant, thus the space-time is found to be
locally AdS3. Furthermore, crucially, there is a unique solution for the values of the fields
Ψ,Φ and U that coincide with the subtracted solution. Finally linearizing the bulk fields
around this subtracted solution one finds that the perturbations δF are all solutions to the
same equation, and using the dictionary of AdS/CFT, these perturbations are found to be
irrelevant operators of the dual CFT with conformal dimension ∆ = 4.

In the sections that follow we reproduce some of the main results of [2] going into a
little more detail in the analysis. We start with the linearized analysis, that is a study of
the equations (7.47 - 7.48) for perturbations around the subtracted fields corresponding to
the subtracted geometry and matter. The resulting differential equations for the linearized
perturbations are solvable analytically. Thereafter the sources that turn on these linear
perturbations are found by expanding the fields around the subtracted solution in terms of
the parameters aI . From comparing the results of the linearized analysis and the perturbation
in aI one identifies the sources. The remaining sections then cover the uplift and subsequent
reduction that give the sources a 3D interpretation, and finally dual CFT operators, that
are found to be irrelevant deformations. At the very end we repeat the analysis of sections
7.4 and 7.5 for the subtracted geometry with ∆−.

7.4 Linearized Analysis for ∆̄

In terms of the fields φI , I = 0, 1, 2, 3 that diagonalize the non-linear equations of motion (7.47
- 7.48), linearization is simple. We would like to linearize around the minimally subtracted
solution following [2], i.e consider

φI = φsubt
I + δφI , (7.57)

where δφI are the linearized perturbations. Plugging such a φI into the decoupled equations
of motion (7.47 - 7.48) gives

r(r − 2m)δφ′′0+2(r −m)δφ′0 − 2
q2

0B
2
1B

2
2B

2
3

∆̄2
δφ0 = 0, (7.58)

r(r − 2m)δφ′′i +2(r −m)δφ′i − 2δφi = 0. (7.59)

We start deriving the first of these. Plugging φ0 = φsubt
0 + δφ0 into (7.47), and using that

φsubt
0 is a solution gives

r(r − 2m)δφ′′0 + 2(r −m)δφ′0 −
2q2

0

m2
e−φ

subt
0 δφ0 = 0. (7.60)

Plugging in the explicit expression for φsubt
0 gives

2q2
0

m2
e−φ

subt
0 = 4m2 1 + (asubt

0 )2(
(asubt

0 )2r + 2
)2 . (7.61)

Comparing with (7.51) and noting that for the minimally subtracted geometry only asubt
0 6=

0, we can write the above in terms of the subtracted warp factor and the charges of the
subtracted geometry. We find

r(r − 2m)δφ′′0 + 2(r −m)δφ′0 − 2
q2

0B
2
1B

2
2B

2
3

∆̄2
δφ0 = 0, (7.62)

where it is understood that the charges and the warp factor are those corresponding to the
minimally subtracted geometry.
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Similarly, plugging φi = φsubt
i + δφi into (7.48) gives

r(r − 2m)δφ′′i + 2(r −m)δφ′i −
2B2

i

m2
e−φ

subt
i δφi = 0. (7.63)

The prefactor in the last term is simpler this time, since asubt
i = 0. It reduces to a factor of

1, and we have

r(r − 2m)δφ′′i + 2(r −m)δφ′i − 2δφi = 0. (7.64)

The linearized equations (7.58 - 7.59) simplify in terms of a new radial coordinate

x = r/m− 1, (7.65)

for which (letting primes denote differentiation with respect to the argument)

δφ′(r) =
1

m
δφ′(x), δφ′′(r) =

1

m2
δφ′′(x), (7.66)

and we find that (7.59) is a Legendre equation

(1− x2)δφ′′i (x)− 2xδφ′i(x) + 2δφi(x) = 0. (7.67)

The general solution is well known and reads

δφi(x) = αix+ βi

(
x

2
log

(
1 + x

1− x

)
− 1

)
, (7.68)

where αi and βi are real constants. The attentive reader may note however that the sign
of the argument of the logarithm is opposite of that given in [2] (typo). This has no effect
however, as they set βi = 0 to impose regularity of the solutions at x = 1 corresponding to
the horizon r = 2m. Going back to the original radial coordinate r we have thus

δφi(r) = αi

( r
m
− 1
)
. (7.69)

After the same change of variable (7.58) reads

(1− x2)δφ′′0(x)− 2xδφ′0(x) + 8

(
ΠcΠs

(Π2
c −Π2

s)(1 + x) + 2Π2
s

)2

δφ0(x). (7.70)

The last term can be simplified by introducing

b ≡ Π2
c −Π2

s

2
√

2ΠcΠs

, c ≡ Π2
c + Π2

s

2
√

2ΠcΠs

, (7.71)

and we end up with

(1− x2)δφ′′0(x)− 2xδφ′0(x) +
1

(bx+ c)2
δφ0(x) = 0. (7.72)

The solution that is regular at the horizon reads

δφ0(x) = α0
cx+ b

bx+ c
= α0

(Π2
c + Π2

s)r − 2mΠ2
s

(Π2
c −Π2

s)r + 2mΠ2
s

. (7.73)
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7.5 Perturbation Theory around ∆̄ - Identifying Sources

In [2] they linearize the solution φI around the values asubt
I , in order to identify the sources

that start the flow. Starting with φi and linearizing around a2
i = 0 they find

φi = φsubt
i + a2

i

( r
m
− 1
)

+ · · · , (7.74)

and recognize the second term on the right-hand side as corresponding to the linearized
perturbation that we found in the previous section. This is found by a Taylor expansion of

φi = log

[
B2
i

4m4

(a2
i r + 2m)2

1 + a2
i

]
, (7.75)

around a2
i = 0. Continuing to higher orders, one readily notices that all higher order terms

will not be linear in r, therefore by comparison with the previous section (7.69) we establish

αi = (aorig
i )2 =

1

sinh2δi
. (7.76)

For φ0, the Taylor expansion of

φ0 = log

[
q2

0

4m4

(a2
0r + 2m)2

1 + a2
0

]
(7.77)

around a2
0 = (asubt

0 )2 gives

φ0 = φsubt
0 + (a2

0 − (asubt
0 )2)

Π2
s

Π2
c

[
(Π2

c + Π2
s)r − 2mΠ2

s

(Π2
c −Π2

s)r + 2mΠ2
s

]
+ · · · . (7.78)

Noting again that none of the higher order terms are proportional to r, leads us via compar-
ison with (7.73) to conclude that the source reads

α0 =
(
(aorig

0 )2 − (asubt
0 )2

)Π2
s

Π2
c

. (7.79)

These sources are not in general infinitesimal, however they become infinitesimal in the
limit of large charges δi. In this limit the sources take on simpler forms. It is easy to see
from

αi =
1

sinh2δi
(7.80)

that in the limit where the three charges are all large

sinh2δi = 1
4(e2δi + e−2δi + 2) ≈ 1

4e
2δi =⇒ αi ≈ 4e−2δi . (7.81)

For the sources α0 we have

α0 =

(
1

sinh2δ0

− Π2
c −Π2

s

Π2
s

)
Π2
s

Π2
c

(7.82)

=
sinh2δ1 sinh2δ2 sinh2δ3

cosh2δ1 cosh2δ2 cosh2δ3

− 1 (7.83)

≈ 4
3∑
i=1

e−2δi , (7.84)

here δ0 is kept fixed while the other three charges δi � δ0, where i = 1, 2, 3.
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7.6 Kaluza-Klein Reduction

The realization is essentially the one that the STU model being considered is obtainable by
dimensionally reducing the 5D theory (see appendix C) with Lagrangian

L5 = R5 ?5 1− 1
2Hij ?5 dhi ∧ dhj − 1

2Hij ?5 F̃
i ∧ F̃ j + 1

6CijkF̃
i ∧ F̃ j ∧ Ãk, (7.85)

where Hij and Cijk are defined as previously. The 5D line element is related to the 4D line
element by the Kaluza-Klein (KK) ansatz

ds2
5 = f2(dz +A0)2 + f−1ds2

4, (7.86)

and the 5D vector fields related to the 4D pseudo scalars and vector fields via

Ãi = χi(dz +A0) +Ai. (7.87)

This allows for the uplifting of the 4D geometry and matter fields to 5D, explicitly we have
the 5D line element reading

ds2
5 = e

η0
3

√
∆

(
dr2

X
− G

∆
dt2 +

e−η0

√
∆

(dz +A0)2

)
+ e

η0
3

√
∆ ds2(S2). (7.88)

For the minimally subtracted geometry on has e
η0
3 = ∆̄−1/2 and as shown in [19] the 5D line

element is locally of the form AdS3 × S2.
Following [2] we proceed to reduce from the 5D theory to a 3D theory choosing a KK

ansatz reading

ds2
5 = ds2

string(M) + e2U(x)ds2(Y ), (7.89)

F̃ i = −Bi sin θ dθ ∧ dφ, (7.90)

Ψ = Ψ(x), (7.91)

Φ = Φ(x), (7.92)

where M denotes the (2 + 1)-dimensional external manifold with coordinates x = {r, t, z}
and Y represents the two-sphere of radius `S with coordinates y = {θ, φ}. It is furthermore
assumed that A0 has no legs on the two-sphere (i.e it is purely electric). The orientation is
chosen such that the volume form of the internal two-sphere reads

vol2 = `2S sin θ dθ ∧ dφ. (7.93)

The explicit calculations can be found in appendix E, we find that the five-dimensional scalar
equations of motion reduce to the three-dimensional equations

0 = d(?3dΨ) + 2dU ∧ ?3dΨ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΨ
vol3, (7.94)

0 = d(?3dΦ) + 2dU ∧ ?3dΦ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΦ
vol3. (7.95)

Similarly, the Einstein equations reduce to

Rab =2(∇b∇aU +∇aU∇bU)

+
1

2

[
∇aΨ∇aΨ +∇aΦ∇aΦ− 1

3ηabe
−4U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ)

]
, (7.96)
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and

∇a∇aU + 2∇aU∇aU −
e−2U

`2S
+ 1

3e
−4U

3∑
i=1

B2
i

`4S
Hii = 0, (7.97)

where (7.96) and (7.97) stem from the components of the Einstein equations in M and Y
respectively.

Finally from the fact that all reference to the internal two-sphere drops out, we see that
the reduction is indeed consistent. Furthermore as noted in [2], the equations of motion (7.94
- 7.97) can be derived from the string frame action

Sstring = − 1

16πG3

∫
d3x
√
|g|e2U

[
R+

2

`2S
e−2U − 1

2e
−4U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ)

+ 2(∇U)2 − 1
2(∇Ψ)2 − 1

2(∇Φ)2

]
. (7.98)

In order to pass to Einstein frame, the metric is simply rescaled by the transformation

ds2
string(M) = e−4Uds2

(E)(M), (7.99)

which implies that √
|g| = e−6U

√
|g(E)|, (7.100)

and that
R = e4U

[
R(E) + 8�(E)U − 8(∇(E)U)2

]
. (7.101)

From this it follows that the effective action in Einstein frame reads

S(E) = − 1

16πG3

∫
d3x
√
|g(E)|

[
R(E) +

2

`2S
e−6U − 1

2e
−8U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ)

− 6(∇(E)U)2 − 1
2(∇(E)Ψ)2 − 1

2(∇(E)Φ)2

]
. (7.102)

7.7 Explicit Expressions for the 3D Fields

We now derive the results found in appendix A.3 of [2]; the explicit expressions for the scalars
hi apparent in both the 5D and the 3D equations of motion, as well as the expressions for
the 3D fields U,Ψ and Φ. We begin by casting the fields hi in terms of the fields φI that
diagonalize the coupled equations.

From
hi = e

1
3
η0−ηi (7.103)

and from (7.36 - 7.39) one readily finds

h1 = exp
[

1
6(2φ1 − φ2 − φ3)

]
,

h2 = exp
[

1
6(2φ2 − φ1 − φ3)

]
,

h3 = exp
[

1
6(2φ3 − φ1 − φ2)

]
. (7.104)

Plugging in the regular solutions (7.50) one then finds

h1(r) =

(
B2

1

|B2B3|

√
(1 + a2

2)(1 + a2
3)

1 + a2
1

(a2
1r + 2m)2

(a2
2r + 2m)(a2

3r + 2m)

)1/3

,

h2(r) =

(
B2

2

|B1B3|

√
(1 + a2

1)(1 + a2
3)

1 + a2
2

(a2
2r + 2m)2

(a2
1r + 2m)(a2

3r + 2m)

)1/3

,

h3(r) =

(
B2

3

|B1B2|

√
(1 + a2

1)(1 + a2
2)

1 + a2
3

(a2
3r + 2m)2

(a2
1r + 2m)(a2

2r + 2m)

)1/3

.

(7.105)
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Next we consider the 3D fields. Staring with U , we deduce from the KK ansatz (7.89)
and the general form of the 5D line element (7.86) that

e2U = eη0/3

√
∆

`2S
. (7.106)

Now from (7.36 - 7.39) we find

U = 1
6(φ1 + φ2 + φ3) + log(m/`S) (7.107)

and plugging in the regular solutions (7.50) we find

U(r) = 1
3 log

[
1√

(1 + a2
1)(1 + a2

2)(1 + a2
3)

(
a2

1

2m
r + 1

)(
a2

2

2m
r + 1

)(
a2

3

2m
r + 1

)]
. (7.108)

We will not bother going through the other fields, the procedure is very similar, and the
results can be found in appendix A.3 of [2].

7.8 Subtracted Solution for 3D Fields

The subtracted solution is the member of the general family of solutions with ai = 0. We will
simply note down the form that the fields hi and U take on in this case. We find plugging
ai = 0 into the findings of the previous section that

h1 =

(
B2

1

|B2B3|

)1/3

, h2 =

(
B2

2

|B1B3|

)1/3

, h3 =

(
B2

3

|B1B2|

)1/3

, (7.109)

and

Ū = 0. (7.110)

Plugging this into the 3D equation of motion for U gives the relation

`2S = 1
3

3∑
i=1

B2
iHii, (7.111)

which given Hii = (hi)−2 gives the result

`S = (B1B2B3)1/3. (7.112)

We see now that the term

2

`2s
e−6U − 1

2e
−8U

3∑
i=1

B2
i

`4s
Hii(Ψ,Φ) (7.113)

in equation (7.102) is constant for the subtracted solution, and as in [2], dubbing this con-
stant −2Λeff, we see that the subtracted geometry is a solution to Einstein’s equations with
an effective cosmological constant Λeff. All solutions of Einstein’s equations with negative
cosmological constant in three-dimensions are locally AdS3, thus paving the road for a two-
dimensional CFT interpretation of the subtracted geometry.
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7.9 Linearizing 3D Fields

Linearizing the 3D fields Ψ,Φ, U around the subtracted solution, one finds that their fluctu-
ations all satisfy the same equation

∇µ∇µδF −
8

L2
δF = 0, (7.114)

where L is the effective AdS3 length and F denotes any of the fields Ψ,Φ, U . We will later
need that

L = 2e3Ū`S , `S = (B1B2B3)1/3. (7.115)

We will derive this result for Ψ, the derivation follows similarly for Φ and U . It comes
about by linearizing their equations of motion around the subtracted solution. The equations
of motion read

0 = ∇µ∇µΨ− 1
2e
−8U

3∑
i=1

B2
i

`4S

δHii(Ψ,Φ)

δΨ
, (7.116)

0 = ∇µ∇µΦ− 1
2e
−8U

3∑
i=1

B2
i

`4S

δHii(Ψ,Φ)

δΦ
, (7.117)

0 = ∇µ∇µU −
e−6U

`2S
+ 1

3e
−8U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ). (7.118)

The subtracted solution {Ψ̄, Φ̄, Ū} reads

eŪ =

(
B1B2B3

`2S

)1/3

= 1, eΨ̄ =

(
B2

1

B2B3

)1/
√

6

, eΦ̄ =

(
B3

B2

)1/
√

2

. (7.119)

Furthermore we need

h1 = e
√

2/3Ψ, h2 = e−
√

1/6Ψ−
√

1/2Φ, h3 = e−
√

1/6Ψ+
√

1/2Φ, (7.120)

since Hii = (hi)−2

H11 = e−
√

8/3Ψ, H22 = e
√

2/3Ψ+
√

2Φ, H33 = e
√

2/3Ψ−
√

2Φ. (7.121)

We start by inserting Ψ = Ψ̄ + δΨ into its equation of motion (7.116)

0 = ∇µ∇µΨ̄ +∇µ∇µδΨ− 1
2e
−8Ū

3∑
i=1

B2
i

`4S

δHii

δΨ

∣∣∣∣
Ψ=Ψ̄+δΨ

. (7.122)

Note that we are evaluating on the subtracted background, i.e we have Φ = Φ̄ and U = Ū .
We need to evaluate the functional derivative of Hii with respect to Ψ. Using (7.121) we
see that these functional derivatives will all be of the form exp(F ), a linearization of which
reads

eF̄+δF = eF̄ eδF ≈ eF̄ + eF̄ δF. (7.123)

Clearly the eF̄ together with ∇µ∇µF̄ will vanish, since F̄ is a solution to the equation of
motion. We use F here since this argument is general and applies for all the three fields. For
Ψ we get explicitly

0 = ∇µ∇µδΨ−
e−8Ū

2`4S

(
8
3B

2
1e
−
√

8/3Ψ̄ + 2
3B

2
2e
√

2/3Ψ̄+
√

2Φ̄ + 2
3B

2
3e
√

2/3Ψ̄−
√

2Φ̄
)
δΨ. (7.124)
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To evaluate the parenthesis, we use (7.119), and find

0 = ∇µ∇µδΨ−
8

L2
δΨ. (7.125)

From this one can read off the conformal weights of the dual operators, which are found
using the standard dictionary to be ”∆ = 4” for each of the three fields [2], from which one
draws the conclusion that they are irrelevant.

The standard dictionary (operator-state map) states that a scalar field in the bulk of
AdSd+1 is dual to an operator at the boundary with scaling dimension

∆ =
d

2
+

√
d2

4
+m2`2, (7.126)

where d is the dimensionality of the dual CFT, m is the mass of the scalar field and ` is
the curvature radius of AdS [1]. In our case it is straight forward to see how this equates
to ∆ = 4, for the CFT operators dual to the 3D scalar perturbations δΦ, δΨ and δU , in the
AdS3 bulk theory.

7.10 Linearizing around ∆−

We now repeat section 7.4 for the subtracted geometry with warp factor ∆−, i.e

φI = φsubt
I + δφI , (7.127)

where φI are given as

φI(r) = log

[
Q2
I

4m4

(a2
Ir + 2m)2

1 + a2
I

]
, Q0 ≡ q0, Qi ≡ Bi. (7.128)

The decoupled equations of motion for these fields reads

(r(r − 2m)φ′I(r))
′ + 2

(
Q2
I

m2
e−φI(r) − 1

)
= 0. (7.129)

Plugging in φI = φsubt
I + δφI gives

(r(r − 2m)δφ′I)
′ − 2

Q2
I

m2
e−φ

subt
I δφI = 0. (7.130)

Explicitly in terms of the a’s this reads

(r(r − 2m)δφ′I)
′ − 8m2 (1 + a2

I)

(a2
Ir + 2m)2

δφI = 0. (7.131)

For I = 2, 3 we then get that the solutions for δφI coincide with the ones for the minimally
subtracted case studied in [2], i.e, after changing variable x = r/m− 1, the equation for δφi
for i = 2, 3 is seen to be the Legendre equation. The solutions that are regular at the horizon
read

δφi = αi

( r
m
− 1
)
, i = 2, 3. (7.132)

For I = 0, 1 and inserting

a0 = a1 =

√
Πc −Πs

Πs
, (7.133)

we get

(r(r − 2m)δφ′I)
′ − 2

|q0B1B2B3|
∆−

δφI = 0, (7.134)
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where we expressed the coefficient in front of δφI in terms of the warp factor and the charges,
to aid comparison with (7.58) for the minimally subtracted geometry where the coefficient
reads

2
q2

0B
2
1B

2
2B

2
3

∆̄2
. (7.135)

To solve (7.134) we again perform the coordinate change x = r/m−1, and thereafter employ

b =
Πc −Πs

2
√

2ΠcΠs
, c =

Πc + Πs

2
√

2ΠcΠs
, (7.136)

in terms of which (7.134) reads

(1− x2)δφ′′I (x)− 2xδφ′I(x) +
1

(bx+ c)2
δφI(x) = 0. (7.137)

The solutions that are regular at the horizon read

δφI(x) = αI
cx+ b

bx+ c
= αI

(Πc + Πs)r − 2mΠs

(Πc −Πs)r + 2mΠs
, I = 0, 1. (7.138)

7.11 Perturbation Theory around ∆−

We now linearize around the values asubt
I that give us ∆−. We start with φi for i = 2, 3

φsubt
i = log

[
B2
i

m2

]
, i = 2, 3. (7.139)

Making a Taylor expansion around a2
i = (asubt

i )2 = 0 we find

φi = φsubt
i + a2

i

( r
m
− 1
)

+ · · · (7.140)

which agrees with the minimally subtracted case. We proceed on to I = 0, 1

φsubt
I = log

[
Q2
I

m2

∆−
|q0B1B2B3|

]
, QI = q0, B1, I = 0, 1. (7.141)

Now the Taylor expansion around a2
I = (asubt

I )2 = (Πc −Πs)/Πs, I = 0, 1 gives

φI = φsubt
I + (a2

I − (asubt
I )2)

Πs

Πc

(Πc + Πs)r − 2mΠs

(Πc −Πs)r + 2mΠs
+ · · · . (7.142)

Essentially, we are lead to the suspicion that employing ∆− in place of ∆̄ does not change
things a whole lot. As noted in [2], one is already lead to the suspicion that in the minimally
subtracted case, the three δφi, i = 1, 2, 3 correspond to irrelevant perturbations while δφ0

seems to be associated with a marginal perturbation. This suspicion is supported by the large
r behavior of the perturbations δφI . Similarly, in the case of ∆− our linear analysis leads
us to suspect that now two of the modes δφi, i = 2, 3 correspond to irrelevant perturbations
while the modes δφI , I = 0, 1 seem marginal. The validity of the dual conformal field theory,
if any, will then still be limited to the same extent as in the case of the minimally subtracted
geometry. We still require α� 1 (now α being the smallest of α2, α3). However, for the ∆−
case we do then have the freedom to consider two finite charges q0 and B1, while we need to
have B2 and B3 large. So in that sense it is an improvement since in the minimally subtracted
case, all three magnetic charges have to be large. As we noted earlier, we necessarily have
two a’s turned off, in order to at most have ∆ ∼ r2 for large r. Thus it seems that allowing
for two finite charges is the best one can do in the subtracted geometry approach, for the
family of static black holes discussed. Extending the analysis in this chapter to the rotating
case is of particular interest, this has been achieved by the use of Harrison transformations
in [17].
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8

Supporting Matter - Rotating Case

The interpolating black hole family (7.51 - 7.54) established in [2] for the four charge static
black holes in the STU model, is useful in that it readily gives the linear perturbations needed
to start the interpolating flow between the subtracted and original geometry. This allows for
a detailed comparison of the subtracted and original geometry, which is highly valuable in
an attempt to understand the extent to which a dual CFT description is viable.

In the rotating case, we do not seem to have the luxury of a simple interpolating solution,
however there is still a powerful approach at our disposal 1. Indeed the scaling limits discussed
in [16] that extract the minimally subtracted geometry from the original geometry, is not
limited to the static case. We will review the scaling limit on the minimally subtracted
geometry, and implement a similar scaling limit that extracts our warp factor ∆− from the
original: We successfully employ the scaling limit in the rotating case, and verify that the
matter supports the geometry with warp factor ∆−.

8.1 Scaling Limits in the Static Case

In [16] they obtain the minimally subtracted geometry of [19] in a scaling limit of the original
geometry. Since their notation is slightly different, we will firstly point out how the parame-
ters relate to the notation used in [2], which is the notation we stick to when discussing the
static case.

The charge parameters δi coincide with the ones employed herein, while the δ4 of [16] is
instead referred to as δ0. Furthermore, crucially, the scalar fields are related non trivially

ϕ1 ↔ η2, ϕ2 ↔ η1, ϕ3 ↔ η3. (8.1)

For the vector matter we have in the static case

F1 ↔ F 1, F2 ↔ −e−η0+2η2 ? F 2, F1 ↔ F 3, F2 ↔ F 0, (8.2)

where we are relating field strengths as defined in [16] on the LHSs with those in [2] on the
RHSs. In the static case F i, i = 1, 2, 3 are purely magnetic, while F 0 is purely electric.

We follow the first example of [16]. Considering the static case a = 0, and without loss of
generality taking three of the charges equal δ̃i ≡ δ̃, i = 1, 2, 3 we take the scaling limit with
ε→ 0

r̃ = rε, t̃ = tε−1, m̃ = mε,

2m̃ sinh2δ̃ ≡ Q = 2mε−1/3(Π2
c −Π2

s)
1/3, sinh2δ̃0 =

Π2
s

Π2
c −Π2

s

,
(8.3)

where the ”tilde” coordinates and parameters of the scaled solution are related to those of
the (in this case) minimally subtracted geometry in the static case. Applying the scaling
limit (8.3) to the original warp factor (6.39), one readily finds

∆0 → ∆̄ = (2m)3[(Π2
c −Π2

s)r + 2mΠ2
s]. (8.4)

1We note that in [17] Harrison transformations provide a four-parameter family that interpolates between
the original and minimally subtracted geometry in the rotating case.

85
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Furthermore, employing this scaling limit on the equations for the matter supporting the
original geometry, one finds the matter that supports the subtracted geometry.

We wish to find a similar scaling limit that gives us

∆0 → ∆−. (8.5)

Inspired by the example of [16], we set the charges equal in pairs, i.e

δ̃2 = δ̃3 = δ̃, δ̃0 = δ̃1 = δ̃f . (8.6)

The subscript f indicates the finiteness of those parameters. It seems one has to impose that
the two finite charges coincide, while the two large charges are set identical without loss of
generality. We find that employing the scaling limit ε→ 0

r̃ = rε, t̃ = tε−1, m̃ = mε,

2m̃ sinh2 δ̃ ≡ Q = 2mε−1(Πc −Πs), sinh2δ̃f =
Πs

Πc −Πs
,

(8.7)

on the original warp factor gives

∆0 = ε2(r + 2m sinh2δ̃f )2(rε+Q)2 → 4m2
[
(Πc −Πs)r + 2mΠs

]2
. (8.8)

For the scalar matter

e−ηi = hi

√
h0

h1h2h3
, hI = r + 2m sinh2δI , I = 0, 1, 2, 3, (8.9)

one finds that the scaling limit gives

η1 = −1
2 log

(
4m2[(Πc −Πs)r + 2mΠs]

2
)

+ logQ2, (8.10)

η2 = η3 = 0, (8.11)

and for the vector matter

AIt =
2m sinh δI cosh δI

hI
, (8.12)

one finds

A0 = A1 =
2mQ

√
ΠcΠs

(Πc −Πs)∆
1/2
−

dt, (8.13)

A2 = A3 = − r
Q
dt. (8.14)

The resulting field strengths read

F 0
tr = F 1

tr =
4m2Q

√
ΠcΠs

∆−
, (8.15)

F 2
tr = F 3

tr =
1

Q
. (8.16)

From the field strengths we can read off the charges

−q0 = B1 =
4m2
√

ΠcΠs

Q
, B2 = B3 = Q. (8.17)

This agrees with (6.73 - 6.80), and it follows that the scaling limit has given us matter and
geometry that solves the Einstein equations and the matter equations of motion, as it is a
member of the family studied in [2].

Note that taking Πs → −Πs and repeating the above, the limit gives the subtracted
geometry with warp factor ∆+, and the matter is identical up to a change in the sign of Πs.
Notably the gauge fields A0 and A1 become proportional to

√
−ΠcΠs.
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8.2 Scaling Limit for ∆̄ in the Rotating Case

We found matter supporting the subtracted geometries in the statics case, both via directly
solving the equations of motion, and also now in the last section by applying a scaling limit on
the original geometry and matter. To find matter that supports the subtracted geometry in
the rotating case is rather difficult. Indeed it is not straight forward to simply find a solution
to the equations of motion. However, employing a scaling limit on the original matter that
supports the original geometry with rotation, is significantly easier. In reference [16] they
employed such a limit and found matter supporting the minimally subtracted geometry in
the rotating case. We will attempt the same for the rotating subtracted geometry with warp
factor ∆−.

Now that rotation is turned on it is no longer sufficient to deal with the truncated
pseudoscalar-free STU model, indeed we require in general non-vanishing pseudoscalars in
the rotating case. To warm up we quickly go through the steps taken in [16], where the
relevant Lagrangian takes the form

L4 = R ? 1− 1
2 ? dϕi ∧ dϕi −

1
2e

2ϕi ? dχi ∧ dχi − 1
2e
−ϕ1

(
eϕ2−ϕ3 ? F1 ∧ F1

+ eϕ2+ϕ3 ? F2 ∧ F2 + e−ϕ2+ϕ3 ? F1 ∧ F1 + e−ϕ2−ϕ3 ? F2 ∧ F2

)
− χ1(F1 ∧ F1 + F2 ∧ F2), (8.18)

in terms of field strengths

F1 = dA1 − χ2dA2, (8.19)

F2 = dA2 + χ2dA1 − χ3dA1 + χ2χ3dA2, (8.20)

F1 = dA1 + χ3dA2, (8.21)

F2 = dA2. (8.22)

This Lagrangian is considered as opposed to the one in [2] since the matter solutions
supporting the original geometry derived in [13] are solutions with this parameterization of
the action. We show how this Lagrangian relates to the triality invariant form used in [2] in
appendix C.2.

From now on we stick to the notation used in [16]. Again, without loss of generality they
consider the case where three of the charges are equal, thus

?F1 = F2 = ?F1 ≡ F = dA, F2 ≡ F = dA. (8.23)

The original matter supporting that geometry is rather non-trivial, now that rotation is
turned on. That matter is however, readily transcribed from [13], and with

δ̃1 = δ̃2 = δ̃3 = δ̃, δ̃4 = δ̃0, (8.24)

and employing the abbreviations

s̃ = sinh δ̃, c̃ = cosh δ̃, s̃0 = sinh δ̃0, c̃0 = cosh δ̃0, (8.25)

the original warp factor reads

∆0 = (r̃ + 2m̃s̃2)3(r̃ + 2m̃s̃2
0) + ã4 cos4θ

+ 2ã2 cos2θ
[
r̃2 + m̃r̃(3s̃2 + s̃2

0) + 4m̃2c̃0s̃0c̃
3s̃3 − 2m̃2(s̃6 + 3s̃2

0s̃
4 + 2s̃2

0s̃
6)
]
, (8.26)
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the scalar matter reads2

χ1 = −χ2 = χ3 =
2m̃ã cos θ

(r̃ + 2m̃s̃2)2 + ã2 cos2θ
c̃s̃(c̃s̃0 − s̃c̃0), (8.27)

eϕi =
(r̃ + 2m̃s̃2)2 + ã2 cos2θ

∆̃
1/2
0

, i = 1, 2, 3, (8.28)

and the gauge potentials read

A =
2m̃

∆̃0

{[
(r̃ + 2m̃s̃2)2(r̃ + 2m̃s̃2

0) + r̃ã2 cos2θ
]

×
[
c̃s̃ dt̃− ã sin2θ c̃s̃(c̃c̃0 − s̃s̃0)dφ

]
+ 2m̃ã2 cos2θ(e dt̃− ã sin2θ s̃0c̃s̃

2 dφ)
}
, (8.29)

A =
2m̃

∆̃0

{[
(r̃ + 2m̃s̃2)3 + r̃ã2 cos2θ

]
×
[
c̃0s̃0 dt̃− ã sin2θ(c̃3s̃0 − s̃3c̃0)dφ

]
+ 2m̃ã2 cos2θ

(
e0 dt̃− ã sin2θ s̃3c̃0 dφ)

}
, (8.30)

where

e = s̃2c̃2c̃0s̃0(c̃2 + s̃2)− s̃3c̃(s̃2 + 2s̃2
0 + 2s̃2s̃2

0), (8.31)

e0 = s̃3c̃3(c̃2
0 + s̃2

0)− c̃0s̃0(3s̃4 + 2s̃6). (8.32)

Applying the scaling limit (8.3) along with

ã = aε, (8.33)

to the geometry and the matter, one gets the minimally subtracted geometry (with rotation)
and matter.

In the static case, as pointed out in [16], as far as the geometry is concerned, scaling
only effects the warp factor. This is rather straight forward to see, however, when rotation
is turned on we need to explicitly check that the reduced potential Ared is unaffected by the
scaling limit. Performing the limit we find that

Ared = 2m̃
[
(c̃3c̃0 − s̃3s̃0)r̃ + 2m̃s̃3s̃0

]
→ 2m [(Πc −Πs)r + 2mΠs] , (8.34)

thus showing that the scaling limit only effects the matter and the warp factor, leaving the
metric otherwise unaltered.

We were able to verify most of the matter as displayed in reference [16], however, our
result for the time component of the gauge field A differs. Indeed the time component
requires special care, as in the limit one has to go to second order since to leading order one
literally has At → 1/ε (a constant). One needs to be very precise in order to capture all
the terms that contribute. For instance, it becomes necessary to expand the original warp
factor in powers of ε, i.e we cannot simply plug in the subtracted warp factor before taking
the limit. We find that we can reproduce the result in [16] if we in the limit let

cosh δ̃ = sinh δ̃, (8.35)

2There seems to have been a slight sign mistake in [16], according to [13] we should have −χ2 in (8.27).



Chapter 8. Supporting Matter - Rotating Case 89

but of course to higher order in epsilon, this is incorrect, instead one has

cosh δ̃ = sinh δ̃ +
1
2

sinh δ̃
+ · · · . (8.36)

According to our calculations the t component should read

At = − r
Q
− (2m)2(Πc −Πs)[(Πc −Πs)r + 2mΠs]a

2 cos2θ

Q∆
. (8.37)

Our calculations agreed with the matter in [16] otherwise. We leave explicit checking of the
equations of motion for this matter for future work.

8.3 Scaling Limit for ∆− in the Rotating Case

We now repeat the steps taken in the previous section, but for our warp factor ∆−. We will
be taking the scaling limit (8.7) supplemented with ã = aε 3. That scaling limit requires
that we set the two finite charges equal, while the other two are set equal without loss of
generality

F2 = ?F1 ≡ F = dA, ?F1 = F2 ≡ F = dA, (8.38)

δ̃2 = δ̃3 = δ̃, δ̃1 = δ̃4 = δ̃0. (8.39)

We then transcribe from [13] that the original warp factor reads

∆0 =
(
(r̃ + 2m̃s̃2)(r̃ + 2m̃s̃2

0) + ã2 cos2θ
)2

(8.40)

and the matter reads

χ2 =
2m̃(s̃2 − s̃2

0)ã cos θ

(r̃ + 2m̃s̃2)2 + ã2 cos2θ
, χ1 = χ3 = 0, (8.41)

eϕ2 =
(r̃ + 2m̃s̃2)2 + ã2 cos2θ

∆̃
1/2
0

, ϕ1 = ϕ3 = 0, (8.42)

A =
2m̃

∆̃
1/2
0

c̃s̃(r̃ + 2m̃s̃2
0)
[
dt̃− ã sin2θ dφ

]
, (8.43)

A =
2m̃

∆̃
1/2
0

c̃0s̃0(r̃ + 2m̃s̃2)
[
dt̃− ã sin2θ dφ

]
. (8.44)

Taking the scaling limit (8.7) supplemented with ã = aε, one finds that the geometry is
unaltered aside from the intended change in the warp factor

∆0 → ∆− = (2m)2 [(Πc −Πs)r + 2mΠs]
2 , (8.45)

and matter

χ2 =
2m(Πc −Πs)a cos θ

Q2
, χ1 = χ3 = 0, (8.46)

eϕ2 =
Q2

∆
1/2
−

, ϕ1 = ϕ3 = 0, (8.47)

3Note that in our current notation we will be using δ̃0 instead of δ̃f .
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A = − r
Q
dt− 2m(Πc −Πs)a

2 cos2θ

Q∆
1/2
−

dt+
2m(Πc −Πs)a sin2θ

Q
dφ, (8.48)

A =
2mQ

√
ΠcΠs

(Πc −Πs)∆
1/2
−

dt− (2m)3
√

ΠcΠs(Πc −Πs)a sin2θ

Q∆
1/2
−

dφ. (8.49)

From these potentials, when setting a = 0 we read off the non-zero field strength components

Ftr =
1

Q
, Ftr =

4m2Q
√

ΠcΠs

∆−
.

This agrees on the nose with (8.15 - 8.16). Similarly the scalar matter for a = 0 coincides
with the scalar matter (8.10 - 8.11).

Instead of checking the equations of motion for this matter and geometry, we note that
there is a more natural scaling limit from the point of view of the two-magnetic two-electric
formulation in [13]. Indeed in [13] they remark on the simplified solution obtained when
setting the charges equal in pairs, but not like we did before, instead the more natural choice

A1 = A1, A2 = A2, (8.50)

δ̃1 = δ̃3 = δ̃, δ̃2 = δ̃4 = δ̃0, (8.51)

where A1 and A1 carry magnetic charge, while A2 and A2 carry electric charge. The original
warp factor for this pairing of charges coincides with the previous one, while the matter now
reads

χ1 =
2m̃ (s̃2

0 − s̃2)ã cos θ

(r̃ + 2m̃s̃2)2 + ã2 cos2θ
, χ2 = χ3 = 0, (8.52)

eϕ1 =
(r̃ + 2m̃s̃2)2 + ã2 cos2θ

∆̃
1/2
0

, ϕ2 = ϕ3 = 0, (8.53)

A2 = A2 =
2m̃

∆̃
1/2
0

c̃0s̃0(r̃ + 2m̃s̃2)
[
dt̃− ã sin2θ dφ

]
, (8.54)

A1 = A1 =
2m̃

∆̃
1/2
0

c̃s̃
[
ã dt̃− ((r̃ + 2m̃s̃2)(r̃ + 2m̃s̃2

0) + ã2) dφ
]

cos θ. (8.55)

Applying the scaling limit, one finds

χ1 = −2m(Πc −Πs)a cos θ

Q2
, χ2 = χ3 = 0, (8.56)

eϕ1 =
Q2

∆
1/2
−

, ϕ2 = ϕ3 = 0, (8.57)

A2 = A2 =
2mQ

√
ΠcΠs

(Πc −Πs)∆
1/2
−

dt− (2m)3
√

ΠcΠs (Πc −Πs)a sin2θ

Q∆
1/2
−

dφ, (8.58)

A1 = A1 =
Q

∆
1/2
−

a cos θ dt−Q cos θ dφ. (8.59)

This matter solves all the equations of motion as shown in appendix D.
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Unfortunately it seems impossible to find a scaling limit for ∆+ when rotation is turned
on, simply because the expression (8.40) mixes the angular term with terms proportional
to r, r2. It could however be that we can find supporting matter using so called Harrison
transformations. We will discuss this further in relation to ∆NHEK;A at the end of this
chapter.

8.4 Geometrical Interpretation for Graviphoton

The original metric (5.5) can be rewritten in a form where the naive G = 0 poles are explicitly
canceled [19]

∆−1/2ds2
4 = −G

∆

(
dt+

a sin2θ

G
Areddφ

)2

+
X sin2θ

G
dφ2 +

dr2

X
+ dθ2

=
dt2

R
− 1

R∆

(
Areddt+R a sin2θ dφ

)2
+
dr2

X
+ dθ2 + sin2θ dφ2, (8.60)

where

R ≡
A2

red −∆

G
. (8.61)

For the warp factors (5.71), we thus have R = 4m2(Πc − Πs)
2 − Θ. With ∆ = ∆̄ one has

R = 4m2(Πc −Πs)
2, which is precisely what they consider in [19]. Furthermore they cancel

the term

−∆̄B2 ≡ − 1

R∆̄

(
Areddt+R a sin2θ dφ

)2
(8.62)

by introducing an auxiliary coordinate α taking part in the five-dimensional line element

ds2
5 = ∆̄(dα+ B)2 + ∆̄−1/2ds2

4. (8.63)

This should be compared with the five-dimensional line element (C.14).
Of special interest is the benefited geometrical interpretation of the gauge field F 0 which

is now seen to coincide with dB, i.e the gauge field derived from the potential

B =
[(Πc −Πs)r + 2mΠs] dt+ 2m(Πc −Πs)

2a sin2θ dφ

(Πc −Πs)∆̄
. (8.64)

This coincides with the gravi-photon field strength in the static case as remarked in [19].
Inspecting the gravi-photon gauge field from [16]

A =
Q3[(2m)2ΠcΠs + (Πc −Πs)

2a2 cos2θ]

2m(Π2
c −Π2

s)∆̄
dt+

Q32m(Πc −Πs)a sin2θ

∆̄
dφ (8.65)

we see indeed that when a = 0, ∂rAt matches with ∂rBt (up to an overall factor Q3 which is
set to 1 in [19]). Furthermore, shifting At by a constant we find

At +
Q3

2m(Π2
c −Π2

s)
= Bt, (8.66)

and the φ components match without shifting, thus validating the geometrical interpretation
in the minimally subtracted case.

We wish to achieve a similar geometrical interpretation when we consider the geometry
with warp factor ∆ = ∆−. In this case, plugging ∆− into (8.61) gives R = 0, and thus it
seems perhaps problematic. However, comparing

B =
Areddt+Ra sin2θdφ

∆
√
R

(8.67)
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with (8.49) and recalling that Q = 2mε−1(Πc − Πs) � 2m(Πc − Πs) we may then hope to
capture the divergence of 1/

√
R as R → 0 in factors of Q. We take the limit λ→ 0

∆ = A2
red −Gλ2, R = λ2. (8.68)

Taking this limit on (8.60) gives the same metric as when applying the scaling limit with
ε→ 0. Applying this limit to B we find 4

B =
dt

∆
1/2
− λ

. (8.69)

If we knew the precise relation between λ and the scaling parameter ε, it should be possible
to write B in terms of Q, m, Πc and Πs, and hopefully one would find agreement with (8.49).
However, it seems that it is not possible to relate the scaling parameters λ and ε. Indeed
taking the ε limit of R one finds the finite r dependent result

lim
ε→0
R = −4m

(
(Πc −Πs)r + 2mΠs

)
= −2Ared. (8.70)

In retrospect it is clear that (C.14) for the subtracted geometry with ∆ = ∆− does not
coincide with (8.63) with ∆− in place of ∆̄. This is easy to see noting that for the case ∆−,
the only non-zero ϕi is ϕ1 see (8.57) and we have

ds2
5 = ∆

1/3
− (dα+ B)2 + ∆

−1/6
− ds2

4, (8.71)

where we have for simplicity set all factors of Q to one. It is clear that it is this line element
that is relevant for the uplift of the subtracted geometry with ∆ = ∆−. It therefore seems like
quite a coincidence that in the limit R = λ2 → 0 we got an expression for Bt, that aside from
an overall unspecified constant, coincides nicely with the t-component of the gravi-photon
field (8.49). A detailed investigation of a geometrical interpretation of the gravi-photon in
the case ∆ = ∆− is left for future work.

We note that since (when discarding the term ∼ 1/Q) Â2 in (8.58) is purely electric,
i.e has no legs on the sphere directions parameterized by θ, φ, we could hope that a similar
analysis to that carried out for ∆̄ in section 7.6 could be carried out. We did not have time
to pursue this, however it could give valuable clues regarding the extension of the work [2]
to the generally rotating case.

8.5 No Scaling Limit for NHEK-Like Warp Factor

Seeing how successfully we got matter for the subtracted geometry with warp factor ∆− in
the general rotating case by employing the scaling limit (8.7), we would now like to identify
a similar scaling limit for the general warp factors (5.71) where Θ may now depend on θ.
We pointed out that we could only have constant Θ = Θ0 in the static case, but in the
general rotating case we may have an angularly dependent Θ, indeed both the original and
the minimal warp factor depend on θ when a 6= 0.

We recall our proposed warp factors ∆NHEK;A for the purely rotating case (5.82), that
unlike the corresponding minimally subtracted warp factor ∆̄, give us the correct NHEK
limit. It is clear that a scaling limit r̃ = rε, ã = aε, ε→ 0 as used in section 8.2, will not give
us ∆NHEK;A when applied to

∆0 = (r2 + a2 cos2θ)2. (8.72)

However including the charges might improve the situation, since the original warp factor
(charges equal in pairs) reads

∆0 =
(
(r̃ + 2m̃s̃2)(r̃ + 2m̃s̃2

0) + ã2 cos2θ
)2
. (8.73)

4We are dropping the term proportional to λ.
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On the face of it, this seems rather promising, however, in the scaling limit we employed
in section 8.2, we had in particular ã = aε, and in the limit we took ε→ 0. This is bad, as we
then loose the terms involving cos2θ and cos4θ. We could try with a scaling limit that does
not effect a, i.e ã = a. Then according to a scaling limit akin to (8.7), where we generalize
in terms of arbitrary constants σ and σ0

m̃s̃2 = σ2ε−1, s̃2
0 = σ2

0, (8.74)

we get

∆0 →
(
2σ2mr + 4σ2

0σ
2m2 + a2 cos2 θ

)2
. (8.75)

This is close, however, there are no clever choices for the constants σ and σ0 that make
∆0 → ∆NHEK;A. In particular, we see that there is no way that (8.75) can give a term
∼ r2 cos2 θ. Thus it seems that we do not have a scaling limit at our disposal. In [46, 54], the
road from original geometry to subtracted geometry has been facilitated by so called Harrison
transformations. It may be that despite the lack of a scaling limit, one may find a suitable
Harrison transformation that when applied to the original solution would give a geometry
with warp factor ∆NHEK;A. We have not had the time to study Harrison transformations in
detail, however they are clearly relevant, and applicable to the study of subtracted geometry,
and should be incorporated in future work.
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9

Conclusion and Outlook

In this thesis we have provided a brief historical account of black hole physics, along with
a short review of modern black hole physics, with special focus on understanding aspects
of the entropy matching in the context of string theory. It is apparent that during the last
few decades we have unraveled a stringy description that works wonders for certain extremal
BPS black holes as we pointed out in chapter 3. Unfortunately the arguments that allow
for the extrapolation between low coupling gs � 1 perturbative string theory description
in terms of Dp-branes breaks down for non-extremal black holes. However, we have been
making progress during the last couple of years.

Indeed as we have reviewed in this thesis, chapter 5, the appearance of hidden conformal
symmetry, which is made manifest in the subtracted geometry, suggests that a CFT plays
a central role even for non-extremal black holes. The extent to which the CFT description
is accurate, remains an open problem. This has however been illuminated recently by the
identification of irrelevant operators in the CFT dual that start the flow from subtracted to
original geometry, thus suggesting that the dual CFT description is only valid in the limit of
large magnetic charges [2], which as shown in figure 7.1 corresponds to an increased region
of overlap of the original and subtracted warp factors. The work of [2] has recently been
extended to the rotating case in [17] using Harrison transformations. The CFT deformations
remain irrelevant however, and as a whole [2, 17] suggest that in general for non-extremal
black holes we need to supplement the CFT description with deformations: CFT +O.

In some sense it is to be expected that the CFT dual to the minimally subtracted geometry
is only an approximation, just like the subtracted geometry itself differs from the original
geometry. The discrepancy between subtracted and original geometry has become even more
apparent in the recent study of entanglement entropy. Specifically, in [21] the entanglement
entropy for the original and the minimally subtracted geometry is computed. The entropies
agree at tree-level, however the logarithmic corrections in both cases differ. As they point
out, the logarithmic correction for the minimally subtracted geometry has the opposite sign
of the correction for the original geometry, and there may be a Harrison transformation
that gives a geometry where the logarithmic correction vanishes. Whether such a Harrison
transformation would be related to a subtracted geometry or not remains to be studied.

Although the CFT dual to the minimally subtracted geometry does not give a complete
description of the original geometry, there may still be a lot to learn from this approach. In
this thesis we have investigating warp factors ∆ ∼ r2 corresponding to subtracted geometries.
Unlike the case ∆ ∼ r for which there is only a single unique warp factor ∆̄ that maintains a
separable wave equation and gives a hypergeometric radial equation, we have several possible
warp factors ∆ ∼ r2: ∆ = ∆̄ + ΘG. Notably we find a set of candidate warp factors
∆NHEK;A, where the NHEK limit on each ∆NHEK;A for a given A ∈ R coincides with the
NHEK limit on ∆0, section 5.7. Furthermore we manage to find matter for a large class of
warp factors ∆ ∼ r2 in the static case 6.6, and make progress toward finding matter that
supports a ∆NHEK;A by finding matter supporting ∆− = A2

red ∼ r2 in the rotating case.
Our suggested ∆NHEK;4 coincides with ∆− for the uncharged, static case, thus if there exists
matter supporting ∆NHEK;A it should show likeness to the matter supporting ∆− in the limit
of vanishing charges and vanishing angular momentum.

Initially we hoped that perhaps ∆ ∼ r2 being more closely related with ∆0 ∼ r4, than
∆̄ ∼ r, could give rise to a CFT dual that would better describe the states of the original
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black hole. However, as suggested by sections 7.4 - 7.5, even though two of the fields now
seem to be irrelevant deformations, as opposed to the three irrelevant deformations in the
minimally subtracted case, the CFT dual if any, is still only a reasonable description in a
regime where α� 1 section 7.5. On the positive side, the case ∆ ∼ r2 does provide a valid
description for two finite charges, as opposed to only one finite electric charge which is the
case for the minimally subtracted case.

For the minimally subtracted geometry, [19] nicely shows how the geometry uplifts to a
geometry that is locally AdS3×S2, thus making a dual CFT description apparent. Although
we have not investigated the extent to which the uplifted geometry for warp factors ∆ ∼ r2

similarly factors into an AdS3×S2 locally, we point out the possible geometrical interpretation
of the gravi-photon field for the matter supporting ∆− = A2

red in section 8.4.

We have also looked at the asymptotic behavior of subtracted geometries. In general it
may be that the usefulness of subtracted geometries is related to the fact that they alter
the asymptotics, circumventing the problem of negative specific heat. Furthermore as we
elaborate on in section 5.8, this is related to confinement of matter fields, which are found to
be confined for the minimally subtracted case akin to how matter is confined in AdS space.
However, we find that subtracted geometries with ∆ ∼ r2 may not be as confining, indeed
as suggested by our analysis in section 5.8 it seems that such subtracted geometries may not
be confining.

As we mentioned in the last paragraph above, subtracted geometries with ∆ ∼ r2 may not
have the desired confining properties. Whether this is correct, and more specifically, whether
or not this renders such subtracted geometries useless definitely needs to be answered. To
analyze this, it could be fruitful to study geodesics in the asymptotic regions described by
the asymptotically conical metrics with p = 1.

Another important work that we have deferred to future investigation is the extent to
which the subtracted geometries ∆ ∼ r2 such as ∆− uplift to a 5D geometry that is locally
AdS3 × S2 like the minimally subtracted geometry. In general we did not establish direct
evidence for a CFT dual for any of the subtracted geometries with ∆ ∼ r2, which although
suggested by a hypergeometric radial equation, nevertheless deserves a detailed quantitative
analysis.

As an important result in this thesis, we propose a candidate warp factor ∆NHEK for future
study. This warp factor needs to have supporting matter in order to be of physical relevance.
We found matter for ∆−, suggesting that we may find similar matter for ∆NHEK, this should
be a primary objective in the extension of this work. There are several fruitful directions
that could aid in identifying matter. First and foremost, even though we ruled out the
usefulness of a scaling limit, it may be that the more general Harrison transformations could
relate ∆0 to ∆NHEK and give supporting matter. From references that employ such Harrison
transformations [17, 46, 54] it is clear that it is possible to generate ∆ ∼ r2 from Harrison
transformations in general, and unlike the scaling limits, the Harrison transformations may
be able to generate the desired angular terms that we failed to generate in a scaling limit in
section 8.5.

Aside from the proposed warp NHEK-like warp factors ∆NHEK;A, the general ∆ ∼ r2,
if CFT duals are identified, could be interesting cases of subtracted geometry. Perhaps in
the future one could extend some of the more recent work centered around ∆̄, to subtracted
geometries with ∆ = ∆̄ + ΘG,Θ 6= 0. In particular the recent work [21], in which the
entropy of the CFT dual was found to deviate from the original black hole geometry beyond
first order when computing the entanglement entropy. Perhaps these deviations would be
suppressed for subtracted geometries with ∆ ∼ r2 warp factors.

It would also be interesting to investigate in detail, why the scaling limits as employed in
[16] work. It is tempting to propose that they may be related to Harrison transformations,
which would answer this question, as Harrison transformations are particular solution gener-
ating techniques employed in the three-dimensional coset model that results when reducing
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the STU model along time, as in [13].
Lastly, we point out the work done in [12] in which the general subtracted geometries

with warp factors ∆ ∼ r2 as we have studied, may be of interest. The idea is that extremal
subtracted geometries, so called subttractors, are boundary cases for the attractor basin
studied in the attractor mechanism. This mechanism is characterized by the moduli scalars
taking on a specific value at the double degenerate horizon, while they may upon pertur-
bations flow to very different asymptotic values. This mechanism is interesting for various
reasons, notably that it hints at the horizon region being responsible for the characteristics
of black holes.
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A

Form Notation

Let ω be a differential form of degree p, i.e a p-form. If we wished to explicitly specify the
degree of the form we would in this case write ω(p).

In general we express ω in terms of its components ωµ1···µp :

ω =
1

p!
ωµ1···µp dx

µ1 ∧ · · · ∧ dxµp , (A.1)

where the wedges are defined to be antisymmetric tensor products. Let A be a p-form and
B be a q-form, then the wedge product is defined such that

(A ∧B)µ1···µp ν1···νq =
(p+ q)!

p! q!
A[µ1···µpBν1···νq ], (A.2)

where the antisymmetrization is done with weight one, i.e

A[µ1···µpBν1···νq ] ≡
1

(p+ q)!

∑
perm.

±Aµ1···µpBµ(p+1)···µ(p+q)
, (A.3)

with the sum going over all permutations with positive or negative weight for respectively
even and odd permutations, e.g ∑

perm.

±Aµν = Aµν −Aνµ. (A.4)

The Hodge dual is represented in D dimensions by ?D and often we will suppress the
subscript D when it is evident what the dimension should be. We define the D-dimensional
hodge dual (we suppress the subscript D) to work on ω such that the components of ?ω
read

(?ω)µ1···µ(D−p) =
1

p!
εµ1···µ(D−p) ν1···νp ω

ν1···νp , (A.5)

where εµ1···µD are the components of the volume form ε defined by the completely antisym-
metric symbol1 εµ1···µD and the metric determinant g:

εµ1···µD =
√
|g| εµ1···µD . (A.6)

Raising the indices with the inverse metric one finds

εµ1···µD =
(−1)t√
|g|

εµ1···µD , (A.7)

where the components εµ1···µD are identical to εµ1···µD , and t is the number of timelike
directions, i.e the number of negative diagonal entries in the metric.

It is standard to use this compact notation when writing out Lagrangian densities of
actions which would otherwise have a lot of indices. Noting that

? 1 =
1

D!
εµ1···µD dx

µ1 ∧ · · · ∧ dxµD =
√
|g| dx0 ∧ dx1 ∧ · · · ∧ dxD (A.8)

1In e.g four dimensions it is defined by requiring that ε0123 = +1.
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we see that the Einstein-Hilbert action S =
∫
L can be written compactly with

L = R ? 1. (A.9)

Furthermore, which is not too difficult to show, the relation

?A ∧B = ?B ∧A =
1

p!
Aµ1···µpBµ1···µp ? 1 (A.10)

is valid for any p-forms A,B. This allows one to compactly write the kinetic terms for gauge
fields, e.g for a one form gauge field A(1) the kinetic term usually reads 1

4FµνF
µν , where

F(2) = dA(1). In form notation (noting the above relation for p-forms A,B) we can write
such a kinetic term simply as

1
2 ? F(2) ∧ F(2), (A.11)

which at first seems like equally much work, however it pays off tremendously for higher
degree field strengths, and indeed makes certain structures in the Lagrangian much more
transparent.

Without having introduced the exterior derivative d we just used it to construct the field
strength F(2) from A(1). The exterior derivative is simply defined to act on our p-form as
follows

(dω)µ1···µ(p+1)
= (∂ ∧ ω)µ1···µ(p+1)

, (A.12)

thus

(dA(1))µν = ∂µAν − ∂νAµ, (A.13)

as one is used to.

While we are at it, there is a neat way to write the covariant divergence of ω, namely

? d ? ω = (−1)t+p(D−p+1)−1∇νων µ2···µp dx
µ2 ∧ · · · ∧ dxµp (A.14)

the sign out front is rather involved, but usually not terribly important. We see that the
special cases p = 1, 2 give signs that coincide nicely with (A.7) and (A.8) in [2].

We give a quick derivation of (A.14). Clearly

(d ? ω)νµ1···µD−p = D−p+1
p! ∂[ν εµ1···µD−p] ν1···νp ω

ν1···νp

= D−p+1
p! (−1)D−p ε[µ1···µD−p |ν1···νp|

(
1
2g
ρσ ∂ν] gρσ + ∂ν]

)
ων1···νp , (A.15)

where the indices isolated inside | · · · | are not part of the antisymmetrization. In the last
line we used that

∂ν |g| = |g|gρσ ∂ν gρσ, (A.16)

and that when pulling the ν index all the way to the right we get the appropriate sign in
front. Now taking the Hodge dual of this, we get

(? d ? ω)ρ1···ρp−1 = 1
p!(D−p)! ερ1···ρp−1

ν µ1···µD−p εµ1···µD−p ν1···νp
(

1
2g
ρσ ∂ν gρσ + ∂ν

)
ων1···νp ,

(A.17)

where we used the antisymmetry of the left most epsilon tensor to remove the antisymme-
terization, and furthermore got rid of the sign factor by moving ν to the left. To perform
the contraction over the indices on the two epsilon tensors, we want to use that

εµ1···µp α1···αD−p εµ1···µp β1···βD−p = (−1)tp!(D − p)! δ[α1

β1
· · · δαD−p]

βD−p
. (A.18)
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To this end one has to move the indices µ1 · · ·µD−p past the p indices on the left-most epsilon
tensor inducing a sign (−1)p(D−p). One also has to raise the lower indices on this epsilon
tensor hence

(? d ? ω)ρ1···ρp−1 = (−1)t+p(D−p)gµ1ρ1 · · · gµp−1ρp−1 δ
[µ1
ν1
· · · δµp−1

νp−1 δ
ν]
νp

(
1
2g
ρσ ∂ν gρσ + ∂ν

)
ων1···νp

= (−1)t+p(D−p)gµ1ρ1 · · · gµp−1ρp−1

(
1
2g
ρσ ∂ν gρσ + ∂ν

)
ωµ1···µp−1 ν

= (−1)t+p(D−p+1)−1
(

1
2g
ρσ ∂ν gρσ + ∂ν

)
ωνρ1···ρp−1

= (−1)t+p(D−p+1)−1∇ν ωνρ1···ρp−1 . (A.19)

To get the second line we contracted the δ’s with the ω, and used the antisymmetry of ω.
The third line induces a sign by interchanging indices on ω. Lastly we use an identity holding
for any covariant divergence of a p-form defined via the affine connection Γ.

Another useful identity is

? ? ω = (−1)t+p(D−p)ω, (A.20)

which is relatively simple to work out in comparison to the derivation we just showed above.
Let us now consider Maxwell’s equations, now in the light of form notation. Firstly, let

us write down Stoke’s Theorem for a (D − 1)-form A which reads∫
M
dA =

∫
∂M

A, (A.21)

where M is a D-dimensional manifold with boundary ∂M . We will use this in a moment.
The Maxwell equations in four dimensions in index notation read

∂[µFνρ] = 0, (A.22)

∇µFµν = −Jν . (A.23)

In form notation we may write more compactly

dF = 0, (Bianchi identity) (A.24)

d ? F = − ? J, (Equation of motion) (A.25)

where the last line implies that in four dimensions

? d ? F = −J, (A.26)

since ? ? J = J in four dimensions. It is now easy to construct a conserved charge, namely

Q = −
∫

Σ
? J =

∫
Σ
d ? F =

∫
∂Σ
?F, (A.27)

where Σ is a spacial slice at constant time.
We close this appendix by considering the electric-magnetic duality, which in effect re-

places F by its dual F̃ such that now the Bianchi identity for F implies the equation of
motion for F̃ and vice versa. For the moment setting J = 0 (vacuum) we see that indeed

F̃ = ?F ⇔ ? F̃ = −F, (A.28)

leaves the vacuum Maxwell equations unaltered, as the Bianchi identity takes over the role
of the Equations of motion and vice versa.

When J 6= 0 we have to include a magnetic current J̃ to make the Maxwell equations
invariant under this electro-magnetic duality. We may ascribe a magnetic charge to F ,
defined by

Q̃ =

∫
∂Σ
F. (A.29)

This charge is conserved thanks to the Bianchi identity, i.e it is a conserved topological
quantum number. On the other hand the conventional electric charge is conserved thanks
to the equation of motion, and is a so called Noether charge [6].
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B

Dimensional Reduction

B.1 Motivating Dimensional Reduction

Kaluza-Klein reduction, or more generally dimensional reduction, is a procedure that allows
you to go from a theory in a D-dimensional spacetime M×K, to a theory in the d-dimensional
spacetime M. The degrees of freedom associated with K are frozen out by compactifying the
space to a scale so small that upon applying suitable boundary conditions the massive modes
diverge and the only physically realizable modes are the massless ones.

On our first encounter with this idea it is pedagogical to consider a massless scalar φ̂(x, z)
abiding the appropriate Klein-Gordon equation

�̂2φ̂ = 0. (B.1)

In what follows we will investigate how the field and its equation of motion are expressed
in one dimension less. We shall reduce from D + 1 down to D dimensions by compactifying
one of the flat space-like directions with topology R onto a circle S1 of radius R. The
compactification is realized as the identification z ∼ z+2πR, furthermore we choose periodic
boundary conditions for φ̂(x, z)

φ̂(x, z) = φ̂(x, z + 2nπR), n ∈ N. (B.2)

This allows for the Fourier decomposition of φ into its Fourier modes

φ̂(x, z) =
∑
n

φn(x)einz/R, (B.3)

effectively giving (
�2 − n2

R2

)
φn(x) = 0, (B.4)

which is the Klein-Gordon equation for the modes φn(x) with mass term |n|/R. Evidently
the procedure has led to a mass which should be thought of as energy arising from the
quantized momentum along z (acting on φ̂(x, z) with the momentum operator −i~∂z clearly
yields the eigenvalue pz = ~n/R).

Although the equation of motion we started with and the one we ended up with are not
very different, the first one is cleaner as it does not contain a mass term. This is a general
result of dimensional reduction; the original (higher dimensional) equations of motion will
dimensionally reduce to more complex equations. This is to be expected as translational
degrees of freedom associated with the extra dimensionality need to be captured by additional
fields in the lower dimensional theory. This will become very evident in the next section
where we perform a standard Kaluza-Klein type reduction of pure Einstein gravity, which
even though we will truncate away all massive modes, gives a much richer theory.

It is common practice to also truncate away the massive modes. In the scalar example
we just considered, dimensional reduction gave us an infinite collection of massive fields in
addition to a massless field. It is now reasonable to consider the truncated lower dimensional
theory, i.e only keeping the massless mode, as the mass |n|/R for the massive modes diverges
as R→ 0. It is easy to argue taking R→ 0 when D+ 1 is greater than the apparent number
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of dimensions in our universe, say 4 for instance. The philosophy is simply that the radius of
compactification is so small that for all intents and purposes it plays no role as a dimension.
We are in a quite literal sense, extracting the effect of extra invisible dimensions.

B.2 Dimensional Reduction of Einstein Gravity

We will now perform dimensional reduction of Einstein gravity in D + 1 dimensions to
D dimensions, by circle reduction. We shall let the compactification be of the direction
parameterized by the z coordinate of the (D + 1)-dimensional theory onto a circle of radius
R via the identification z ∼ z + 2πR. We will be following [44], a reference which we found
particularly useful.

Before we get started, we need a way to distinguish between objects belonging to the
(D + 1)-dimensional theory and the theory in D dimensions. Let us place hats on objects
that are part of the (D + 1)-dimensional theory while objects without hats will be objects
belonging to the D-dimensional perspective. We will also need to distinguish between two
types of index labels, and we shall employ M,N, . . . and µ, ν, . . . as follows by the example

M = 0, 1, 2, . . . , D, µ = 0, 1, 2, . . . , D − 1. (B.5)

We denote the coordinates that span the (D + 1)-dimensional space by

x̂M = xµ δMµ + z δMz . (B.6)

where xµ are the coordinates that ”survive” the dimensional reduction.
Now, just like we did for the scalar field considered in the previous section, we impose

periodic boundary conditions on the metric components and expand in Fourier modes

ĝµ̂ν̂(x̂) =
∑
n

g
(n)
µ̂ν̂ (x)einz/R, (B.7)

where x and x̂ denote respectively the set of coordinates in D and D+1 dimensions. We then
proceed by making the reduction ansatz ĝµ̂ν̂ = ĝµ̂ν̂(x), that is, we take it to be independent
of z. This is really something that goes hand in hand with truncating away the massive
modes. In general such a truncation may not be consistent, in the sense that the lower
dimensional theory, may not have equations of motion that are consistent with the higher
dimensional theory. In the case of circle reduction, the group theory argument mentioned in
[44] is enough to convince us of the consistency of this truncation.

Now, the realization to be made is that from the D-dimensional perspective, the (D+1)-
dimensional metric components ĝMN (x) break up into

ĝµν(x), ĝµz(x), ĝzz(x). (B.8)

Note here that z is not an index label but a value, it is a fixation of the index N = z. Also
note that due to the symmetry of the metric we only need to specify the one, ĝµz = ĝzµ. This
separation of the metric in D + 1 dimensions into these three objects in the D-dimensional
perspective results as a consequence of our Greek index labels being unable to take on the
value z.

In principle we could simply use ĝµν , ĝµz, ĝzz to parameterize our D-dimensional theory,
however they are not a very nice choice as they do not recognize the underlying symmetry
of the problem [44]. A more natural route is to parameterize the line element as

dŝ2 = e2αφds2 + e2βφ(dz +A)2, (B.9)

where α and β are constants that will be fixed later on, and A = Aµdxµ.
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All we need to do is express the (D + 1)-dimensional Einstein-Hilbert action in terms
of the metric gµν , dilaton φ and gauge field Aµ (respectively the Kaluza-Klein scalar and
potential). To this end one has to compute the Riemann tensor and from it the Ricci scalar.
This is quite a lengthy and tedious calculation, however we will find that it is simplified
greatly in terms of an orthonormal non-coordinate basis, in terms of which the metric takes
the canonical form, i.e flat.

We follow the usual convention and write the basis one-forms as

êA = êM
A dx̂M . (B.10)

We stop for a moment to address the appearance of the label on the vielbein, which we shall
treat as an index, and to distinguish it from M,N, . . . we call the latter curved while the
labels on the vielbeins are referred to as flat. To be precise, we shall let A,B, . . . , L be the
flat indices of D + 1 dimensions, while the lower-case letters a, b, . . . will be the flat indices
of the D-dimensional theory.

These vielbeins will provide us with an orthonormal basis provided that

ĝMN êM
AêN

B = η̂AB. (B.11)

In matrix notation

ĝMN = e2βφ

(
e2(α−β)φgµν +AµAν Aµ

Aν 1

)
, (B.12)

and we readily identify the following suitable vielbeins

êa = eαφea, êz = eβφ(dz +A), (B.13)

where we introduced the D-dimensional ones ea = eµ
adxµ, which provide an orthonormal

basis for the metric gµν .
Instead of the standard covariant derivative involving the affine connection Γ, we must

instead adopt the spin-connection when dealing with spinors on spacetime, which is just a way
of formulating the covariant derivative in terms of our vielbein basis. The spin-connection
ωµ

a
b is defined as follows

∇µXa = ∂µX
a + ωµ

a
bX

b, (B.14)

∇µXa = ∂µXa − ωµbaXb. (B.15)

This is really similar to how our usual affine connection Γρµν is defined, the difference is
that we now have two different bases; flat and curved. Using the above definition it is not
that difficult to find the expression for the spin-connection in terms of Γ and the vielbeins.
Comparing the explicit expressions for (∇µXa)dxµ ⊗ ê(a) and (∇µXν)dxµ ⊗ ∂ν one finds

ωµ
a
b = eν

a eλb Γνµλ − eλb ∂µeλa. (B.16)

However, for our purposes it is the defining relations for the torsion T and the curvature R
in terms of the spin-connection that will be particularly useful

T̂A = dêA + ω̂AB ∧ êB, (B.17)

Θ̂A
B = dω̂AB + ω̂AC ∧ ω̂CB, (B.18)

where the curved indices on T̂ and Θ̂ have been suppressed, it is understood that they are
both two-forms.

We could now directly compute the components of ω̂ and from the Cartan structure
equations (B.17 - B.18) read off the components of Θ̂, from there on it is furthermore straight
forward to read off the components of the Riemann tensor noting that

Θ̂A
B = 1

2R̂
A
BCD ê

C ∧ êD. (B.19)
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Computing the spin-connection directly from the components of the Christoffel connection
gives

ω̂ab = ωab + αe−αφ
(
∂bφ êa − ∂aφ êb

)
− 1

2e
(β−2α)φFabêz, (B.20)

ω̂az = −βe−αφ∂aφ êz − 1
2e

(β−2α)φFabêb, (B.21)

where F = dA and ωzz = 0 due to antisymmetry. This is a rather tedious exercise, a
generally easier and more satisfying approach to finding the spin-connection, is to try to solve
the torsion-less condition (B.17) with T̂A = 0, as we are in general considering spacetimes
without torsion. From the first of the Cartan structure equations we see that T̂A = 0 implies

ω̂AB ∧ êB = −dêA. (B.22)

From the relations

êa = eαφea, êzM dx̂M = eβφ(Aµ dxµ + dz), (B.23)

and the antisymmetry of the spin-connection we establish the relation

ω̂zA ∧ êA = eαφ ω̂za ∧ ea. (B.24)

Now the torsion-less condition (B.22) implies

ω̂za ∧ ea = −e−αφ d(eβφ(A+ dz)). (B.25)

Letting the exterior derivative work on the parenthesis, and recalling that the Leibniz rule
implies in general

d(ω ∧ η) = dω ∧ η + (−1)pω ∧ dη (B.26)

for a p-form ω and a q-form η, we find explicitly

ω̂za ∧ ea = −e(β−α)φ(β dφ ∧ (A+ dz) + F), (B.27)

Rewriting the RHS to

e(β−α)φ(β ∂aφ (A+ dz) ∧ ea + 1
2Fab e

b ∧ ea), (B.28)

we find that

ω̂za = e(β−α)φ(β ∂aφ (A+ dz) + 1
2Fab e

b). (B.29)

We proceed to calculate ω̂ab. Again we start by

ω̂aB ∧ êB = −dêa, (B.30)

from which we get

eαφω̂ab ∧ eb = −eβφω̂az ∧ (A+ dz)− eαφ(αdφ ∧ ea + dea). (B.31)

Now we can use what we already found, namely the components ω̂za. Using the antisymme-
try, and appropriate raising and lowering of indices we find

ω̂az = −e(β−α)φ(β ∂aφ (A+ dz) + 1
2F

a
b e
b) (B.32)

Wedging that with A+ dz we find that (B.31) gives

ω̂ab ∧ eb = 1
2e

2(β−α)φFab eb ∧ (A+ dz)− αdφ ∧ ea − dea. (B.33)
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Using the torsion-free condition on the un-hatted spin-connection, i.e ωab ∧ eb = −dea, and
rewriting the other terms, we find

ω̂ab ∧ eb = −1
2e

2(β−α)φFab (A+ dz) ∧ eb + α∂bφ e
a ∧ eb + ωab ∧ eb. (B.34)

This suggest that

ω̂ab = ωab − 1
2e

2(β−α)φFab (A+ dz) + α∂bφ e
a − α∂aφ eb, (B.35)

where the extra term proportional to φ was added to ensure antisymmetry of the connection.
The extra term that we added vanishes upon wedging the connection with eb, we thus see
that the above is also compatible with the torsion less condition as it should. We happily
note that the expressions for the spin-connection agree with those computed earlier.

Now we proceed to calculate the components of the Curvature two-form and then we
will make use of (B.19) to read off the components of the Riemann tensor. We see that
we want in the end to write the curvature two form as an expression multiplying a wedge
product between two hatted vielbeins. To this end we note that the components of the
spin-connection in terms of hatted vielbeins read

ω̂ab = ωab + αe−αφ(∂bφê
a − ∂aφêb)− 1

2e
(β−2α)φFabêz, (B.36)

ω̂za = βe−αφ∂aφ ê
z + 1

2e
(β−2α)φFab êb. (B.37)

Calculating the curvature Θ̂M
N is in principle straight forward

Θ̂a
b = dω̂ab + ω̂as ∧ ω̂sb + ω̂az ∧ ω̂zb, (B.38)

Θ̂a
z = dω̂az + ω̂as ∧ ω̂sz. (B.39)

We present the different terms:

dω̂ab =
{
e−2αφ∂c ωd

a
b + αe−2αφ[∂c∂bφ δ

a
d − ∂c∂aφ ηbd − ωcad ∂bφ+ ωcbd ∂

aφ] (B.40)

− 1
4e

2(β−2α)φFabFcd
}
êc ∧ êd + 1

2e
(β−3α)φ[2(β − α)∂dφFab + ∂dFab] êz ∧ êd,

dω̂az = −1
2e

(β−3α)φ
{
β∂aφFcd + (β − α)∂cφFad + ∂cFad − ωcsdFas

}
êc ∧ êd (B.41)

+ βe−2αφ[(β − α)∂dφ∂
aφ+ ∂d∂

aφ] êz ∧ êd,

ω̂as ∧ ω̂sb = e−2αφ
{
ωc
a
s ωd

s
b + α[ωd

s
b(∂sφ δ

a
c − ∂aφ ηcs) + ωc

a
s(∂bφ δ

s
d − ∂sφ ηbd)]

+ α2(∂sφ δ
a
c − ∂aφ ηsc)(∂bφ δsd − ∂sφ ηbd)

}
êc ∧ êd

− 1
2e

(β−3α)φ
{
α(∂bφ δ

s
d − ∂sφ ηbd)Fas − α(∂sφ δ

a
d − ∂aφ ηds)Fsb (B.42)

+ ωd
s
bFas − ωdasFsb

}
êz ∧ êd,

ω̂as ∧ ω̂sz = −1
2e

(β−3α)φ
{
α(∂sφ δ

a
c − ∂aφ ηsc)Fsd + ωc

a
s F

s
d

}
êc ∧ êd

+
{
βe−2αφ[α(∂sφ∂

sφ δad − ∂aφ∂dφ) + ωd
a
s ∂

sφ] (B.43)

+ 1
4e

2(β−2α)φFasFsd
}
êz ∧ êd,

ω̂az ∧ ω̂zb = −1
4e

2(β−2α)φFacFbd êc ∧ êd − 1
2βe

(β−3α)φ(∂aφFbd − ∂bφFad) êz ∧ êd. (B.44)

Now that we have obtained Θ̂M
N we can start to read off the components of the (D + 1)-

dimensional Riemann tensor R̂MNPQ from (B.19). Reading off the components is not as
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simple as identifying whatever is contracting with the wedged vielbeins on the LHS with
that contracting the vielbeins on the RHS. We can only make the identification between the
antisymmetrized expressions, where the antisymmetrization is in the Latin indices that take
part in the contraction with the vielbeins. To clarify, consider a two form T = 1

2Tab ê
a ∧ êb,

furthermore let A bad B be one forms such that

1
2Tab ê

a ∧ êb = AaBb ê
a ∧ êb (B.45)

Then in general Tab 6= 2AaBb, however since the wedge product is an antisymmetrized
product, we can identify after antisymmetrizing in a and b, i.e

Tab = AaBb −AbBa. (B.46)

Apart from this subtlety, the calculations is otherwise rather mundane. Instead of presenting
the rather large expressions for the components of the Riemann tensor we give the compo-
nents of the Ricci tensor

R̂ab = e−2αφ(Rab − α2(D − 1)(D − 2)∂aφ∂bφ− α�φ ηab)− 1
2e

2(β−2α)φFcaFcb
− e−2αφ[(D − 2)α+ β](∇d ∂bφ+ α(∂φ)2 ηbd), (B.47)

R̂az = R̂za = −1
2e

(β−3α)φ
(
[3(β − α) + (D − 1)α]∂cφFca +∇cFca

)
, (B.48)

R̂zz = −βe−2αφ
(
(β + (D − 2)α)(∂φ)2 + �φ

)
+ 1

4e
2(β−2α)φF2. (B.49)

Before we go on to contract once more to get the Ricci scalar R̂ we would like to make a
general observation. In the (D + 1)-dimensional Einstein-Hilbert action we have√

−ĝR̂. (B.50)

We can easily compute ĝ in terms of the determinant of the D-dimensional metric by the
observation

ĝ = det(êη̂ê) = −det(ê)2 = −e2(Dα+β)φ det(e)2 = e2(Dα+β)φg, (B.51)

we find √
−ĝ = e(Dα+β)φ√−g. (B.52)

Without doing the full computation we see quite immediately that the (D + 1)-dimensional
Ricci scalar R̂ will look like

R̂ = e−2αφ(R+ · · · ) (B.53)

implying that the Lagrangian density in the D-dimensional perspective takes the form

L = e((D−2)α+β)φ√−g(R+ · · · ). (B.54)

To get the standard normalization of this D-dimensional Einstein-Hilbert term we restrict
ourselves to β = −(D− 2)α, which is ok, at least for D > 2 [44]. This is in order to arrange
for the Einstein-frame form of the gravitational action in D+ 1 dimensions to go over to the
Einstein-frame form of the action in D dimensions. With β satisfying this relation, we find
that the components of R̂MN now read

R̂ab = e−2αφ(Rab − α2(D − 1)(D − 2)∂aφ∂bφ− α�φ ηab)− 1
2e
−2DαφFcaFcb, (B.55)

R̂az = R̂za = 1
2e

(D−3)αφ∇c
(
e−2(D−1)αφFac

)
, (B.56)

R̂zz = (D − 2)α e−2αφ�φ+ 1
4e
−2DαφF2. (B.57)
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If we now calculate the Ricci scalar R̂ = R̂zz + ηabR̂ab we find

R̂ = e−2αφ
(
R− α2(D − 1)(D − 2)(∂φ)2 − 2α�φ

)
− 1

4e
−2DαφF2. (B.58)

In addition to a nicely normalized Hilbert term, one likes to get a kinetic term with canonical
normalization, that is −1

2

√
−g(∂φ)2 in the action. We see that we can achieve this by fixing

α to satisfy

α2 =
1

2(D − 1)(D − 2)
. (B.59)

With this choice of α, and discarding the term ∼ �φ as it is a total derivative of φ and thus
gives no contribution to the equations of motion, we find that the (D+1)-dimensional Einstein
gravity when dimensionally reduced along a circle of space-like extension, is reincarnated as
the following D-dimensional Einstein-Maxwell-dilaton theory, whose action reads

L =
√
−ĝR̂ =

√
−g
(
R− 1

2(∂φ)2 − 1
4e
−2(D−1)αφF2

)
. (B.60)

The story is similar, but with subtle differences, when considering the same procedure but
in the string frame, [43]. Denoting the (D+ 1)-dimensional metric in string frame ĜMN , we
would introduce the Kaluza-Klein scalar σ and potential A by

dŝ2
s = ds2

s + e2σ(A+ dz)2, ĜMN =

(
Gµν + e2σAµAν e2σAµ

e2σAν e2σ

)
. (B.61)

We would again make use of the vielbeins, defined such that

ĜMN = ÊAM Ê
B
N η̂AB, Gµν = EaµE

b
νηab (B.62)

and this time find

ÊAM =

(
Eaµ eσAµ
0 eσ

)
, ÊMA =

(
Eµa 0
−Aa e−σ

)
, (B.63)

such that

ĜMN = ÊMA Ê
N
B η̂

AB =

(
Gµν −Aµ
−Aν e−2σ +A2

)
. (B.64)

The resulting action will have a Lagrangian of the form

L =
√
−Ĝe−2Φ̂(R̂+ · · · ) =

√
−Geσ−2Φ̂(R+ · · · ), (B.65)

since det Ĝ = −(det Ê)2 = −(detE)2e2σ = Ge2σ. Therefore to get the string frame action
in D dimensions, we need to define the D-dimensional dilaton by

Φ = Φ̂− 1
2σ. (B.66)

When the dust settles, one finds

SD =
1

2κ2
D

∫
dDx
√
−Ge−2Φ(R+ 4∂µΦ∂µΦ− ∂µσ∂µσ − 1

4e
2σFµνFµν), (B.67)

where1

1

κ2
D

=
2πR

κ2
D+1

(B.68)

We can be sure that this general circle reduction along with the implied truncation of
massive modes (going hand in hand with the z independence of the Kaluza-Klein ansatz) is
consistent. It nicely rests on the observation that the massive Fourier modes are all doublets,
i.e modes of the form ∼ e±imz, while the massless mode is a singlet: There is no means by
which a combination of doublets will result in a singlet or vice versa, and it is in this sense
that this group theory inspired argument assures us that this truncation is consistent [44].

1Note that in this expression R is the radius of the circle of compactification, and not the Ricci scalar.
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B.3 Reduction of n-form Field Strength

As we saw in the first section of this chapter, a scalar reduces rather trivially, at least under
circle reduction. However an n-form field strength, F̂(n) is a bit more involved, however, it
is straight forward in comparison with the reduction of gravity.

Let Â(n−1) be a gauge potential in (D+1)-dimensions with field strength F̂(n) = dÂ(n−1).
Such a gauge potential decomposes as

Â(n−1) = A(n−1) +A(n−2) ∧ dz. (B.69)

in the D-dimensional perspective. Again this is a result of the inability of the D-dimensional
index labels µ, ν, . . . or a, b, . . . to take on the value z. Now, when it comes to parameterizing
the D-dimensional field strengths we could make the naive choice

F̂(n) = dA(n−1) + dA(n−2) ∧ dz, (B.70)

however, like for the metric, the straight forward choice is not as good as it gets. We are
much better off adding (and subtracting) the term dA(n−2) ∧ A(1):

F̂(n) = dA(n−1) − dA(n−2) ∧ A(1) + dA(n−2) ∧ (A(1) + dz) (B.71)

and then define the D-dimensional field strengths

F(n) = dA(n−1) − dA(n−2) ∧ A(1), (B.72)

F(n−1) = dA(n−2), (B.73)

where A(1) is the Kaluza-Klein potential that we obtained from circle reduction of (D + 1)-
dimensional Einstein gravity.

Finally the relation between the D + 1 and D-dimensional field strengths is found by

F̂(n) =
1

n!
F̂A1···An ê

A1 ∧ · · · ∧ êAn

=
1

n!
enαφ F̂a1···an ê

a1 ∧ · · · ∧ êan +
e(β+(n−1)α)φ

(n− 1)!
F̂a1···an−1 z ê

a1 ∧ · · · ∧ êan−1 ∧ (A(1) + dz)

≡ 1

n!
Fa1···an ê

a1 ∧ · · · ∧ êan +
1

(n− 1)!
Fa1···an−1 ê

a1 ∧ · · · ∧ êan−1 ∧ (A(1) + dz), (B.74)

where in the second line we used (B.13), and in the last line we used the decomposition of
F̂(n) into the field strengths F(n) and F(n−1). Thus

F̂a1···an = e−nαφFa1···an , Fa1···an−1 z = e(D−n−1)αφFa1···an−1 (B.75)

where we used β = −(D − 2)α.
Using form notation, we see from how the (D + 1)-dimensional field strength reduces,

that if we have
−1

2 ? F̂(n) ∧ F̂(n) (B.76)

as the kinetic term for the gauge field in the (D + 1)-dimensional Lagrangian, then upon
circle reduction we obtain in the D-dimensional Lagrangian the kinetic terms

−1
2e
−2(n−1)αφ ? F(n) ∧ F(n) − 1

2e
2(D−n)αφ ? F(n−1) ∧ F(n−1), (B.77)

where we stress that the hodge duals in this last expression differ from the (D+1)-dimensional
one in the obvious way.

All this business with dimensional reduction will pay off later when we can use this to
make contact between a four-dimensional super gravity theory, namely the STU model, and
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type IIB string theory in 10 dimensions. As an added benefit and indeed a motivation for
performing reductions in its own right, is that we from a small set of higher dimensional
theories can generate all kinds of interesting lower dimensional ones. We just mentioned
the STU model, which we will see in the next section will arise upon several subsequent
reduction steps of truncated type IIB SUGRA theory. Also, knowing that a theory say in
D dimensions derives from one in D + d dimensions via some dimensional reduction, say
successively on circles or T d if you like (for toroidal compactification), we know how the
lower dimensional fields relate to the higher dimensional ones, and thus go the other way.
This is known as uplifting, which is notably utilized in [2, 19, 20], where in particular the
uplift of the subtracted geometry from 5 to 6 dimensions in [20] reveals the spacetime as
being locally AdS3 × S3.

Another reference which uses several reduction steps, all the way down to 3 dimensions
is [13]. The three-dimensional perspective reveals what are referred to as hidden symmetries
in [54] that comes along with powerful machinery to generate solutions to the theory. In fact
these solutions, in particular the gauge fields of [13] will be very useful to us when we extend
the work of [16]. Indeed we should comment on the general property that upon multiple circle
reductions or equivalently toroidal compactification the external symmetries of the original
higher dimensional theory are to some extent reincarnated as internal symmetries, such as
the U(1) gauge symmetry associated with the Kaluza-Klein potential A(1) when reducing on
S1. However it gets much richer for say n successive circle reductions [44], which not only
gives the U(1)n internal symmetry but also other global symmetries, typically GL(n,R).
These symmetries are especially apparent among the scalars; both the pseudoscalars and the
dilatons. We could go on into much more detail, which is very fruitful, but we leave the rest
to be covered in the reference [44].
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C

The STU Model

C.1 A Chain of Dimensional Reduction

In this section we follow the conventions of [54]. We will sketch the route from IIB string
theory to the STU Model via a chain of dimensional reduction. Along the road we will
present the details involved in the dualization of one of the field strengths.

A consistent truncation of type IIB SUGRA compactified over T 4, involves only the
10-dimensional graviton and RR two-form CRR[2]

1. The reduction ansatz reads

ds2
10,string = ds5

6 + e
Φ√
2ds2

4, Φ10 =
Φ√
2
, CRR[2] = C[2], (C.1)

where ds4 denotes the line element of the four-torus, and C[2] denotes the six-dimensional
descendant of the ten-dimensional RR two-form. The reduction yields the six-dimensional
theory, whose bosonic Lagrangian reads

L6B = R6 ?6 1− 1
2 ?6 dΦ ∧ dΦ− 1

2e
√

2Φ ?6 F[3] ∧ F[3], (C.2)

where F[3] = dC[2]. We see the field content is that of a graviton, a two-form and a dilaton.
We proceed to five dimensions by circle reduction, employing the standard Kaluza-Klein
ansatz.

ds2
6 = e

−
√

3
2

Ψ
(dz6 +A1

[1])
2 + e

1√
6

Ψ
ds2

5, (C.3)

F[3] = F
(5d)
[3] + dA2

[1] ∧ (dz +A1
[1]), (C.4)

where

F
(5d)
[3] = dC

(5d)
[2] − dA

2
[1] ∧ dA

1
[1]. (C.5)

We see that this Kaluza-Klein ansatz is a special case of the general circle reduction discussed
in appendix B.2, and one finds that the five-dimensional Lagrangian reads

L5 = R5 ?5 1− 1
2 ?5 dΦ ∧ dΦ− 1

2 ?5 dΨ ∧ dΨ− 1
2e
−2

√
2
3

Ψ
?5 F

1
[2] ∧ F

1
[2]

− 1
2e
−
√

2
3

Ψ+
√

2Φ
?5 F

(5d)
[3] ∧ F

(5d)
[3] −

1
2e

√
2
3

Ψ+
√

2Φ
?5 F

2
[2] ∧ F

2
[2], (C.6)

where F I[2] ≡ dA
I
[1].

Next we dualize F
(5d)
[3] in favor of a two-form F 3

[2]. Recall that in five dimensions the

two-form C
(5d)
[2] is dual to a one-form A3

[1]. A dualization needs to exchange the roles of the
Bianchi identity and the equations of motion for the gauge fields. A simple way to proceed
is to add the Lagrange multiplier

LLM = A3
[1] ∧ (dF

(5d)
[3] + F 2

[2] ∧ F
1
[2]), (C.7)

1In this chapter we will use square brackets to indicate the degree of the differential form.
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to the Lagrangian L5, since then the equations of motion for A3
[1] coincide precisely with the

Bianchi identity for F
(5d)
[3] . The Bianchi identity is easily transcribed from the above Kaluza-

Klein ansatz. One then proceeds by eliminating F
(5d)
[3] from the Lagrangian L5 + LLM via

its algebraic equation of motion. Treating F
(5d)
[3] as a fundamental field we find its algebraic

equation of motion

F 3
[2] − e

−
√

3
2

Ψ+
√

2Φ
?5 F

(5d)
[3] = 0. (C.8)

The relevant part of L5 + LLM reads

−1
2e
−
√

2
3

Ψ+
√

2Φ
?5 F

(5d)
[3] ∧ F

(5d)
[3] +A3

[1] ∧ (dF
(5d)
[3] + F 2

[2] ∧ F
1
[2]). (C.9)

Taking special care with the signs and noting that

A3
[1] ∧ dF

(5d)
[3] = −d(A3

[1] ∧ F
(5d)
[3] ) + dA3

[1] ∧ F
(5d)
[3] (C.10)

and that the total derivative can be discarded, we find that in terms of F 3
[2] the new La-

grangian reads

L′5 = R5 ?5 1− 1
2 ?5 dΦ ∧ dΦ− 1

2 ?5 dΨ ∧ dΨ− 1
2e
−2

√
2
3

Ψ
?5 F

1
[2] ∧ F

1
[2]

− 1
2e

√
2
3

Ψ+
√

2Φ
?5 F

2
[2] ∧ F

2
[2] −

1
2e

√
2
3

Ψ−
√

2Φ
?5 F

3
[2] ∧ F

3
[2] +A3

[1] ∧ F
2
[2] ∧ F

1
[2]. (C.11)

This is equivalent to five-dimensional U(1)3 supergravity [54] where the real special manifold
is parameterized by

h1 = e

√
2
3

Ψ
, h2 = e

−
√

1
6

Ψ−
√

1
2

Φ
, h3 = e

−
√

1
6

Ψ+
√

1
2

Φ
. (C.12)

A manifestly triality-invariant form may now be written as

L′′5 = R5 ?5 1− 1
2Hij ?5 dh

i ∧ dhj − 1
2Hij ?5 F

i
[2] ∧ F

j
[2] + 1

6CijkF
i
[2] ∧ F

j
[2] ∧A

k
[1], (C.13)

where Cijk = |εijk| and the only non-vanishing components of H are Hii = (hi)−2.
Further reduction down to four-dimensions via the Kaluza-Klein ansatz

ds2
5 = f2(dz + Â0

[1])
2 + f−1ds2

4 (C.14)

Ai[1] = χi(dz + Â0
[1]) + Âi[1], i = 1, 2, 3, (C.15)

one arrives at the STU model. We suppress the degree of the forms and all Hodge duals are
implicitly in four dimensions, furthermore we remove the hats on the field strengths

L4 = R ? 1− 1
2Hij ? dh

i ∧ dhj − 3
2f
−2 ? df ∧ df − 1

2f
3 ? F 0 ∧ F 0

− 1
2f
−2Hij ? dχ

i ∧ χj − 1
2fHij ? (F i + χiF 0) ∧ (F j + χjF 0)

+ 1
2Cijk

(
χiF j ∧ F k + χiχjF 0 ∧ F k + 1

3χ
iχjχkF 0 ∧ F 0

)
. (C.16)

C.2 Two Magnetic two Electric

In [13, 16] they consider the STU Lagrangian of the form

L4 = R ? 1− 1
2 ? dϕi ∧ dϕi −

1
2e

2ϕi ? dχi ∧ dχi − 1
2e
−ϕ1

(
eϕ2−ϕ3 ? F̂1 ∧ F̂1

+ eϕ2+ϕ3 ? F̂2 ∧ F̂2 + e−ϕ2+ϕ3 ? F̂1 ∧ F̂1 + e−ϕ2−ϕ3 ? F̂2 ∧ F̂2
)

− χ1(F̂1 ∧ F̂1 + F̂2 ∧ F̂2), (C.17)
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where

F̂1 = dÂ1 − χ2 dÂ2, (C.18)

F̂2 = dÂ2 + χ2 dÂ1 − χ3 dÂ1 + χ2χ3 dÂ2, (C.19)

F̂1 = dÂ1 + χ3 dÂ2, (C.20)

F̂2 = dÂ2. (C.21)

We would like to see the connection between this form of the STU Lagrangian and the one
used in [2]. To this end we dualize F̂2 by adopting the duel of Â2 which we shall call B. The
Bianchi identity for F̂2 reads

dF̂2 − dχ2 ∧ dÂ1 + dχ3 ∧ Â1 − d(χ2χ3) ∧ dÂ2 = 0. (C.22)

Thus we proceed to dualize by adding the Lagrange multiplier

B ∧ (dF̂2 − dχ2 ∧ dÂ1 + dχ3 ∧ Â1 − d(χ2χ3) ∧ dÂ2), (C.23)

to the above Lagrangian L4. Treating F̂2 as a fundamental field, we find its equation of
motion reads

dB − e−ϕ1+ϕ2+ϕ3 ? F̂2 − χ1F̂2 = 0. (C.24)

Using this to eliminate F̂2 from the Lagrangian with the multiplier, we find, after some
manipulation, that the collection of terms involving F̂2 can be rewritten to

−1
2e
−ϕ1+ϕ2+ϕ3 ? G ∧G+ dB ∧ (χ3dÂ1 − χ2dÂ1 − χ2χ3dÂ2), (C.25)

with
G = dB − χ1F̂2. (C.26)

Furthermore we see that we can get the Lagrangian to coincide with the manifestly triality
invariant form as in [54]. To do so we need to employ

χ̃1 = −χ1, χ̃2 = −χ2, χ̃3 = χ3, (C.27)

A0 = Â2, A1 = B, A2 = Â1, A3 = Â1, (C.28)

and
hi = eϕ0−2ϕi , f = e−

1
3
ϕ0 , ϕ0 ≡ ϕ1 + ϕ2 + ϕ3. (C.29)

This is more or less remarked on in [18]. They consider a slightly different Lagrange multi-
plier, but it basically amounts to the same thing.

C.3 Truncated STU Model

In [2] they write the STU Lagrangian density as

L4 = R ? 1− 1
2Hij ? dh

i ∧ dhj − 3

2f2
? df ∧ df − 1

2f
3 ? F 0 ∧ F 0

− 1

2f2
Hij ? dχ

i ∧ dχj − 1
2fHij ?

(
F i + χiF 0

)
∧
(
F j + χjF 0

)
+ 1

2Cijkχ
iF j ∧ F k + 1

2Cijkχ
iχjF 0 ∧ F k + 1

6Cijkχ
iχjχkF 0 ∧ F 0, (C.30)

where f and hi (i = 1, 2, 3) are scalar fields, χi are pseudoscalars and F 0 and F i are U(1)
gauge field strengths. Hij , the metric on the scalar moduli space, is diagonal Hii = (hi)−2,
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and Cijk is a symmetric symbol whose only non-vanishing components are permutations of
C123 = 1. The scalars hi are furthermore constrained by the relation h1h2h3 = 1 which needs
to be fulfilled before varying the action.

In the static case, it is sufficient to consider the truncation χi = 0. For this to be
a consistent truncation, a constraint must be imposed among the gauge field strengths.
Varying L4 with respect to χi, as in

χi → χi + δχi, (C.31)

one finds
L4 → L4 + δL4 (C.32)

where

δL4 = − 1

f2
Hij∇µχj∇µδχi − 1

2fHij(?F
0 ∧ F j + 2χj ? F 0 ∧ F 0 + ?F j ∧ F 0)δχi

+ 1
2Cijk(F

j ∧ F k + χjF 0 ∧ F k + 1
3χ

jχkF 0 ∧ F 0)δχi. (C.33)

This implies that the equations of motion for the pseudoscalars with all χi = 0 reads

−1
2fHij ? F

0 ∧ F j − 1
2fHij ? F

j ∧ F 0 + 1
2CijkF

j ∧ F k = 0 (C.34)

which after using
?A ∧B = ?B ∧A, (C.35)

one finds the constraint among the field strengths

−fHij ? F
0 ∧ F j + CijkF

j ∧ F k = 0. (C.36)

Setting all χi = 0

L4 = R ? 1− 1
2Hij ? dh

i ∧ dhj − 3

2f2
? df ∧ df − 1

2f
3 ? F 0 ∧ F 0 − 1

2fHij ? F
i ∧ F j . (C.37)

And it is tedious although straight forward to verify that with

hi = e
1
3
η0−ηi , f = e−

1
3
η0 , η0 ≡ η1 + η2 + η3, (C.38)

one reproduces (6.9).
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Checking EOMs for ∆− Matter

Here we verify that the matter (8.56 - 8.59) satisfies the relevant equations of motion.
In [13] they give us the Lagrangian for the truncation χ2 = χ3 = ϕ2 = ϕ3 = 0

L4 = R ? 1− 1
2 ? dϕ1 ∧ dϕ1 − 1

2e
2ϕ1 ? dχ1 ∧ dχ1

− 1
2e
−ϕ1(?F1 ∧ F1 + ?F2 ∧ F2)− 1

2χ1(F1 ∧ F1 + F2 ∧ F2) (D.1)

where F1 =
√

2 dA1 and F2 =
√

2 dA2. It is straight forward to verify that the equations
of motion for the full bosonic STU Lagrangian are solved by solutions to this truncated
Lagrangian, in other words, that it is a consistent truncation. The field strengths F1 and
F2 enter on equal footing, and their equations of motion are identical. Letting F = dA
denote either of F1 and F2, the relevant part of the truncated Lagrangian written out in
index notation reads

−1
4e
−ϕ1FµνF

µν + 1
8χ1ε

µνρσFµνFρσ, (D.2)

where we have dropped the overall volume form. Varying with respect to Aµ one finds the
equations of motion

∇µ(e−ϕ1Fµν)− 1
2ε
µνρσFρσ ∂µχ1 = 0, (D.3)

where the second term simplifies to a derivative only acting on χ1 since F satisfying the
Bianchi identity dF = 0.

Starting with F = F1, we compute and find

∇µ(e−ϕ1Fµφ1 ) = −(2m)2(Πc −Πs)
2a2 cos θ

Q∆
3/2
−

√
2, (D.4)

while the other three components vanish. The second term also vanishes for all but the
φ-component which reads

−εθφtrF1tr ∂θχ1 =
(2m)2(Πc −Πs)

2a2 cos θ

Q∆
3/2
−

√
2, (D.5)

thus F1 solves its equation of motion.
For the other gauge field, it seems we really need to drop the term ∼ 1/Q. We can argue

that this term should not contribute, after all we take Q → ∞ in the scaling limit. Then
we find again that it is only the φ component of the equations of motion, that is non-trivial.
One finds

∇µ(e−ϕ1Fµφ2 ) = −(2m)3a
√

ΠcΠs(Πc −Πs)

Q∆
3/2
−

√
2, (D.6)

and

−εθφtrF2tr ∂θχ1 =
(2m)3a

√
ΠcΠs(Πc −Πs)

Q∆
3/2
−

√
2, (D.7)

and thus F2 solves its equation of motion as well.
Varying with respect to χ1 we find that its equation of motion reads

∇µ(e2ϕ1∇µχ1) + 1
8ε
µνρσ(F1µνF1ρσ + F2µνF2ρσ) = 0 (D.8)
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Since we are discarding the term ∼ 1/Q in Â2 we only have F2tr non-zero, thus the second
term equates to

εtrθφF1trF1θφ = −4mQ2(Πc −Πs)a cos θ

∆
3/2
−

. (D.9)

Since ϕ1 is a function of r only we find that the first term simplifies to

e2ϕ1∇µ∇µχ1 =
4mQ2(Πc −Πs)a cos θ

∆
3/2
−

, (D.10)

and thus the equations of motion for χ1 hold.
Varying with respect to ϕ1 we find.

∇µ∇µϕ1 − e2ϕ1∇µχ1∇µχ1 + 1
4e
−ϕ1(F1µνF

1µν + F2µνF
2µν) = 0 (D.11)

The different terms evaluate to

∇µ∇µϕ1 = −(2m)2(Πc −Πs)

∆
3/2
−

{
(Πc −Πs)(r

2 − a2) + 4mΠs(r −m)
}
,

(D.12)

−e2ϕ1∇µχ1∇µχ1 = −(2m)2a2(Πc −Πs)
2 sin2θ

∆
3/2
−

, (D.13)

1
4e
−ϕ1(F1µνF

1µν + F2µνF
2µν) =

1

∆
1/2
−

+
(2m)4ΠcΠs − (2m)2(Π. −Πs)

2a2 cos2θ

∆
3/2
−

. (D.14)

We find that the equation of motion for ϕ1 holds.
Next up is checking the Einstein equations. To do that we need to equate the energy-

momentum tensor, by varying the Lagrangian with respect to gµν . We find

8πG4Tµν =
1

2

[
∂µϕ1∂νϕ1 −

gµν
2

(∂ϕ1)2 + e2ϕ1

(
∂µχ1∂νχ1 −

gµν
2

(∂χ1)2
)

+ e−ϕ1

2∑
i=1

(
Fiµ

ρFiνρ −
gµν
4

(Fi)
2
) ]
. (D.15)

All components on the diagonal are non-zero, and the only off diagonal component that is
non-zero is Ttφ = Tφt. This also applies to the Einstein tensor for the metric with ∆ = ∆−.
The five non-trivial Einstein equations were found to be satisfied by the matter (8.56 -
8.59). We thus concluding that the scaling limit has given matter supporting the subtracted
geometry, and furthermore that this matter is consistent with the STU model. This is not
the most general matter, and we leave it for future work to try and generalize to arbitrary
charges.
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Spherical Reduction of 5D EOMs

In section 7.6 we present the uplift from 4D to 5D and subsequent reduction to 3D. The
uplifted line element reading (7.88) and the KK-ansatz (7.89 - 7.92). In the following we
shall go through the technical steps of this spherical reduction (5D→ 3D) at the level of the
equations of motion.

We see that the magnetic field strengths F̃ i of the ansatz are proportional to vol2, from
which it follows that its equation of motion is trivially satisfied. This implies that there will
be no equation of motion for these fields in the lower-dimensional theory. For convenience
we reproduce the equations of motion for the matter in the 5D theory [2]:

0 = d
(
Hij ?5 F̃

j
)
− 1

2CijkF̃
j ∧ F̃ k, (E.1)

0 = d(?5dΨ)− 1
2

δHij

δΨ
?5 F̃

i ∧ F̃ j , (E.2)

0 = d(?5dΦ)− 1
2

δHij

δΦ
?5 F̃

i ∧ F̃ j . (E.3)

Here ?5 denotes the five-dimensional hodge dual, and d the exterior derivative 1. To get the
effective 3D equations of motion for the scalar fields from (E.2 - E.3), they firstly make use
of the identity

?A ∧B = ?B ∧A =
1

p!
Aµ1···µpBµ1···µpvolD, (E.4)

valid for p forms A and B, to find

?5F̃
i ∧ F̃ i =

B2
i

`4S
e−2U(x)vol3 ∧ vol2. (E.5)

Let us derive the above result in some more detail. From the general result valid for any two
p-forms, we get for the forms in our ansatz (7.90)

?5F̃
i ∧ F̃ i =

1

2!
F̃ iµνF iµνvol5 = gθθ5 g

φφ
5

(
F̃ iθφ
)2

vol5. (E.6)

From the KK ansatz metric (7.89), we read off

gθθ5 =
e−2U(x)

`2S
, gφφ5 =

e−2U(x)

`2S sin2θ
. (E.7)

Finally we also realize from the metric ansatz that we can express the 5D volume form as

vol5 = e2U(x)vol3 ∧ vol2, (E.8)

simply because
√
|g5| =

√
|g3|
√
|e4U(x)g2|. Piecing it all together we see how one arrives at

(E.5).
Also present in the scalar equations of motion are the Laplacians. We take a closer look

at how they evaluate given our KK ansatz. We notice that for scalar fields F (x) that only

1Conventions for form notation can be found in appendix A.
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depend on x i.e (r, t, z), the gradient dF only has support on M . For any one-form A with
support on M only we find

?5A =
1

2!
εν1ν2 µ θ φ A

µ dxν1∧ dxν2∧ dθ ∧ dφ

=
1

2!
e2U(x)εν1ν2 µ A

µ dxν1∧ dxν2∧ vol2

= e2U(x) ?3 A ∧ vol2.

(E.9)

Thus
?5dΨ = e2U(x) ?3 dΨ ∧ vol2, (E.10)

and we find that the scalar Laplacian reads

d ?5 dΨ = e2U(x) [d ?3 dΨ + 2dU(x) ∧ ?3dΨ] ∧ vol2, (E.11)

where it is used that d(vol2) = 0, and using the product rule d(A∧B) = dA∧B+(−1)pA∧dB,
where p is the degree of A.

Putting all of this together, one finds that the scalar equations subject to our KK ansatz
give the following effective 3D equations of motion for Ψ and Φ

0 = d(?3dΨ) + 2dU ∧ ?3dΨ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΨ
vol3, (E.12)

0 = d(?3dΦ) + 2dU ∧ ?3dΦ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΦ
vol3. (E.13)

Using the general results
? d ? φ = (−1)D−t∇µ∇µφ volD, (E.14)

and again

?A ∧B = ?B ∧A =
1

p!
Aµ1···µpBµ1···µpvolD, (E.15)

we see that the above equations of motion in component form read.

0 = ∇µ∇µΨ + 2∇µU∇µΨ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΨ
, (E.16)

0 = ∇µ∇µΦ + 2∇µU∇µΦ− 1
2e
−4U

3∑
i=1

B2
i

`4S

δHii

δΦ
. (E.17)

To reduce the 5D Einstein equations we study the spin-connection and the curvature
two-form. We let êM denote the 5D local Lorentz frame and M,N, . . . flat indices on the 5D
manifold. Furthermore ea and eα are respectively the orthonormal frames for the manifolds
M and Y , where by a, b, . . . we denote flat indices on M , and by α, β, . . . flat indices on Y .
The KK ansatz then gives by our choice of vielbeins

êa = ea, (E.18)

êα = eUeα. (E.19)

We start by tackling the spin-connection for the 5D manifold, which we denote ω̂MN . We
further denote the spin-connections for respectively M and Y by ωab and ωαβ. These are
respectively understood to be one-forms, and we are for the moment using index free notation,
to clarify

ω̂MN = ω̂µ
M
Ndx

µ. (E.20)
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In general the spin-connection can be derived from the connection, in this case the Christoffel
(torsion-free) connection

ω̂µ
M
N = êλ

M êνNΓλµν − êσN∂µêσM . (E.21)

In the case when M and N are supported on the 3D manifold M we get

ω̂µ
a
b = eλ

aeνbΓ
λ
µν − eσb∂µeσa = ωµ

a
b, (E.22)

where the last equality follows from the fact that ea only have support on M , and the
Christoffel symbols

Γλθν = Γλφν = 0, ν, λ ∈ {r, t, z}. (E.23)

Similarly, when M and N are supported on Y the 5D connection reads

ω̂µ
α
β = eλ

αeνβΓλµν − eσβ∂µeσα = ωµ
α
β, (E.24)

where the last equality follows from the fact that, again eα are only supported on Y and
furthermore

Γλµν = 0, ν, λ ∈ {θ, φ}, µ ∈ {r, t, z}. (E.25)

Finally when there is mixed support, i.e M on Y and N on M , we get

ω̂µ
α
a = eUeλ

αeνaΓ
λ
µν − eUeσa∂µeσα = eλ

αeνaΓ
λ
µν . (E.26)

We need to evaluate the contraction ”eeΓ”. The non-vanishing Christoffel symbols that
contribute to this contraction are found to be

Γθθν = Γφφν = ∂νU. (E.27)

It follows that
ω̂αa = Pae

α, Pa ≡ eU∂aU. (E.28)

There is a sleeker way of calculating the curvature two-form by simply solving the torsion-free
condition

ω̂MN ∧ êN = −dêM . (E.29)

We go through such a calculation in appendix B.
Next we move on to calculate the curvature two form, which we denote Θ. The 5D

curvature two form is then given by

Θ̂M
N = dω̂MN + ω̂MP ∧ ω̂PN . (E.30)

Again we go through the different component arrangements, in the same manner as when
calculating the spin-connection.

Θ̂a
b = dω̂ab + ω̂aM ∧ ωbM

= dωab + ωac ∧ ωbc + ω̂aα ∧ ω̂bα

= Θa
b + ω̂aα ∧ ω̂bα.

(E.31)

We will now show that the last term on the last line vanishes

ω̂aα ∧ ω̂bα = (P aeα) ∧ (Pbe
α) = P aPbηαβ(eβ ∧ eα) = 0, (E.32)

which vanishes since eβ ∧ eα is anti-symmetric in (α, β), and it is contracted with ηαβ which
is symmetric. Thus

Θ̂a
b = Θa

b. (E.33)
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Similarly one gets

Θ̂α
β = Θα

β + ω̂αa ∧ ω̂βa. (E.34)

The last term evaluates to

ω̂αa ∧ ω̂βa = PaP
aηβγ(eα ∧ eγ) = −PaP aηβ[γδ

α
σ]e

σ ∧ eγ . (E.35)

Thus

Θ̂α
β = Θα

β − PaP aηβ[γδ
α
σ]e

σ ∧ eγ . (E.36)

Finally the mixed term reads

Θ̂α
a = dω̂αa + ω̂αM ∧ ω̂Ma

= d(Pae
α) + ωαβ ∧ ω̂βa + ω̂αc ∧ ωca

= dPa ∧ eα + Pade
α + ωαβ ∧ Paeβ + Pce

α ∧ ωca
= dPa ∧ eα + Pce

α ∧ ωca
= (dPa − ωcaPc) ∧ eα

= (∇cPa)ec ∧ eα

= δαγ(∇cPa)ec ∧ eγ .

(E.37)

To get from the third to the fourth line in this calculation we used the torsion-free condition
to eliminate the two terms in the middle. The expression can in the end be written in terms
of the covariant derivative on the manifold M noting that

∇µPa = dPa − ωcaPc, ∇c ecµ = ∇µ. (E.38)

We can now proceed to use this to find the non-vanishing components of the Riemann tensor,
via

Θ̂M
N =

1

2!
R̂MNPQ ê

P ∧ êQ. (E.39)

Denoting the Riemann tensor of M by R and that of the compact manifold Y by R we also
have

Θa
b =

1

2!
Rabcd e

c ∧ ed, Θα
β =

1

2!
Rαβγδ eγ ∧ eδ. (E.40)

Now we can readily read off the components of the 5D Riemann tensor by inspection. For
instance, starting with

Θ̂a
b =

1

2!
R̂abPQ ê

P ∧ êQ (E.41)

we make use of the relation

Θ̂a
b = Θa

b =
1

2!
Rabcd e

c ∧ ed =
1

2!
Rabcd ê

c ∧ êd, (E.42)

and readily find that

R̂abcd = Rabcd. (E.43)

Similarly, noting that in terms of the hatted vielbeins we have

Θα
β =

1

2!
e−2URαβγδ êγ ∧ êδ, (E.44)

we make use of

Θ̂α
β = Θα

β − e−2UPaP
aηβ[γδ

α
σ]ê

σ ∧ êγ , (E.45)

to read off

R̂αβγδ = e−2URαβγδ − 2e−2UPaP
aδα[γηδ]β. (E.46)
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Notice here that it is the relation eα = e−U êα that gives us the extra factors of e−2U .
There are two more non-vanishing components, both arising from

Θ̂α
a = δαγ(∇cPa)ec ∧ eγ

= e−Uδαβ(∇bPa)êb ∧ êβ

= −e−Uδαβ(∇bPa)êβ ∧ êb.
(E.47)

We note that
1

2!
Rαaβb ê

β ∧ êb +
1

2!
Rαabβ ê

b ∧ êβ = Θ̂α
a, (E.48)

where, because Θ̂α
a involves a complete contraction of the hatted vielbeins we have to include

two terms on the LHS. Using that the Riemann tensor is antisymmetric in its last two indices,
this cancels the sign arising from swapping the order of the vielbeins in the second term on
the LHS and we find

Rαaβb ê
β ∧ êb = Θ̂α

a, (E.49)

from which we deduce
R̂αaβb = −δαβe−U∇bPa. (E.50)

Lastly, using that the Riemann tensor with all indices lowered is also antisymmetric in its
first two indices, we find

R̂aαbβ = −ηαβe−U∇bP a. (E.51)

These are the only non-vanishing components of the 5D Riemann tensor.
We now move on to calculate the Ricci tensor R̂MN = R̂PMPN . Again going through

the different types of component combinations:

R̂ab = R̂MaMb

= R̂cacb + R̂αaαb

= Rcacb − δααe−U∇bPa
= Rab − 2e−U∇bPa
= Rab − 2(∇b∇aU +∇aU∇bU).

(E.52)

R̂αβ = R̂MαMβ

= R̂aαaβ + R̂γαγβ

= −ηαβe−U∇aP a + e−2URγαγβ − 2e−2UPaP
aδγ [γηβ]α

= −ηαβe−U∇aP a + e−2URαβ − ηαβe−2UPaP
a

= e−2URαβ − 2(∇aU∇aU)ηαβ − (∇a∇aU)ηαβ.

(E.53)

R̂aα = R̂MaMα

= R̂babα + R̂βaβα

= 0.

(E.54)

Now we are prepared to find the reduced Einstein equations. Recalling the 5D Einstein
equation (using flat indices)

GMN =
1

2

[
∇MΨ∇NΨ− 1

2ηMN∇PΨ∇PΨ +∇MΨ∇NΨ− 1
2ηMN∇PΨ∇PΨ

+Hij

(
F̃ iM

P F̃ jNP −
1
4ηMN F̃

i
PQF̃

iPQ
)]
, (E.55)
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we proceed to find Rab in terms of the 5D objects. From

R̂ab = Rab − 2(∇b∇aU +∇aU∇bU), (E.56)

we find that
Rab = R̂ab + 2(∇b∇aU +∇aU∇bU). (E.57)

Now we would like to establish the form of Rab from the 5D Einstein equation. To this end
we note that contracting both sides of

R̂MN − 1
2ηMN R̂ = GMN =⇒ R̂− 5

2R̂ = G, (E.58)

from which we read off R̂ = −2
3G, thus

R̂MN = GMN − 1
3ηMNG, (E.59)

and finally
R̂ab = Gab − 1

3ηabG. (E.60)

Taking the trace of the 5D Einstein tensor we find

G = 1
2

[
−3

2∇PΨ∇PΨ− 3
2∇PΦ∇PΦ− 1

4HijF̃
i
PQF̃

jPQ
]

= 1
2

[
−3

2∇cΨ∇
cΨ− 3

2∇cΦ∇
cΦ− 1

2e
−4U

3∑
i=1

B2
i

`4S
Hii

]
, (E.61)

where in the last line we have used that Ψ = Ψ(x), Φ = Φ(x) where x = (r, t, z) and finally
that Hii are the only non-vanishing components, together with the explicit ansatz for F̃ i.
Equating

Rab = Gab − 1
3ηabG (E.62)

we finally get

Rab =2(∇b∇aU +∇aU∇bU)

+
1

2

[
∇aΨ∇aΨ +∇aΦ∇aΦ− 1

3ηabe
−4U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ)

]
. (E.63)

The above is the reduced Einstein equations, where one can clearly see that all reference to
the ”internal” two-sphere has dropped out.

We finalize this lengthy reduction by looking at what we get from the components of the
5D Einstein equations that are in the directions of Y . Again we start off with the 5D Ricci
tensor

R̂αβ = e−2URαβ − (∇a∇aU + 2∇aU∇aU)ηαβ, (E.64)

together with the relation
R̂αβ = Gαβ − 1

3ηαβG. (E.65)

Noting that the only non zero components of HijF̃
iP
α F̃ iβP are (θ, θ) and (φ, φ) and read

respectively

Hiig
φφ
(
F̃ iθφ
)2

= gφφB2
i sin2θ, Hiig

θθ
(
F̃ iφθ
)2

= gθθB2
i sin2θ, (E.66)

and that we in turn can express these respectively as

e−4U

`4S
B2
i gθθ,

e−4U

`4S
B2
i gφφ, (E.67)
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we find that we can rewrite it with flat indices as

HijF̃
iP
α F̃ iβP = e−4Uηαβ

3∑
i=1

B2
i

`4S
Hii. (E.68)

We then find

Gαβ − 1
3G = 1

3e
−4Uηαβ

3∑
i=1

B2
i

`4S
Hii, (E.69)

and we get that the components of Einstein’s equations read

e−2URαβ = ηαβ

(
∇a∇aU + 2∇aU∇aU + 1

3e
−4U

3∑
i=1

B2
i

`4S
Hii

)
. (E.70)

Given Rαβ = ηαβ/`
2
S we clearly see that these equations reduce to

∇a∇aU + 2∇aU∇aU −
e−2U

`2S
+ 1

3e
−4U

3∑
i=1

B2
i

`4S
Hii = 0. (E.71)

Finally from the fact that all reference to the internal two-sphere drops out, we see that the
reduction is indeed consistent. To close off this lengthy procedure, we note as the authors
have [2], that all four equations of motion can be derived from the string frame action

Sstring = − 1

16πG3

∫
d3x
√
|g|e2U

[
R+

2

`2S
e−2U − 1

2e
−4U

3∑
i=1

B2
i

`4S
Hii(Ψ,Φ)

+ 2(∇U)2 − 1
2(∇Ψ)2 − 1

2(∇Φ)2

]
. (E.72)
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