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Abstract

We consider long-wavelength perturbations of charged black branes to first order in a fluid-
elastic derivative expansion. At first order the perturbations decouple and we treat the
hydrodynamic and elastic perturbations separately. To put the results in a broader per-
spective, we present the first-order corrected dynamics of fluid branes carrying higher-form
charge by obtaining the general form of their equations of motion to pole-dipole order in
the absence of external forces. To monopole order, we characterize the corresponding ef-
fective theory of viscous fluid branes by writing down the general form of the first-order
dissipative corrections in terms of the shear and bulk viscosities as well as the transport
coefficient associated with charge diffusion. To dipole order, we furthermore, applying linear
response theory, characterize the corresponding effective theory of stationary bent charged
(an)isotropic fluid branes in terms of two sets of response coefficients, the Young modulus
and the piezoelectric moduli. We subsequently consider a large class of examples in gravity
of this effective theory. In particular, we consider dilatonic black p-branes in two different
settings: charged under a Maxwell gauge field and charged under a (p + 1)-form gauge field,
including the D-branes and M-branes of type II string theory and M theory, respectively.
Using familiar techniques, we compute the associated transport coefficients and uncover how
the shear and bulk viscosities are modified in the presence of electric charge and a dilaton
coupling. For the case of Maxwell black branes we furthermore compute the charge diffusion
constant. We find that the shear viscosity to entropy bound is saturated and comment on
proposed bounds for the bulk viscosity to entropy ratio. With the transport coefficients we
compute the first-order dispersion relations of the effective fluid and analyze the dynamical
stability of the black branes. We then focus on constructing stationary strained charged black
brane solutions to first order in a derivative expansion. Using solution generating techniques
and the bent neutral black brane as a seed solution, we obtain a class of charged black brane
geometries carrying smeared Maxwell charge in Einstein-Maxwell-dilaton theory. In the spe-
cific case of ten-dimensional space-time we furthermore use T-duality to generate bent black
branes with higher-form charge, including smeared D-branes of type II string theory. We
compute the bending moment and the electric dipole moment which these solutions acquire
due to the strain and uncover that their form is captured by classical electroelasticity theory.
In particular, we find that the Young modulus and the piezoelectric moduli of the strained
charged black brane solutions are parameterized by a total of four response coefficients, both
for the isotropic as well as for the anisotropic cases.
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Introduction

Black hole space-times in higher-dimensional Einstein gravity have been the subject of intense
study. Indeed, the phase structure of these space-times has been found to be far more complex
and intricate than their four dimensional counterparts [1-6]. Clearly, this originates from
the considerable increase in degrees of freedom of the higher-dimensional theory, but the
two pioneering findings that explicitly showed that the physics of higher-dimensional black
holes was much richer came with the discovery of dynamical instabilities of extended black
hole horizons [7] and the possibility of non-spherical horizon topology [8] as well as the
fact that higher-dimensional black holes can not be fully characterized by their conserved
charges [9]. This has laid the foundation for many advances in the classification and study
of the properties of higher-dimensional black hole space-times.

As is well-known, general relativity is incorporated in the framework of string theory.
The fact that it arises within the framework of a consistent quantum theory is perhaps
the most salient feature, since it makes it a promising candidate for describing quantum
gravity. At low energies string theory is described by higher-dimensional theories of gravity,
specifically in terms of the various supergravities. Black hole space-times of Einstein gravity
can therefore be regarded as a powerful tool to gain insights into the more fundamental
theory as they arise in the consistent truncations of supergravity. Furthermore, since the
space-time dimension is a dynamical concept in string theory much of the motivation for
understanding extra space dimensions actually originates from string theory. Even though
string theory may not be the true theory of nature, a noteworthy accomplishment is the first
successful microscopic statistical counting of black hole entropy [10].

Another instance where black hole space-times play a significant role is in the context
of gauge/gravity dualities. These dualities, that originated within the framework of string
theory, are concrete realizations of the holographic principle in the sense that they relate
two quantum theories of different dimensions i.e. higher-dimensional gravitational theories
to (non-gravitational) gauge theories in space-times of one dimension less. In this context
black holes are the necessary tool for studying finite temperature phases of the quantum
field theory (QFT). The best established example of holography is the much acclaimed
AdS/CFT correspondence [11-14], where conformal field theories (CFT) are dual to string
theory on backgrounds that contain anti-de Sitter (AdS) space. In this setting black holes
have been the key ingredient in making qualitative predictions of the very high temperature
deconfinement phase of quantum chromodynamics (QCD) which to much success has been
observed experimentally at high-energy colliders. However, there is also a wide-ranging effort
to use holography in a more generic way. In particular, one of the most active directions is



Introduction 2

the application to the study of condensed matter systems [15-18], where gravitational models
for hyperscaling-violating Lifshitz space-times have been proposed as gravity duals [19-22].
Finding gravitational models that possess specific properties of interest in this context has
been studied in e.g. [23].

Even if string theory is replaced by an alternative framework, black hole space-times are
still solutions of general relativity, albeit in higher dimensions, and as such they are among
the most important Lorentzian manifolds. The study of higher-dimensional gravity is there-
fore also of genuine interest in the sense that solutions of different space-time dimensions
can give valuable insights into the nature of gravity. For instance, understanding which
properties of black holes are universal and which show dependence on the space-time dimen-
sion. By now black hole mechanics is established as a universal feature while the possible
horizon topologies, maybe not surprisingly, evidently depend on the dimension. Indeed, as
mentioned above, by changing the space-time dimension one will discover a rich structure of
interconnecting phases with different horizon topologies and various stability issues.

An important feature that appears in higher dimensional gravity is the existence of spatial
extended black objects i.e. black branes. Even though these have compact flat directions at
infinity they are related to asymptotically flat black holes. This can be understood by using
the basic intuition of curving a black string into the form of a black ring. A construction like
this would make the black ring contract due to the tension of the black string, but with suf-
ficient rotation this may be counterbalanced simply due to centrifugal repulsion. Although,
quite basically put, this example provides us with two essential ingredients accounting for
many of the novel features of higher dimensional black holes: extended horizons and rotation.
In particular, higher dimensional black holes are known to exist in ultra-spinning regimes
(i.e. no Kerr bound) [1,8,24,25]. A regime which opens up for the possibility for having
a horizon that has two widely separated length-scales associated with it. An observation
that lead to the foundation and development of the blackfold approach [26,27], where a
black hole is regarded as a black brane whose world-volume spans a curved submanifold in
a background space-time, i.e. a blackfold.

In fact, some black holes look locally like flat black branes in various regimes e.g. in
their ultra-spinning or near-extremal limits. It is in these regimes that the long-wavelength
physics of the black brane can be described by the blackfold approach by replacing the small-
wavelength physics with an effective source. The effective source is thus characterized by
a set of collective variables consisting partly of intrinsic parameters of the black brane and
partly by the scalars that describe the position in the background space-time. To leading
order, the effective source of the black brane takes the form of a fluid living on a flat surface,
but one can continue to refine the description of the source by letting the collective variables
fluctuate slowly over the world-volume of the black brane in a controlled manner. This will
modify the effective source and therefore influence the long-wavelength physics.

Indeed, through the study of long-wavelength perturbations of black branes it has been
shown that they behave much like any other type of continuous media whose dynamics is gov-
erned by specific effective theories. These properties arise from two types of deformations:
time-(in)dependent fluctuations along the world-volume directions [28-33] and stationary
perturbations along directions transverse to the world-volume [34—40]. The former is charac-
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terized by an effective theory of viscous fluid flows as is well known from the hydrodynamic
limit of the AdS/CFT correspondence [28], while the latter is characterized by an effective
theory of thin elastic branes [26,34,41,42]. Both of these descriptions are unified in a gen-
eral framework of fluids living on dynamical surfaces (fluid branes), which, when applied to
black branes, is known collectively as the blackfold approach. The blackfold approach can
therefore be understood as the effective theory that describe the long-wavelength perturba-
tions of black branes. It is a general framework that accommodates both the fluid/gravity
correspondence and membrane paradigm [43,44]. In this sense, the fluid system does not
need to live on the boundary of some space-time (fluid/gravity) nor on the black hole horizon
(membrane paradigm), but can also live in an intermediate region.

The focus of this thesis is to obtain the transport and response coefficients that charac-
terize the effective theory of charged black branes. As a starting point, we will in section 1
first review the first-order corrected dynamics of charged fluid branes by deriving the gen-
eral form of their equations of motion in the absence of external forces. The derivation is
specifically based on a multipole expansion of the stress-energy tensor developed by [45,46]
and contains the analysis of neutral branes [37] and branes with higher-form charges [39,40].
The effective dynamics of the fluid brane is captured by the effective stress-energy tensor and
current that, in general, are given by a fluid-elastic derivative expansion. Fluctuations along
the world-volume directions of the brane give rise to fluid dynamic dissipative corrections
while fluctuations in the directions transverse to the brane give rise to elastic contributions.

We will subsequently see how the effective theory of charged fluid branes can encompass
the gravitational physics of the hydrodynamic and elastic sector of the long-wavelength
perturbations of black branes under appropriate assumptions. In particular, we will consider
a family of black p-branes of Einstein gravity coupled to a dilaton and a single (¢ + 1)-form
gauge field [47]. This family of solutions exist in any dimension and has both the dilaton
coupling and the (integer) dimension ¢ as free parameters. We will restrict the analysis to
first-order corrections for which the two perturbative sectors decouple. This work is therefore
separated into two main sections, summarized below: one part that considers hydrodynamic
perturbations and one part that considers elastic perturbations. However, we mention that
the interesting question about how and when higher-order perturbations couple has been
partially answered for stationary black brane configurations in [42].

Hydrodynamic perturbations

In section 2, we consider dissipative correction to the leading order fluid characterizing the
effective description of charged black branes. In particular, we compute the first-order hy-
drodynamic transport coefficients of dilatonic black branes in two different settings: first
charged under a Maxwell gauge field (¢ = 0) and second charged under a (p + 1)-form gauge
field (¢ = p). This extends and incorporates the cases studied in [33,43, 48] and will be
presented as a part of a future publication [49]. In particular, we note that the former case
contains the Reissner-Nordstrém black brane, while the latter case contains the supergravity
descriptions of the D-branes and M-branes. For both cases the leading order effective stress-
energy tensor takes the form of a boosted perfect fluid that accounts for the thermodynamics
of the brane. We put emphasis on how the presence of charge modifies the fluid transport
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coefficients of the neutral black brane originally considered in [32] and in particular for the
system with Maxwell charge we obtain the transport coefficient associated with charge dif-
fusion. In detail, we consider long-wavelength fluctuations around the black brane solution
in Einstein-Maxwell-dilaton theory and higher-form gauge field generalization thereof. We
solve the full set of coupled equations to first order for both cases in the derivative expansion
and compute the first-order corrected effective stress-energy tensor and current. This pro-
vides us with the charged generalizations of respectively the shear and bulk viscosities along
with the charge diffusion constant.

Having computed the shear and bulk viscosities we find that the bound n/s > 1/47 is
saturated for both systems. This agrees with the expectation that this should hold for any
two-derivative gravity theory [50,51]. In addition, we consider the different proposals for a
bulk viscosity to entropy bound [52-54]. Discrepancies are found for the Maxwell black brane
which may not be surprising, since the bounds relies heavily on holographic considerations,
but it is clear that in their current forms these bounds are not universal.

The transport coefficients also allows us to study the dynamical stability of the black
branes. Indeed, by computing the speed of sound in the effective fluid of the neutral black
brane ref. [32] was able to identify the unstable sound mode of the effective fluid with the
Gregory-Laflamme (GL) instability [7,55]. This simple computation can in fact already be
carried out at the perfect fluid level [27]. The results of [32] allowed further refinement of
this result and showed remarkable agreement with numerical data. We perform a similar
computation for the ¢ = 0 and ¢ = p systems, respectively, and obtain the speed of sound
and next-to-leading order dispersion relations. We find that both systems suffers from a GL
instability for large values of the dilaton coupling for all charge densities. For sufficiently
small values of the dilaton coupling the instability continues to occur, but as the charge
density is increased above their individual thresholds both systems appears to be stable,
at least to next-to-leading order. The general feature is therefore that a sufficiently large
charge density can stabilize the black branes. Although, both systems show the same overall
behavior, the details of their individual behavior differ quite significantly as we shall see.

In many ways, studying intrinsic fluctuations of branes in the blackfold approach is similar
in spirit to the well-known fluid/gravity correspondence of AdS/CFT [28]. We mention that
the computation in fluid/gravity analogous to the Maxwell system with zero dilaton coupling
(fluctuations of the AdS Maxwell black branes of co-dimension 1 with a Chern-Simons term)
was carried out in the papers [30,31,56], and furthermore for Kaluza-Klein dilaton coupling
in [53,54]. However, we emphasize that our computation deals with asymptotically flat
branes of general co-dimension and that the effective fluid stress-energy tensor has no direct
interpretation as a dual fluid of a QFT. Also note that the fluid stress-energy tensor is not
that of a conformal fluid.

Recently, a relation between black brane solutions in asymptotically AdS and Ricci-
flat black brane solutions was established. This was done by constructing a map from
asymptotically AdS solutions compactified on a torus to a corresponding Ricci-flat solution
obtained by replacing the torus by a sphere [57]. This was used to take the general second
order results of fluid/gravity [29] and map them to the second order blackfold stress-energy
tensor. This gave even further improvement of the dispersion relation of the GL instability
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of the neutral black brane. In this work we will provide evidence that the map can be
applied in more general cases between asymptotically AdS solutions and solutions that are
asymptotically flat i.e in this case to theories that includes a dilaton and a gauge field (thus
to theories that are not Ricci-flat). In particular, we show that the computed transport
coefficients map exactly to results for the corresponding systems on the AdS side. The
extension of the map will be made precise in [49].

Elastic perturbations

In section 3, we will consider stationary elastic perturbations along transverse directions to
the world-volume of charged black branes. This type of deformation is achieved by breaking
the symmetries of the transverse space to the brane world-volume directions in the same way
that the circular cross-section of a rod is deformed when it is bent. Such perturbations have
been studied in [34-38] for neutral black branes and in [39,40] for charged asymptotically
flat dilatonic black branes (on which this work is based). In these cases, to first order in the
derivative expansion, the metric acquires a bending moment while, in the case of charged
branes, the gauge field acquires an electric dipole moment which encode the brane response
to applied strains. Recall, that as a consequence of placing a fluid on a dynamical surface
embedded in a background space-time the induced metric changes when deformed along
transverse directions and that change is the measure of the strain [37,41].

According to the classical theory of elasticity, the bending moment encodes the response
coefficients of the material to applied strains [58]. For a generic material these coefficients
are a set of elastic moduli that are described by a tensor structure with the name of Young
modulus. For the case of neutral black branes these have been measured in [37,38] and have
been recently classified using the general framework of [42]. If the material is electrically
charged, according to the theory of electroelasticity, the gauge field will develop an electric
dipole moment whose strength is proportional to a set of piezoelectric moduli [59]. This effect
was first measured in [39] for asymptotically flat charged dilatonic black strings in Einstein-
Maxwell-dilaton theory and later in [40] for the larger class of dilatonic black branes charged
under higher-form gauge fields that we will consider here.

We will show that a large class of examples in gravity exhibit the electroelastic phenomena
suggested by applying linear response theory to the dipole contributions we encounter in the
general analysis of the equations of motion at pole-dipole order of charged fluid branes. In
particular, we use standard solution generating techniques and the bent neutral black brane
of [38] as a seed solution, to construct stationary strained charged black brane solutions
to first order in a derivative expansion. In this way we first obtain a set of bent charged
black brane solutions carrying smeared Maxwell (¢ = 0) charge in Einstein-Maxwell-dilaton
theory with Kaluza-Klein coupling constant. The corresponding effective theory describing
the perturbed solution is that of an isotropic fluid brane which has been subject to pure
bending. In the specific case of ten-dimensional space-time we furthermore use T-duality
to generate bent black branes charged under higher-form fields. This includes supergravity
descriptions for type II Dg-branes smeared in (p—q)-directions, which in general are described
by the effective theory of anisotropic p-branes carrying g-brane charge.

By measuring the bending moment and the electric dipole moment which these solutions
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acquire due to the strain, we uncover that their form is captured by classical electroelasticity
theory. In particular, we obtain the Young modulus and piezoelectric moduli from the bent
charged black brane solutions. We find that these are parameterized by a total of four
response coeflicients, both for the isotropic as well as anisotropic cases. These measurements
constitute the first step in obtaining higher order corrections to the charged stationary black
holes found in [47,60]. We emphasize that the resulting bending moment and electric dipole
moment that we obtain are specific cases of dipole contributions that fit within the general
framework of dipole-corrected equations of motion of fluid branes. Explicitly verifying that
these first-order corrected equations of motion are satisfied for the cases we have considered
is beyond the scope of the thesis.!

One motivation for bending charged black branes stems from the origin of the blackfold
approach, namely, that it is an analytic method that can be used to construct approximate
analytic black hole solutions by wrapping black branes along a submanifold with the de-
sired topology. In this setting, the approach has provided a way to probe the vast space
of possible higher-dimensional solutions. For example neutral black holes were found in
Minkowski background in [34,36] and in (A)dS background in [35,61]. Charged black holes
were considered in [47] and further in a supergravity setting in [60]. Earlier work where
the blackfold methodology has been applied include [34, 35, 62-64]. Furthermore, the pur-
pose of constructing explicit approximate curved black brane solutions in the context of the
blackfold approach has been to show that perturbed solutions that satisfy the leading order
blackfold equations given by Carter’s equations [65] also have regular horizons. It was proven
for neutral black branes in [38], but the analysis does not a priori apply to charged black
branes, since they are solutions to a different set of equations of motion. We will find that all
the charged solutions that are constructed in this work satisfy horizon regularity. However
trivial, this provides evidence that it might also hold for more general charged black brane
solutions. Finally, a valuable outcome of the blackfold approach is the connection between
its effective theory and that of improved effective actions for QCD [66,67]. Uncovering the
structure of the response coefficients for blackfold solutions therefore provide novel insights
into the general structure of the these effective theories.

'See [37,42] for work in this direction for the case of bent neutral black strings.
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The structure of this thesis is the following

Outline:

e In chapter 1, we present the first-order corrected dynamics of fluid branes carrying
higher-form charge by considering the general form of their equations of motion to pole-
dipole order. For infinity thin branes, we review the equations of motions and solve
them under the assumption of stationarity. We furthermore introduce the transport
coefficients and response coefficients that characterize the effective theory. In the last
part, we introduce the family of Gibbons-Maeda black brane solutions of Einstein-
Maxwell-dilaton theory and higher-dimensional generalizations thereof and show how
to extract the effective stress-energy tensor and current.

Significant parts of this chapter are based on [40].

e In chapter 2, we consider long-wavelength perturbations of charged dilatonic black
branes along the directions of the world-volume. In particular, we consider two different
settings, one in which the black brane is charged under a Maxwell gauge field and
one where it is charged under a (p + 1)-form gauge field. We compute the transport
coefficients of the corresponding effective fluid and present the shear and bulk viscosities
as well as the charge diffusion constant. Furthermore, we compute the next-to-leading
order dispersion relations and consider the dynamical stability of the black branes.

These results are not published yet, but will be included in a future publication [49].
They extend the analysis published in [33].

e In chapter 3, we review the perturbative framework for constructing bent black brane
solutions in order to gain understanding of the following construction. We then con-
struct strain black brane solutions by using a solution generating technique and the
neutral black brane as seed. Subsequently, we extract the bending moment and electric
dipole moment and compute the Young modulus and piezoelectric moduli.

These results are based on [39,40].

We conclude with a discussion of the results, possible generalizations and open problems.

e Appendix A contains the detailed computation of chapter 2 in the case of a dilatonic
black p-brane charged under a (p 4+ 1)-form gauge field.

e Appendix B gives a detailed derivation of the equation of motion for fluid branes
carrying Maxwell charge and string charge, respectively, as well as the conjectured
form of the equation of motion for fluid branes charged under higher-form fields.



Chapter 1

Blackfolds

In this chapter, we will setup the effective theory for a charged fluid configuration living
on a dynamical surface of small but finite thickness. In general, we will refer to fluids
living on dynamical surfaces of arbitrary co-dimension embedded in a background space-
time as fluid branes. We begin in section 1.1 by considering the pole-dipole expansion of
the stress-energy tensor and current that characterize the fluid as well as the equations of
motion governing these charged fluid branes. In section 1.2, we truncate the expansion at
zeroth order and consider the case of fluid configurations living on a dynamical surface of
vanishing thickness. At this order we consider a perfect fluid satisfying locally the first law
of thermodynamics and study in detail their equations of motion for different instances of
charge dissolved in their world-volume. We then briefly discuss the general form of first-
order dissipative hydrodynamic corrections to these fluid configurations. In section 1.3 we
focus on stationary fluid configurations and review the general solution of the hydrodynamic
equations when stationarity is imposed as well as how conserved surface quantities can be
constructed. In section 1.4, we look at the structures appearing in the decomposition of
the effective stress-energy tensor and current at pole-dipole order and provide a physical
interpretation of the bending moment, electrical dipole moment, and spin current. Lastly,
in section 1.5, we introduce the black brane solutions in (super)gravity that we will consider
in this work and describe how the effective sources that provide the input for the effective
description in terms of fluid branes are obtained from these geometries.

1.1 Dynamics of charged pole-dipole branes

In this section, we obtain the equations of motion for charged pole-dipole branes by solving
conservation equations for the effective stress-energy tensor and effective current that char-
acterize the branes. For this purpose we consider a (p + 1)-dimensional submanifold whose
world-volume W, ;1 is embedded in a D-dimensional background manifold with space-time
metric g, (x%). The space-time coordinates are %, o = 0,...,D — 1 and the dimension of
the background manifold is parametrized by D = p +n + 3. The submanifold is therefore
of co-dimension n + 2. We will sometimes refer to the submanifold as a surface even though
it is (p + 1)-dimensional. The position of the surface is given by the embedding functions
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XH(c®) with the world-volume coordinates ¢%, a = 0,...,p. The indices p, v label space-
time indices and a, b label directions along the world-volume. Associated to the geometry
of the submanifold is the induced metric v, = gu,,ugug with v = 0,X*" and the extrinsic
curvature Kabp = Vaug that encodes the profile of the embedding. Here we have defined the
world-volume covariant derivative V, = u4V, which acts on a generic space-time tensor V<
as

VaVH = 9V 4y V¥ + T ugVe (1.1)

where ¢, are the Christoffel symbols associated with v, and T’ , are the Christoffel sym-
bols associated with g,,. The extrinsic curvature is symmetric in its lower indices. Given
the induced metric on W,11 the first fundamental form of the submanifold is given by
AV = byl uy . It has the action of projecting tensors onto the directions tangent to the sub-
manifold. In addition, one can also form the orthogonal projection tensor L,,= g, —. We
begin by considering the multipole expansion of the stress-energy tensor for curved branes.

1.1.1 Effective stress-energy tensor and current

Finite thickness effects of an object can be probed by bending it. Physically, this is because
bending induces a varying concentration of matter along transverse directions to the brane
world-volume resulting in a non-trivial bending moment [37]. If the brane was infinitely thin
this effect would not be present. In order to include finite thickness effects in the brane
dynamics one performs a multipole expansion of the stress-energy tensor in the manner [46]

where we have omitted the explicit dependence of T '; T(’f)’p and X on the world-volume
coordinates o The stress-energy tensor (1.2) is characterized by two structures: T(%l)’ i
a monopole source of stress-energy while T(‘f)'p encodes the dipole (finite thickness) effects.
To each of these structures one associates an order parameter ¢ such that T(%'; = O(1) and
T(‘f)’p = O(é). Typically, for branes of thickness ry bent over a submanifold of characteristic
curvature radius R, the parameter ¢ has the form & = ro/R. If the expansion (1.2) is
truncated to O(€) , the stress-energy tensor is said to be expanded to pole-dipole order.
When only hydrodynamic corrections are considered, the stress-energy tensor is localized on
the surface described by X*#(c®) due to the delta-function in (1.2), since in this case T(’f)'p =0
while T(’é'j receives viscous corrections order-by-order in a derivative expansion. The general
form of the first-order hydrodynamic corrections are discussed in section 1.2.2. When elastic
perturbations are considered the brane acquires a bending moment which is encoded in T’ (‘f)'p )
In this case, there exists an ambiguity in the position of the world-volume surface within a
finite region of thickness rg, which is parametrized by the ‘extra symmetry 2’ acting on T(‘SV
and T(‘f;p under a O(€) displacement of the world-volume location X*(c%) — X*(0®)+£*(0®)
46].

The equations of motion for an object with a stress-energy tensor of the type (1.2), as-
suming the absence of external forces and ignoring backreaction, follow from the conservation
equation

Vv, T =0 . (1.3)
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In section 1.1.2, we decompose T(’gp and write down the equation of motion in a way adapted

for the cases considered in this work.

If the brane is charged under a (¢ + 1) gauge field, it is also characterized by a total
anti-symmetric current tensor J#!#at1 which can also be expanded in a Dirac-delta series
as [39]

5D

. wttgsrp 7
JHLBatt () = /ijpﬂm/jy [J(’Sl) MH\/i—ig -V, <J(”‘11) “qHP\/TQ> + } , (1.4)

where we have omitted the explicit dependence of J(’gl)'"“ 1 and J(Mll)"'“ 17 on the world-

volume coordinates 0 and used the abbreviated form §° = 6P (z® — X%(o)). As in the case

of the stress-energy tensor (1.2) the structure J(’gl)'”“ 7! is a monopole source of a charged

g-brane current while the structure J:“ll-..ﬂq+1p

encodes the finite thickness effects, including
the electric dipole moment of the brane. Moreover, the structures involved in (1.4) follow
the same hierarchy as in the case of the (1.2), i.e., Jég)"'”q“ = O(1) and J(Mll)"'”q“p = 0(é).
The equations of motion for the current (1.4) follow from the conservation equation

¥y JH ket = () (1.5)

The equations of motion that follow from here have been previous derived by Dixon and
Souriou in [68,69] for charged point particles (¢ = 0)! in a different way than the one
presented in [39]. In section 1.1.2 we will review these equations for p-branes carrying
Maxwell charge (¢ = 0). For details about the derivation we refer to appendix B where also
the equations of motion for p-branes carrying ¢-brane charge with ¢ > 1 are treated.

1.1.2 Decomposition and equations of motion

In order to write the equations of motion in a useful form we decompose Tg’;p into tangential

and orthogonal parts with the help of the orthogonal projector 1*, such that

T(ulgp — w0 gy gabe ugT(”S“ . (1.6)

Here the vertical bars indicate that the index b is insensitive to the symmetrization which is
done only over the space-time indices y, v. Moreover, j?? are the components responsible for
giving transverse motion (spin) to the brane and have been considered by Papapetrou when
deriving the equations of motion for spinning point particles [71]. These have the properties
gove = jblvel and u®j%P = 0. The components d®” have the properties d**° = da)r and
ugdabp = 0 and encode the bending moment of the brane. In the point particle case these
components can be gauged away using the ‘extra symmetry 2’ [37], but not for the cases
p > 0. The components T (“11)"1 can be gauged away everywhere on the world-volume using
the ‘extra symmetry 1’ and can be set to zero at the boundary in the absence of additional
boundary sources [46]. As we are only interested in bending corrections, i.e. j*? = 0, we

can write the equations of motion as [37,42]

VaI™ +ub Vo Ved"™ = d** Ry, (1.7)

!See ref. [70] for a recent review, including a treatment of the case when external forces are present.
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TKap” + 1P,V Vyd™ = d" Rl oy, (1.8)

where 7% = T&S + 2dlacr K b)cu. Here R,y is the Riemann curvature tensor of the back-
ground space-time. If finite thickness effects are absent, d*”* = 0, one recovers the equations
of motion derived by Carter [65] and if one further takes T(‘gs to be of the perfect fluid form
with energy density and pressure of a black brane, these equations are the leading order
blackfold equations [26,27] which we will consider in section 1.2 in the case of perfect fluids
with conserved ¢-brane charges on their world-volumes.

The equations (1.7)-(1.8) are relativistic generalizations of the equations of motion of thin
elastic branes [42] and must be supplemented with the integrability condition doble i Pl = 0
and boundary conditions

dabpnanb|wp+1 =0, (Tab“g - danKbcpub# + J—“,ovbdabp> ﬁa‘WpH =0, (1-9)

where 7, is a unit normal vector to the brane boundary. The equations (1.7)-(1.9) are also
valid for charged (dilatonic) branes as long as couplings to external background fields are
absent [47,60, 72].

Pole-dipole p-branes carrying Maxwell charge (¢ = 0) are characterized by a current J*
of the form (1.4). To write down the associated equations of motion for which the details
are given in appendix B, we decompose J(’g) and J(”f; in terms of tangential and orthogonal
components such that

J(’B) = J(%)ug + Jﬁ(l) ) Jﬁg =m* +ubp® + J(“f;ug , (1.10)
where mH” is transverse in both indices and satisfies m* = ml*! while p® is transverse
in its space-time index. The structure J“¢ is neither parallel nor orthogonal to the world-

(1
volume and satisfies J([?;ﬂ = 0. With the decompositions of J(’f)) and J(ul';, we can write the

equations of motion as
Ty = L4V, (pa” + (”1‘3) , (1.11)

Va (Ja +pb“K“bM> ~0 , (1.12)

where Jo = J(%) — UZVbJél;- The second equation corresponds to world-volume current
conservation. Note that in the case J (“11; = 0 for which the brane is infinitely thin, the equation
(1.12) reduces to that obtained previously in the literature using the same method [73]. The
equations of motion must be supplemented by the boundary conditions

(48 ) b =0 Teramlon =0 (113)
Vadly = 1 (I + 2" K% ) | low,. =0 (1.14)
where we have defined the boundary degrees of freedom J(&1) = J(“lb)vgna accounting for

possible extra current sources on the brane boundary. Note that the structure m*” entering
in the decomposition of J(“l'; does not play a role in the equation of motion (1.12) neither in
the boundary conditions (1.13)-(1.14) though it may be relevant when considering external
couplings to background fields.
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It should be mentioned that the expansion of the current 1.4 also enjoys the two sym-
metries as the stress-energy tensor 1.2 coined by the authors of [46] as ‘extra symmetry 1’
and ‘extra symmetry 2’. The extra symmetries and invariance of the equations of motion
are also discussed in appendix B. In particular, one finds that it is possible to gauge away
one of the structures in the decomposition (1.10).2 This is why the last term in (1.10) was
left neither parallel nor orthogonal to the world-volume. Furthermore, for ¢ = 0 invariance
of the equations of motion requires that J(alb = J((f)b ),

The derivation of the equations of motion for branes carrying string charge (¢ = 1) or
branes charged under higher-form fields (¢ > 1) follows a similar pattern as above for branes
carrying Maxwell charge (¢ = 0). For further details we refer to the sections B.2 and B.3 of
the appendix. Here we just note that the generalization leads to the two objects: m®1--®aHa+1P
satisfying the properties m®-@atat1p = plor--aqligt1p — mar-aqliar1pl gpd po1--tat1 gatisfy-
ing the property p®-%+1f = plar--agalp,

1.2 Fluids on dynamical surfaces

In this section, we will consider infinitely thin branes, d**? = 0, characterized by T (aob) taking
the form of the stress-energy tensor of a perfect fluid. The stress-energy tensor given by
equation (1.2) is thus truncated at order O(1). Inserting it into equation (1.3) one finds
that the stress-energy tensor has support on the (p 4 1)-dimensional world-volume W41 ,
ie. L7, T(‘g)’ = 0. It is therefore natural to write T(‘g)' = T(%guﬁug such that the equations of
motion of the fluid branes can be written as the tangentially divergence of the stress-energy
tensor [65]

VuVoTlpy =0, Tlymwlow,, =0 . (1.15)

With this particular form of the stress-energy tensor the equations can be separated into
D — p — 1 equations in directions orthogonal to the world-volume governing the eztrinsic
dynamics and p + 1 equations parallel to the world-volume W, 1 governing the intrinsic
dynamics. The equations of motion (1.15) can therefore be written as

T K" =0, (1.16)
VT =0, (1.17)

subject to the boundary condition T(%l;ug Mblow,, = 0. The equations can also be obtained
directly from (1.7)-(1.9) by setting d**”? = 0. The intrinsic equations are interpreted as
conservation of the world-volume stress-energy and encode the hydrodynamic equations in
the case of T(%b) describing a fluid. The extrinsic equations determines the coupling of the
stress-energy tensor to the extrinsic geometry. It is interesting to write out the extrinsic
curvature in terms of the embedding functions,

T Lo (0a0,X7 +T5,0, X 9,X") =0, (1.18)

thus giving the interpretation as a generalized geodesic equation for p-branes or simply as
“mass times acceleration equal to zero”. In the case where the brane is carrying a ¢-brane

2Except on the boundary, see appendix B.
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charge, the fluid is in addition to the stress-energy tensor also characterized by a totally
antisymmetric current tensor J#1#a+1. Inserting the current (1.4) truncated to order O(1)
in the equations of motion (1.5) implies that the current only takes tangential components,

J(’gl)'”“ ot — Jg)l)"'aq“ugll...ugjﬂ and leads to the world-volume current continuity equations
va1J(aO1)maq-~_1 =0, J(aol)"'afJ+lna1|8Wp+1 : (1'19)

The equations can also be obtained directly from (1.11)-(1.14) by setting J(“S =0.

In the following we will review the cases studied in [47,60] for p-branes with g-brane
charges dissolved in their world-volume, 0 < g < p under the assumption that dissipative
effects are absent. In section 1.2.2, we will briefly consider the form of first-order dissipative
corrections.

1.2.1 Fluid branes with g-brane charges

We consider a fluid configuration that supports several conserved ¢-brane currents on its
world-volume. Let V 41 denote the (¢ + 1)-dimensional volume form of the world-sheet of
the g-brane current, then the g-brane current can be expressed on differential form as

J(((?J)rl) = qu/qﬂ ) (1.20)

where Q, is the local g-brane charge density. Here we assume, for each current, the existence
of integral (¢ + 1)-dimensional submanifolds Cg41 C W,41 parallel to the projector h((l%); that
acts as the projector onto the space parallel to the world-sheet of the g-brane current.® The
charge density Q, is thus constant along the submanifold Cy41, but is allowed to vary along
the p — ¢ directions transverse to the current.

In addition to the currents, the perfect fluid is also characterized by a stress-energy
tensor. The presence of the currents causes the pressure densities in directions parallel and
transverse to differ which in general makes the fluid anisotropic. Introducing the local fluid
velocity u® and the potential ®, conjugate to Q,, the stress-energy tensor takes the general
form [60]*

P
T = Tsuu” — Gy™ = > 0,Q.h(h (1.21)
q=0
where 7 is the local temperature, s is the entropy density and the Gibbs free energy density
is given by

P

G=e-Ts—> 9, , (1.22)
q=0
with the energy density e. Furthermore, the fluid satisfies (locally) the first law of thermo-
dynamics

p—1
de=Tds+ > edQ, . (1.23)

q=0

31t can be shown from the current continuity equations d+J = 0 using Frobenius theorem that the currents
are required to be surface-forming [47,60]. We will assume this in the following.

“The authors of [60] does not claim that this is the universal form for any charged brane. It should however
be quite generic.
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We now turn to explicit cases where the fluid configuration carries a single g-brane current.
We begin with the simplest case where the world-volume carries p-brane charge [60]. In this
case the charge can not redistribute itself and is therefore trivially conserved over the world-
volume and in many aspects this configuration is similar to the neutral case [27]. We then
turn to the case of a world-volume theory with smeared g-brane charges [47]. For these
configurations the charges are allowed to redistribute which leads to non-trivial conservation
equations. The simplest case is for a world-volume theory with Maxwell charges ¢ = 0, since
in this case the stress-energy tensor still takes the form of an isotropic perfect fluid while for
higher brane charges 0 < g < p the stress-energy tensor is anisotropic as mentioned.

Fluids with p-brane charge

We consider the dynamics of a perfect fluid that lives on the world-volume W, carrying a
p-brane current studied in [60]. Let V},41 denote the volume form on W, 1, then the current
can be expressed as

0 A
IO =V (1.24)

where Q,, is the local charge density. The world-volume conservation equations (1.19) implies
that 0,9, = 0. The charge density is therefore not allowed to vary along the world-volume
directions and equals the total integrated charge (. This means that there is no local degree
of freedom associated with the charge @), and the fluid variables reduce to those of a neutral
fluid, that is, the local fluid velocity u® and the energy density €. The effective world-volume
theory is therefore given in terms of an isotropic perfect fluid with stress-energy tensor

T(%% = cuu® + PA® | (1.25)

where we have introduced the orthogonal projector A% = ~* 4 y%u? and P is the pressure
density. The intrinsic dynamics is governed by the world-volume conservation equations
given by (1.17). For the stress-energy tensor given by equation (1.25) they evaluate to the
energy continuity equation (by projecting with u®) and the Euler equation (by projecting
with A),

é=—wd, u=—w AP , (1.26)

where ¥ = V,u® is the expansion of u® and a dot denotes the directional derivative along
u®. Since the fluid satisfies (locally) the thermodynamic relations

de=Tds , w=e+P=Ts , (1.27)

the energy continuity equation can also be expressed as the conservation of the entropy
density while the Euler equation can be expressed as a relation between the fluid acceleration
@ and the temperature gradient. The equations of motion (1.26) are therefore equivalent to

Va(su®) =0 , (1.28)

and
A (i 4 Oylog T) =0 . (1.29)
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In addition to the intrinsic equations, the world-volume is also regarded as being dy-
namical. The dynamics of the world-volume is governed by the extrinsic equations given by
(1.16). For the perfect isotropic fluid (1.25) these equations evaluate to

PKP = —w L7, " | (1.30)

where we have used that the vector u is tangent to the world-volume W, 1 and therefore
satisfy utu” K" =17, u*. This reveals that the acceleration of the fluid element along the
transverse directions is given by the mean extrinsic curvature K* = 7abKabp . One can also
use the thermodynamic relation (1.27) to write

PKP = —sT L7, " . (1.31)

Finally, note that the above analysis is equivalent to considering a neutral fluid configuration,
because @), does not appear in thermodynamical relations (1.27). However, the presence of
the charge will of course show up in the equation of state of the fluid.

Fluids with Maxwell charge

Perfect fluids with Maxwell charge (¢ = 0) dissolved in their world-volume studied in [47,60]
provide the simplest non-trivial example of fluid configurations with charge, since the stress-
energy tensor remains on the form of a perfect isotropic fluid (1.25). The conservation of
stress-energy is therefore given by the equations (1.26), but are now supplemented by a
non-trivial current conservation equation (1.19).

The one-form current supported on the (p+ 1)-dimensional world-volume is proportional
to the fluid velocity u which we can express as

iy = Qu (1.32)

with Q denoting the Maxwell charge density.” The current conservation equation (1.19)
evaluates to

Q=-99 , (1.33)

where ¥ = V,u® is the expansion of the velocity field. The charge density can therefore vary
along the world-volume adding an extra degree of freedom to the system. Again, thermody-
namical equilibrium is satisfied locally thus the fluid satisfy the first law and thermodynamic
relation given by

de=Tds+®dQ , w=e+P=Ts+dQ , (1.34)

where @ is the electric potential conjugate to Q. Using the thermodynamic relations and
the current conservation equation (1.33), the energy continuity equation (1.26) can again
be shown to be equivalent to conservation of entropy density (1.28), while the Euler force
equation takes the form

A [sT (i, + Vi log T) + Q®(i, + Vylog @) =0 . (1.35)

SWe will omit the index ¢ on Q@ = Q, and ® = &, when it is clear from the context what is referred to.
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The extrinsic equations again evaluates to equation (1.30), however, using (1.34) one can
write

PKP = —(sT +®Q) L7, it | (1.36)

making the presence of the charge explicit.

Fluids with string charge

There is a natural way of writing the stress-energy tensor and current tensor for fluids
carrying string currents (¢ = 1) in their world-volume [47]. In particular, the string current
can be expressed as

T =2Qul"’ (1.37)

where v is a normalized spacelike eigenvector v? = 1 which satisfy u-v = 0. This defines the
string charge density Q. The current conservation equation (1.19) evaluates to

Q=-09-Qu-v , Q=-Q0+Qu-u , (1.38)

by projection along uw and v, respectively. The prime denotes a directional derivative along

@ je. v = v*V,v, and we have defined 9 = V. As mentioned above, the current

v
is assumed to spans a two-dimensional submanifold Co C W, parallel to the projector
hap = —uaup + v Vp.

The presence of string charge breaks the isotropy of the world-volume. The stress-energy
tensor therefore takes the form of an anisotropic perfect fluid characterized by two pressures;
the pressure density P along the spatial direction in which the string charge lie and the

pressure density P, transverse to that direction,
T = euu’ + Po™o® + PLA™ (1.39)
now with A% = v, — hep. Evaluating the equations of motion (1.17) along u and v one finds
¢=—wd—(PL—Phu-v , wv-i=(P.—P))-P , (1.40)

with w = e+ P, . Now using that the difference in pressures is given by the effective tension
PQ along the current i.e. P — P = ®Q together with the thermodynamic relations
(1.34) with P = P, the first set of the equations in (1.38) and (1.40), respectively, is
equivalent to conservation of entropy density (1.28). Orthogonal projection of the stress-
energy conservation equations leads to

A" [wiy, — (PL — P))vp+ VoP1] =0 . (1.41)

The Euler force equations (given by orthogonal projection and projection onto v) can be
rewritten using the thermodynamic relations. The second set of the equations in (1.38) and
(1.40) lead to

v sT (i + Vplog T) =0 (1.42)

while (1.41) gives

A [ST (i, + Vi log T) + @Q(i, — vj + Vplog @)] =0 . (1.43)
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The extrinsic equations (1.16) evaluate to
PLKP=— 17, (sTu“ + @QK“) , (1.44)
where K? = hK ] is the mean curvature of the embedding of the world-sheet Ca.

It is worth pointing out that the equations of motion in the different cases, as expected, show
a similar structure. For example, the last form of the extrinsic equations given by (1.44) is
written in very suggestive form. Indeed, one can identify the mean curvature Kr = h‘(lg) K ab’)
of the embedding of the world-volume C,y; for each of the different cases given by (1.31),
(1.36) and (1.44). Similarly, one can for the Euler force equations (1.29), (1.35) and (1.43) in
each case identify the pullback of the mean curvature Ko = UZK #. Furthermore, projecting

the intrinsic equations along w in each case lead to conservation of entropy density.

1.2.2 Viscous stress-energy tensor and current

Finally, we will briefly discuss the general form of the first-order viscous corrections to the

stress-energy tensor and current in the case of Maxwell charge (¢ = 0). We thus consider the

corrections to a generic hydrodynamic flow to first order in a derivative expansion when the

stress-energy tensor is localized on the surface described by X#(o) and T (‘f)'p =0, J(“ll; =0.
We write the stress-energy tensor and the current as

T = T8 + NP + 0%, Jo=Jh) + T, +0?) | (1.45)

where the derivative expansion is considered with respect to slowly varying world-volume
fields in a controlled way such that the magnitude of the fluctuations are small along the
world-volume (see section 2.2). The tensors H‘(lf) and T?{’) are the first-order dissipative
derivative corrections to the perfect fluid stress-energy tensor and current, respectively. As
is well-known, to any order in derivatives, it is in principle possible to write down all the
terms that can contribute to the stress-energy tensor and current (see e.g. [74]). In this way
the dissipative corrections to the stress-energy tensor and the current can be characterized
in terms of a set of transport coefficients. It is possible to show that the most general form
of H‘(‘f) is given by®

Y = —2no® — (WA™ (1.46)
where 0% is the usual shear tensor and is given by
ab ac v db : a
o® = A" (O ugy — Aeg— | A" with J =Vu® . (1.47)
p

The coefficients n and { are respectively the shear and bulk viscosity transport coefficients
and were computed for the neutral brane in [32]. We will compute them in the case of
charged branes in section 2. The viscosities n and ( are required to be positive in order to
ensure entropy creation in the fluid [75].

5Here we have imposed the Landau frame gauge on the stress-energy tensor uaH'(lf> = 0. Similarly one can
impose a Landau frame condition on the current. It takes the form uaT‘(lD =0.
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Using similar reasoning, it is possible to show that the most general form of T?U (in the
Landau frame) is given by’

2
Tl =-9 (QT> A%, G;) . (1.48)

w

Indeed, it is possible to derive that with © > 0, the term (1.48) is the only term which can be
constructed from the fields and that is consistent with the 2nd law of thermodynamics [75].

1.3 Stationary fluid configurations

We will now focus on stationary perfect fluid configurations. In particular, we will solve the
intrinsic equations following the analysis of [27,47,60]. Assuming a stationary fluid flow we
shall see that the solution can be completely specified providing a set of vector fields, a global
temperature and a global electric potential leaving only the embedding functions X#(o%) to
be determined.

1.3.1 Intrinsic dynamics

In order to describe stationary fluid configurations one must require the existence of a timelike
Killing vector field in the background space-time that naturally satisfies the Killing equation

Vikny =0, (1.49)

and whose pullback k, = ugku form the world-volume timelike Killing vector field. Now,
in order for the fluid to be stationary, it can not have dissipative terms in its stress-energy
tensor. In general this means that the corrections to the stress-energy tensor must vanish i.e.
the shear and expansion of the velocity field u given in equation (1.47) have to vanish. For
general stationary fluid configurations [76], the velocity of the fluid w must be proportional
to the world-volume timelike Killing vector field k = k%3,

k= klu, |kl=+v—7apkk’ . (1.50)
From the world-volume Killing equation V(,k) = 0, one has
V(aup) = —u, Vi) log k| (1.51)
and k®0,|k| = 0 with |k| # 0. The acceleration is therefore given by
U = Vglog k| . (1.52)

This is sufficient to determine the solution of the intrinsic equations (1.29) for fluid configu-
rations with unsmeared charge,

(1.53)

"It is possible to include a parity violating term as was found in [30]. However, since we will not consider
Chern-Simons terms such a term is not relevant.
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where T is an integration constant with the interpretation of the global temperature of
the fluid. The local temperature is thus obtained from a redshift of the uniform global
temperature.

In the case of smeared charges the intrinsic equations have the additional freedom from
the potential ®,. As for the temperature, the potential can not depend on time, since it is
incompatible with stationarity. Furthermore, due to the equipotential condition for electric
equilibrium [60], the potential can not depend on directions transverse to the current [47]. It
is therefore possible to form a constant by integrating over the directions along the current,

of = [ a0 onjeo) . (1.54)
Cq+1

with the interpretation of the global g-brane potential. Here, +/|h(?)(0%)| is the volume
element on Cyy1.

For stationary fluid branes carrying Maxwell charge (¢ = 0), the intrinsic equations can
be solved by taking (1.53) while the global potential fixes the local potential on the world-
volume by
_ o

k|
The solution of the intrinsic equations is therefore completely specified given the Killing
vector field k and the constants T and @53).

For stationary fluid branes carrying string charge (¢ = 1), it is necessary to specify the

Do (o) (1.55)

solution for v. To proceed we assume the existence of a spacelike Killing vector field v, that
commutes with k, in which the string charge lie along. We then construct the component
orthogonal to k®

¢t =Y — (YPup)u® | (1.56)
satisfying
C'Vilyy =0, k'Vuly » Va(*"=0 . (1.57)

¢=IClv, €=\ —rag¢” (1.58)

we have [u,v] = 0, which is the necessary and sufficient condition for the vector fields to be

Now taking

surface-forming, that is, they form Cy. The spatial vector v satisfies

~

V=V =0, v,=-Vglogl¢|] , v-u=0 . (1.59)

Using these relations and equation (1.51), the current conservation equations (1.38) is there-

fore @' = 0. With equation (1.53) the electric potential ®; is therefore constant along v due

to equation (1.43). Hence, assuming that (% has compact orbits of periodicity 27 the local
potential is given by

(1)

1 @

1(0%) = 5o (1.60)

8Note that since the function 1%u, can vary in directions transverse to 1) and k, the vector ¢ is in general
not a Killing vector field.
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The solution of the intrinsic equations are therefore completely specified given the timelike
Killing vector field k and the spacelike vector field ¢ together with the constants T and @g).

This completes the analysis of the solutions to the intrinsic equations of the system. The
remaining extrinsic equations constrain the embedding functions of the surface that the
stationary fluid configuration lives on. Explicit solutions to these equations in the case
of configurations carrying charge have been considered in [47,60]. However, we will just
note that in general under small deformations, it is possible to show that the surface, even
at this order, behaves as an elastic brane [41]. Furthermore, it should be mentioned that
the extrinsic equations for stationary configurations can also be obtained from an action
formalism. Recently, it was shown how the effective action formalism for neutral fluid brane
configurations can be related to the multipole expansion of the stress-energy tensor. This
precise relation was put forward by Armas [42]. It is expected that an action formalism for
stationary fluid configurations that carries charge would be very similar in the case of ¢ =0
and ¢ = p, but new contributions would need to be added in the case of the anisotropic fluids
with smeared charge 1 < ¢ < p.

1.3.2 Physical quantities

For stationary fluid configurations it is possible to form conserved surface quantities by
assuming that the stationary Killing vector field k is given by a combination of linear inde-
pendent world-volume Killing vector fields,

k=64 Quxa) (1.61)
i

where £%0, is the world-volume timelike Killing vector field assumed to be hypersurface
orthogonal to W,;1 and whose norm is the redshift factor Ry i.e. \/—752 = Rp. Furthermore,
X?,-)aa is a set of rotational Killing vector fields with the associated constant angular velocities

The mass and angular momenta can be obtained by integrals of the corresponding ef-
fective currents §bTa(2) and X?@Tég) over the spatial section of the world-volume B, with

coordinates o?,

M= [ T gy == [ vyt (162
By By
where dV(,) = dPo+/~®) is the measure on B, with ’yg) ) being the induced metric of the

spatial section of the world-volume and n® = £%/ Ry the associated unit normal vector. The
total charge passing through the spacelike hypersurface B, can be obtained by the integral

Qo= — / AV JOn® for ¢=0 , (1.63)
D

where the minus sign will ensure that a positive charge density and a future-pointing normal
vector will give a positive total charge. To obtain the total g-brane charge we need to consider
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spatial sections of the submanifold Cy41 orthogonal to n®. Let the associated volume g-form
of these sections be given by
Vir1-n
W = —— (1.64)

RV A

then the total ¢-brane charge can be obtained as

Q== [ VI nnwy) (1.65)

rP—q

The total entropy can be obtained from the conserved entropy current su® as

S = —/ dVip)san® . (1.66)
B

D

Finally, the conserved quantities satisfy the Smarr relation [47, 60]

(D —3)M — (D —2) <Z 0 J; + TS) N (D -3-92WQ, = Ticr. . (1.67)

q

with the total tensional energy obtained by integrating the local tension,
Tiot, = — / Vi) Ro (7 +nn) TG (1.68)
By

For Minkowski backgrounds, where Ry = 1, one has the zero tension condition 7Tio;, = 0. In
instances where the extrinsic equations (1.16) reduces to one equation, this equation will be
equivalent to the zero tension condition. Finally, it is worth mentioning that in the presence
of an external field in the background, the conserved quantities can be obtained using the
prescription given in [73].

1.4 Brane electroelasticity

In this section, we discuss the physical interpretation of the structures entering the dipole
contribution of the stress-energy tensor and the electric current. The physical interpretation

v and d* introduced in equation (1.6) was given in [37,42] while the

of the structures j%*
physical interpretation of the different structures appearing in the decompositions of the
electric current (1.10) and (B.49) was given in [39,40]. We will review these structures
here. Furthermore, we will discuss the form of these general dipole contributions under the
assumption that the charged fluid can be described by a covariantized linear response theory
inspired by classical electroelasticity theory. This will involve the introduction of response

coefficients corresponding to the Young modulus and piezoelectric moduli.

1.4.1 Bending moment and Young modulus

As mentioned in the beginning of section 1.1.1 the structure d**” accounts for the bending
moment of the brane [37,42]. To see this note that we can compute the total bending moment
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from the stress-energy tensor (1.2) by
D = /E dP o/ =g uluba” = /B dPo/=yd™ (1.69)
P

where ¥ is a constant timeslice in the bulk space time and we have ignored boundary terms
(which we will continue to do so in the following). Hence we identify d®” as the bending
moment density on the brane. Note that for the case of a point particle (p = 0), d** has
only one non-vanishing component, namely, d"7” where 7 is the proper time coordinate of
the world-line. Since the stress-energy tensor (1.2) also enjoys the ‘extra symmetry 2’ acting
as 0pd™P = —T(%b)ép one can, by an appropriate choice of £°, gauge away the component
d™™P [37]. Thus point particles do not carry world-volume mass dipoles but in the case p > 0
these components cannot, in general, be gauged away.

The bending moment d* is a priori unconstrained but assuming that the brane will
behave according to classical (Hookean) elasticity theory we consider it to be of the form

A" = YA P (1.70)

which is the form of the bending moment expected for a thin elastic brane that has been
subject to pure bending. Here, the extrinsic curvature K .4” has the interpretation of the
Lagrangian strain since it measures the variation of the induced metric on the brane along
transverse directions to the world-volume while Y*¢ is the Young modulus of brane.”

The linear response exhibited in equation (1.70) will be analyzed for the case of bending
deformations of fluid branes which are stationary. In these situations the general structure
of Y% has been classified for neutral isotropic fluids using an effective action approach [42].
For the isotropic cases studied here, making a slight generalization to the case of p-branes

with world-volume Maxwell charge, it takes the form [42]'0

yobed — 9 </\1(k; T, 05)7" 7 + Aa(k; T, @)y 9P + N3 (k; T, @ ) k" (k

1 al,b.cd aby,c1,.d ay,by.c1.d (171)
(I T @) 5 (K7 9 Pk 4+ As ks T, B KKK )

where k? is the Killing vector field along which the fluid is moving given by equation (1.50).
We have also indicated explicitly the dependence on the global temperature T', and the gen-
eralization compared to the neutral isotropic case of [42] is that there is now in addition a de-
pendence on the global chemical potential ® 5 given by equation (1.55). The Young modulus
Y abed gatisfies the expected properties of a classical elasticity tensor yabed — y(ab)(cd) — yredab,

We will find explicit realizations of (1.71) in section 3.3.2 when we consider the bending
of black p-branes with Maxwell charge. For this we note that not all of the five terms in the
expression in (1.71) are independent. In fact, due to the ‘extra symmetry 2’, these include

gauge dependent terms of the form k (T(%b)'y‘:d —|—T(%C§'y“b>, where k is a gauge parameter

9We use the convention that ¥ = YT (omitting tensor indices) where Y is the conventionally normalized
Young modulus and I the moment inertia of the object with respect to the choice of world-volume surface.

“Note that the Young modulus Y***? introduced here is related to the one introduced in [42] via the
relation Ybed = _yabed
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corresponding to the choice of origin. In the end only three out of the five A-coefficients are
independent, when using also the equations of motion.

It is not the purpose of this work to construct the effective action for anisotropic fluid
branes. However, as seen in section 1.2.1, we note that the simplest case of p-branes carrying
string charge with p > 1, are characterized by the additional vector v satisfying v -u = 0
and v2 = 1, aligned in the direction of the smeared string charge along the brane world-
volume. Following the analysis of [42], there are four further response coefficients that can
in principle be added to the effective action and, in turn, to the Young modulus defined in
(1.71), restricting to terms that contain only even powers of u® and/or v*. The expression
should therefore be supplemented with a contribution of the form

vered — —2 (A(k, G T, @ )KK'CC! + Mr(k, € T, @) kK
(1.72)
sk, G T, @)k KD + A (k, €T, @rr)C7¢ ¢C?)

Note that for this case the A-coefficients introduced in (1.71) are now also functions of the
non-normalized space-like vector ¢* given by equation (1.58). More generally, for branes with
smeared g-brane charge with 0 < ¢ < p one can introduce a set of vectors U?i) ,i=1,...,q,

such that v&)véj ) = 63 and furthermore vé)ua = 0. As a consequence, one can have for every
vector v‘(lz.), a contribution of the form (1.72), but clearly more complicated contributions can
appear as well. The analysis of this is beyond the scope of this thesis.

We note that the introduction of the new terms in (1.72) does not a priori guarantee that
the expected classical symmetries yabed — y(ab)(ed) — yredab gre preserved. However, one
should properly take into account that just as in (1.71), as a consequence of gauge freedom
not all of the terms in (1.72) are independent. In fact, we will see that for the particular cases
of charged black branes with ¢ > 0, the terms appearing in (1.72) can be transformed away,
such that the Young modulus is described by the expression (1.71). In section 3, we will give
explicit examples of charged black branes exhibiting these properties. It would be interesting
to examine whether more general bent charged black brane solutions can be constructed that
necessitate the introduction of the terms in (1.72), and, moreover, whether in those cases

there is an anomalous contribution violating the classical symmetries mentioned above.

1.4.2 Electric dipole moment and piezoelectric moduli

We now proceed to interpret the structures entering in the decomposition of the electric
current for the different cases, focusing first on the quantity p® relevant to the case of g =0
for which we have the current defined in (1.4). In close parallel to the bending moment in
(1.69), a charged brane can have an electric dipole moment P due to the finite thickness.
This is obtained by evaluating

P“”:/dD_lx\/—gJ“upr:/ dPo\/—~p** (1.73)
s B,

and hence the structure p® should be interpreted as a density of world-volume electric
dipole moment. Note that in the case of a point particle the structure p®” appearing in the
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decomposition (1.10) can be gauged away due to the ‘extra symmetry 2’ since it only has one
world-volume index component p” where 7 is the proper time direction of the world-line.
Since by equation (B.15) we have that Jop™ = — (To)ép , one can always choose &” such
that the component p™” vanishes. However, as discussed below equation (1.69), the same
symmetry can be used to gauge away the bending moment of a point particle. Since this
uses the same gauge parameter, it is generally not possible to gauge away both the bending
moment and the electric dipole moment at the same time. For extended objects (p > 1) the
electric dipole moment cannot be removed generically.
We now specialize to a class of branes for which the form of p* is that expected from
classical electroelasticity theory
P = R (1.74)

which is the covariant generalization of the usual relation for the electric dipole moment of
classical piezoelectrics [59]. Here, 7% is a set of piezoelectric moduli encoding the response
to bending deformations. The structure of Z%¢ has not yet been classified from an effective
action perspective as was the case for (1.71). However, based on covariance, it is easy to
write down the expected form for the cases we consider such that Z%¢ obeys the symmetry
property £%¢ = %) and respects the gauge freedom set by the transformation rule (B.15).
This leads to the form

R = =2 (k1 (T, @)y k) + ko (ks T, @)K KKE + k(s T, 0r )k ) . (1.75)

In parallel with (1.71) this contains gauge-dependent terms with respect to the ‘extra sym-

¢, with k the gauge parameter. In all, there is only

metry 2°, which have the form /ﬂJ&J)’yb
one independent k-parameter when using also the equations of motion.

We now turn our attention to the case of general p-branes carrying smeared g-brane
charge with ¢ > 0. The generalization of (1.73) is the electric dipole moment P%'-®a+1/

defined by
preanes — [ 4P taymg e aiar = [ waymmpeene 010
P

and hence p®--%+1P has the same interpretation as for the ¢ = 0 case. Now according to the
expectation from classical electro-elastodynamics we assume the following form for p®t--@e+1P

pal...aq+1p — Ral...aq+1chbcp

: (1.77)

where £%-%a+1%¢ inherits the symmetries of p®-%a+1P that is, £@1-dat+1be — glaiagalbe 5pd

be)

also the property £ -da+1be — ga1--aq+1(bc) Tn particular, for ¢ = 1, one expects a structure

of the form

el = =2 (kG T, @a)C KD 4 1ok, G T, @)k Ik
(1.78)
ik, G T, @i )CUKICC! + ka(k, G T, @11y

Again, this includes a gauge-dependent term of the form k J(a(f’)vc‘i. The symmetry property

of the piezoelectric moduli #%°? for ¢ > 1, namely the anti-symmetry in its first ¢+ 1 indices
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is not something that has a classical analogue and has not been previously considered in
the literature of charged elastic solids. In section 3.3 we will give examples of &% @a+10c
obtained from charged black branes in gravity. In particular, we will find that for all the
cases considered, there is only one independent contribution.

1.4.3 Spin current and magnetic dipole moment

As mentioned in the beginning of section 1.1.1 the structure j°%*

accounts for the spinning
degrees of freedom of the brane [37,42]. This can be seen by using the stress-energy tensor
in (1.2) and constructing the total angular momentum in a (u,r)-plane orthogonal to the

brane as

J = /EdD_lx\/—ig (T“Ox” — T”Om“) :/B dPo/ =y . (1.79)
D

%17 as the angular momentum density on the brane. Angular momentum

Hence we recognize j
conservation follows because the brane world-volume spin current 7% is conserved [37,42].
As we will now see, this quantity is also expected to play a role in relation to a particular
component of the dipole contribution to the electric current for branes with ¢-charge.

For this we first turn to the quantity m*” entering the decomposition of the electric
current for ¢ = 0. Here, it is instructive to furthermore start by considering the case of a
point particle (p = 0) with point-like charge. This can have a magnetic dipole moment M*

obtained by evaluating
V= / dP e/ =g (JHa¥ — JVat) = / dPo/—ym* . (1.80)
% By

Therefore, m*” should be seen as a world-volume density of magnetic dipole moment. Since
a magnetic dipole moment requires a moving charge, one would naturally expect m*” to be
proportional to the spin current j7*¥ of the particle. This interpretation also holds for any
p-brane with smeared Maxwell charge and generically one should expect

mt = \o®)uaj" | (1.81)

for some world-volume function A(c®). Turning to the case of general p-branes carrying a
smeared g-brane charge with ¢ > 0, we can evaluate the magnetic dipole moment

Mal---aqul’:/dD—lx\/fg(Jul---uqux _ Jm- MquM) “uq / dparmal -Qq v ,
b))

(1.82)
and hence generically the structure m® % should be interpreted as a density of magnetic
dipole moment. Moreover, in analogy with (1.81) we expect this to be related to the spin
current via the generic form

mal...aqw/ — Eal...aqub,ul/ , (1.83)

where 2%y, is totally anti-symmetric in its indices a;...aq. We will not find explicit exam-
ples of these responses to the spin, since the black branes that we consider in section 3 are
non-spinning.
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1.5 Gibbons-Maeda black branes

The next step is to consider long-wavelength perturbations of specific charged black brane
solutions in (super)gravity theories and show that their effective long-wavelength description
can be captured by the general results for charged fluid branes considered in the previous
sections. We will consider the family of Gibbons-Maeda black branes derived in [47] through
a double uplifting procedure of the Gibbons-Maeda black hole solution [77]. The solution
describes a black p-brane with horizon topology S™! x RP which has electric g-charge diluted
on its world-volume. The general solution is given in terms of a metric, a dilaton and a (g+1)-
form gauge field under which the black p-brane is charged. We will start by presenting the
solutions in section 1.5.1.

The remaining part of this section will introduce the framework for extracting the effective
stress-energy tensor and current from the black brane solutions. We compute in section 1.5.2
to monopole order the effective stress-energy tensor 7% and current J%-%+1 and find in
particular that the zeroth order stress-energy tensor of the Gibbons-Maeda black brane takes
the form of a perfect fluid. In section 1.5.3, we will give the procedure for extracting the
dipole corrections of the fields and explain their relation to the dipole moments entering the
effective stress-energy tensor T and effective current Jo1-da+1,

1.5.1 Black brane solutions

We consider charged dilatonic black brane solutions of the action

S =

1 1
o [ @V [R— 2Vo)’ —

—2a¢ 172

The field content consists of the metric g,,, the dilaton ¢, and the (¢ + 1)-form gauge field
Alg+1) with field strength Hi, o = dAf,11). The field strength is coupled to the dilaton with
coupling constant a.

The Gibbons-Maeda black brane is characterized by p spatial directions {7, Z}, a time
direction t, and a radial direction r along with the transverse sphere S"*1. The space-time
dimension D is related to p and n by D = p + n + 3. The metric is given by

q p—q
ds? =h4 <— fdt* + Z(dyi)2> +hB < A 40200, ) + (dzi)2> , (1.85)
i=1 =1
with the two harmonic functions f = f(r) and h = h(r) given by
_1_ (")" — To)"
Fo=1= ()" me =1+ (%) 5 (1.86)

The solution is parametrized by two parameters 7o and vg.'' The exponents of the harmonic
functions are given by

_ dn+p—q)
20+ 1)(n+p—q)+a*(n+p+1)

, (1.87)

11 the blackfold literature Yo = sinh? o and Yo > 0.



Chapter 1. Blackfolds 27

and
_ 4(qg+1)
b= 20+ 1) (n+p—q)+a*(n+p+1) (1.88)

The gauge field only lies in the ¢ directions y', ..., ¢ and is given by

\/N To\"
gy = == (7) VAol +0)dt Ady' AL Ady? (1.89)

where we have defined N = A+ B. It is worth mentioning that a and N are interchangeable
and in general can be real numbers, but for many interesting solutions N takes integer values
e.g. for the supergravity description of D-branes and NS-branes in type II string theory as
well as the M-branes in M-theory all have N = 1. Finally the dilaton is given by

1
(b:—ZNalogh . (1.90)

For future reference the field equations associated to the action (1.84) are

Guw — 2V, 0V — S =0

v, (e—2a¢H“pl,,.pq+l) —0, (1.91)
O + mﬁwm -0,
with
Sy = 2(ql+1)!€_2a¢ (Hupl...quHum”'pq“ _ 2((11+2)H29W> ) (1.92)

It is worth noting that the neutral limit is given by taking vy — 0 which reduces the solution
to a black p-branes and the field equations to the Einstein vacuum equations R, = 0.

As we shall see in the following, the associated effective stress-energy tensor of the Gibbon-
Maeda solution takes the form of an anisotropic perfect fluid. However, there are two inter-
esting cases where the stress-energy tensor is isotropic. The first is in the case of Einstein-
Maxwell-Dilaton theory obtained by taking ¢ = 0. This also includes the Reissner-Nordstrom
black branes where a = 0. The second case is theories with a (p+1)-form gauge field obtained
by taking p = ¢. In the context of type II string theory the gauge field corresponds to a R-R
field. We have already considered the effective description for these two cases in section 1.2.1.
In section 2, we will consider intrinsic perturbations of the black brane solutions of these two
theories and compute the dissipative corrections to their effective stress-energy tensor and
current. In section 3, we will construct bent black brane solutions in the context of theories
with 0 < g < p and compute the finite thickness effects to the effective stress-energy tensor
and current.

1.5.2 Effective fluid

In the blackfold approach one works with an effective stress-energy tensor that encodes
the short-wavelength degrees of freedom of the near region. The long-wavelength degrees
of freedom existing in the far region couple to the near region through this tensor. The
stress-energy tensor is computed in the asymptotically flat region (r — oo) of the black
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brane and acts as a source for the gravitational field in the far region. The stress-energy
tensor can either be obtained from an ADM-type prescription [78] or equivalent from the
quasilocal stress-energy tensor 7, introduced by Brown-York [79] which we will consider in
what follows.

In order to adopt this formalism to the black brane space-times that are considered here
we consider timelike hypersurfaces Y, at large constant r in the black brane space-time.
These surfaces form a boundary of the brane with geometry RY? x S"*1. Let n# denote the
outward pointing spacelike normal vector field to the boundary surface, then the metric on
Y is

Y = Guv — Ny (1.93)
This is also known as the first fundamental form or projection tensor of the hypersurface.
The hypersurfaces ¥, are embeddings in the space-time and therefore one can associate an
extrinsic curvature tensor to them. Given the metric and normal, the extrinsic curvature of
the hypersurface is given by the Lie derivative of the metric along the normal vector field,

= 1
K/ﬂ’:§

The extrinsic curvature tensor is therefore symmetric in its lower indices. Now, in order to

Lo =77,V (ag) - (1.94)

ascribe a stress-energy tensor to the surface we form the pullback of the extrinsic curvature

Oxt Ox¥ _
9= oy oy e

Similar we form the intrinsic metric 7;; and can write the quasilocal stress-energy tensor

as [79]
1

=&
i

where 7’ is a background reference for the space-time that constitute terms computed on a

K7 —5IK) - Téj 7 (1.96)

74

reference space-time with the same intrinsic geometry.

For the current setup the stress-energy tensor is computed far from the horizon of the
brane where the gravitational field is weak. In flat space this is the region where the devia-
tions away from Minkowski space-time are small. Since we do not consider deformations of
the intrinsic sphere, it is possible to integrate over the transverse sphere and the world-volume
stress-energy tensor can be obtained by

) Vs
Tab — lim (n+ )rn+17_ab
r—00

: (1.97)

under the assumption that the integrated tension of the S"*! directions does not diverge.
We have now obtained the stress-energy tensor with support on the (p + 1)-dimensional
world-volume W, ;1. This stress-energy tensor is what is referred to as the stress-energy
tensor of the blackfold fluid.

Effective current

If one deals with a charged source this will give rise to an effective current. It can be obtained
from the large r-asymptotics of the gauge field components far from the black brane horizon
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where the gravitational field is weak and requiring the Lorentz gauge V,, AF1H2Hatl = (),
In this limit, the linearized equation of motion (with an effective source) for asymptotically

flat space-times is
ViA‘ul""uq“ — — 167G JH 1 Ha+1 §(n+2) (r) , (1.98)

where the Laplacian operator is taken along transverse directions to the world-volume and
the dilaton is assumed to vanish at infinity. The effective current can then simply be obtained
from the field using Green’s function,

ag...qg41 — : n Aai...aqg4+1
J-%a Tli}moo el Adt-fatl (1.99)

This is the effective current with support on the world-volume W, 1.

World-volume stress-energy tensor and thermodynamics

The asymptotic charges and horizon quantities of the black brane solutions in section 1.5.1
serve as the leading order input to the blackfold formalism. We compute the quasilocal stress-
energy tensor given by equation (1.96) of the solutions given in section 1.5.1 and evaluate
equation (1.97) in order to obtain the blackfold fluid stress-energy tensor. In this case the
stress-energy tensor describes an anisotropic perfect fluid (in the rest frame) living on the
(p + 1)-dimensional world-volume. We note that the quasilocal tensor in the directions of

22 — 0 and therefore does not diverge when going to infinity. From

the transverse sphere is 7
the stress-energy tensor we can identify the energy density €, the pressure P along the ¢
directions of the gauge field, and the pressure P, in the p — ¢ remaining directions of the
world-volume

Qnt) Q1) Q1)

_ 1+nN P = noopo—_ " (1 4+ nNn) . (1.100
€= Jrg "0 (nH1+0NY), Py 167G 00 i Tong "0 1+ 7N0) - (1.100)

The effective current can be found by using equation (1.99) which determines the charge
density

0= Q(”“)m«"\/N%u ) . (1.101)
167G °

The quantities associated to the horizon can be obtained in the usual way. In particular, the
temperature 7 is determined from the surface gravity while the entropy density s is obtained
from the horizon area. Finally, we have the electric potential at the horizon ® conjugate to

Q.
o n o an R (TR Sy L R (1.102)
e Pho

41rg

The quantities are parameterized in terms of two parameters: the charge parameter vy and
the radius ro. With reference to section 1.2 we note that the general Smarr-like relation [60]

n+1

Ts+®Q | (1.103)

€ =
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is satisfied for the static black branes discussed here. The relation can equivalently be
expressed as G = %’Ts with G given by equation (1.22) and we can therefore by introducing
the boost velocities u® write the stress-energy tensor (1.21) in the form

1
T =Ts <uaub — nva") ~ ®QhYY) . (1.104)

In this form, the stress-energy tensor (1.104) immediately allows us to identify the thermal
and the electrostatic parts. Since r{ ~ Ts, it gives a measure of the thermal energy density.
In a similar manner =g is identified with the thermodynamic ratio,

100

et 1.105
’YO N 7-8 Y ( )

and o therefore measures the electrostatic energy relative to the thermal energy of the black
brane.

Zeroth order effective blackfold description

As mentioned, the dynamics of the charged black brane is to leading order given in terms
of an effective description of a perfect fluid living on a dynamical world-volume W, of
vanishing thickness whose dynamics is governed by the equations (1.16) and (1.17) [26,27].
The fluid is characterized by the effective stress-energy tensor (1.104) and current (1.20)
with the charge density (1.101), those dynamics we have considered in detail in section
1.2, in terms of stress-energy conservation (1.17) and current conservation equations (1.19),
respectively. The dynamics of the world-volume embedded in the background space-time
is governed by the coupling between the perfect fluid stress-energy tensor and the extrinsic
curvature of the submanifold. More precisely, the embedding functions satisfies the extrinsic
equations (1.16), which for the current setting we can write as [60],

KP=n 17, (i = %0NKf) (1.106)
where we have used equation (1.105) and K Z] ) = h?é’)K . is the mean curvature vector
of the embedding of Cyy1 in the background space-time. For the case of ¢ = 0, where
K éf)) = — 17, u*, the effect of the brane carrying Maxwell charge on its world-volume is
thus to decrease the necessary acceleration needed to maintain a given mean curvature. On
the other hand, for higher-form charges ¢ > 1 with positive mean curvature the necessary
acceleration required to maintain a given mean curvature increases [47].

Finally, it should also be mentioned, in connection with bending black brane solutions,
that the equations of motion (1.16) and (1.17) can be shown to be a subset of the Einstein
equations [38]. The equations can therefore also be used to exclude possible horizon topolo-
gies. Indeed, if a particular embedding does not solve the blackfold equations it implies that
such horizon geometry can not be realized as a solution to the Einstein equations, at least
not within the regime of validity of the effective description.
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1.5.3 Measuring dipole corrections

We now outline the method used to compute the dipole moments for generic stationary black
brane solutions in the theory described by (1.84). As mentioned in the beginning of section
1.1.1, bent branes acquire a bending moment which in turn implies a dipole correction T(‘i';p
to the stress-energy tensor and if the brane is charged an electric dipole moment J(Mll)""“‘“’J
is also induced. In order to compute these from a gravitational solution we look at the
large r-asymptotics where the geometry and gauge field, as seen from a distant observer, can
be replaced by effective sources of stress-energy and current. The task is then to find the
effective stress-energy tensor (1.2) and current (1.4) that source the charged brane solution.
To this end, we note that the equations of motion that follow from the action (1.84) in the
presence of sources are given by equation (1.91) with effective sources T and JH1-Hat1
appearing in the r.h.s.

The bending moment (1.70) and the electric dipole moment (1.77) are then related, via
equation (1.91) with effective sources, to the dipole corrections occurring in the different fields
as one approaches spatial infinity, which by definition have the fall-off behaviour O (rfnfl)
[37]. In particular, the bending moment is related to the dipole contributions to the metric
g far away from the brane horizon. It is therefore convenient to decompose the metric
according to

Gpw = Muw + hff\f) + h/(E) +0(r™7?) (1.107)
where the coefficients h,(LAV/[) represent the monopole structure of the metric, generically of

order O (r~™), while the coefficients h,(f,:,)) represent the dipole deformation of the metric of

order O (T‘”_l). Similarly, the electric dipole moment is related to the dipole contributions
to the gauge field A, _”_1)
field such that

also of order O (r . Therefore we decompose the gauge

Hg+13

A =AM AP o) (1.108)

H1---Hg+1 1. fhg4+1 M1 frg+1

where again the labels (M) and (D) indicate the monopole and dipole contributions respec-

tively to the gauge field A We note that in the cases studied here, there are no

M1 fhg 1
response coefficients associated with the dilaton ¢, a fact that renders the analysis of the
dilaton equation of motion unnecessary. In the following, we will review how the bending
and electric dipole moments as well as the corresponding response coefficients can be ex-
tracted from the linearized equations of motion. We should emphasize that the procedure
that will be outlined here only works under the assumption that there are no background
fields, namely, no background gauge field nor a non-zero background dilaton and that the

background metric is asymptotically flat.

Measuring the Young modulus

Considering the first equation in (1.91) with an effective source on the r.h.s. given by the
pole-dipole expansion given by equation (1.2) and using the decomposition (1.6), one finds
that the dipole contribution to the metric should satisfy the linearized equation of motion

Vin) =16rGd,, ~0, 6" (r) , V.h", =0 , (1.109)
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where we have defined

_ e
D) _ (D
h;(w) — h‘;(w) -

Sy hP) — Wh( )

, (1.110)
and the Laplacian operator is taken along transverse directions to the world-volume. The
direction cosine r| = rcos# is transverse to the direction along which the brane is bent. It
is convenient to exploit the explicit r and # dependence of the asymptotic form of the dipole
contributions, thus we define

BD) — (D) o g 0 D) D) g0 D) o
ab T fab Cosern+1 ’ h’rr — COSG n+1 9 hl] =T gUfQQ CObe +1 y (1111)

where f,S’B) are the asymptotic metric coefficients which do not depend on r neither on 6.'?
With this definition, the transverse gauge condition gives rise to the constraint

0"+ 1P+ (0= 1) fig) = (1.112)
and hence one obtains 2
h(P) = 2fs(2 cosf O+l . (1.113)

The dipole contributions to the metric are therefore given by'?

f(D) f(D) anab, (1.114)

and hence the Young modulus Y *°¢ can then be obtained via equation (1.70).

Measuring the piezoelectric moduli

The procedure for obtaining the piezoelectric moduli follows a similar logic. Using the
linearized version of the second equation in (1.91) with an effective pole-dipole source on the
r.h.s given by the expansion (1.4) and corresponding decomposition (see equation (1.10) and
equation (B.25)), one finds that the gauge field satisfies

VIAD) = 167GPuy g 0r 0TI (1) VAR =0 (1.115)

Hq+1

where it has been assumed that the dilaton vanishes at infinity. Again, it is convenient to
write the asymptotic gauge field coefficients as

(D) (D) gt
_ To
g — Qo lipg g cos pntl (1-116)

The electric dipole moment (1.74) follows from the equations (1.115)-(1.116) leading to the

simple relation'

Paroages = a5 uiy - (1.117)

12Here fg(HD)) is the same function for all transverse sphere indices.

Q
B3Note that here we have defined dg, = (1‘6“50 2dab and omitted the transverse index r| from dgp"+

since, according to the analysis of [38], also valid for the case at hand, perturbations in each direction 7

decouple from each other to first order in the derivative expansion.

Qntr1)T0 r25
167G

r from pal_.,aqﬂri in parallel with our definition of d."+.

MNote that here we have defined Dajy...agiy =

T0Pay...aqy; and again omitted the transverse index
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The piezoelectric moduli #¢1-~@a+1b¢

can then be extracted from (1.117) via equation (1.77).
This concludes our review of how the response coefficients are obtained from the field content

of bent black brane solutions far away from the brane horizon.



Chapter 2

Hydrodynamic Perturbations

In this chapter, we extend the analysis of ref. [33] where the hydrodynamic limit of the
Reissner-Nordstréom black p-brane was considered. In particular, we extend the analysis by
introducing a dilaton field in the theory and consider black p-branes in two different settings:
first charged under a Maxwell gauge field and second charged under a (p + 1)-form gauge
field.

As we shall see, since the background space-time exhibits a SO(p) invariance, the per-
turbations decouple into the different sectors of SO(p). The presence of a dilaton field will
introduce an additional scalar perturbation in both settings that otherwise leads to a very
similar system of differential equations except for the vector perturbations. The vector per-
turbations differ because whereas the Maxwell charge is allowed to redistribute itself on the
world-volume the system with p-brane charge is more constrained and can not redistribute
itself. There is therefore no diffusion associated with the (p+ 1)-form current and the vector
perturbations are in that sense much simpler to deal with. Although, the procedure of the
analysis is similar for the two systems, the details differ in the two cases. We therefore choose
to focus on the analysis for the black brane charged under a Maxwell gauge field and relay
the specifics of the computation for the black brane charged under a (p+ 1)-form gauge field
to appendix A.

In section 2.1 we start by considering the leading order solution of the black p-brane in
Einstein-Maxwell-dilaton theory. In section 2.2 we discuss the perturbation procedure and
explain how the boundary conditions are handled. In section 2.3 the first-order equations
are solved. Finally, in section 2.4 we present the effective stress-energy tensor and current
for the Maxwell black branes and the effective stress-energy tensor for the brane carrying
p-brane charge. In section 2.5 the transport coefficients are used to analyze the dispersion
relations, the dynamical stability, and the relation to the branes thermodynamical stability.

2.1 Maxwell black branes

As mentioned above we start by considering black brane solutions of Einstein-Maxwell-
dilaton theory. The action is given in section 1.5 by setting g = 0,

. 1 D — . 2 1 —2a¢ 104
S = e /d x\/—g [R 2(Vo) 1€ F,F . (2.1)

34
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Here F),, is the field strength of the Maxwell gauge field A,, F' = dA, which is coupled to
the dilaton ¢ through the coupling constant a.

The black brane is characterized by p spatial directions z, a time direction ¢, and a radial
direction r along with the transverse sphere S™*!. The space-time dimension D is related
to p and n by D = p+ n + 3. The metric takes the form

P
dﬁ::—hAﬁh?+hB<f%w2+r%ﬁﬁmly+§:(¢ﬁf> : (2.2)
i=1
with the two harmonic functions f = f(r) and h = h(r) given by
_1_ (")" _ To)"
Fo=1=(2)" k) =1+ () 0 - (2.3)

The solution is parametrized by two parameters rqg and 7y which interpretation has been
discussed in section 1.5.2. The exponents of the harmonic functions are given by

4(n+p) 4
= N B:
2(n+p)+a*(n+p+1) 2(n+p)+a*(n+p+1)

(2.4)

The gauge field is given by

Ay = =Y () @5)

where N = A 4+ B, and finally the dilaton is given by
1
¢ = —ENalogh : (2.6)

We note for future reference that N can not take arbitrary values, since we must require
that a® > 0. It is therefore bounded by

Ne}m 2<1+nip>], (2.7)

where the upper bound is set by a = 0.

One can apply a uniform boost u® to the static solution in the world-volume directions
thus extending it to a stationary one. The metric (2.2) of the dilatonic boosted black brane
then takes the form

ds® = hP <—h_Nf uqup dz®dz? + f~1dr? + r2dQ%n+1) + A da:ada:b) , (2.8)

where A% = 6% + uuy is the orthogonal projector defined by the boost u®. The gauge field
is given by

Ay = Y (1) a0+ D wda® (2.9)

r
while the dilaton fields remains unaffected.

We note here that a particularly nice property of the family of Gibbons-Maeda black
branes is that the dilaton coupling a can be treated as a free parameter. This in particular
means that we are free to set a = 0 and thus the Reissner-Nordstréom black brane solution
considered in [33] is a subset of the solutions considered here.
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2.1.1 Effective fluid

The blackfold effective theory of p-branes supporting particle charge (¢ = 0) was reviewed
in section 1.2.1. For a uniform boost u® of the brane, the effective blackfold stress-energy
tensor can be written in the form given by equation (1.104) as

1
T(%b) =Ts <u“ub - n'y“b> +®Quu’ | (2.10)

where 7,4, is the induced metric on the world-volume. For our purposes (flat extrinsic ge-
ometry), we have v, = n4. Moreover T is the local temperature, s is the entropy density,
Q is the charge density and finally @ is the electric potential conjugate to Q. The various
quantities are provided in section 1.5.2 parameterized in terms of a charge parameter vy and
the horizon thickness rg. The stress-energy tensor can be expressed (in standard form) in
terms of the energy density € and pressure P = P,

T(%b) = cuu® + PA® | (2.11)
and the 1-form current supported by the p-brane is given by
J(%) = Qu® . (2.12)

To leading order, the intrinsic blackfold equations take the form of the world-volume con-
servation equations VaT(%b) = 0 and VaJ(%) = 0. They are evaluated in section 1.2.1 and
are given by equation (1.26) and (1.33), respectively. The conservation equations will be
important in the perturbative analysis as they will show up as constraint equations when
solving the Einstein-Maxwell-dilaton system perturbatively.

2.2 The perturbative expansion

Our aim is to solve the Einstein-Maxwell-dilaton system in a derivative expansion around
the solution given in section 2.1. In this section, we will define the appropriate coordinates
to handle this problem and explain how the perturbations are classified according to their
transformation properties under SO(p).

2.2.1 Setting up the perturbation

Before perturbing the brane, we first need to introduce Eddington-Finkelstein (EF) coordi-
nates. The reason is two-fold. First, it is essential for the computation that we can ensure
regularity at the horizon and since the Schwarzschild description breaks down at the horizon,
it is clearly more useful to use EF coordinates. Secondly, since a gravitational disturbance
moves along null-lines, in order to control the perturbation, we want the lines of constant
world-volume coordinates to be radial null-curves i.e. g, = 0. This is exactly the defining
property of EF coordinates. For a general boost u®, we define the EF coordinates o% by

oo [ _ pN/
o =x"+ulry, T (r)=r +/ (‘fthQ> dr . (2.13)
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Here 7, is chosen such that 1, = hN/2/f and r, — r for large r. The first condition ensures
that g, = 0 while the latter is chosen such that the EF coordinates reduce to ordinary radial
Schwarzschild light cone coordinates for large r. Notice that it is possible to write down a
closed form expression for r, in terms of the hypergeometric Appell function F}

1 N 1 1 rf N
r*(r)ZrFl(—n;—z,l;l—n;l—h,l—f>%7’< —%<1+%>) , (2.14)

n—1rn? 2

where the last equality applies for large r and is valid up to O (7"2"%1) It is nice to note that
the hypergeometric Appell function F; reduces to the ordinary hypergeometric function o}
in the neutral limit v9 — 0. Indeed

o0 -1 1 1
7005r+/r (ff >dr=r2F1 (1;—n;1—n;1—f> ,  (2.15)

which is the 7, used in [32]. With this definition of r, we will limit our analysis to the case
for which n > 2. In EF coordinates, the metric (2.8) takes the form

lim 7, (r) = 74(7)
~Y0—0

sty = b (=h7™ gy do®do” — 20~y do"dr + Ay do®do” + 12402, 1)) . (2.16)

Here the subscript indicates that the metric solves the Einstein-Maxwell-dilaton equations to
zeroth order in the derivatives. Notice that in these coordinates the gauge field will acquire
a non-zero A, component . However, we shall work in a gauge where this component is zero.
We therefore take

<o>zm<ro

A
h r

>n Yo(70 + 1) ugde® | and in particular A® =0 . (2.17)

Having determined the EF form of the metric and gauge field, we are now ready to set up
the perturbative expansion.

Following the lines of [32], we promote the parameters u?,ro and vy to slowly varying
world-volume fields:

u® = u(c?), 1o —ro(c®), Y0 — (c?) . (2.18)

By slowly varying we mean that the derivatives of the world-volume fields are sufficiently
small. In order to quantify this, we introduce a set of re-scaled coordinates o = c0?, ¢ < 1,
and consider the w.v. fields to be functions of ¢¢. In this way each derivative will produce
a factor of . Moreover, two derivatives will be suppressed by a factor of € compared to one
derivative and so on. Effectively what we are doing is to consider arbitrary varying world-
volume fields (no restrictions on the size of derivatives) and “stretching” them by a factor of
1/e > 1. In this way we will only consider slowly varying fields and the derivative expansion
is controlled by the parameter £.! The fields can now be expanded around a given point P

u(o) = u“‘P + 60b8bu“|7> +0(EY , 1) = r0|7> + e0%9,r0|p + O(?)

) ” (2.19)
Yo(o) = 70‘79 + e0%0av0|p + O(%)

In the end of the computation, we of course set € = 1 and keep in mind that the expressions only hold as
a derivative expansion i.e. for sufficiently slowly varying configurations.
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We now seek derivative corrections to the metric, gauge field, and dilaton denoted by ds%l),

A1), and ¢(y), respectively, so that
ds? = dS( 0) + €d8(1) +O(e ) , A= A(o) + €A(1) + 0(62) ,
b= ¢y +eda) + O(E) |

solves the equations of motion to order . By a suitable choice of coordinates, we can take

(2.20)

the point P to lie at the origin 0% = (0,0). Moreover, we can choose coordinates so that
u”‘(o 0 = 1, ui‘(o 0 = 0,3 = 1,...,p (the rest frame of the boost in the origin).? In these

Oth

coordinates the order metric ds(o) takes the form

p
_N / iy2
ds(y) = h” [—Qh 2 dvdr — (hN> dv? + § (do')? +r2d07 .,

1 ry /
WP |2 1 A “0aro + A3-0%0a70 | dv?
teh™ R (7’0 ( + )0 aTo + AY 0 ’Yo> v
Bry (nv e ag . d 2402 (2.21)
+ o a0 + 0" Jao Z( o) +r (n+1)
i=1
+2 <h{V — 1> 0%9,u; dvdo® — N2 0dqu; do'dr

B—Arg (ny 4 a
hN/2+1 pn <7'OJ Oaro +0%0ayo | dvdr|

where we have denoted 7"0‘(0,0) = rg and 70](070) = 7. The system has a certain amount of

+

gauge freedom. Following the discussion of the definition of r,, we want the r coordinate to

maintain its geometrical interpretation. We therefore choose
g =0, (2.22)
and we moreover take
ggg) =0 and A =0 . (2.23)
The background g exhibits a residual SO(p) invariance. We can use this to split the
system up into sectors of SO(p). The scalar sector contains 5 scalars, Agl), ggr), g’L(J'U)7 Trgl(Jl),
and ¢1). The vector sector contains 3 vectors Agl), gf)? and gﬁ). Finally, the tensor sector
contains 1 tensor gz(]) = gz(]) (Trg,S))éij (the traceless part of 91(31 )). We parameterize the
three SO(p) sectors according to

Scalar: A —v/ N(1 —i—'yo h Lay, Ul) = hB2;AfW,
e S P v thTrfij, o =fo .
Vector: Agl) = —v/ N1+ ) ai, gfjp = thm, gﬁ) = thAfm- , (2.24)
Tensor: g( ) = th” ,

where ﬁj = fij— %(Tr fr1)0ij. The parameterization is chosen in such a way that the resulting
EOMs only contain derivatives of fu, fs and a, and will thus be directly integrable.

2In these coordinates u” = 1+ O(?).
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2.3 First-order equations

In order to compute the effective stress-energy tensor and current and thereby extract the
transport coefficients, we need the large r-asymptotics of the perturbation functions which
are decomposed and parametrized according to equation (2.24). The equations of motion
associated to the action (2.1) are given by the equations in (1.91) with ¢ = 0. We denote
the first-order Einstein, Maxwell, and dilaton equations by

1
Rl-“’ — 2vu¢vy¢ — 56_2a¢ <F“pFup — = 8(6#1/ + 0(52) =0 3

F2

2(n+p+1) g“”)
Vv, (6_2Q¢Fp#) =M, +0(E%) =0 , (2.25)

"'V, Vi + %e_Qa‘bF2 =e&y) + OEH =0 .

In this section, we will find the solution to each SO(p) sector in turn and explain how the

regularity on the horizon is ensured.

2.3.1 Scalars of SO(p)

The scalar sector consists of eight independent equations which correspond to the vanishing

of the components: Eyy, Ery, Err, TrEij, Eqq, E(p)s Moy M.

Constraint equations: There are two constraint equations; £, = 0 and M, = 0. The
two equations are solved consistently by

ro(1 — (N —2)y)

— o’ | 2.26
nt+1+(2—n(N—2)) " (2.26)

61,7“(] =

and
290(1 4+ o)

n+14+(2—n(N-2))y

The first equation corresponds to conservation of energy while the second equation can be

ot . (2.27)

Opyo = —

interpreted as current conservation. These are equivalent to the scalar conservation equations
given by (1.26) in the rest frame.

We now proceed to solve for the first-order correction to the scalar part of the metric,
gauge field, and dilaton under the assumption that the fluid configuration satisfy the above
constraints. By imposing the constraint equations one is left with six equations with five
unknowns.

Dynamical equations: The coupled system constituted by the dynamical equations is
quite intractable. One approach to obtaining the solution to the system is to decouple the
trace function Trf;;. Once Trf;; is known, it turns out, as will be presented below, all the
other functions can be obtained while ensuring that they are regular on the horizon.

It is possible to obtain a 3rd order ODE for Trf;; by decoupling it through a number of
steps. However, first it is useful to note that the particular combination of Tr&;; and &)



Chapter 2. Hydrodynamic Perturbations 40

leads to the equation

% [Tn-i-lf(r)T’(r)] = —(Qjut)r" (2(n +1)+ C:?Tz'yo> h(r)%_l ’ (2.28)

where we have defined the constant C' = 2(n + 1) — nN and

T(r) = Trfyy (r) + ——F alelr) (2.29)

(n+p+1

As we shall see this equation is very reminiscent of the equations for the tensor perturbations
found in section 2.3.3 for which we know the solution to be

T(r) = o = 2(0") (s = =2 (14 50) * log f(1)) . (2:30)

where horizon regularity has been imposed, since we know that Trf;; and f, are individually
regular on the horizon. Once f, is known in terms of Trf;; we can use &, to eliminate f/,,
and then take linear combinations of the remaining equations. The resulting combinations
can then be used to eliminate f], and f]), such that one is left with two equations in terms
of a, and Trf;; which can then be decoupled by standard means. The resulting equation is
schematically of the form

H) () [Tefig]” () + HYP () [Tefig]” (r) + B () [T fig) (r) = Se(r) - (231)

where Hy, Hy and Hs do not depend on the sources (world-volume derivatives) and the source
term ST, only depends on the scalar d;u’. The expressions for these functions are however
very long and have therefore been omitted. After some work, one finds that the equation is
solved by

Tefij(r) = ¢ + 70 G(r) — 20 )T (r) (2.32)

where the terms containing the two integration constants c%) and c%) correspond to the

homogeneous solution. The entire family of homogeneous solutions to equation (2.31) of
course has an additional one-parameter freedom which has been absorbed in the particular

solution Tr fi(js) (r) and been used to ensure horizon regularity.> With the introduction of c(Tlr)

we can safely take cgpl ) = 0. The function G is given by

r

n n —1
G(r) = B2 (-2 + (Bn — 2):270) : (2.33)

and has an intricate relationship to the gauge choice (2.23) as we shall see in section 2.3.4.
The particular solution which is regular on the horizon is given by

TS (r) = 070G () + (re = 2 (1470)% log f(r)) (1+ BrG(r) . (2:34)

0 N
— 2
n

(1+)

with the coeflicients

2(n+1)+Cy
(n+1)2+Cvy(2(n+1)+ Cy)

(2.35)

a=2p

] and ﬁ:p[H?w%]

n+14+Cry

3Note that equation (2.31) has been derived under the assumption that iut # 0. This especially means
that when there are no sources the one-parameter freedom disappears in accordance with (2.32).
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With Trf;; (and f,) given, the equation &, = 0 will provide the derivative of fr.,

fﬁ“)‘(ﬂn+nﬁ4£5%)mmg1Qi[“”g”?%y“ﬂ‘4%i[M”g]$“0

(2.36)
Since the equation is a 1st order ODE, the regularity of the horizon is ensured by Trf;;.
Note that it is possible to perform integration by parts and use that the derivative of r,
takes a simpler form. One can thereafter obtain an analytical expression for the resulting
integral. This expression is however rather long and does not add much to the question we
are addressing for which we are in principle only interested in the large r behavior given by

L, gk
fro(r) = FW(r) + (O5u") Z TOW {a%)r + Bﬁﬁ)ro] , (2.37)
k=1

where the homogeneous solution is given by

2p(n+p+1)+ (n+p)(2p+ C) g

n 2
% (2(n Fp+1)+(2p+ O):—g%)

W) = eru + 10N 2

rv n

, (2.38)

(k)

and the particular solution is given in terms of the coeflicients ay,” and ﬁﬁlz) which depend on
n,p,a, and 9. The coefficients are in general very long and does not provide much insight.
We therefore choose to omit them.

Using the expression for f}, in terms of Trf;;, the Maxwell equation M, = 0 becomes a
2nd order ODE for the gauge field perturbation,

d[ 1 2 d[ 1 1
dr |:7m—1a2’(r):| B (2(n + 1T)W+ o ) dr [rnﬂ (Tefis]'(r) + 4“%-’%) - (239)
Y0

This equation is solved by a double integration. The inner integral is manifestly regular at
the horizon, one can therefore work directly with the asymptotic behavior of the right-hand
side before performing the integrations. The large r behavior of the perturbation function is
thus found to be

) 0 .nk
ay(r) ~ aq(}h) (r) + (Oiu") [—nnr + Z :gk [afjk)r + ﬁék)ro]] ) (2.40)

k=1

where the first term constitute the homogeneous solution,

aM () = (Dpm 4 2) — ’yoc(TQr)% 2+ C — , (2.41)
™ 12p (2(n +p+1)+(2p+ C’)T—%'yo>
and the particular solution is given in terms of the coefficients aq()k) and Bq()k) depending on
n,p,a, and .
The last perturbation function f,, can be obtained from Tr&;; = 0 which provides a
1st order ODE for the perturbation. Horizon regularity is therefore ensured by the horizon
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regularity of Tr f;;. Using the expression for f;, in terms of Tr f;; the equation is schematically
of the form

fon(r) = G1 [Tr fi5(r)] + Ga lay (r)] + G [fo(r)] + Su(r) (2.42)

where G, Go, G3 are differential operators and the source Sj; depends on d;u’. Again, the
full expressions have been omitted and we only provide the large r behavior,

[e.9]

) rnk
Fuolr) = £ (1) + O') Y "o [0l 88mol (2.43)
k=1

with the homogeneous part given by

(n+p+1)(1 4 70)a?
2p

1) =+ 8

_ (2) _ 1), (1)
R ! 2(1 4+ 0)(cy Cy ' T00) + ey

(2.44)

(n+p+1+@2p+C))h(r) —prNf(r) C(z)]
n Tr ?
p(2n+p+1) + (2p+ ) i)
and the coeflicients ozq(,]f,) and B,(,lf,) again depend on n, p, a, and .
Finally, one must ensure that the remaining equations coming from &,, and the angular
directions (Eqn = 0) are satisfied. This will require the following relation,

) =—2¢,, . (2.45)

This completes the analysis of the scalar sector. The remaining undetermined integration
constants are thus: c%), c%), Crus cz(,l), 01(12) for which ¢, and c%) will be fixed by requiring the
space-time to be asymptotically flat while the rest constitute the freedom of the homogeneous

solution. Note that the above functions reproduce the neutral case as yo(c®) — 0.

2.3.2  Vectors of SO(p)

The vector sector consists of 3p independent equations which correspond to the vanishing of
the components: &,;, &y, and M;.

Constraint equations: The constraint equations are given by the Einstein equations £, =
0 and are solved by
Oiro = ro(1 + Nvo)Opui (2.46)

which are equivalent to conservation of stress-momentum. These are part of the conservation
equations given by (1.26) in the rest frame. Similar to above we now proceed solving for
the first-order corrections to the metric and gauge field under the assumption that the fluid
profile satisfy the above constraint (2.46).
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Dynamical equations: The remaining equations consist of p pairs consisting of one Ein-
stein equation &,; = 0 and one Maxwell equation M; = 0. The structure of these equations
is the same as in the scalar sector. The Einstein equation &,; = 0 is schematically of the
form,

LS () 15 (r) + LS () £ () + L (r)al(r) = Sua(r) (2.47)
while the Maxwell equation M; = 0 is,

M (r)al! (r) + MS™P (r)alh(r) + M) () fa(r) = Si(r) (2.48)

Again the functions L and My, kK =1,...,3 have been omitted.
To decouple the system we differentiate &,; once and eliminate all a;(r) terms in M;.
Doing so, one obtains a 3rd order ODE for f,;(r) which can be written on the form

d | rFLf(r) rl 2. g | prtipN+L ,
a DR N B CAN ) — Su(r) | 2.49
dr hN ( “ 7“”) dr (1 C1 i ) fm (7“) (T‘) ( )
with B N1 o 50)
‘= 1+ N’y() gL '

It is possible to perform the first two integrations analytically and ensure regularity at the
horizon. The first integration is straightforward while the second involves several non-trivial
functions. The large r behavior of the f,; function is found to be

fui(r) = cg) — (1 — hj;i)) ) (2) — (Opui) T—I-Z Tk [ T‘+/B( } , (2.51)

where the first two terms constitute the homogeneous solution and we find, in particular,
that in order to ensure horizon regularity one must have

N (270(1 +90) (Bui) + (@-w))
4n \ ' (1490)2 (1 + No)
(k)

while the remaining set of coefficients «;

B = _ (2.52)

and 51(,];) are in general complicated expressions

depending on the parameters in the problem. We therefore omit them as they provide no

insight. Also, we notice that the sum in the function (2.51) vanishes in the neutral limit.
Once the solution of f,; is given we can use &,; to determine a;,

ai(r)%c§1)+ m +Z Tk [ a; T—}-B ] , (2.53)

rn

where the first two terms correspond to the homogeneous solution. Again, we choose to omit
the coefficients al(»k) and 51.(k) .

The remaining undetermined integration constants are thus: cl( ), fn), and cg). The
(2)

constant c,;” corresponds to an infinitesimal shift in the boost velocities along the spatial

(1)

directions of the brane while c;

(1)

last constant c,;

is equivalent to an infinitesimal gauge transformation. The

will be determined by imposing asymptotically flatness at infinity.
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2.3.3 Tensors of SO(p)

There are no constraint equations in the tensor sector which consists of p(p + 1)/2 — 1
dynamical equations given by

dij
p
This gives an equation for each component of the traceless symmetric perturbation functions

fij

51" — Tr(&-j) =0 . (2.54)

d%‘ [r”“f(r)ﬁ-’j(r)] = —oyr" (2(n +1)+ C:(Zyo) h(r)%_l , (2.55)

where C' =2(n + 1) — nN and
1
045 = 8(luj) - Edwﬁkuk . (256)
The solution is given by,
= _ T0 N
Fia(r) = & = 2035 (e = 2 (1470) 2 log £ (1)) (2:57)

where horizon regularity has been imposed and the constant ¢;; is symmetric and traceless
and will be determined by imposing asymptotically flatness.

2.3.4 Comment on the homogeneous solution

We have now obtained the solution to the Einstein-Maxwell-dilaton equations for any first-
order fluid profile which fulfill the constraint equations. These have been provided in large r
expansions and are ensured to have the right behavior at the horizon for any of the remaining
integration constants. One remark that is worth mentioning is that f,; did not appear in
the analysis above and corresponds to a gauge freedom. This gauge freedom does not play
a role for n > 2, but is expected to play a role for n = 1 to ensure asymptotically flatness.

We now want to provide some insight into the meaning of the remaining integration
constants. One can separate the constants into two categories; the subset that are fixed by
asymptotically flatness and the subset that corresponds to the e-freedom of the parameters
in the zeroth order fields. The latter corresponds exactly to the remaining freedom of the
homogeneous solution. In the above the homogeneous part of the fields are given exact.

One finds that the homogeneous part of the scalar sector corresponds to shifts in rg —
ro 4+ €drg, Yo — Yo + €070, and the gauge freedom a, — a,, + €da, of the zeroth order metric
given by equation (2.8). Indeed, by redefining the r coordinate,

r—r (14 ey(nologro+ dlogy)G(r)) (2.58)

with G(r) given by equation (2.33), the angular directions does not receive first-order contri-
butions in accordance with the gauge choice (2.23), one can relate the integration constants
to the two shifts and gauge transformation by,

(2)

ey = —2p(ndlogro+ dlogyo)
2
(2) = —ndl _ﬂ(ﬂ —$5 2.59
Cy no logrg 087 o .
2(1 + 7o) Nvo(1 +70) (259
01(;1) = = o,

5/ Nvo(1 4+ 0)
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For the vector sector one finds that the homogeneous part corresponds to the shift of
u; — u; + edu; and the gauge transformation a; — a; + €da;. The first transformation
corresponds to global shifts in the boost velocities. With the same choice of r-coordinate,
one has

¢ = du; ,
V= B (2.60)
Nvo(1 +70)

This accounts for all the e-freedom in the full solution.

2.3.5 Imposing asymptotically flatness

We now turn to imposing the boundary condition at infinity, namely requiring the solution
to be asymptotically flat. To impose this we must first change coordinates back to the
Schwarzschild-like form. Moreover, we need the fields expressed in Schwarzschild coordinates
for obtaining the effective stress-energy tensor and current. In order to change coordinates,
we use the inverse transformation of the one stated in equation (2.13). The transformation
can be worked out iteratively order by order. To first order the transformation from EF-like
coordinates to Schwarzschild-like coordinates for a general ro(c®) and ~y(c?) is given by,

v=t+r,+¢e [(t + 75) (Oro 040 + Oy 0 Y0) + xt (OroT0iT0 4 Oyorx050) | + 0(52) ,
ol =a'+¢ [(t + 7)o’ + 0l 9pu' |y + O(2) . (2.61)

It is now possible to transform all the fields to Schwarzschild coordinates and impose asymp-
totically flatness. This leads to

=0, V=0 Y=0 &=0. (2.62)

We now have the complete first-order solution for the black brane metric and Maxwell gauge
field that solves the Einstein-Maxwell-dilaton equations.

2.4 Viscous stress-energy tensor and current

In this section, we will compute the effective stress-energy tensor and current of the first-
order solution obtained above. The general form of the first-order derivative corrections to
the stress-energy tensor and current was discussed in section 1.2.2 and we shall briefly discuss
the form in the current setting.

The perfect fluid terms were written down for our specific fluid in section 2.1.1 and we
can now provide the specific form of H?{’) and T?{’) as they are encoded in the first-order
corrected solution obtained in the previous section. The bulk and shear viscosities  and ¢
are associated with the scalar and tensor fluctuations, respectively. Note that although the
overall form of H‘(lf) is the same as in the neutral case, the transport coefficients are now

expected to depend on both the temperature and the charge i.e. on both rg, vy as well as
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the dilaton coupling a. Furthermore, the charge diffusion constant ® is associated with the
vector fluctuations. Plugging in the values of ® and 7 in terms of r¢ and vy and using the
vector constraint equation (2.46), we find that (in the rest frame)

Ty =0, Ty ~7(1+ 7)o’ + iam : (2.63)

Since the derivatives appear in a very specific combination in this expression, this in fact
provides us with a non-trivial check of the blackfold fluid description.

2.4.1 Effective stress-energy tensor and current: Maxwell charge

The quasi-local stress-energy tensor 7;; is obtained by background subtraction as presented
in section 1.5.2. We consider a surface at large r (spatial infinity) with induced metric 7;;
and compute the components of the quasi-local tensor by,

87TGTZ']' = Kij — ’7”[_{ — (KU — ’%]K) , (264)

where R’ij is the extrinsic curvature of the timelike hypersurface and K = 5% K’ij. The hatted

quantities are the subtracted terms and constitute Tioj. These are computed on flat space-

time with the same intrinsic geometry as the boundary of the black brane space-time. Notice

that the transverse space bear the structure hZdQ? One finds that for the transverse

(n+1)"
directions Ton = 0 while for the brane directions we use equation (1.97) in order to obtain

the fluid stress-energy tensor T with the components,

o Q, n

Tie = o (n+ 1+ 0N (70 + (870 +2°9270))) (ro + (00 + 20ar0))"

- Qnt) o n 1 AN K

T = — e 0ij (ro +(drg + 2%0qr0))" — en [2 (8(2-%-) — ]géijc‘?ku > + Eéijaku } ,

- Qms1) o, a

Tij = — TTel n(1+ Nvyo)e(duj + x%0quj) (2.65)

where the expressions are valid to order O(e). In a similar manner the current is obtained
from large r-asymptotics of the gauge fields. Ensuring that the Lorenz gauge condition
VHA, =0 is satisfied, the current is obtained using equation (1.99) and leads to

., §

Jy = =BV (ro + (6ro 4+ 0uro))" V(1 +70) + (0 + 2 9a0) (1 + 230)

- O 1+ 70008 + 30;

Jy = -t nVNTg/v0(1 +70) <€(6Uj + 2%qu;) — ero 201 +70)98: + 3 72 >
167G n(1+ Nvo)yo(1 +70)2

(2.66)

Again these expressions are valid to O(g). It is now possible to read off the transport
coefficients. Before doing this, we require that the Landau frame renormalization conditions
H?l) = Hﬁ) =0 and Tfl) = 0 are satisfied. Equivalently we require the shifts drg and §vg of
the zeroth order solution to vanish. Notice that the stress-energy tensor and current do not
depend on the gauge transformation da, as they should of course not do. Also recall that
the shifts were related to the integrations constants by (2.59).
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Setting drg = §v9 = 0, the shear and bulk viscosities are determined using the form given
by equation (1.47),

Q1) pi1 N (a) 2 2 (n+1)N
= (g =242 (2-N4p — T2 2.
n(a) 167G ' © (1+70)= a) p + C < + (n+1+ 070)2) . (267)

oy

3
—~
~—

where C = 2+ n(2 — N). The second term of J; is seen to have the right proportionality

according to (2.63) and hence using the form of equation (1.48) the diffusion constant can

be determined,

Qs 1490 oy
4G nNv °

Notice that all the transport coefficients are found to be positive which is expected for a

D(a) = (2.68)

consistent effective fluid dynamic theory. We have now obtained the first-order derivative
corrections to the effective stress-energy tensor and current. In the limit a = 0, we note
that the transport coefficients reproduces the results found for the Reissner-Nordstréom black
brane in [33] while for 79 = 0 the transport coefficients reduces to the results found for the
neutral black branes [32].

AdS/flat solution map

We shall now apply the recently established connection between the fluid/gravity corre-
spondence and the blackfold formulation [57]. The connection consists of a map between
asymptotically AdS solutions compactified on a torus and a corresponding Ricci-flat solution
obtained by replacing the torus by a sphere. We will here provide evidence that the map can
be applied in more general cases between asymptotically AdS solutions and solutions that
are asymptotically flat i.e in our case theories that includes a dilaton and a gauge field (thus
to theories that are not Ricci-flat).

One check is provided by the study of [53], where the fluid description of an asymptotically
AdS black brane solution with one scalar and Maxwell gauge field was considered. The
solution was obtained from a reduction on Einstein gravity with a negative cosmological
constant in 20 + 1 dimensions on a torus T?°~% to a theory in d + 1 dimensions with a
Kaluza-Klein gauge field and a scalar. We thus consider the specific value of the Kaluza-
Klein value of the dilaton coupling

2D — 1)

2.
= (2.69)

KK =

for which one has N = 1. We will map the transport coefficients (2.67) and (2.68) to those of
the AdS solution. The map provided by [57] instruct us to take 20 <» —n with the relation
d = p+ 1.* This leads to the coefficients

14
nNads(axk) = VI (2.70)

0

4Note, that to have equivalent normalization of the actions for the two theories one must require that

= Qfgjié) , where £ is the AdS radius of the (d + 1)-dimensional theory.
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(aaslakk) 2 (20—-d 2y((po+1)(c—1)+0)
nadas(akk) 20 —1 < d—1 QMo+ e-1)+1)2 > ; (2.71)

and
Daas(akk) 1 o)

nads(akk) T
in agreement with the result of the AdS computation with the identification g = 1/m and
cosh?w =~y + 1.7

A second check is provided for the case of vanishing coupling constant a = 0. The
hydrodynamic limit of such AdS-Maxwell branes has been considered in [30,31] in the case
of five dimensions. If we once again apply the map in the specific case of p = 3 we obtain
N = 0 and the transport coefficients takes the form

kaas(0)
nads(0)

naas(0) = rg° , Caas(0) =0 =T(1+1)" (2.73)
in agreement with the result of the AdS computation with the identification ro = 1/R.5

With these checks we conjecture that the transport coefficients of AdS-Maxwell black
brane solutions in any dimension and for any dilaton coupling, under the AdS/flat map,
takes the form given by equation (2.67) and (2.68).

2.4.2 Effective stress-energy tensor: p-brane charge

In appendix A, we have considered the derivative expansion of dilatonic black brane solutions
charged under a (p + 1)-form gauge field. In this section, we present the resulting effective
stress-energy tensor for which the perfect fluid terms was given in section A.1.1. Applying
the same method of section 1.5.2 on the first-order corrected solution, the effective fluid
stress-energy tensor is of the form

o Qg

Ty = e (n4+ 14+ nN(vo + e(dv0 + 2%9a10))) (ro + €(dro + %0aro))”
i Q(nt1 a n a
== 1%7:61) dij (ro + €(670 + 2%0ar0))" (1 + nN (70 + (070 + 20a0)))
. ¢ (2.74)
—E&n [2 6(1%) — 5,-j6kuk) + 5wﬁkuk} y
p n
. Q
(n+1) n a
Tij = — e rone(du; + x%0quj)
valid up to order O(e). The shear viscosity given by
Qnt1) 5 N
n(a) = <= (1+50)7 (2.75)
and the bulk viscosity given by
(o) _, (1 L @onNpe (D2 mpw) | -
n(a) p n+1+Cry (n+1+Cyo)

5Note, that [53] uses a different normalization of the diffusion constant such that & = (%)2 D AdsS-

Lnt1)
167G
Furthermore, since the diffusion constant © given by (2.68) diverges for N — 0, we use the normalization

KAdS = (%)2 Dads-

SAgain, one must require that ¢ = , where /¢ is the AdS radius of the five dimensional theory.



Chapter 2. Hydrodynamic Perturbations 49

where C' =24 n(2 — N) and N = A + B given by equation (A.3). In the case of p-brane
charge we do not have a diffusion constant coming from the vector sector, since the charge
can not redistribute itself on the world-volume.

We can compare the viscosities (2.75) and (2.76) with the result obtained in [43] for the
D3-brane by setting p = 3, n = 4, and a = 0 for which we find

0 0 80
10) = g VI EEO; T 3(5+670)2 (277)

4

in agreement for R, = 1 with the identification 7 = rivyo and 1 = r§(1 + ) such that

Y0 = (1 — be)/e.

2.4.3 Hydrodynamic bounds

We will check the results of the shear viscosities against the expectation that the transport

coefficient should satisfy the bound

n. 1o
s 4w
Using the value for the entropy density given by (1.102) and the fact that both values for

(2.78)

the shear viscosity (2.75) and (2.67) takes the same form, both systems are seen to saturate
the bound as expected.

There are different proposals for bounds on the bulk to shear viscosity ratio in the liter-
ature. One such bound is proposed by ref. [52],

¢ 1_z>
nz2<p 2, (2.79)

where ¢ is the speed of sound.” For the system with Maxwell charge distributed on the
world-volume one has

aP 14 (2~ N)yo
2 1
= - — , 2.80
Cs < Oe ) s (1+70N)(7”L+1+C’)/0) ( )

for which we find that the bound is satisfied for all values of 79 when a? is sufficiently large.
Otherwise, the bound is only satisfied for 0 < 79 < 9, for some critical value vy ., while
for larger values of 7y the bound is violated. If we instead of ¢, in (2.79) use the proposed

quantity [53,54]
CQQ = oP, - __1+42% ’ (2.81)
de ) o n+14Cry

computed for fixed charge density Q, we find that the bound will always be violated (except
for the neutral case where it is saturated i.e. ¢g = ¢5). Applying the map used in section
2.4.1 to cg, one finds that the ratio actually satisfies the proposed bound. However, this is
also an indication that this version of the bound is not universal.

In the case of p-brane charge one finds

2_(8P|> 12—l
0 n+14+Cry

(2.82)

"One should keep in mind that the proposal of this bound relies heavily on holographic considerations.
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For this value the bound (2.79) is satisfied for all values of vy and a in the case of p-brane
charge.

2.5 Stability and dispersion relations

In ref. [27] the Gregory-Laflamme instability was successfully identified with the unstable
sound mode of the neutral black brane. This analysis was further refined in [32] and consid-
ered for branes charged under p-form gauge fields in [60]. In this section, we address the issue
of stability and dispersion of long-wavelength perturbations of black branes charged under
a Maxwell gauge field and furthermore refine the analysis of [60] for black branes charged
under a p-form gauge field. In each case, we comment on the connection to thermodynamic
(in)stability.

2.5.1 Dispersion relations: Maxwell charge

It is straightforward to show that the first-order fluid (conservation) equations take the form

Aaba P—C9) =2 Aaac be
é:*(w*Cﬁ)ﬁ—Znaaba“b , 0t = — b i_)cﬁn ,0cO 7

- QTN (0 b b, nab o
Q—_Qﬂ‘i‘@(w) ('19’11/ +u +A 8a>ab(7—> )

(2.83)

where the transport coefficients and the factor associated to ® are coefficients in the deriva-
tive expansion and should be treated as constants. In order to find the speed of sound and
dispersion relations, we consider small long-wavelength perturbations of the fluid

O = &4 60 (TRT) T T T e WH) e = (1,0,.) — (1, 0ul el (WHHR))
(2.84)
The charge density Q, energy density €, and pressure P are perturbed according to

Q—Q+00Q ei(Wt+ijj), € — e+ ¢ ei(wHkﬂj), P — P + 6P ¢iltthin’) , (2.85)

where the amplitudes can be expressed in terms of thermodynamic derivatives that depend
on the specific equation of state. Note that dp = Q0P + sdT" as a consequence of the Gibbs-
Duhem relation. Plugging the expressions into the first-order fluid equations (2.83) and
linearizing in the amplitudes, we obtain the p + 2 equations

, Oe Oe , i
1w <(6<I>)7—6q) + (W>¢5T> +iwk;ou' =0

iwwdw + ik? (QO® + s6T) + kI (7] <1 - ;) + C) kidu' + nk*6u’ =0 (2.86)
. 09 09 . Q[P 9
Zw<<0<1>>7-6(1)+ (6’7’>¢5T> 4+ 1Qk;du +©Tﬁ <7_5T—5<I>>k: =0 .

We stress that the thermodynamic derivatives are not dynamical and do only depend on the
equation of state of the fluid in question. In our case they can be computed from (1.100)
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and (1.102) with ¢ = 0. In order to find the w that solves this system for a given wave vector
k', we set the determinant of the system of linear equations in the amplitudes to zero. To
linear order in k% (i.e. at the perfect fluid level) the dispersion relation gives the speed of
sound ¢s = w/k. Using the equation of state (1.100) and solving the system to linear order,
one finds the speed of sound given by equation (2.80). For zero charge 79 = 0 we recover
the neutral result ¢2 = —1/(n + 1). Since a negative speed of sound squared signifies an
unstable sound mode, the neutral brane is unstable under long-wavelength perturbations.
Indeed, this instability is exactly identified with the GL instability [32].

Note that due to the bound on N given by equation (2.7) we have C' > 0 and hence the
denominator of equation (2.80) is always positive. We therefore find that a positive speed of
sound squared requires sufficiently small values of the dilaton coupling a such that N > 2.
Indeed when this is satisfied, the speed of sound squared becomes less and less negative as
we increase g and for

Yo > (2.87)

N-—-2 "~
the ¢ = 0 brane becomes stable under long-wavelength perturbations to leading order. The
condition (2.87) can be satisfied for any non-zero charge density if the black brane tem-
perature is low enough. Indeed, stability is obtained for 7 ~ (GQ)~Y/" (where the exact
numerical factor depends on the number of transverse and brane dimensions).

In order to check stability to next to leading order, we now work out the dispersion
relation for the fluid to quadratic order in k. We solve the system of equations to O(k?).
Solving for the longitudinal modes, we find the equation

2 2 1 27,2 2
w—cﬁk—ik<2<1—)n+<>+m®(nl<k) +Rz>+0(k3):0 . (2.88)
w w P w w w

where the coefficients R1, R2, and R (introduced below) are given in appendix A.4. Solving
for the sound mode(s), we find the dispersion relation

w(k) = +eok + ”;2 ((1 - ;) n+ g) +ik2RD . (2.89)

For a general fluid both the first-order term (¢;) and the second order term must be positive
in order for it to be dynamically stable. In this case, the above equation describes dampening
of the long-wavelength sound waves in the fluid.

For N < 2, we find that the (second order) attenuation term is positive for all values of
0, however as we already mentioned the speed of sound squared is negative for this region of
parameter space. For N > 2, figure 2.1 shows the general behavior of ¢; and the attenuation
term in (2.89). Here, the conditions on 7 for dynamical stability are found to be partially
complementary; when the sound mode is stable to leading order it is unstable next-to-leading
order and vice versa. However, as the charge parameter vy becomes sufficiently large this
behavior ceases to exist and the sound mode becomes stable. The Maxwell branes therefore
seems to have a regime, in which g is large and the dilaton coupling a is small, where they
do not suffer from a GL instability.
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Figure 2.1: The qualitative behavior of the sound mode w = ¢k + ak? + O(k?) given by
equation (2.89) as a function of vy assuming N > 2. The first-order correction (speed of
sound) is seen to be positive when the charge density passes the threshold vo = 1/(N — 2)
(indicated with the vertical dashed line) while the second-order correction diverges at the
threshold and becomes negative. However, at sufficiently large ¢ both the leading order and
first-order correction becomes positive ensuring next-to-leading order stability of the system.
The horizontal dashed line correspond to the first-order correction in the neutral case. For
vanishing ~g, the speed of sound reduces to the finite negative value obtained for the neutral
system (not shown in the figure).

In addition to the sound mode we have a longitudinal diffusion mode given by
1OR,

_ 2 2 1 (1+7y0)N
w(k) = 2w W= ik AT [1+(2—N)'yo

(2.90)

We see that in general this mode is stable if and only if Ry /c2 > 0. In our case this amounts
to the condition vy > ﬁ which is the same as (2.87). Finally, we also have a shear mode
which takes the form )

w(k) = Lk2 . (2.91)

w
The fluctuations of the shear mode are very simple, they are transverse displacement of
effective fluid with no variations in the charge and energy densities. Notice that this mode
is always stable.

Thermodynamic stability

The conditions for thermodynamic stability of the Maxwell black brane are computed in the
grand canonical ensemble since charge is allowed to redistribute itself in the directions of
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the brane. Using the thermodynamic quantities in equation (1.100)-(1.102), one finds the
specific heat capacity Cg and the (inverse) isothermal permittivity ¢ to be,

o (), - (B

(2.92)

‘T <ZZ>T B <('70 +1)( —1<nN - 2m>> iT |

Thermodynamical stability is obtained if the two quantities are positive. However, these two
conditions are complementary and can never be satisfied. This is also what was found for
the class of smeared Dp-branes considered in e.g. [80].

Although, this do not overlap in an exact manner, this complementary behavior is anal-
ogous to what was found for the dynamical analysis. It would be interesting to investigate
higher order corrections or even perform a numerical analysis in order to further investigate
how the behavior predicted by the dynamic analysis and the thermodynamic computation
are related thus making a more precise connection to the correlated stability conjecture in
the charged case [80].

2.5.2 Dispersion relations: p-brane charge

In order to find the speed of sound and dispersion relations in the case of a brane with
unsmeared charge, we consider small long-wavelength perturbations of the fluid as before.
Setting ® = 0, the first-order equations takes the same form as given by (2.86).

Solving the system to linear order in k one finds the speed of sound given by (2.82) which
recovers the neutral result for 79 = 0. From the speed of sound we find, as in ref. [60],
that the p-brane with p-brane charge becomes stable under long-wavelength perturbations

to linear order if 1

nN — 2

However, since N is bounded from above one can have instances where nIN < 2 for which

Yo > (2.93)

the speed of sound squared is negative for all values of 7. Also, note that due to the bound
on N given by equation (A.6) we have for n,p > 1 that C' > 0.
To quadratic order in k, the sound mode is given by equation (2.89) with © =0,

oty = e+ ((1-1)049) -

The sound mode attenuation is therefore of the same form as found for the neutral brane [32],
now with the shear and bulk viscosities given by (2.75) and (2.76), respectively. We find, for
nN > 2, that the second order attenuation term is positive for all values of 7. In figure 2.2
the qualitative behavior is shown in the case where the threshold (2.93) exists. The black
brane charged under (p 4+ 1)-form gauge field therefore seems to be dynamically stable for
sufficiently large charge parameter 7 at least to next-to-leading order.

Finally, we also have the stable shear mode given by equation (2.91).
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Figure 2.2: The qualitative behavior of the sound mode w = ¢k + ak? + O(k?) given by
equation (2.94) as a function of 7y. The leading order correction (speed of sound) is seen to
be positive when the charge density passes the threshold vy = 1/(nN — 2) (indicated with
the vertical dashed line) assuming n/N > 2. The two horizontal dashed lines show the neutral
limit of the speed of sound squared and first-order correction, respectively.

Thermodynamic stability

For the brane with unsmeared charge, the conditions for thermodynamic stability are com-
puted in the canonical ensemble and thus only requires positivity of the specific heat. The
specific heat is given by the first expression in equation (2.92). Thus, the threshold value
given by equation (2.93) overlaps precisely with the point where the specific heat becomes
positive. In fact, as pointed out in ref. [60], there is a direct relation between the speed of
sound and the specific heat cq, at fixed charge given by

0P,
2o <) _ <3T> _ 5 (2.95)
Oe Qp Oe 0, CQ

For this system, we therefore find that the dynamical stability is in accordance with the
correlated stability conjecture [80].



Chapter 3

Elastic Perturbations

The objective of this chapter is to provide explicit realizations in (super)gravity theories of
the general results for charged fluid branes presented in section 1.1 and 1.4. We therefore
construct slightly curved stationary charged black brane solutions and show that their dy-
namics can in their long-wavelength regime be described in terms of the effective theory of
pole-dipole branes. This provides us with explicit examples of charged black branes that
show electroelastic behavior. Furthermore, we obtain the associated response coefficients i.e.
the Young modulus and piezoeletric moduli.

Originally, one of the purposes for constructing explicit approximate curved black brane
solutions in the context of the blackfold approach was to show that perturbed geometries
satisfying the extrinsic blackfold equations (1.16) also have regular horizons. This pursue
was considered for black strings curved into black rings, black tori, and black rings in AdS
space in refs. [34-36]. It was finally extended and proven for neutral black branes [38] where
also a more suitable set of adapted coordinates was introduced to handle this problem.
The analysis of the neutral black branes does however not readily apply to the case of
charged black branes, since they are solutions to a different set of equations of motion.
A priori, it is therefore not proven that the horizon will be regular for perturbed charged
black brane solutions satisfying the extrinsic blackfold equations (1.16). We find that all the
charged solutions that are constructed in this chapter satisfy horizon regularity. However,
this information will be trivial, since we will utilize solution-generating techniques taking the
neutral solution as a seed in order to obtain them. The solutions therefore trivially inherit
the horizon regularity. Nevertheless, this is direct evidence that it might also hold for more
general charged black brane solutions.

In section 3.1, we begin by discussing the setup of the suitable framework for handling
extrinsic perturbations. In section 3.2 we review the perturbed neutral black brane and
proceed with constructing two classes of bent charged black branes. We then compute the
bending moment and electric dipole moment of the solutions using the procedure outlined in
section 1.5.3. Finally, in section 3.3 we present the response coeflicients of the charged bent
black branes that characterize their effective world-volume theory.
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3.1 The perturbation expansion

In this section, we discuss an appropriate framework for constructing approximate curved
solutions of charged black branes. In order to setup the perturbative expansion we must
identify two widely separated scales of the black brane horizon. We thus imagine the charged
black brane wrapped on a submanifold with an extrinsic curvature set by a large length scale
R that measures the size of the horizon along the world-volume of the submanifold. The size
of the horizon transverse to the world-volume is measured by a small length scale that can,
for the charged configurations we consider, come from two different scales parametrized by
ro and vg. One can conveniently choose these scales to be the energy-density radius and the
charge-density radius given by!

3=
3=

re=ro(1+v)» , 70 =rovv(l+) (3.1)

However, since rg < 7., we can consistently take the energy-density radius r. to define
the small length scale of the horizon. Assuming that the two scales are widely separated
re < R, we can setup a consistent expansion in the parameter € = r./R using the method of
matched asymptotic expansions. In this method, the full geometry is split into a near region
(r < R) and a far region (r. < r) that crucially share a common ‘overlap’ (re < r < R).
One therefore works with two different coordinate patches in which the solution is expanded
individually order-by-order. At each iteration of the construction, the regions are subject to
boundary conditions from the other region. The full approximate solution to a given order
is thus given by matching both of the expansions. The construction of the approximative
solution using the matched asymptotic expansion is thus a iterative procedure where at each
iteration k the solution receives corrections to order . The procedure is as follows:

e 0P order: At zeroth order, the near region solution is given by the Gibbons-Maeda
black brane while the far region metric is given by the background metric (in our
case flat space). To provide the input for the next step we relate the parameters of
the solution ry and g to the asymptotic charges. These charges will constitute the
distributional sources for the 1st order far region TH” = T(’égé(”w) (r) and JH1-Hart =

J(%l)"'“q“é(”‘m) (r), where T’é’j and J’gl"'“q“ are the zeroth order effective stress-energy

(0) (0)

tensor and current, respectively.

e 1st order far: We now take the gravitational backreaction into account. The equa-
tions of motion are linearized around the background and solved to first order in r./r
for which the solution is completely determined by the zeroth order distributional
sources and the boundary condition of asymptotically flatness. It is worth noting that
the extrinsic blackfold equations (1.16) will here appear as constraint equations among
the Einstein equations. They are necessary for ensuring the regularity of the horizon
and can be interpreted as a balancing condition i.e. a centrifugal repulsion that com-
pensates the tension. The far region solution will provide the asymptotic boundary
conditions for the 1st order near region solution.

!The scales are based on estimates of the conserved mass and charge quantities given in section 1.3.2 (see
e.g. [47]).
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e 1st order near: One continue by considering the perturbations of the near region
solution, subject to the boundary conditions: regularity of the horizon and matching
asymptotics with the far region solution. The solution will in principle determine
the corrections to the entropy density, the temperature and the electrical potential.
However, as we shall see these quantities do not receive corrections to first order. In
order to provide corrected distributional sources for the 2nd order far region, one reads
off the corrected solution in the overlap region. The first-order corrections will be
dipole of nature and will correspond to the dipole contributions T(q'; and J(Mll)“'“ ! to

the effective stress-energy tensor and current, respectively. In section 3.2 we will show

how they are obtained using the procedure of section 1.5.3.

e Repeat: Once the near and far region solution has been computed they provide the
full approximate solution to order € and the construction now proceeds in a repeated
iteration to compute the next order in the expansion.

We will take the construction through the step ‘lst order near’, where we have first-order
corrections to the charged black brane solution. Once the first-order corrected solution is
obtained, the dipole terms in the large r-asymptotics of the fields can be extracted and we
can read off the bending moment and electric dipole moment.

3.2 First-order solutions

We now turn to computing the first-order extrinsic perturbations of charged black brane
solutions in the near region r <« R. There are in principle no obstructions for applying
the method of matched asymptotic expansions outlined in the previous section to the case
of charged black branes. However, we will here exploit the fact that solutions of neutral
black branes with extrinsic first-order corrections are known [38] and use solution-generating
techniques in order to find the first-order corrections to a subset of the charged black brane
solutions given by (1.85)-(1.90). In particular, using different techniques, we can construct
slightly curved black branes with smeared g-brane charge coupled to a dilaton that are
solutions to the field equations (1.91) of the action (1.84).

The first class of solutions that we consider consists of black dilatonic p-branes with a
single Maxwell gauge field. This class is constructed by uplifting the corrected neutral black
brane solution with m + 1 additional flat directions. The resulting solution is then boosted
along the time direction and one of the uplifted directions and followed by a Kaluza-Klein
reduction along that particular uplifted and boosted direction. In this way we obtain p-brane
solutions carrying Maxwell charge (¢ = 0). The brane directions of the produced solution all
lie along the directions labeled by Z which were introduced in (1.85). The extra m directions
appearing as a byproduct of the uplift remain flat while the other world-volume directions
now receive first-order corrections. We provide the details of this construction in section
3.2.2.

The second class of solutions we consider are supergravity solutions to type II string
theory in D = 10 dimensions where we can use T-duality in order to generate higher-form
gauge fields. The solution generating technique works in the following way. Starting with
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a p-brane carrying O-brane charge, one can perform successive T-duality transformations
on the m flat directions leading to a p-brane with g-brane charge, where ¢ = m. The
effect of this transformation is to introduce higher-form fields and to unsmear the m flat
directions. In practice, this transforms the m directions originally included in 2z’ into m
directions now included in . We thus end up with Dg-brane solutions smeared in (p — q)-
directions constrained by the condition n+p = 7 with n > 1. The details of this construction
are presented in section 3.2.3.

We will start in section 3.2.1 by reviewing the neutral black brane solution in detail as it
will act as the seed for the first class of solutions.

3.2.1 The neutral black brane: a review

In this section, we review the near region solution obtained in [38] and the adapted (Fermi
normal) coordinates used to decouple the deformation along each direction orthogonal to the
brane. Furthermore, we also review the details on the calculations of the Young modulus
and the relation to the result obtained for the black string in [37].

Extrinsic perturbations

In order to study the extrinsic deformations of the world-volume of a flat black p-brane one
introduces a suitable set of adapted coordinates. Due to linearity, perturbations in different
orthogonal directions of black branes decouple in suitable coordinates. This decoupling can
be achieved by using Fermi normal coordinates. Since the extrinsic curvature of the world-
volume is the only first-order derivative correction which characterizes the bending of the
brane [42], it is therefore possible to rewrite the induced metric on the brane in terms of the
extrinsic curvature tensor K abi.

Since in these coordinates the perturbations along each of the transverse directions 7’
decouple from each other, one can consider the deformation in each normal direction sep-
arately. One can therefore limit the analysis to the study where K abi is non-zero along a
single direction i = :. Introducing a direction cosine, y% = r cos 6, the uniformly boosted flat

black p-brane metric in the adapted coordinates is given by [38]
ds? = (nab - 2Kab% rcosf + :[:)zﬁaﬂb) do®do® + f1dr? + r2d6? + r? sin? HdQ%n)
+ hyw (1, 0)da*dz” + O(r?/R?) (3.2)
where @* are the boost velocities and f(r) =1— :—(Z. We can now drop the index on 7 without

loss of generality. Since the corrections are of dipole nature one can parametrize the extrinsic
perturbation functions according to hy,(r,8) = cos6h,, (r) with

hab(T) = Kabhl(T) + ﬂcﬂ(aKb)chg(T) + Kﬂaﬂbh,y(T) y
By (1) = K f(r) " e (r) (3.3)
haa(r) = Kr?hqg(r)

We note again that the components of the metric corrections are linear in the extrinsic cur-
vature and are therefore proportional to K,;. The solution is invariant under the coordinate
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transformation

o [T (@)
K cosf 0 — 6+ Ksinf [ d 3.4
r—r+ KcosOy(r) , 6 — 6+ Ksin / xef(ﬂv) , (3.4)
where () is an arbitrary function.? Under the transformation h;(r) and ha(r) are invariant,
but the remaining functions transform according to
,’,,n
o) = () —n )
g (r)
ritl fr) (3.5)

he(1) = he(r) + 29/ (1) — n

rg (1)
rt2 f(r)

This coordinate-gauge freedom can be eliminated by forming invariant functions and taking

hiy(r) — By (r) + 27/7@ 42

combinations of the metric perturbations. For example one can take

2o (T ) = )
h(r) = ho(r) + =10 | =g ha(r) ) — =L,
) o 59
hiy(r) = hi(r) + E%O <:th7(¢)) v J:(%)
0

The perturbations can then be expressed in terms of four coordinate-gauge invariant functions
for which the solution is

hi(r) = 2r — APy, <2:n - 1) :
0

hy(r) = —AC {Pl/n (22 - 1) + Py (27'71 . 1)} ,
rm o 70

+1 " (3.7)
n n T
he(r) = —29 ) (2r—h;)—h
0= gy | (g 28 er—m )
1 n-+ 2

h! = 2r —h h

olr) = ) ( "M 2) ’
with the dimensionful constant )

= ro—m——m=— .
"T [

Here P.,/, are Legendre polynomials. In order to impose horizon regularity one can change
coordinates to Eddington-Finkelstein. In these coordinates, one can shows that it is necessary
and sufficient to require

A
hy(ro) = o (3.9)
With this, the solution is ensured to be regular on the horizon for any extrinsic perturbation
that satisfy the leading order extrinsic blackfold equations VGT(%I’) = 0. Since the stress-
energy tensor (3.61) of the neutral black p-brane is
Q
b (n+1) ~a~b b
T = To-c 70 (nuau - ) : (3.10)

2The function (r) has to satisfy y(ro) = 0 to ensure horizon regularity.
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this is equivalent to the condition
nii’ Ky = K . (3.11)

It is worth pointing out that since the type of perturbations is purely dipolar, the horizon
temperature, entropy-density, and horizon velocity does not receive any corrections.

Large r-asymptotics

We are in particular interested in finding the dipole corrections to the stress-energy tensor
and the bending moment of the brane. We therefore focus on the large r-asymptotics of the
solution. Below, we list these for the neutral p-branes with n > 3. Given the asymptotics of
the Legendre polynomials P /,, one finds the asymptotics of the coordinate-gauge invariant
functions to be

1rp  &mrg™

h(r) = nrr=l p 42 rn+1 +O(r= ")
o 7‘”+2 —(n+2)
hQ(T) = _27.71,1 - 252( ) pntl + O( ) ’
3.12)
2 3 g 4+ Tn + 2n? 7“6”2 nt? (
() = L et gy e H O
_2 n—3 1y 4+ 3n + n? rot? —(n+2)
ho(r) n n?(n—1)rn-1 712(n—&—2)(n+1)5 2(n )7'”“ +O0r )
where )
I [2=2]1 [~tl t
T [=2]T (2] Amrg

Choosing a suitable gauge

To find the actual large r-asymptotics of the metric one has to settle upon a gauge by choosing
(7). This choice is of course only for convenience, since it will not affect the actual response
coefficients. The coordinate-gauge invariant functions are related to the metric perturbations
via equation (3.6). Let us parameterize the asymptotics of the non-gauge invariant function
h. by

n+2 r2n T2n+2

+big + ka—3 S T O(r A (3.14)

rl o
ho (1) = bor + by Tn(jl +ky n+1

were the coefficients by, by and by are in principle determined by matching the asymptotics
with the boundary conditions given in the overlap region [34]. We are however free to choose
a gauge where by = 0 and b; = % This leads to,

n2 — 6+ (4n% — 8n)b i 4+ Tn + 2n? rnt2
( )4] 0 ——&( )] 0 (3.15)

2n? n2(n +2) L
3 —2by(n? —2n)] P 2(ky — nks) 4+ 3n + n?
n?(n—1) -1 n(n+1) n?(n+2)(n+1)

hy(r) = [ [k:l + 2ko +

rnl

n+2
To

gz(n)] D (3.16)

rn

ha(r) ~ [

3The function &(n) given in [37] is related to £2(n) via £(n) = #ﬂm@ (n).
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truncated at order O (r*”*Q). With this choice we eliminate some of the leading order
terms in h, and hg. Note that we only need the dipole terms of these expansions in order
to determine the response coefficients.

Measuring the Young modulus

In this section, we provide the details on how the Young modulus is obtained by applying
the procedure outlined in section 1.5.3 to the case at hand. The dipole contributions can be
read off from equation (3.12) and equation (3.15) such that

chbD) =Ky <_’l§2—(i-n;> + ﬂcﬂ(aKb)c (—2&(n)) + Kagupky

4+ Tn +2n?

) (3.17)
f(D) — K |:2(k‘1 — ’nk‘z) 4+ 3n—|—n2
Qe n(n+1) n?(n+2)(n+1)

1P =K [kl + 2k +

a0

where the coefficients fc(d?) where defined in equation (1.111). Since the Young modulus is
obtained using equation (1.70), one is interested in the bending moment given by equation
(1.114). With the transverse gauge condition given by equation (1.112) and a redefinition of
ko such that

kl:%(@(nwn@) and z%gz(n)mgz(n)z 2<1fn> , (3.18)

one obtains the following form for the bending moment

44 3n

ab + zﬂcﬂ(aKb)c + m

s = —a(0) | Kty + KK o~ )|+ (319

n+2

Then using equation (3.11) together with (1.70) one finally obtains the Young modulus

_nmmmuﬂwww<1

o cd __
Yab -

47 167G n+2 (@’

ce d ~ (c~d ~c~d
6, 76 +2u<a5b) a? + s U UpUCT )
[ nam] 1]
(3.20)

in agreement with what was found in [38].* Comparing the structure of (3.20) with equation
(1.71) one can find the associated A-coefficients (see [42]).

Relation to the black string

In this section, we provide the relation to the special case of p = 1 originally obtained in [37].
For this particular example we have K, = diag (0, —1/R) and the leading order stress-energy
tensor given by (3.10). Inserting the extrinsic curvature and boost in equation (3.11) we find

4Note that the Young modulus presented in [38] was defined with the opposite sign compared to the one
presented here.
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the condition for regularity at the horizon to be s2 = 1/n, where the boost is parameterized

i = (Cas $a) = (,/T%) . (3.21)

Given this parameterization we have that

as

1

77107:6((1]:(13)0 = E

1
0 20“5“] . (3.22)

1 2
5CaSa sz,

This can then be used together with equation (3.19) to find the coefficients,

s 2kon?(n+2)2+ (n+1)(4 + 3n + 2n?)&(n)

diy = n2(n2+n_2)R ’
i Vi o+ 1(2nks + (n+ 1)é(n)) 7 (3.23)
n(n —1)R
i _ (it DE+30)6M0)
=TT 2(n+ 2)R

In order to compare to the original result for the black string [37] one can use the relation

n?(n +2)
= =/ 3.24
bl =) | (324
and change the gauge by
1 _
b = S((L— ks — n(n + 2)E(m)) . (3.25)
for which one finds the expected form
~ 1 - 9 ~ ]272 N 1
dyp = & (k2(n+2) + (n* 4+ 3n+4)¢(n)) , diz = _Evn+ 1, d.= §(3”+4)f(”) :
(3.26)
Finally, we note that ks = 0 corresponds, via equation (3.25), to
n(n + 2) n+1
- _ s = — 2
b= =" ey = g (3.27)
which by equation (3.18) leads to
~ 1 4
k= _w ] (3.28)

n?(n + 2)

This concludes our review of the first-order corrected neutral black brane solution and we
now turn to generate extrinsically perturbed versions of the charged black branes.

3.2.2 Perturbed solutions with Maxwell charge

We generate charged solutions by using the solution generating technique consisting of ap-
plying an uplift-boost-reduce transformation to the neutral solution given in section 3.2.1.
In this way we obtain the first-order extrinsic perturbations to charged solutions. The end
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configuration will consist of dilatonic black p-brane metrics charged under a Maxwell gauge
field with Kaluza-Klein dilaton coupling.

The first step in this construction is to uplift the D-dimensional seed solution given by
equation (3.2) with m + 1 additional flat directions,

m
ds3,; = ds}, + z:(dyi)2 +dz? | (3.29)
i=1
where d = p+m+n+3. We denote the coordinates that span the original p-brane directions
by 0% = (t,2%) with 4 = 1,...,p. The additional flat directions are labeled by 3’ with
1 =1,...,m. Lastly, we have separated the flat x-direction from the rest as it will serve as
the isometry direction which we will perform the reduction over.
The second step is to apply a uniform boost [cs, sx|, with rapidity x along the ¢ and
x-direction such that

d+1 d+1
9§t+ )= gttci + Si ) :E:C:IDH) = gttSi + Ci ) 9§x+ ) — SpCr(ge +1)
d+1
glgzi—i_ ) = CrGtz; > ggjc,izjl) = Sk0tz; > (330)

where g(4t1) is the boosted metric and g is the metric given by (3.29).
Finally, we can perform a reduction along the z-direction. The Einstein frame decompo-
sition is given by
1

2 _ 2apq.2 2(2—d)ag 2 N
ds(gq) = €%ds(y +e (dz + A,dzt)® | a° = 2d- D2 (3.31)

where A, is the gauge field and ¢ the dilaton. The Lagrangian density is decomposed
according to

1 1 o1z
V9@ Rarny = v/~ 9) (R(d) - 5(&75)2 — 1€ 2d-1) ¢F[22]> ; (3.32)

where Fy = dAp;. With this decomposition we find,

v (d+1) d+1) Yzz -

) D) (1) ORS) )
g£@ — o—2a¢ ( (d+1) _ 9pz Gux ) . A= Tp e22-d)a¢ _ (d+1) (3.33)
Jzz Gz

Defining p = p + m this provides us with the extrinsic perturbed solution of the black p-
branes carrying ¢ = 0 charge in the presence of a dilaton. We thus have access to the explicit
1/R corrections to the fields. Note that only p directions are extrinsically perturbed while
the remaining m directions remain flat. The rapidity x now takes the interpretation of a
charge parameter.

Large r-asymptotics

We are interested in the large r-asymptotics of the solution and we provide them in terms of
the large r-asymptotics of the neutral solution. We denote the boost velocities of the neutral
solution by @®. It is convenient to define the object

IC. = cosf fL,,—ZrK,, , 3.34
w © w
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with hy,, given by equation (3.3) together with (3.12) and (3.15). Here K, is the extrinsic
curvature tensor of the neutral brane solution which is equal to the extrinsic curvature tensor
of the generated solution provided Ky, = 0 for all a, which we assume in the following. Recall,
futhermore that the study is limited to deformations along a single direction i = 7 such that
K. =K, ,“,i. The large r-asymptotic behavior of the dilaton is

2~2 ..n 2 _ n n—+2
e R A R (1 — d?’%s?ﬁ) +0 (TO > : (3.35)
T T

d—2r"  d—2

The large r-asymptotics of the metric components are

d—3 5\ g 22 d—3 2 7“6” r6L+2
Git = Nt + < 1—2° ) P+ K ( 1_9% 7Ctt +0 iz |
2~2 n+2
siuy \ o si 2[C re r
Gziz; = Mij + (uzu] + 772jd t2> L + (’Cz] + nij d_ t2t) 0 szzj + 0 < (T)L+2> ,
K

n d—3r§ 7“3+2
i)td_2n+o< n—+2 ’

o ~ ~ 2~ ~
Gtz; = C“ﬁutui + Krick — 2¢x8, Ut

o (3.36)
t 7“0 sz d—3rg 20 "”oJr
Jyivi = d ta- Ktt( d—27n KU >+O<r"+2 ’
P rn+2
g =1+ ( )g o (f)
2 N ’ H r Tn+2
= Ggie; <1+ Swlt ?L>+’CQQ+ ;EJ Kt + OCQQ+O<H+2) ,
where
od—3 sk
Ctt = 82Ut d— < D) —2c > y
i -3 2 2 2. -
zlzj d—29 771] d— 2 ICtt - QSRUtU(iICj)t y
§2 (3.37)

d—3
_ e 1_ 202
Crr d—9 |: Uy Kopy + < d 2 Sl Ku ’
s2a? d—3
- < gglgjlcttd 2 K> ’

with K;; = ICZZ,ZJ., Nij = Nazz; and 4; = u,,. The components ge;e; constitute the metric of a
(n 4 1)-sphere of radius r. For the gauge field one finds in terms of the parameters of the
neutral solution

"o ~2 270 -2 gt
Ap = 5.0, |:Tnut + Kt <1 - QSnTnut)] +0 (Tn+2> ’

(3.38)
7“8 o ) Tg o Tg+2
Azi = S T—nutui + Ky — QSnrfnutu(t]Ci)t +0

n+2

With the large r-asymptotics we can now read off the dipole contributions following the
prescription given in section 1.5.3. For this matter it is convenient to use the relation between
the metric obtained here and the asymptotically flat Gibbons-Maeda solutions.
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Relation to the Gibbons-Maeda black brane solutions

The solutions given by (3.33) is a subset of the asymptotically flat Gibbons-Maeda family
presented in section 1.5. The p-directions correspond to uniformly boosted directions with
boost u® while the m-directions remain unaffected. It is possible to connect to this family
of solutions by a redefinition of the dilaton field ¢ — 2¢ and the identification of the dilaton

coupling
20+m+n+2)

p+m+n+1

The leading order critical boost and charge parameter can be identified, e.g., from the com-

a? = 4(d—1)%a® = (3.39)

ponents of the gauge field such that

Grcoshk = un/70 +1 and @ =u'\/yp+1 with ~y= ﬂf sinh?k | (3.40)

where 4% is the critical boost of the neutral solution and the normalization conditions 4%, =

u®u, = —1 are satisfied. Finally, they correspond to solutions with
d—3 1
A= —— B=—— 41
T T3 (3.41)

and therefore N = 1.

Dipole terms

The dipole contributions can be read off from the asymptotic expansion of the solution (3.36)
and (3.38). In terms of the dipole contributions of the seed solution one finds

~ d— ~

ft(t <1 + m ) ftt ) ft(z?) = Cfift(z?) ; lezz = 2 /qft + f,;DzZ) ) (342)
~ 1 D (D 1 D D
fZSZLZ)JZ Snft ’ frr d 9 Sk t(t )+f ’ fS(ZQ) = d_zsi t(t )+fS(ZQ) )

where f;w denote the dipole coefficients of the charged solution (see equation (1.111)). Notice
that taking x to zero reproduces the result of the neutral seed solution.

In order to obtain the dipole contribution to the stress-energy tensor (1.2) we use the
method outlined in section 1.5.3. The transverse gauge condition given by equation (1.112)
naturally takes the form

(nabfab + mfyy) + frr + (n - 1)fQQ =0, (3.43)

which ensures that the relation obtained in (3.18) stays the same, that is,

2

ki = —— (&(n) +nks) (3.44)
1—n

and similarly using equation (1.113) one finds FP) = 2fqq. It is therefore possible to apply

equation (1.114) to obtain the bending moment. In terms of the neutral dipole coefficients

one finds

dtt = Cift(tD) + fg(zlg))) ) dtzi = Cnft(;f) ’ CZziz]' = z('lDzB - g(lg) ) dyiyj == g(zg) . (345)
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Recall that the solution is not boosted along the y* directions and that these directions are
flat, i.e., Ky, = 0 for all a and 7. Using the gauge choice given by equation (3.18) such that

3n—+4 ~
kf=———7— —nk 3.46
1 n(n+2)52(n) nké(n) (3.46)
it is possible to see that in fact fég) = —fg(n)l;K and hence the dipole terms in those

directions are indeed pure gauge.

Using the relations given in equation (3.40) one can express the coefficients of the bending
moment in terms of the Gibbons-Maeda boost and charge parameters. Furthermore, it turns
out that it is more natural to work in the gauge given by

_ 3n+4
k=k———— |, 3.47
n?(n + 2) (347)
in the presence of charge, since the classical symmetries of the Young modulus will be man-
ifestly apparent in this gauge. Suppressing the transverse index in the extrinsic curvature
the bending moment is found to be

. K, . 3n + 4
dap = — &(n) (70 + 1) m + 2u u( Ky +

— k& (n) [n(yo + 1) uaup — nap) K

7(1[(
n2(n+2) " (3.48)

which, as mentioned in section 3.2, is only valid under the assumption that all time compo-
nents of the extrinsic curvature are zero, that is, Ky, = 0 for all a.

Similarly, for the gauge field, the non-vanishing dipole terms can be read off from the
asymptotic expansion given in equation (3.38)

(D) — 5, fD) (3.49)

(D) _ (D)
a; = ckSkfy s a, tz;

Using equation (1.117) one can read off the electric dipole moment. Again, using the relations
given in equation (3.40) and the above assumptions we have that

ﬁa = - 52(”) 70(1 + ’70) [ucKca + %uaK] . (3'50)

It is now possible to obtain the response coefficients using (3.48) and (3.50), which are
presented in section 3.3.2.

3.2.3 T-duality transformation

With the solutions given in the previous section it is possible to use T-duality on the residual
m isometries, if we impose n + p + m = 7 and start from a solution with m > 1. In order
to make contact with type II string theory in D = 10 we consider the truncated effective
action with zero NSNS 2-form B field and only one R-R field.> Thus the configurations are

By using type IIB S-duality (¢ — —¢) it is not difficult to include the case of the NSNS 2-form field as
well. In that way it is also possible to obtain bent versions of smeared F-strings and NS5-branes. Note that
for the case of ¢ = 5 we have p = 6 and n = 1, so while we can compute the bent solutions our results for the
response coefficients are not valid since it requires n > 3. For ¢ = 1 it is possible to have n > 3. In particular,
we find that the response coefficients for the F1-string turn out to be the same as that of the D1-brane.
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solutions of the equations of motion that follow from the action

1 1 3—q
S = /dlo.f\/ —g |:R — 5(8¢)2 — me 2 ¢H[%]+2] . (351)

Let z be an isometry direction, then in the Einstein frame, the T-duality transformation
takes the form

=W

12, 1 (. 01120 CTha N
Juv = €§¢(gzz)4 (g,uy - g/gQVZ) s, gzz =€ 8¢(gzz) 5
2z

(3.52)

» Agry = Ay Nz,

where the hatted quantities denote the fields before the transformation. The first T-duality
transformation is applied to the solution given by (3.33).5 We apply the T-duality trans-
formations in successive order to transform the m flat directions and gain an (m + 1)-form
gauge field. Performing a recursive bookkeeping one finds the relation between the m’th
T-duality transformation and the starting configuration to be

m—=77

uv = e%d)g;w y yiy; — 5ijeT¢ , 0= ———0 . (3'53)

Here the y* directions come from the m isometry directions and u, v labels the remaining
directions. Note that one can take m = 0 and get the starting solution in which no
directions are present. The solution now overlaps with the metric given in (1.85) where the
g = m directions included in ¥ remain flat while the p = p — ¢ directions included in z" are
extrinsically perturbed.

Large r-asymptotics

The large r-asymptotics of the solution (3.53) can be obtained from (3.36), (3.37) and (3.38)
by noting that
1 qg+1 d—3 T—q
T 57 g and T 5 g (3.54)
The value N =1 is therefore also preserved under the transformation. The isometry direc-

tions naturally differ from the rest and leads to

7T—qrl} 7— 7 n o
Gy =1 — Tq%sia? - 52Ky [1 - (1 + 8q> r“u?} +0 <T° ) . (3.55)
T T

,r.n+2

The form of the ten dimensional solutions obtained here are likewise a subset of the Gibbons-
Maeda family and are related according to the identification given in section 3.2.2.

5To relate our constructions with the black branes of supergravity we take (;AS = —¢ with ¢ being the dilaton
given in equation (3.33).
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Dipole terms

The dipole terms can be read off from the asymptotic expansion of the solution as before
and read

R 7_ R R 1
P = (Hqsi) D) D) o f D)D) _AE D2 pD) D) (3 56)
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where fm, denote the dipole coefficients of the charged solution.

The dipole contribution to the stress-energy tensor (1.2) can be extracted using the
method outlined in section 3.2. The transverse gauge condition given by equation (1.112)
takes the same form as equation (3.43) which ensures again that the relation given in equation
(3.44) remains the same after the successive T-duality transformations. We can therefore use
equation (1.114) to read off the bending moment and obtaining the only non-zero components

Cztt = Cift(tD) + ff(lls)z) ) Ciyiyj = _fs(zjsjz) - Sift(tD) )

) ) (3.57)
dziz]' = z(,bl,z]) - f((lg) ) dtzi - Cfift(z?)

The non-vanishing dipole terms appearing in the higher-form gauge field expansion read

agyDl)...yq = Cﬁsnft(tD) ) agg)l...yq = Sﬁft(z?) . (3.58)

This class of solutions are special in the sense that the charge is always smeared along the
directions along which the brane is bent. In other words, the directions in which the ¢g-brane
charge lies are always flat and therefore never critically boosted. It is therefore possible to
introduce a set of vectors v,(f), ¢t = l...q describing the ¢ directions in which the smeared
g-charge is located (see section 1.4). The bending moment given in equation (3.57) can then
be written in terms of the Gibbons-Maeda boost and charge parameters using the relations

(3.40) and read

A Kap c 3n+4
day = —&(n)(70 + 1) [(714—2)(704'1) + 2uu (o Kp)e + MﬂabK}
. | (3.59)
~ kéa(n) [n((’yo +1) waup — 70 Y v80))) — nap | K

i=1
under the same assumptions on K, as before. Furthermore, the electric dipole moment is
obtained using equation (1.117) and can be written as

Prar.cag = —(a+ Dta(m) /A0 70) [u0fy)o®) Ko + ko)) o} K] . (3.60)

The two dipole moments (3.59) and (3.60) have an identical form when compared to the
dipole moments given by equation (3.48) and equation (3.50). This is perhaps not too
surprising, since the extrinsic perturbations of all the solutions are always along the smeared
directions, i.e., the type of bending is similar for all the solutions considered here. From the
bending and electric dipole moments one can read off the corresponding response coefficients
and these are presented in section 3.3.3.
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3.2.4 Comments

We have now obtained the first-order corrected solution and read off the dipole terms in the
large r-asymptotics of the fields. In this way we obtained the corresponding bending moment
and electric dipole moment.

We should mention that we have not specified the solution in the far region. It was
implicitly used in our starting point through the asymptotic boundary conditions on the
near region solution of the neutral black brane. In principle, we could therefore read it
off from the near region solutions that we have constructed. However, since we are only
interested in the dipole corrections to the fields we do not need to construct the far region
explicitly.

Both classes of generated solutions are valid for n > 1, but in order to compute the
response coefficients one must require that n > 3 such that self-gravitational interactions are
sub-leading with respect to the fine structure corrections [37]. Also, it is crucial to point out
that we compute the response coefficients under the assumption that the extrinsic curvature
components satisfy K, = 0 for all a. With this requirement the extrinsic curvature is
invariant under the solution generating techniques used here. On the other hand, if this was
not the case the solution generating technique would introduce a background gauge field and
a non-zero background dilaton which is an interesting extension, but out of scope for this
thesis.

Furthermore, it is worth noting that the solutions constructed here are ensured to be
regular on the horizon, since they are generated from the neutral black brane. The corrections
of the horizon quantities i.e the temperature, entropy density and electric potential are
therefore also uniform. In particular, in case of charged solutions, it is interesting to check
that the electric potential at the horizon ® does not receive corrections. Computing ¢ for
the generated solutions one finds that it is sufficient that the condition (3.9) is satisfied.
This is the same requirement for horizon regularity as found for the perturbed neutral black
brane [38]. The quantities associated to the horizon therefore takes the values given by
equation (1.102) up to second order with N = 1.

Finally, an important detail that we have left out of the discussion until now, is the
residual freedom given by the parameter k; first encountered in equation (3.14). The pa-
rameter is not fixed by the asymptotic boundary conditions from the overlap region and also
appeared in the generated solutions as shown. As it is presented, it simply correspond to
the freedom in the choice of r-coordinate and it will go into the dipole corrections. From the
effective pole-dipole effective theory in section 1.1 we know however that this freedom exactly
corresponds to the freedom of displacing the location of the world-volume of the brane.

3.3 Measuring the response coefficients

In this section, we present the response coefficients of the bent charged black brane solu-
tions obtained in section 3.2. We thereby show that these provide explicit realizations in
(super)gravity theories of the general results for charged fluid branes presented in section
1.1 and 1.4. We begin by providing the thermodynamic quantities characterizing the world-
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volume stress-energy tensor and current. These provide the input for the effective world-
volume theory for charged (infinitely thin) probe branes discussed in section 1.2. We then
turn to the dipole corrections and provide the Young modulus (1.71) and the piezoelectric
moduli (1.75) and (1.78).

3.3.1 World-volume stress-energy tensor and thermodynamics

Here we present the thermodynamic quantities characterizing the world-volume stress-energy

cQg1

tensor T(%b) and world-volume electric current J (ao) of the generated solutions. The world-

volume stress-energy tensor takes the form”

q q
T(%b) = euub + P, <,yab + b — Z U%U&) + P ZU&)U&) , (3.61)
i=1 i=1
while the world-volume electric current reads
J(aol)'"mqul = (¢ +1)!Qul 2 plarl (3.62)

(19

We note that the form presented here is the same as that obtained to leading order in the
expansion considered in section 1.2.1 (generalized slightly). Indeed, as noted in [34, 38, 39]
for elastically perturbed black branes there are no corrections to the world-volume stress-
energy tensor T(‘gg to order O(€). This fact is supported by a general analysis of the effective
action for stationary black holes [42] which applies to the cases studied here. Therefore, the
thermodynamic quantities entering (3.61)-(3.62) do not suffer corrections to this order and
are given by (1.100)-(1.101).

3.3.2 Black branes carrying Maxwell charge

In this section, we present the response coefficients for the first class of solutions described
in section 3.2.2 consisting of dilatonic black p-branes with a single Maxwell gauge field. For
the ¢ = 0 case the leading order world-volume stress-energy tensor (3.61) is isotropic
Q
b (n+1) b b
TG, = Wrg (n(l + Nyo)u®u’ — ¢ ) , (3.63)

while the leading order electric current is simply
J&)) = Qu“ . (3.64)

To first order in the perturbative expansion, solving Einstein equations for the perturbed
metric such that the horizon remains regular requires solving the leading order blackfold
equations (1.16) and (1.17). For a stress-energy tensor of the form (3.63), this implies that
the following equation of motion must be satisfied

n(1+ Nyo)uu’K ' = K* | (3.65)

"Notice that this form of the world-volume stress-energy tensor and current is certainly not the most
general form for the stress-energy tensor and current of the Gibbons-Maeda family of solutions with ¢ < p
charge, however, for the cases we considered in section 1.2.1 i.e. the cases ¢ = 0,1 the form presented here is
the most general.
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where K* = v K" is the mean extrinsic curvature vector. For example, by only considering
perturbations along a single direction 7, i.e., an extrinsic curvature tensor of the form K abi =
diag(0,—1/R,0,...) one finds the leading order critical boost u, = [coshf3,sinhf3,0,...]

where
1

n(1+ N~p)
This condition is seen to be satisfied for the critical boost given by (3.40) in the case of
N =1.

As mentioned in section 1.3, the solution to the intrinsic equation (1.17), generically for

sinh? 8 = (3.66)

q = 0, is obtained by requiring stationarity of the overall configuration given by equation
(1.50) and setting the global horizon temperature 7" and global horizon chemical potential ® g
according to equation (1.53) and (1.55), respectively. Using these relations we can express
the solution parameters ry and 7y in terms of the global quantities using the thermodynamic
quantities given in (1.102) such that

1
n P2\ 2 P2 32\ 7!
ro = k| ( |k|2> ;0= T2 < ‘k’2> (3.67)

The solutions constructed in section 3.2.2 are automatically stationary due to the stationarity
of the neutral seed solution. The stress-energy tensor components of the solution to order
O(g) are

Q .
ab _ “f(ntl) n a, b ab YilY; __ iYj
Tigy = Torcy 0 (n(’yo + Duu’ —n ) o Ty = PLo" (3.68)

with a = (¢, ;). This result agrees with the form (3.63) by noting that u¥ = 0. For p =1
and m = 1 this would correspond to a charged tube.

Response coeflicients

The components of the Young modulus can be obtained from the bending moment acquired
by the bent metric which is given in equation (3.48) together with equation (1.70). It takes
the covariant form

N 3n 44 1
Y cd — P 2 1 Y5, . ~'la ed o N~ 1)
ab 1ro&2(n)(v0 + 1) [n2(n 2T )0 + 1)

— Be (g [T + naTeg|

5(ac(5b)d + QU(a(Sb) (Cud)

(3.69)
where k is a dimensionless gauge parameter and the function & (n) is given by
t N
&a(n) = ntan(r/n) ( n >2 , n=>3 . (3.70)
T r(%R)
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From equation (1.71) together with (3.67) we can obtain the associated non-vanishing -
coefficients, which read

Q n+1 n n+2 n @2 %
Ml T o) = 1%7TG) &2(n) (47TT) L (1 N |kl|g)

2
" 3n+4 i(1- @7}[ 7
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From (3.71) we therefore only have 3 independent transport coefficients. Similarly, the
components of the piezoelectric moduli can be obtained from the electric dipole moment
given in equation (3.50) together with equation (1.74). When written in a covariant form it
reads

R = —Ea(n)rg (faa“u@ - EJéo)an> : (3.72)

Again, we can obtain the associated non-vanishing k-coefficients using equation (1.75) and
the relations (3.67) yielding

Qi n) / on \nt2 H2\ 2
ki (ki T, @) = 1257:352; ) (157)  ®ulkl” (1—H> ,

KS(k;Tv q)H) = K1 (k7T7 (I)H)nk )

(3.73)

and therefore only one of the response coefficients is independent. Note that some of the
coefficients presented in (3.71) and (3.73) are gauge dependent. The Young modulus (3.69)
and the piezoelectric moduli (3.72) obtained here agree with the results of the case p = 1
studied in reference [39] when using the map given in section 3.2.1. We conclude that the
bent black branes carrying Maxwell charge constructed in this work are characterized by a
total of 3+1=4 independent response coefficients.

3.3.3 Smeared black Dg-branes

In this section, we specialize to black branes in type II string theory in D = 10 and present
the corrections to the stress-energy tensor (1.2) and current (1.4) as well as the response
coeflicients. This class of solutions were constructed in section 3.2.3 and consists of black
p-branes carrying Dg-charge. The components of the monopole source of stress-energy tensor
can be obtained from the solution given in equation (3.53) and read

Q
ab _ “(ntl) n a, b ab YiYj Ui
T = Tong 10 (0 + Dt =) Tl = B (3.74)

with a = (¢, z;). We thus see that the effect of the T-duality transformation is to unsmear
the ¢ directions, which can be easily realized when comparing the above stress-energy tensor
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with (3.68). For this particular class of solutions the stress-energy tensor given in (3.74) can
be put into the form (3.61) by taking u¥ = 0 and noting that the U?S? vectors only take
values in the y-directions, e.g., vy? = (0,1,0,...,0). Similarly, the electric current can be put
into the form (3.62).

Branes carrying string charge

In the case of ¢ = 1 the world-volume stress-energy tensor (3.61) reduces to

Q
T(%b) = 16(771:2 Ty (nu“ub — 4% — nNAyo(—uu® + vavb)) , (3.75)

(1)

where we have omitted the index (1) from the vector v, ’. The leading order equilibrium
condition for configurations with N = 1 is obtained by solving equation (1.16) such that

n(utu®(yo 4+ 1) — v%’0) K, = Kb, (3.76)

a

while the leading order solution to the intrinsic equation (1.17), in the case of ¢ = 1, is
again obtained by the requirement of stationarity given by equation (1.50) and with 7" and
®p given by equation (1.53) and (1.60), respectively. The solution parameters o and 7y
expressed in terms of global quantities using the thermodynamic quantities (1.102) read

L 1y N 1 @ 1 ey N\
°‘4wT'k‘<1 <2w>2<|k|4|>2> L T L (1 <2vr>2<|k\|cr>2> 5

The components of the Young modulus can be obtained from the dipole contributions to the
metric given in equation (3.59). This results in the same form as that obtained previously
in (3.69) but now with T ég) given by equation (3.75). The associated non-vanishing -
coefficients now enjoy the intrinsic dynamics defined by the relations (3.77) and are given
by

. IRYCESY no\"2 e 1 * :
Mk GT ) =) () ™ (1‘<2w>2<|km>2>
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M, T, @) =X\3(k, ¢ T, @g)nk . (3.78)

The piezoelectric moduli is a natural generalization of the ¢ = 0 case given in (3.72). It can
be obtained from the electric dipole moment given in equation (3.60) and takes the form

fod = o2 <2fa[a<cvb]ud> N wggncd) | 3.79)
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where /?eab“l satisfies the property F;abc‘i = F;[ab](Cd). Finally, the associated non-vanishing
k-coefficients are given by

Qnt1) E2(n n \nt2 n 1 o2 2
ra(k, 6T, @) = 1237:0) Zé : (47TT) k] (1_ <2W>2<|k\|2[,>2> ’

k3(k, G T, @) = ri(k, T, P)nk .

(3.80)

Again notice that a subset of the coefficients presented in (3.78) and (3.80) show gauge
dependence. We conclude that these branes carrying string charge are characterized by a
total of 3+1=4 independent response coefficients.

Branes charged under higher-form fields

For the case 1 < ¢ < p, one can again obtain the Young modulus from the bending moment
given in equation (3.59). It will again lead to the expression written in equation (3.69) but
now with T(%g given by (3.61). For the piezoelectric moduli, by means of equation (3.60), we
find the natural generalization

I Q. . ) )
Fray 0y = —E2(n)7 ((q + 1)!g5[b( Ué?'--vi‘(’jud) + lef,?}”aqn d) : (3.81)

which satisfies the property ’%bal...and = R[bal...aq](Cd)

We thus find that the Young modulus and the piezoelectric moduli of all the strained
charged black brane solutions considered here can be parameterized by a total of four response
coefficients. The fact that we find the same form for the response coefficients associated with
the Young modulus is not surprising, since all the solutions obtained here are only perturbed
along smeared directions.



Conclusion

We have considered long-wavelength perturbations of charged black branes of both hydrody-
namic and electroelastic nature. This allowed us to extract a set of transport and response
coefficients characterizing the corresponding effective theories. In order to put the results in
a broader perspective we first reviewed the general form of the equations of motion to pole-
dipole order of fluid branes carrying higher-form charge [40]. These equations generalize the
results for neutral pole-dipole branes obtained in [37,46] and are in particular important for
understanding properties of charged branes in supergravity [47,60,72]. However, since these
results are quite general they may also be useful in the study of charged extended objects in
other settings.

Following [47,60], we considered the details of the thermodynamics and equations of mo-
tion for infinitely thin perfect fluid branes carrying g-brane charge. We also discussed the
general form of first-order hydrodynamic dissipative terms of fluid configurations carrying
Maxwell charge i.e. shear and bulk viscosity as well as the transport coefficient associ-
ated with charge diffusion. Assuming stationarity of the fluid flow, we solved the intrinsic
equations finding that the solutions for branes carrying Maxwell and string charge can be
completely specified in terms of a set of vector fields, a global temperature and a global
potential. In this connection, we note that it would be interesting to develop a formalism
for p-branes carrying smeared charged that would enable a complete characterization of sta-
tionary solutions for ¢ > 1. In the context of stationary solutions we also showed how to
compute conserved quantities.

Applying linear response theory, we considered, following [37,39,40], the general form
of the relevant response coefficients that characterize stationary bent charged (an)isotropic
fluid branes i.e. the Young modulus and the piezoelectric moduli. It would be interesting
to use these results as a starting point for the formulation of the general effective theory of
thin elastic charged fluid branes in the same way as done for neutral branes in [40].

Finally, we introduced a large class of dilatonic black branes charged under a single higher-
form gauge field in (super)gravity theories [47] and discussed the methods for extracting the
transport and response coeflicients that characterize their long-wavelength description. We
then turned to study long-wavelength perturbations for which we will now outline the results.

Hydrodynamic perturbations

In chapter two, we investigated the nature of the hydrodynamic effective theory that gov-
erns the intrinsic long-wavelength fluctuations of black branes charged under two different

75
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settings; a one-form (¢ = 0) gauge field and a (p + 1)-form (¢ = p) gauge field. With the
extraction of the effective stress-energy tensor and current, the analysis provided the gener-
alizations of the known shear and bulk viscosities for neutral black branes [32] as well as the
charge diffusion constant in the case of the Reissner-Nordstrom black brane [33]. In partic-
ular, we have found the dependence on the dilaton coupling of the transport coefficients for
this large class of black branes.

It is worth pointing out that a subset of the black branes considered in this thesis con-
tains the supergravity descriptions of D-branes and M-branes. As a comparison we find,
in the appropriate limit, that the transport coefficients for the case of the D3-brane are in
exact agreement with the results obtained in [43]. In this context, we expect the large class
of solutions obtained here to give further input into the connection between the hydrody-
namic sector of the blackfold effective theory and the hydrodynamic limit of the AdS/CFT
correspondence.

We find that the shear viscosity for both black brane solutions receives the expected
modification such that n/s = 1/4x. It is reasonable to expect that the result for n given
by (2.67) and (2.75) holds for the entire black brane family presented in section 1.5.1, since
the form is dictated by the entropy density. The bulk viscosity was found to be strictly
positive for all values of the charge and dilaton coupling in both cases as expected for a
non-conformal effective fluid. We also considered the proposed (/s bounds in [52-54], but
they do not seem to hold for the complete class of solutions. For the Maxwell brane we
computed the charge diffusion constant ©. As with the value of 7, the value of © only show
dependence on N which could be an indication that the result will hold for more general cases
of smeared charge ¢ < p. Furthermore, for the Maxwell black branes, we showed that the
recently proposed AdS/Ricci flat correspondence [57] can potentially be extended to a larger
class of asymptotically flat solutions e.g. to solutions including a dilaton and gauge field. In
particular, we mapped the transport coeflicients of the effective fluid to the corresponding
results of known AdS solutions and found exact agreement with [31,53,54]. This extension
of the map will be made more precise in [49].

For both the ¢ = 0 and ¢ = p system, the dynamical stability was analyzed under small
long-wavelength perturbations of the fluid. Both classes of black branes are found to be GL
unstable for large values of the dilaton coupling due to an instability in the sound mode. For
sufficiently small values of the dilaton coupling, the instability persists for the ¢ = p system,
but as the charge density is increased above a certain threshold the system becomes stable.
On the other hand, for sufficiently small values of the dilaton coupling, the ¢ = 0 system
also continues to be unstable, but now shows a partially complementary behavior in the
following way: for small values of the charge density the speed of sound squared is negative
while the attenuation of the sound mode is positive, but as the charge density exceeds a
certain threshold the two terms exchange sign. The Maxwell black brane therefore seems to
suffer from a GL instability. However, continuing to increase the charge density one finds
that the sound mode eventually becomes stable. Thus, for sufficiently small values of the
dilaton coupling and sufficiently large charge densities the Maxwell black brane is stable, at
least to next-to-leading order.

The behavior of the p = ¢ system relates exactly to the expectations from thermodynamic
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stability. However, for the ¢ = 0 system we find that even though the complementary
behavior of the instability is reflected in the thermodynamic stability conditions where the
specific heat capacity and isothermal permittivity show a similar behavior they do not overlap
exactly in the same way and furthermore at large charge density this relation breaks down. It
would therefore be interesting to investigate the relation between the two approaches in more
detail, that is, establish a more precise connection to the correlated stability conjecture [80].
Also, it would be interesting for comparison to perform a numerical analysis of the long-
wavelength perturbations in the current setting as was done in the case of the neutral brane,
where excellent agreement was found [32].

A natural generalization of the above results would be to consider the derivative expan-
sion to second order either by direct computation or by considering the corresponding, less
technically demanding, charged AdS black brane solution and subsequently use the AdS/flat
solution map. Furthermore, considering the hydrodynamic perturbations of spinning branes
or multi-charged configurations would also be interesting extensions.

Elastic perturbations

In chapter three, we considered stationary extrinsic perturbations of charged black branes.
One of the primary goal with constructing such solutions was to show their electroelastic
behavior via the general results for charged fluid branes under the assumption of linear
response theory. In particular, we constructed bent charged black branes by using a solution
generating technique and the neutral bent black brane [38] as a seed solution as well as T-
duality in ten dimensions. This resulted in two classes of solutions: the first class consisting
of p-brane solutions carrying Maxwell charge (¢ = 0) coupled to a dilaton through a Kaluza-
Klein dilaton coupling and the second class consisting of Dg-brane solutions smeared in
(p — q)-directions constrained by the condition n + p = 7 with n > 1. The zeroth order
effective fluid being isotropic and anisotropic in the first and second class, respectively.
Although, perhaps trivial it is worth pointing out that these solutions remained regular
under the extrinsic perturbations, a property, which is believed to be true if the leading
order blackfold equations are satisfied. Thus, these examples gives evidence that this might
hold for more general blackfold constructions carrying charge.

By computing the bending moment and electrical dipole moment of the solutions we
explicitly showed that these quantities are captured by classical electroelastic theory. In
particular, the Young modulus and piezoelectric moduli of the specific classes considered
here of strained charged black brane solutions are parameterized by a total of 3 +1 = 4
response coefficients, both for the isotropic as well as anisotropic cases. While the black
branes provide an interesting realization of electroelastic behavior of charged fluid branes,
it is not surprising that they are characterized by just one more response coefficient, as
compared to bent neutral black branes. This is a consequence of the fact that we obtain
them by a solution generating technique, which causes the branes to be bent only in the
smeared directions. It would therefore be very interesting to find more general bent black
brane solutions, in which the bending also takes place in the directions in which the brane
is charged. A particular special case of this would be to obtain, to first order, the solution
of a bent D3-brane in type IIB string theory. This would allow to explore the physical
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interpretation of the response coefficients in the context of the AdS/CFT correspondence.
Another important, but technically challenging, next step would be to obtain the metric of
bent black branes to second order in the matched asymptotic expansion. This would provide
further clues to a more formal development of electroelasticity of black branes. Even in the
neutral case this would hold valuable information.

It is worth pointing out that the obtained forms of the Young modulus and piezoelectric
moduli are results obtained from specific solutions where N = 1. However, it is reasonable
to expect that due to the presence of Q and the structure of the large r-asymptotics, in
particular the appearance of the coefficients A and B in equation (3.36), that the results
also holds for general dimensions (and general N) as long as the bending is along smeared
directions and gravitational backreaction is subleading.

Furthermore, it would be interesting to understand the coupling of fluid branes to ex-
ternal gauge fields. This would, in particular, allow us to compute electric (magnetic) sus-
ceptibilities, but more generally help us understand polarization effects. It would also be
interesting to consider spinning charged branes as it would allow one to compute the mag-
netic moment. In a different direction it would also be interesting to consider multi-charged
configurations. Finally, we also note that examining the elastic corrections for thermal string
probes [72,73,81-85] is expected to shed further light on the physics of these finite temper-
ature objects which where obtained using the blackfold method.

Open problems

We have already mentioned some interesting generalizations and extensions to the work
presented in this thesis. We end with a set of interesting open problems and future directions
of a more general nature:

e It would be interesting to include a Chern-Simon term in the theory. This was con-
sidered in AdS fluid/gravity in the papers [30,31,86]. Both examining the effect of
Chern-Simons terms on the transport coefficients and the response coefficients would be
relevant, in part due to the relation of these terms to the anomaly via the gauge/gravity
correspondence. However, we note that black brane solutions analogous to the Gibbon-
Maeda black brane solution with such a term in the action is to the knowledge of the
author not known in the literature.

e A very interesting computation, that has not been investigated in the blackfold ap-
proach, is the computation of the entropy current a la [87]. Computing the entropy
current could provide a consistency check of the transport coefficients and the frame-
work in general.

e Studying time-dependent embeddings in order to address the damping of extrinsic
oscillations of the world-volume. This would require a combination of hydrodynamic
and elastic perturbations and would provide interesting insights into the stability of
black branes.

e The blackfold approach is based on the property that large classes of known black holes
look locally like flat black branes in certain limits. As mentioned in the introduction,
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certain black holes in AdS space-times even has this property [35,61]. It could be
interesting to explore whether the blackfold approach could be applied to black branes
with different asymptotics e.g. asymptotically AdS black branes of higher co-dimension.
In that way, one could bent branes with intrinsic curvature and thus gain access to
new regimes with widely seperated scales. Even though the effective fluid would have
to be obtained by numerically means (see e.g. [88,89]), this would might give insights
into obstacles like the existence of large black rings in AdS.

Finally, it would be very interesting to examine whether the electroelastic behavior of
black branes could provide clues towards the microscopics of black holes and branes.
The AdS/CFT context is probably be the most natural starting point for this, but more
generally for the asymptotically at black branes, this holds the potential of providing
valuable insights towards flat space holography. One may wonder whether there is a
microscopic way to derive the type of response coefficients that we have encountered
in this thesis.



Appendix A

Hydrodynamics Perturbations

In this appendix we repeat the setup and calculation of section 2 for the case of a dilatonic
black p-brane charged under a (p + 1)-form gauge field [49]. In section A.1 we review this
particular black brane solution. In section A.2, we apply the perturbation procedure and
continue in section A.3 with solving the first-order equations. The resulting effective stress-
energy tensor with dissipative corrections are presented in section 2.4.2.

A.1 Black branes charged under a (p + 1)-form gauge field

We now consider black brane solutions with a (p + 1)-form gauge field Ay, ;. The action is
given in section 1.5 by setting p = ¢,

/ dPay—g [R — (V) — Me‘2“¢H[2p | (A1)

- 167G

where H[, 9 is the field strength of the gauge field, H = dA, and is coupled to the dilaton
¢ through the coupling constant a.

The world-volume of the black brane is characterized by p spatial directions denoted by
z* and a time direction t. The transverse space is characterized by a radial direction r along
with the transverse sphere S™"*!. The space-time dimension D is related to p and n by
D = p+ n+ 3. The metric takes the form

P
ds? = h~4 (- far + Z(dxif) + 8 (fhar? 208, ) (A.2)
i=1
with the harmonic functions f and h given by equation (1.86). The exponents of the harmonic
functions are given by
4n 4(p+1)

A= , B= : A3
20+ 1)n+ (n+p+1)a? 20+ 1)n+ (n+p+1)a? (A.3)

The gauge field is given by

A[p+1} = —\/; (7> V(1 +70) dt/\dx A...Adx? . (A4)
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where N = A 4+ B, and finally the dilaton is given by
1
o= —zNalogh . (A.5)

For future reference note that since a? > 0, the parameter N is bounded by

1 1

Ne}o; 2<+)} . (4.6)
n p+1

The static solution can be extended by applying a uniform boost u® in the world-volume

directions. The metric (A.2) of the dilatonic boosted black brane carrying p-charge then
takes the form

ds? = =4 <77ab + :Sluub) datda® + b7 (F7 472002, )) (A7)

while the gauge field and dilaton field remains invariant under the boost.

We note that this class of solutions contain the black D/NS-branes of type II string
theory. The solutions are obtained for D = 10 and N = 1 with p = 0,...,6 where the field
strength takes the role of a RR field. For the particular case of p = 3, the hydrodynamic
limit of the black D3-brane was considered in [43]. Furthermore, the M-branes of M-theory
are obtained for D = 11 and N = 1 with p = 2,5.

A.1.1 Effective fluid

The blackfold effective theory of p-branes with p-brane charge was reviewed in section 1.2.1.
For a uniform boost u® of the brane, the effective blackfold stress-energy tensor can be
written in the form given by (1.104) as,

1
T(%l; =Ts <uaub — n’yab> — PR (A.8)

where 7,4, is the induced metric on the world-volume. For our purposes (flat extrinsic ge-
ometry), we have v, = 1. Moreover T is the local temperature, s is the entropy density,
@ is the charge density and finally ® is the electric potential conjugate to Q. The various
quantities are are provided in section 1.5.2 parameterized in terms of a charge parameter g
and the horizon thickness ry. The stress-energy tensor can be expressed (in standard form)
in terms of the energy density € and pressure P = P,

T(‘Bl; = euu’ + PA® | (A.9)
and the (p + 1)-form current supported by the p-brane is given by
0 .
IO =V (A.10)

To leading order, the intrinsic blackfold equations take the form of the world-volume conser-
vation equations VaT(%b) = 0 and d % Jgy = 0. The first is evaluated in section 1.2.1 and is
given by equation (1.26) while the latter is trivially satisfied at leading order, since Q), = Q).
However, both of the conservation equations will be important in the perturbative analysis
as they will show up as constraint equations when solving the system perturbatively.
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A.2 Setting up the perturbation

The setup follows the steps of the Einstein-Maxwell-dilaton system in section 2.2 now with
the aim of solving the system in a derivative expansion around the solution given in section
A.1. In order to control the perturbations and have a valid description at the horizon we
will again use the EF coordinates defined by equation (2.13). In EF coordinates, the metric
(A.7) takes the form

N
dsfy = h™* (= fuqupdo®do” — 205 uudo®dr + Agdodo®) + hF1r2a02 ) . (A1)

Here the subscript indicates that the metric solves the system of equations to zeroth order
in the derivatives. The gauge field will acquire the p + 1 indpendent non-zero Ayq, ... q,
components with a € {v,0'}. However, we shall work in a gauge where these components
are zero. We therefore take

N n
AL = ‘\hﬁ (52) VAol + Ddvade! A Ado? . (A.12)

We promote the parameters u®, rg and 7y to slowly varying world-volume fields,
u® = u(c?), 19— ro(c®), v — (%) , (A.13)

and expand the fields around a given point P as in equation (2.19). We then seek the
derivative corrections to the metric, gauge field, and dilaton as prescribed in equation (2.20).
Again, we want the r coordinate to maintain its geometrical interpretation and therefore we
choose to work in the gauge where

g =0, (A.14)

and moreover take
95, =0 and AL =0 . (A.15)

rai...ap

We use the SO(p) invariance of the background to classify the perturbations according to

(1)

V1 .. z’

and g(.). Finally, the

their transformation properties under SO(p). The scalar sector contains 5 scalars, A

g, b, Trgg ) &

tensor sector contains 1 tensor gz(j) = gz(J1 ) (Trg,gl))5 (the traceless part of g( ) ). We

and ¢(1). The vector sector contains 2 vector Gyi

parameterize the three SO(p) sectors according to

Scalar: Agnz iy = Nyo( 1+’Yo h iy ...y a9y =

gl = hiAf,,, Trg“—h—ATrfij, oM = f, |

g

Vector: g(? =h o gﬁ%) =h 2

v

(A.16)
Tensor: ggjl.) = h_A?z-j ,

where f;; = fij — %(Trfkl)&j
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A.3 First-order equations

In order to compute the effective stress-energy tensor and current and thereby extract the
transport coefficients, we need the large r asymptotics of the perturbation functions which
are decomposed and parametrized according to equation (A.16). We denote the first-order
Einstein, gauge field, and dilaton equations by

Ry —2V,¢Vyp — S = € + 0(52) =0,

Vi <6_2a¢Hup1-.-pq+1> = gMpl“'Pqul + 0(82) =0, (A.17)
"y L —2ad)H2 — 2y
g VMVV¢+4(p+2)!€ =e&y) +0E") =0,
with
1 B p+1
Sy, = 206 [ g )£ S s R S © £V ) A.18
" ap+ DI ( DO-2p+2) (419

They can be obtained from (1.91)-(1.92) by setting ¢ = p. We will now provide some details
on how the solution to each SO(p) sector can be obtained following closely the analysis of
section 2.3.

A.3.1 Scalars of SO(p)

The scalar sector consists of eight independent equations which correspond to the vanishing
of the Components: gm;a gmn 87'7’7 Trgija gQQ; €(¢) ) Mal...ap+1 ) Mril...ip with ¢ € {OJ}-
Constraint equations: There are two constraint equations; £, = 0 and M, 3, = 0

with i € {o?}. The two equations are solved consistently by

70(1 + 270)

7o = — ut Al
0= T @V = ) (8.19)
and 5 .

dy0 = — (1 + %) o' . (A.20)

n+1+(2—-n(N-2))v
The first equation corresponds to conservation of energy while the second equation can be
interpreted as the charge density being constant in time.

Dynamical equations: After the constraint equations (A.19) and (A.20) has been im-
posed one is left with a system very similar to the one obtained in the presence of Maxwell
charge (¢ = 0). It consists of the six equations given by the components: &y, &, Tr&;j,
SQQ, g(¢), and Mal...ap+1-

The particular combination of Tr;; and &4 gives equation (2.28), but now with the
relation

T(r) = Tefis(r) — ol (1) (A.21)

n+p+1)
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and is solved by the same expression given by (2.30). The equation for the trace Trf;; is
again similar to the ¢ = 0 case and the solution can be put on the form given by (2.32) with
(2.33) and (2.34), but now with the coefficients

2pn? 2(n+ 1)+ Cy P { n? ]
“ TPt (n+1)2+ Cv%(2(n+1)+ Cy) and  f p+1{n+1+Cy]| ’ ( )

with C' =2+ n(2 — N). The solution of Trf;; dictates the perturbation of the dilaton field
through equation (A.21). With Trf;; determined, one can find the remaining perturbation
functions as follows: f., from &, and f,, from Tr&;; by a single integration while the gauge
field perturbation ay;,. i, can be obtained from Myq,. 4, by a double integration. Finally,
we note that remaining undetermined integration constants are equivalent to the ¢ = 0 case.

A.3.2 Vectors of SO(p)

The vector sector consists of 3p independent equations which correspond to the vanishing of
the components: &, £y and Mygj,. 5, with j # 1.

Constraint equations: The constraint equations are given by the Einstein equations £, =
0 and My;j,..j,_, = 0 with j # i. For each spatial index i one has a pair of equations that
are solved by

ro(1 4+ 2v0)
S . A.
Omo =7 (nN — 2)70 Outis (4.23)
and 5 )
dino = moll +70) Ou; . (A.24)

11— (nN — 2)79
The first equation corresponds to conservation of stress-momentum while the second equation
censures that the charge density does not have any spatial gradients over the world-volume.
We see that the current is more constrained compared to the case with Maxwell charge which
is tied to the fact that the p-brane charge is not able to redistribute itself.

Dynamical Equations: After the constraint equations (A.23) and (A.24) have been im-
posed the remaining p equations consist of 2nd order differential equations &,; = 0 of the
form

L] = Sulr) (A.25)

Each equation can be integrated analytically in order to obtain the perturbation functions f;.

Horizon regularity is ensured due to the form of the differential operator. The homogeneous
(1) 2) 2)

solution gives rise to two integration constants: c,;,” and c,;”. The constant c,,” corresponds

to an infinitesimal shift in the boost velocities along the spatial directions of the brane while
the constant cq()? will be determined by imposing asymptotically flatness at infinity.
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A.3.3 Tensors of SO(p)

It turns out that with the parametrization given by equation (A.16), the equations for the
tensor perturbations take the exact same form as found for the Maxwell charge given by the
form (2.55). The solution is therefore,

Fir) = @i = 205 (re = "2 (1470) * log £(1)) (A.26)

with o;; given by equation (2.56) and regularity of the horizon has been imposed. The
constant ¢;; is symmetric and traceless and will be determined by imposing asymptotically
flatness. Because of this closed-form expression, the shear viscosity will take the same form
as found for the system with Maxwell charge.

A.3.4 Comments

We have now obtained the solution of the first-order perturbation functions for the system
governing the dynamics of a dilatonic black p-brane charged under a (p+ 1)-form gauge field.
It is a regular solution for any first-order fluid profile that fulfill the constraint equations.
Although, the procedure of solving the individual sectors followed a very similar procedure,
the specific solution is significantly different than the one obtained for the Einstein-Maxwell-
dilaton system considered in section 2.3. The vector sector being a noteworthy exception due
to the increasing number of constraint equations. Again, it is should be mentioned that f;
did not appear in the analysis and corresponds to a gauge freedom. The gauge freedom does
not play a role for n > 2, but is expected to play a role for n = 1 to ensure asymptotically
flatness.

As in section 2.3.4, a subset of the remaining integration constants corresponds to the
remaining freedom of the homogeneous solution, namely the e-freedom of the parameters in
the zeroth order fields, 7o, 7o, u* as well as the gauge transformation A1) = Apy TdAp,
for some p-form Ap,). Indeed, one can again relate the integration constants to the shifts
and gauge transformation by redefining the r coordinate according to equation (2.58). This
way one finds that the integration constants c%), 01()2) and 01(,1) appearing in the scalar sector
correspond to shifts of g and g and the gauge transformation, while in the vector sector
one finds that cg) corresponds to global shifts in the boost velocities. This accounts for all
the e-freedom in the full solution.

The remaining integration constants are fixed by requiring asymptotically flatness. In or-
der to impose asymptotically flatness at infinity we change coordinates back to Schwarzschild-
like coordinates. These coordinates will also enables us to obtain the effective stress-energy
tensor by the methods outlined in section 1.5.2. Using the inverse transformation of the
EF-like coordinates given by equation (2.61) we find that asymptotically flatness requires
W—o, Y=o e;=0. (A.27)

o =0, ¢

This completes the computation of the first-order intrinsic derivative corrections for the
dilatonic black brane charged under a (p + 1)-form gauge field. The effective stress-energy
tensor and current are presented in section 2.4.2.
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A.4 Thermodynamic coefficients

In this subappendix we list a number of thermodynamic coefficients related to the analysis
of section 2.5. The two coefficients R and Ro are given by

-1
=), (Ge),- (o), 7))
acb T 5 T @ (A.28)
€ €
m=ml7(57), 4o (),
The speed of sound obtained takes the form

=l (0(ar),(),) -elelar), (w),)] - o

It can be shown that it is equivalent to the expression given by equation (2.80) or (2.82).
Finally the coefficient associated to the dispersion relation of the sound mode is given by

! R2 Oe Oe Ro 09 0Q
R= §Q2w3c§ <Q ((9’7')q> - <8(I>>T> <Q721 w (((ﬁ))@fb - (87-><DT>>
(

A.30)
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Derivation of the EOM

In this appendix, we provide the details on the derivation of the equations of motion for p-
branes carrying g-brane charge given in [40]. In particular, we give the explicit details in the
case of Maxwell charge (¢ = 0) and string charge (¢ = 1) as well as discuss their invariance
under ‘extra symmetry 1’ and ‘extra symmetry 2’. In the last section, we will present the
results for generic p-branes carrying g-brane charge with ¢ > 1.

B.1 Branes carrying Maxwell charge

Pole-dipole p-branes carrying Maxwell charge (¢ = 0) are characterized by a current J* of
the form (1.4). In order to solve equation (1.5) we introduce an arbitrary scalar function
f(z%) of compact support and integrate (1.5) over the entire space-time following the method
outlined in [46] applied to the stress-energy tensor (1.2)

/d%\/?gf(a:a)vujﬂ =0 . (B.1)

In order to make further progress one decomposes the derivatives of f(x®) in parallel and
orthogonal components to the world-volume such that

Vil = fo +uiVaf o VoVl = fio + 2f a0l + faujul, - (B.2)

Here the label L on a tensor indicates that all of its space-time indices are transverse, for
example, ub f:- = 0. Explicit computation of the functions involved allows one to deduce

i = Vol + (Vi) Vol s for = ViV f = fE0ul (B.3)

This tells us that the only independent components on the world-volume surface z® = X*(c%)
are fjl,, fj and f. Using this and performing a series of partial integrations when introducing
(1.4) into (B.1) leads to an equation with the following structure

[, iz (e g )] <0 ma
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Requiring the above equation to vanish for each of the arbitrary independent components

on the world-volume uw fa L and f results in the equations

JM

A P (pv) _
LA LP, T =0 )

v , ﬂ#[ _v, (QJ_”Vu“J(”p)—i—u ;;J(”p))] —0 (B.5)

(1) (1)

Va (T 20 Vo = Vo (5 e ) )

From equation (B.4), we are then left with a boundary term that vanishes by itself

0. (B.6)

Ve (24 20+ 20 ) =0 (B.7)
aWP+1

where h is the determinant of the induced metric on the boundary.
On the brane boundary, however, the components V,f are not independent so we de-

compose them according to
Vaf =naVif+vVal , (B.8)

where V| = 7%V, v? are boundary coordinate vectors and Vj is the boundary covariant
derivative with the indices & labeling boundary directions. On the brane boundary the
functions fj, V., f and f are mutually independent. Requiring the terms appearing in
equation (B.7) proportional to these functions to vanish leads to the following boundary
conditions:

J—AMJ(({L)V)UgnaprH =0, J(({L)V)uzugnanb‘awpﬂ =0, (B.9)

[V (S0 o) = (s + 298 sVt = 9 (I i) ) oy =0

(B.10)
We now wish to solve the equations of motion (B.5)-(B.6). To that end, we make the most
general decomposition of J’B) and J(ﬁg in terms of tangential and orthogonal components
given by equation (1.10). By introducing the decomposition of J(“ll; into the first equation
in (B.5) and obtain the constraint m*” = ml*!. Introducing both decompositions (1.10)
into the second equation in (B.5) leads to the relation (1.11). Furthermore, introducing the
decompositions into the equation and (B.6) one finds the equation for world-volume current
conservation given by equation (1.12). Turning to the boundary conditions (B.9)-(B.10)
using (1.10) we obtain the equations given by (1.13) and (1.14).

Extra symmetries and invariance of the equations of motion

The current expansion (1.4) enjoys two symmetries as the stress-energy tensor (1.2) coined
by the authors of [46] as ‘extra symmetry 1’ and ‘extra symmetry 2’. Their transformation
properties can be obtained by looking at the invariance of the functional

= [ aPay=gs, (B.11)

for an arbitrary tensor field f,(z“) of compact support. The ‘extra symmetry 1’ is an exact
symmetry to all orders in the expansion defined by the transformation

01J —eltuy

loy =~V 0l =

L= , (B.12)
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and leaves the functional (B.11) invariant as long as the parameters 4% are required to
obey éuana\awp .1 = 0. This means, for example, that it is possible to gauge away one of the
structures in the decomposition (1.10) everywhere except on the boundary since 6; (J; ("Sug) =
—ére | This is why we have left the last term in (1.10) neither parallel nor orthogonal to the
world-volume. Further, invariance of the equation of motion (B.6) under (B.12) requires that
J(“lb) =J ((f)b )1 Explicit use of (B.12) leads to the variations of the structures that characterize
the charge current

01J* =0, o™ =0, 6JG =0, (B.13)

and hence leave the equations of motion (1.11)-(1.14) invariant.

On the other hand, the ‘extra symmetry 2’ is a perturbative symmetry and defined as the
transformation that leaves (B.11) invariant under the displacement of representative surface
X%0%) = X*¥(0%) + £*(0®). This leads to the transformation rule

02ty = = Il up Vel —T# M {0)E 02ty = —Jf) (B.14)
Explicit calculation using (B.14) leads to
8o J% = —JEulVe? — ulJl Vipe? + Vi (J4E°)

52pau = —J(ab)éu s 52J(&1) = —Jé)O)UggaT]a N

and renders the equations of motion (1.11)-(1.14) invariant. As we will be obtaining these
tensor structures from specific black hole metrics in section 3.3, the existence of this symmetry
implies the existence of a residual gauge freedom in this measurement procedure as seen
before in the case of the stress-energy tensor [39].

B.2 Branes carrying string charge

Pole-dipole p-branes carrying string charge are characterized by an anti-symmetric current
JH of the form (1.4). In order to solve equation (1.5) we introduce an arbitrary tensor field
fu(z®) of compact support and integrate (1.5) such that

/d%\ﬁgf,,(xa)vuﬂ” =0 . (B.16)

We now decompose f,(z®) in parallel and orthogonal components to the world-volume such
that [46]

v)\fp = fj)\ +u(,l\vafu )
1 (B.17)

v(pv)\)fu = f‘j_)\p + 2f:_()\au3)+fuabu()l\uz ) V[pv)\}fu = §Rgu)\pfa

'In the case ¢ > 0 and also in the case of the stress-energy tensor [46], the equations of motion obtained
by this procedure are invariant under both ‘extra symmetries’ without further requirements on the structures
appearing in analogous decompositions to (1.10). The ¢ = 0 case is a special case as it is characterized by a
current J* with only one index. This requires an extra constraint such that J<’11b) = Jéf;’) for the equations of
motion (B.6) to be invariant under both extra symmetry transformations.
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Explicit calculation using (B.17) and the projectors u$§ and L) leads to

fuab :V( vb f f;wv ub >

, 1y o (B.18)
fupa =1 pvafuy + (vaup)vbfu + §J— puaR /,Ll/)\fo' .
The equations (B.17)-(B.18) indicate that on the world-volume only the components f Vs j—,}

and fj are mutually independent while on the boundary, as in section B.1, we need to
decompose V f, such that [46]

Vafu =1V Ly +0iVafyu - (B.19)

On the brane boundary the components f » V| fu, and f,, are mutually independent. Given
this, solving equation B.16 results in an equation with the following structure

V|2 iy 2 fiky 4 2P fu 4 Vo (20 20+ 20 ) | = 0

(B.20)
This equation has the same structure as that obtained for the stress-energy tensor (1.2).

Wht1

Requiring the first three terms to vanish independently leads to the equations of motion

g A (V ) _ v v A a 14 a _
Lo, L0 =0 [J(/g) v (J_ ATl + TH )} —0 (B.21)

w,a o 7i(vp) ul b w(vp) A 7o(vp) pu 1 aVp D _
Va (T = 2088 drgd] = v, (407 ) ) - (J_ I R o+ S TG R oyp) —0.
(B.22)

These equations have exactly the same form as those obtained for the stress-energy tensor
[46], the difference between the two is that now we are dealing with anti-symmetric tensors.
Requiring the vanishing of the last three terms in equation (B.20) in terms of the mutually
independent components leads to the boundary conditions

14 >\ a
1 ,\J(ul() p)upna|(9Wp+1 =0 , Jﬁ))‘pu)\ugnanb’awwrl =0, (B23)

[Va (65 s = na (5 275 wi) =¥ (7)) low, =0
(B.24)
We now want to recast the equation (B.21)-(B.24) into a more convenient form. First
we note that the first constraint in equation (B.21) results in the decomposition of J(‘f;p into
the components
JHve — 2u([1umau]p + ugugpabp + J.MVCL ’ (B.25)

1) (1)
where m®" and p®” are orthogonal in its space-time indices while .J (“1';“ is left neither parallel

nor orthogonal to the world-volume due to the extra symmetry transformations that we will
describe below. Now, as in the case of the stress-energy tensor [46] we introduce the analogous
tensor structures

QHva :pab[uuz] +J(Nl’;a . MHE = i ablu V] , (B26)
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where QF* and M*”? are both anti-symmetric in their space-time indices and furthermore
MH% has the property MH* (“ul;) = 0. This means that the dipole correction to the current
J(“ll;p can be written as

J(ull;p _ QULMMV]PG + QM eyl . (B.27)

Using these definitions in the second constraint given in (B.21) results in

L7, [Tt = V(@ - me] =0 (B.28)

Now, making the most general decomposition of J(‘g; results in

v v v]b v
T = b S + 2 T+ T (B.29)

and taking all the possible projections of equation (B.28) leads to the relations

b va va o o va va
Ji(l) = UZJ‘vaa(QM - MF ) ) JJ_fl) =1 ;J,J—pz/va (Q” - M+ ) . (B30)

Note that, contrary to the equations of motion for the stress-energy tensor [46], we only
have two constraints. The third one, which in the case of (1.2) lead to the conservation

of the spin current j%*

, is non-existent here because both tensors introduced in (B.26) are
anti-symmetric. Finally, inserting the first relation in equation (B.30) into equation (B.22)

we obtain the equation for current conservation
Va <jabug + uﬁuﬁuchM”pc> =0, (B.31)
where we have defined the effective world-volume current J = J@¥ such that
T = Ji — ulub V. QM (B.32)

It is worth noticing that all the terms proportional to the Riemann tensor in equation (B.22)
have dropped out of the equations of motion as a consequence of the anti-symmetry of (1.4).
Moreover, at first sight, equation (B.30) seems to contain two sets of independent equations
obtained by projecting tangentially and orthogonally to the world-volume. This is only
apparent as the orthogonal projection of equation (B.30),

(% 4 a0 M) Kot =0 (©.33)

trivially vanishes due to the anti-symmetry of J% and M"P¢ and the symmetry of K"
in its two world-volume indices. Now, we turn our attention to the boundary conditions

B.23)-(B.24). Introducing (B.26) leads to
( g
LY QP nglow,ey =0 (MFP% — QM"Y ubmamylow,,, =0 (B.34)
N ab wy Tab, W noa,. b vpc _
[Va (J(l)vi)) Na (J wy, + uyupu,VeM )}m/\}p“ =0 . (B.35)

Again, the orthogonal projection of equation (B.35) vanishes and we are left with

[vé’V&Jg’) e (Jab + ugugchVﬂC)} o, =0 (B.36)
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Reintroducing m®" and p®* the relations given by equation (B.30) gives

b
JJ_ 1

[y = Ub LAV =mPY) ) = UL V(TR —m) (B.37)

1) (1)
while taking the parallel projection of equation (B.31) and using (B.26) leads to

Ve (jab - 2p0[“|M|wal> ~0 , (B.38)

where the vertical bars on the index p means that it is insensitive to the anti-symmetrization
taking place only on the world-volume indices. In equation (B.38) we have introduced the
effective world-volume current J% = Jl@) such that

Jab __ b b uve

J = Jio) — u,‘juVVcJ(l) . (B.39)
Note again that, as in the case of branes carrying Maxwell charge, the components m*¥
entering the decomposition (B.25) do not play a role in the equation for current conservation.
Similar for the boundary conditions reintroducing m®®* and p®* using (B.26) leads to

(pbau + 2L“AJ()‘1%b> 77b|8Wp+1 =0 , J(lﬁbﬁanblawpﬂ =0, (B.40)
WV 8 — g (b — 2pelalnl g, MY | =0 (B.41)
p Y ad(1) Na P cl OWpi1 ) .
where we have defined the boundary degrees of freedom J(‘?) = Jﬁlgcugn(pvg)vz , with vz =

a,,a : apv
Vg - Again, the components m*

that branes carrying string charge are characterized by a world-volume effective current Jab,

U have dropped out of the boundary conditions. We see

an electric dipole moment p®* and a boundary current J?lb).

Extra symmetries and invariance of the equations of motion

The extra symmetries associated with the current (1.4) for branes carrying string charge are
now deduced by looking at the functional

JIf] —/deHJ“”fuy , (B.42)

for an arbitrary tensor field f,, of compact support. The ‘extra symmetry 1’ acts on the
current (1.4) such that

OLIlY = —VaEM B =~ (B.43)

where the parameters é#® satisfy the properties & = glla and M4 low,,, = 0 . This

is turn implies that the components J(“llga entering the decomposition (B.25) are pure gauge
everywhere except on the boundary since 51(J(“1'§p ug) = J(“llga = —&Me. Evaluating (B.43) for

the components that describe the charged pole dipole brane leads to the variations

S =0, 6p* =0, 6JH =0, (B.44)
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and hence the equations of motion (B.37)-(B.38) together with the boundary conditions
(B.40)-(B.41) are invariant under this transformation rule. Turning our attention to the
‘extra symmetry 2’ invariance of (B.42) requires

SpJH = — Ty &0 — aTlk i

S N G B.45
© = o 0)

(1) 0)°

which upon explicit calculation leads to

Aab ab , ¢ a 7hlc ab ~c
52 = — JBUEV o — 2l TNV + Y, (J() ) ,

Sop®H = — (%l’)é” , (52J(alb) = J(“b)ecupn(p ) la vg ,

(B.46)

and leaves the equations of motion (B.37)-(B.38) and boundary conditions (B.40)-(B.41)
invariant. As a final comment, we note that the equations in terms of QY% MH*"® and
J% are also invariant under both extra symmetries and their transformation follows from
equation (B.43) and equation (B.45) yielding

HJP =0, MM =0 | (B.47)

020" = — I eV 2 + T ullV.E 49, (JGE) e =gt (Bas)

B.3 Branes charged under higher-form fields

In this section, we conjecture the equations of motion for the cases ¢ > 1. In these cases, the

Jﬂln-ﬂqul and J#l-u/JqulP
(1) '

electric current of the p-brane are characterized by two structures
It is straightforward to derive a similar constraint as in equation (B.5) by solving the con-
servation equation (1.5). This constraint allows us to make the general decomposition of
Jﬁl) Ha+1P such that

J(Mll) Hg+1p (q+1) [,ulmulaigm|a1,..aq|pq+1]p_’_up,l ug;;j_—llpal...aq+1p+J(;Lll)...uq+1aug : (B49)

where the vertical bars around the indices a;...a, indicates that the indices are insensitive
to the anti-symmetrization which is done only over the space-time indices fi1...pt4+1. More-
over, mA-%alat1P gatisfies the properties ma-®atat1P = pplo1--aaltiar1p — ppa1--aqliar1/] while
p®--%+1P hag the property p®-da+1P = plat-astile and also J(“ll) a1 J([’f)l"'“q“}a. A sim-
ilar decomposition of J(%l)'"“ 7! as in (B.29) is assumed and the final form of the equations

of motion is conjectured to be
Va, (jal---aq+1 +(=1)%q+ 1)p0[a1---aq\u\[(c”aq+1]) =0, (B.50)

while the boundary conditions have an analogous form to the ¢ = 1 case presented in the

previous section

a1...a Aai...a
(B () DT ) Mgl =0 (B.51)

b
Jﬁl) Hatar 77aq+177b|8Wp+1 = 0 [} (B52)
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02 vaq+1vdljd1...&q+1 — N, <ja1...aq+1 + (_1)q(q + 1)pc[al...aq|u|Kcuaq+1]):| |8Wp+1 -0 .

a2 Vg1 (1)
(B.53)
Here we have introduced the effective world-volume current Jo1-0at1 ag well as the boundary
degrees of freedom J(all)"'anr1 given by
Joran _ Juetet _yn gt g (B.54)
Jf;)'"&q“ - J(“;)'"“q*“q“q“cugmpvzz“)vf}g“vg;...vfff;‘:i . (B.55)

The conjectured form of the equations of motion (B.50)-(B.53) for any value of ¢ is supported
by their invariance under the extra symmetry transformations which we will now analyze.

The ‘extra symmetry 1’ acting on the generic form of the current (1.4) has the following
transformation rule

Tl g s

© T R (B.56)

1)

where g#1-+#a+1% hag the property &4 -#Ha+10 = gli--tat1]a and is constrained on the boundary
such that £#1-Hat1%n, |4y = 0. Correspondingly, this implies that the structures character-
izing the charged pole-dipole brane transform as §; J %+t = §yp@l-datitt = §; J4--Gatl = ()
leaving the equations of motion invariant. As in the cases ¢ = 0 and ¢ = 1 analyzed previ-
ously, this symmetry implies that the last structure introduced in (B.49) can be gauged away
everywhere on the world-volume. Furthermore, under the action of the ‘extra symmetry 2’
the structures entering (1.4) transform according to

~ A~
62J(’81) ot — —J(‘gl) Pyt Vel — (¢ + 1)I‘[“1p>\J(’62) Hartlh g B57)
H1-fg+1P _ pH1--Hq+1 xp ’
52J(1) = ‘](0) v,
which upon explicit calculation lead to the ‘extra symmetry 2’ transformations
o Jh 0t = —JO T8 — (g LUl T O 2 4 v (T ) B.58
(5 al...ag+1f __ _J‘ll---anrl =l 5 Jdl---&q+1 _ _J(ll---aq+1 ~c, p ai, v ,.as dq+1 ( ) )
2P () € 02dy) =0 € UcM(pVy) Uay Vay - Vag+1

The above transformation rules leave the equations of motion (B.50)-(B.53) invariant. In
section 3.3 we will give examples of these structures measured for bent black branes.
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