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Abstract

In recent years there has been much interest in the application of holography to
condensed matter physics. In particular, gravity duals with non-relativistic scaling
symmetries have been constructed for this purpose. These are known as Lifshitz
and Schrodinger spacetimes. Recently, metrics with hyperscaling violation have also
become important. These are not invariant under the non-relativistic scaling, but
instead scale covariantly.

In this thesis, the equations of motion of four-dimensional N' = 2 gauged su-
pergravity are derived in order to find Lifshitz solutions with non-zero hyperscaling
violation. Both vector multiplets and gauged hypermultiplets are included in this
general analysis. Focussing then on the ' = —i X" X! model, which contains a single
vector multiplet coupled to gravity, explicit solutions are found. Further, it is shown
that one of these solutions solves first-order flow equations. This implies that the
solution is supersymmetric.

Along the way, relevant topics are introduced, such as special Kéhler manifolds,
quaternionic Kéhler manifolds, gauging of N’ = 2 supergravity, and also some aspects
of non-relativistic holography and the formalism of first-order flow equations.
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Chapter 1

Introduction

The twentieth century saw huge leaps forward in theoretical physics. Albert Einstein’s
theory of relativity revolutionized the classical understanding of gravity, space, and time.
Quantum mechanics offered a description of small scale physics, introducing concepts such
as the uncertainty principle and wave-particle duality. The unification of special relativity
and quantum physics led to quantum field theory, the language of the Standard Model of
particle physics. However, Einstein gravity cannot be formulated consistently as a quantum
field theory, due to non-renormalizability. A consistent quantum theory of gravity is not
yet well established, however, among the leading candidates for such a theory is string
theory.

This thesis may be considered as part of the wide area of modern string theory research,
even though we will not address the question of whether string theory is a good quantum
theory of gravity. The main topics of this thesis are classical supergravity and solutions
relevant for the gauge/gravity correspondence. The aim of this Introduction is to place
this work into the context of modern research.

String theory

String theory [1,2] was first introduced in the late 1960’s and early 1970’s, initially as an
attempt to describe the strong interactions [3-6]. The theory essentially postulates that
the elementary constituents of Nature are not point-particles, but rather one-dimensional
strings. These may be closed loops or open ended strings. The quantization of a string gives
rise to a discrete, infinite spectrum of vibrational modes, corresponding to different types
of particles. Among the initial problems was that the ground state was tachyonic, and that
the spectrum included a massless spin-2 particle, which was unwanted in the context of the
strong interactions. Further, the theory included only bosons, and consistent quantization
required precisely 26 spacetime dimensions, rather than our familiar four.

Later, it was realized that the massless spin-2 particle could be interpreted as the
graviton [7,8]. Thus, string theory is actually a quantum theory of gravity. Inclusion of
world-sheet supersymmetry led to the introduction of fermions and got rid of the tachyon
state [9]. It was further shown, that this implies also spacetime supersymmetry, and that
consistent quantization of the superstring requires spacetime to be ten-dimensional.
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Supergravity

Supergravity was originally discovered independently of string theory [10]. Inclusion of
supersymmetry in quantum field theories improves the UV behavior and delay divergences
to higher loop orders. Originally, it was hoped that supersymmetry would render grav-
ity finite, but this was realized not to be the case. Four-dimensional N' = 8 maximal
supergravity, however, is still not ruled out as a finite quantum theory of gravity [11].

Supergravity does however find an important role in (super)string theory, as ten-
dimensional supergravity emerges in the classical limit. By compactifying some dimensions,
effective lower-dimensional theories may be obtained. These include gauged supergravities.

In this thesis we will take a more bottom-up approach to gauged supergravity. We
will discuss how supergravity arises as local supersymmetry, and gauged supergravity can
be regarded as a deformation of the ungauged theory, by promoting a global internal
symmetry to be local.

The gauge/gravity correspondence

Among the most notable recent discoveries from string theory is the gauge/gravity corre-
spondence, or holography. This states that a quantum gravity theory, in particular string
theory, is dual to a lower-dimensional quantum field theory without gravity. For a quantum
field theory at strong coupling and large N, the string theory dual reduces to the limit
of classical gravity. On the one hand, this potentially allows new insight into quantum
field theories from calculations in a classical gravity theory, while on the other hand we
might learn more about string theory by studying field theories in flat spacetime. The first
example was conjectured in 1997 by Maldacena [12-14]. This is a duality between type IIB
supergravity on AdSs x S° and four-dimensional N = 4 SU(N) super-Yang-Mills, which
is a conformal field theory (CFT). Hence, the duality is known as AdS/CFT.

There are obviously interesting non-conformal field theories, e.g. quantum chromody-
namics (QCD), to which one might want to extend the conjecture. In recent years, there has
been much attention on the application of holography to condensed matter physics [15-25].
In particular, in many condensed matter systems one finds phase transitions governed by
fixed points exhibiting non-relativistic scaling invariance. The gravity duals are known as
Lifshitz and Schrodinger spacetimes [16-19).

Recently, aspects of hyperscaling violation have also been addressed in the context of
holography [25,26]. Roughly speaking, a d-dimensional condensed matter system with hy-
perscaling violation exponent ¢ has the thermodynamic behaviour of a (d — #)-dimensional
system [27].

Embedding in string theory

Gravity duals are often first constructed without any relationship to string theory. Nat-
urally, it is simpler to construct a specific solution if one is free to choose the matter
content. Such models may yield phenomenological results and improve the understanding
of the gauge/gravity correspondence itself. However, the duality actually involves a quan-
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tum gravity theory. It is therefore of interest to embed gravity duals into string theory as
a UV complete theory.

Embeddings in string theory from constructions of Dp-branes in ten-dimensional su-
pergravity can be considered a top-down approach. As a bottom-up approach one can
work directly in the lower-dimensional supergravity theories, which results from compact-
ifications. As compactifications in general increase the number of fields, it is convenient
to work with consistent truncations of the compactified theory. A solution of a consistent
truncation is then a guaranteed solution of the higher dimensional theory.

String/M-theory embeddings of Lifshitz solutions with hyperscaling violation have
recently been found [25,28-32], and also some solutions with preserved supersymme-
try [29,33].

This thesis

This thesis investigates Lifshitz spacetimes with non-zero hyperscaling violation, as solu-
tion of four-dimensional N' = 2 gauged supergravity. Such solutions with non-zero gaugings
have not yet been found. We find indeed explicit solutions in the F = —iX°X! model,
however, these are restricted to vanishing gaugings. One of these solutions solve first-order
flow equations, implying it is supersymmetric. Solutions with preserved supersymmetry
have only previously been constructed differently, from near-horizon geometries of black
holes or branes.

This thesis is organized as follows. In Chapter 2, we review supersymmetry and as-
pects of supergravity. Chapter 3 gives more details on four-dimensional N = 2 gauged
supergravity. Chapter 4 reviews the useful formalism of supersymmetric first-order flow
equations. In Chapter 5, we discuss briefly the AdS/CFT correspondence and some aspects
of non-relativistic generalizations thereof. In Chapter 6, we investigate the equations of
motions of N' = 2 gauged supergravity in a Lifshitz-like background with non-zero hyper-
scaling violation. In Chapter 7, we consider the equations of motion of the F' = —iX°X!
model with Fayet-Iliopoulos gaugings, as an explicit example. We find that we can solve
these equations, but only for vanishing gauging. We then show that one of these solutions
solves the first-order flow equations, implying it is supersymmetric. Finally, we conclude
in Chapter 8 with a discussion of the results.



Chapter 2
Supergravity

In this section, we discuss the basics of supergravity. As supergravity is essentially the su-
persymmetric extension of General Relativity, we start by reviewing rigid supersymmetry.
We then move on to different aspects of supergravity theories.

2.1 Rigid Supersymmetry

Supersymmetry has interesting properties desirable in particle physics, e.g. improved UV
behaviour and stabilization of the Higgs mass (the hierarchy problem) [34,35]. However,
supersymmetry has not yet been observed in experiments. Hence, if it exists, it must be
broken at low energies. In the context of this thesis, supersymmetry is important since it
is required for consistency of string theory, in the sense mentioned in the Introduction.
For further details or proofs, see e.g. [34-38]. We take the Minkowski metric to be

N = dlag(l, —-1,-1, —1)

The Poincaré algebra

Symmetries play a great role in particle theories. For example, relativistic theories are for-
mulated to be invariant under the Poincaré group, the group of all isometries of Minkowski
spacetime. Particles belong to representations of the Lorentz group with integer or half-
integer spin, i.e. scalars, spinors, vectors, etc. The Poincaré algebra contains the gener-
ators of the Lorentz group, J,., generating rotations and boosts, and the momentum P,
generating spacetime translations. The algebra is

[j,uz/: jpa] = i(nupjp,a - 77;1,01.71/0’ + nyajup - /r’l/o'jp,p)y
[P, Topl = iy By — iy Py, (2.1)
[P,,P,] =0.

From the elements of the Poincaré algebra, one can construct two Casimir operators, which
commute with all elements of the algebra. The first is P,P*. To consider the action of
this operator on massive particle states, we can choose the rest frame in which the particle
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has four-momentum k* = (m,0,0,0). The eigenvalue of the momentum operator is the
four-momentum. Thus, applying the Casimir operator yields

P, PY|k") = k k" [k") = m2|k"), (2.2)

since k,k* = m?. For a massless particle, one can choose the frame k* = (E,0,0, E) to
find P,P"|k") = 0. The other Casimir operator is W,W*#, where W, = %e#,,pgj”pP" is
the so-called Pauli-Lubanski pseudovector. In a somewhat similar fashion, one can show
that W, W*# yields the spin (helicity) for massive (massless) particles.

Since P, P* and W, WW* are Casimir operators, mass and spin/helicity are thus Poincaré
invariant labels for particles.

The super-Poincaré algebra

In 1967, Coleman and Mandula considered the possible symmetries of the S-matrix under
very general assumptions, such as unitarity [39]. They concluded that the Lie algebra
of the largest possible symmetry must be a direct product of the Poincaré algebra and
the algebra of an internal symmetry. In 1975, Haag, Lopuszanski and Sohnius proved
that the Coleman-Mandula theorem can be generalized, if the algebra of the symmetry is
a superalgebra [40]. Thus, the Poincaré algebra can be extended to the super-Poincaré
algebra by adding anti-commuting generators @4, where A = 1,...,A/. These are the
generators of supersymmetry. They extend the Poincaré algebra with the relations

[ é)PH] = Oa {QéanB} = 2UZdPH5AB7 (2 3)
[ ﬁ;j,ul/] = (O-,ul/)aﬁQg7 {Qéqu} = 6aBZAB7 .

along with also the conjugate relations. Here, Q4 are Weyl spinors, and Qa4 = (Q2).
The components of Q4 are known as supercharges. When N > 1, the theory has extended
supersymmetry. The complex central charge Z4% = —Z5B4 commutes with the whole alge-
bra. Due to its antisymmetry there is no central charge for N’ = 1. Further, for extended
supersymmetry we can introduce another bosonic symmetry. The R-symmetry group is
defined to be the largest subgroup of the automorphism group of the supersymmetry al-
gebra that commutes with the Lorentz group. It corresponds to rotations between the
supercharges,

[P, R = 0, [T, B] =0, (2.4)
QLR = (UD4QE,  [RUR] = if*.R |
In four-dimensional spacetime in the absence of central charges the R-symmetry group is
U(N), while in the presence of central charges it is restricted to USp(N) = Sp(N,C) N
U(N) [36].

Particles related by supersymmetry are called superpartners, and irreducible repre-
sentations of the supersymmetry algebra form supermultiplets. Since the supercharges
commute with P,, the operator P,P* is still a Casimir. Hence, particles belonging to
the same supermultiplet must have the same mass. The operator W,WW*#, however, turns
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out not to commute with the supercharges, which indicates that spin is not conserved
under supersymmetry transformations. Since the supercharges are fermionic, their action
on particle states will change the spin statistics of the state,

Q|boson) = |fermion),  Q|fermion) = |boson), (2.5)

schematically.

Massless supermultiplets

Consider a massless particle with momentum k*, for which we may choose the frame
k, = (£,0,0, E). The anti-commutator of the supercharges becomes

- 1
{Q4, Qap} = 204, P06y = 2E6% (1 + 0°) . = AE§% ( 0 8 ) K (2.6)

Note in particular {Q2', Qs5} = 0. This implies Q4 for all A lead to zero-norm states,

0= ({Q3, Qsp}l¥) = QI +|Qspl)IP = Q) = Q=0 VA, B. (27

Plugging Q3 = Q54 = 0 back into the super-Poincaré algebra (2.3) further implies van-
ishing central charges, Z48 = 0, for the massless representations. On the other hand,
defining ¢4 = (1/V4E)Q{ and ¢!, = (1/V4E)Q; , leads to cannonical fermionic creation
and annihilation operators,

{aa, a5y =05 {aa, a8} = {d\, ¢} =0. (2.8)

Recall above, that for a massless state with energy £ and helicity A, applying W, yields
the helicity. In the chosen frame,

WolE, \) = APy |E, \) = AE|E, \). (2.9)

To find the helicity of the state qL\E, A), one can apply Wy and subsequently use the
commutators of Q44 with P, and J"” to find

Wodh| B, X) = B(A + 3)¢4|E, A). (2.10)

Thus, qL raises the helicity by % To build a supermultiplet, one now chooses a vacuum
state of helicity \g satisfying
qalEo, o) =0 VA, (2.11)

which is always possible due to the anticommutativity of the supercharges. By applying
the A creation operators one can construct 2V states with helicities from Ay to Ao + N /2.
However, helicity changes sign under CPT conjugation, so unless the multiplet is self-
conjugate, the states of opposite helicity must be added to ensure CPT invariance.
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As an example, consider a massless N’ = 1 multiplet. This contains the helicity states
{>\0 + %7 )‘07 _A()v _)\0 - %} (212)

Choosing Ay = 0 the field content corresponds to a complex scalar field (or two real scalar
fields) and a spin—% Weyl fermion. This is called the chiral multiplet. The vector multiplet
corresponds to \g = %, and contains a spin—% Weyl fermion and a spin-1 gauge field. For
rigid supersymmetry without gravity, we do not choose Ay > %7 due to renormalizability.
However, in supergravity the A" = 1 gravity multiplet is build from )y = 2 and contains

2
the spin-2 graviton and one spin—% gravitino.

Massive supermultiplets

Now, consider a massive particle. In the rest frame, k* = (m,0,0,0), we have
{Qé, QQB} =2m UgdéAB =2m (5ad§%. (213)

Consider first the super-Poincaré algebra (2.3) with vanishing central charges, Z42 = 0.
Defining goa = (1/v/2m)Q4, the relevant part of the super-Poincaré algebra (2.3) becomes

{QaAa q;B} = 501/351437 {QaAa QBB} = {qlAv q;B} =0. (2'14)
Choosing again a vacuum state and applying the creation and annihilation operators yields
22N states, instead of just 2V as in the massless case. Such multiplets are called long
multiplets.
Massive multiplets may be shortened due to non-vanishing central charges. For Z4B £
0 the definition of the creation and annihilation operators is more subtle, since {Q4, Qg } #
0. By appropriate symmetry transformations, the antisymmetric central charge can be
brought to the form:

0 Z
-7 0
0 Z
ZAB _ —7Zy 0 (2.15)

0 ZN 2
—Znj2 0

where we have assumed that AN is even. The entries Z; can be chosen to be real and
non-negative. Splitting the indices A = (a, L), where L, M = 1,....N/2 and a,b = 1,2,

the central charges can be written Z48 = Z(@LGM) — _absLM 7, yith no sum over M
and €'?2 = —1. The anticommutators of the super-Poincaré algebra can then be written

{Q&G’L)> Qd(b,M)} = 2mby;04 bae, (2.16)

QP Q™Y = —2ea5e6™ Zuy, (2.17)

{Qd(a,L% QB(b,M)} = —2¢€a8€a0rMZ M- (2.18)
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The creation and annihilation operators can then be defined as

Qi:L =3 (Q(IIL + €a6567@72L) , (2.19)
Gar = <Qd1L + 6@3557@?) ) (2.20)
and the algebra can be worked out to be
{qi e} = (m & Zar)bacdrar, (2.21)
{qaLa%M} = {qauqﬂ }= {qaquaM =..=0 (2.22)

Now, the qa ;. act as annihilation operators, while the qa T T act as creation operators Thus,
one chooses agaln a vacuum State annihilated by all qaL, and then applies the qa L One
can show that q L raises spin by 2 2, while g; LT lowers spin by 1 5. An important observation
in eqn. (2.21) is that one must require

m> 7y, (2.23)

in order to avoid unphysical negative norm states. This is known as the Bogomolnyi-
Prasad-Sommerfeld bound, or BPS bound for short. If none of the central charges Zj,
saturate the BPS bound, the multiplet is constructed as in the case with vanishing central
charges. Hence it is a long multiplet with 2>V states. If n < A//2 of the central charges
saturate the bound, according to (2.21) the corresponding creation operators q;LT yield
zero-norm states and do not contribute to the state spectrum. The multiplet will then
contain 22V 2" states, and is called a short multiplet.

Supersymmetric Lagrangians

One of the simplest examples of a supersymmetric Lagrangian is the Wess-Zumino model
[41], containing a single chiral multiplet and a complex auxiliary field F. In the free,
massless case, the Lagrangian is

/CWZ = 6,@6 gb+26 XO'M —|—FF (224)

The auxiliary field has the trivial equation of motion F' = 0, which means it has no physical
on-shell degrees of freedom. The field is needed, however, to close the supersymmetry
algebra off-shell, and to match the bosonic and fermionic off-shell degrees of freedom. The
off-shell closure and matching of degrees of freedom are important for the quantum theory.
However, since this thesis is primarily concerned with classical solutions of supergravity,
on-shell closure will do.

The Lagrangian (2.24) is invariant, up to total derivatives, under the infinitesimal
supersymmetry variations:

0p = ex,

dx = el + i0"€0, ¢, (2.25)
OF = —id, xote.
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Here, € is a spinorial parameter, with no spacetime dependence. Masses and interactions
can consistently be added to the Lagrangian (2.24), see e.g. [34,37]. Note that in the case
at hand, when adding masses, the field content remains the same, even though the massive
representation is a long multiplet (recall, there is no central charge for N' = 1). This is
due to the added CPT conjugates in the massless representation, doubling the number
of states. As a final remark, let us mention that a powerful formalism for constructing
manifestly supersymmetric Lagrangians is the superspace formalism, see [37].

2.2 Local supersymmetry: Supergravity

In the previous section rigid supersymmetry was discussed. In the super-Poincaré algebra
(2.3) the supercharges anticommutate to a global translation,

{Q, Qan} = 26%0%: Py (2.26)

Promoting supersymmetry to be a local symmetry, the above indicates that one must allow
for spacetime dependent translations, i.e. general coordinate transformations. Indeed, local
supersymmetry will necessarily require the inclusion of gravity. We will now review how
to turn a global symmetry into a local one, and then apply this to supersymmetry.

Gauging a global symmetry

The procedure of turning a global symmetry into a local one is sometimes called the
Noether method [42-44]. See also [45] for further details and generalizations. It is in
general an iterative process, where terms must be added to the Lagrangian in order to end
up with an invariant theory.

As an example, consider a Spin—% Dirac spinor ¢ in Minkowski spacetime with the
Lagrangian,

L = ip(y*0, — m)y. (2.27)

The above Lagrangian is invariant under global U(1) transformations, ¢ — e*“t. This
symmetry is gauged by promoting « to be spacetime dependent. While the mass term in
(2.27) is still invariant, the kinetic term is not, due to the derivative,

0L = j'Oual(z),  j" =~y (2.28)

j* is the Noether current. Invariance can be restored by introducing a vector gauge field
A, transforming as

1
A, — A, — gauoz(x)7 (2.29)
with coupling constant e. Adding to the Lagrangian the term

Ly = ej"A,, (2.30)



2.2. Local supersymmetry: Supergravity 10

gauge invariance is restored. The gauge field A, is in fact a connection, and we can
introduce covariant derivative, D, = 0,9 + ieA,1), transforming as

Db — € D,ab. (2.31)

Adding now also the gauge invariant kinetic terms for the gauge field, the action becomes

1
L = ib(y" Dy —m) = 7 F . (2.32)

We have then obtained the familiar gauge invariant Lagrangian of quantum electrodynam-
ics (QED).

To conclude, the gauging of the global U(1) symmetry of (2.27) introduces a covariant
derivative, as well as a spin-1 gauge field as a connection.

Local supersymmetry

Now, consider promoting global supersymmetry to be local. For definiteness, consider the
Wess-Zumino model, eqn. (2.24), consisting of a single N' = 1 chiral multiplet,

Lz = 0,00") + id,xo"X. (2.33)

We consider here only the on-shell form, since we will be interested in classical solutions
in the later chapters. The supersymmetry variations with global parameter € are

o = ey, ox = 10"€d, ¢ . (2.34)

Promoting now ¢ — €(x), the Lagrangian is no longer invariant. Including now spinor
indices for clarity, the variation and Noether current is

0L = 0, Tl +hec., Tl = Xﬁaggeﬂ%gdayis (2.35)

Analogous to eqn. (2.30), a gauge field must be added. Notice, however, that the gauge
field ¢} must carry both a Lorentz index and a spinor index,

Ly = k¢OTE + hee., (2.36)

It must transform as 1
C ot — =0, + 2.37
¢,u 1/}/1, ME ? ( )

in order to cancel the variation (2.35). This field is the spin—% representation of the Lorentz
group, called the gravitino. The kinetic term for a spin—% field is the Rarita-Schwinger
Lagrangian [46],

1 _
Ly = —56“”p”1pu757y8p¢0. (2.38)
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The term (2.38) is in fact invariant under gauge transformations of the form (2.37). Work-
ing out the local supersymmetry variations of the Lagrangian Ly + Ly + Ly, the theory
is still not invariant, however. Among other terms, one finds a term proportional to the
energy-momentum tensor of the scalar field, 7),(¢). Yet another field must therefore be
added to the theory, a bosonic symmetric rank 2 tensor field, A, along with a coupling,

1 17
£ = 5 TP (2.39)

The bosonic, symmetric rank-2 tensor field which couples to the energy-momentum tensor
is identified with the graviton. The metric is then introduced as g,, = 1 + hu. Also,
one can work out that the coupling constant x is dimensionful, unlike the QED case
above. In fact, it is identified with the Newton constant, x> = 87G. Continuing the
iteration process, the end result is a Lagrangian of matter-coupled gravity, invariant under
appropriate supersymmetry variations. Hence the name: supergravity.

2.3 Four-dimensional N = 1 supergravities

We now discuss the structure of supergravity actions. We consider here only ungauged
actions, postponing the gauged case specifically to Chapter 3.

A supergravity action always contains the gravity multiplet. This is constructed by
choosing the graviton as the state of highest helicity, and then lowering helicity with the
supercharges. For example, an A/ = 1 gravity multiplet contains just the graviton and one
gravitino. Theories containing only the gravity multiplet are called minimal supergravities.

Minimal N = 1 supergravity

The four-dimensional A" = 1 minimal supergravity action was first constructed in [10,47],
see reviews [43,48]. In order to couple spinors to gravity, we need to introduce the vielbein
e,”, such that g,, = e,%€, ., and the spin connection w,*. Appendix B includes some
details on this.

The action contains the Einstein-Hilbert term, the Rarita-Schwinger term, and also
higher order terms in the gravitino. We will use units in which x* = 87G = 1, so the
action has the form

R 1 -
S = /6(14]3 <§ + §€HUPG¢H’YV’Y5DP1/JU + £w4> . (240)

Here e = dete,” = /=g, and D, = (9, + fw,""va) contains the torsionless spin connec-
tion. The fact that the connection is torsionless implies Dy e,;* = 0. The terms in (2.40)
with higher orders of fermions are typical to supergravity models. Such terms are generi-
cally non-renormalizable. However, since Einstein gravity is non-renormalizable anyways,
this will not concern us.

The action (2.40) may be written simpler, by introducing a connection with torsion,

@35 =w,” + Kaubv Kaub =1 (&[a’ﬂwu + %@a%wb) ' (2.41)
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Then, D[ue,,}“ = —%zﬂ,{yawy, where the covariant derivative is 15“ = (8M + }Ldj “b'yab). The
action can then be written as

R 1 _ .
S = /ed% (5 + 56“”’”1/)M%75Dp¢0> , (2.42)

where R and f)u are functions of @, rather than w,. The action (2.42) is invariant
under local supersymmetry variations,

a —_—

de, " = —iey"Y,, 0, = D,e. (2.43)

Matter-coupled N = 1 supergravity

As discussed in section 2.1, the massless multiplets of N' = 1 supersymmetry are the
chiral multiplet, the vector multiplet, and in supergravity also the gravity multiplet. An
arbitrary number of matter-multiplets may be coupled to the minimal action above. We
take n¢ chiral multiplets and ny vector multiplets. Thus the action contains ne complex
scalar fields and ny vector fields, which we take to be Abelian. Since we are interested
in solutions of supergravity where all fermions are truncated, we will focus on the bosonic
part of the action. This has the form

S= [ VEaate (5 + {has(o.0) FLFP 4 {Ras(0.0) FA T 4 03(6.6) 0,605 )
(2.44)
The action contains a topological term Ly, = iRAzF ;}V*F w - This is a generalization
of the theta-angle of quantum chromodynamics [49]. The couplings of the vector kinetic
terms and the topological term are given by the so-called period matrix or kinetic matrix,
Nys., such that Iny, = ImN,» and Rpy = ReN,s.
The kinetic terms of the scalar fields are not canonical. Rather, they are described by
a non-linear sigma model, where the scalar fields may be interpreted as coordinates on a
manifold called the target space or the scalar manifold, M4 The scalar fields define a
set of maps from spacetime M, to the target manifold,

¢Z<x) M4 — Mscalar- (245)

The scalar kinetic terms in the action are given by the metric g;; on Mcqiq,. For N =1,
supersymmetry dictates that the target space is a Kéhler manifold (see Section 3.2).

2.4 Extended supergravity

In four dimensions, supergravity can be extended with A/ < 8. Theories with N > 8 must
necessarily contains fields with helicity A > 2. A finite number of fields with A > 2 cannot
consistently couple to other fields, at least in Minkowski space. However, recently there
has been much interest in higher-spin theories and their role in holography. For a review
see e.g. [50]. For further details on extended supergravity than given below, see e.g. [43,51].
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Field content

The possible matter couplings depend on the value of N'. The question is if any multiplets
can be constructed with helicities —1 < A < 1, for consistency.

For N = 2, there are two types of matter-multiplets, vector multiplets and hypermul-
tiplets. We will discuss this in more detail in Chapter 3. For AN/ = 4, the only matter-
multiplets are vector multiplets, while for N > 4 the field content is completely fixed.
Due to the large supersymmetry, such theories must contain many fields. For example,
maximal N/ = 8 supergravity contains the graviton, 8 gravitinos, 28 vectors, 56 spin—%
fermions, and 70 real scalar fields. Vectors belonging to the gravity multiplet are known
as graviphotons.

Action

The bosonic part of the action has the same overall form as in the N’ = 1 case,

S = / v=gd'z (g + im(«b, 0) Fu 0 }IRAE(@ 0) Fu FP + gis(6, 6) amlaw)
(2.46)
The vector couplings are again described by the period matrix Myy, = Rax + ipy, and
the scalar fields are described by a non-linear sigma model. For N' > 2 (but also some
theories with A/ < 2) the target space M eqqr 1S a coset space G/ H. This means the target
space has a global isometry group GG, and an isotropy group (also called the little group or
stabilizer) H C G. The isotropy group H associated to a chosen point * € Mcqqr is the
largest subgroup of GG, which leaves x fixed, i.e. hx = x for all h € H. A simple example
is the 2-sphere S? which is the coset SO(3)/SO(2).

As an example, the scalar manifold for N' = 4 supergravity with ny vector multiplets

® SU(LL) _ SO(6,ny)
U1) © 50(6) x SO(ny)’

(2.47)
2.5 Electric-magnetic duality

Electric-magnetic duality is well-known for simpler theories, such as classical Maxwell-
theory. Maxwell’s equations in vacuum,

OB OE
V-E=0, V-B=0, VxE=—-"—, VxB=— (2.48)
ot ot

are invariant under a transformation (E,B) — (B, —E). Supergravity theories also exhibit
electric-magnetic duality, though a little more involved, due to the scalar fields in the same
supermultiplets as the vectors [52-54].

Assume the action (2.46) contains n vector fields Aﬁ. The n equations of motion for
these fields are

oL oL ) —0 oL _, (2.49)

iz =0 (Vg Vrorg,
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Defining
oL

oF3,
sometimes called the magnetic dual field strength, we can write the equations of motion
as

G =2 = I\g FEIW 4 Ry FEIY, (2.50)

VG =0, (2.51)

We can also introduce the Bianchi identities
vV, FA = . (2.52)

Gauge theories are naturally formulated in differential geometry. A theory with a (possibly
non-Abelian) gauge group G has an associated G-principal bundle. Gauge transformations
correspond to different choices of local sections. Let g denote the Lie-algebra of G. The
gauge potential A = A, dz* is a g-valued 1-form, and can be regarded as a local expression
for the connection. The field strength F' = dA + A A A is a g-valued 2-form. It is a local
form of the curvature associated with the connection. The Bianchi identity is a geometrical
constraint on such a curvature: dF + [A, F| = 0. In the Abelian case, this becomes just
dF = 0, which can be brought to the form of eqn. (2.52) (using such identities as found in
Appendix C). Alternatively, since the Abelian field strength is an exact 2-form, F' = dA,
it must be closed, dFF = d?A = 0, since the exterior derivative satisfies d*> = 0. The
Bianchi identity can be violated, however, by magnetic monopoles or magnetic gaugings,
introducing a current on the r.h.s. of eqn. (2.52).
Consider linear combinations of *F' and *G,

(g>—$(*g) (2.53)

where § € GL(2ny,R) is a constant matrix. This is a symmetry of the combined Bianchi
identities (2.52) and equations of motion (2.51),

vV, EA =, VG = 0. (2.54)

Such rotations are called electric-magnetic duality rotations.

Now, one can think of the duality rotation (2.53) as also inducing a diffeomorphism
on the scalar manifold, as well as a suitable transformation of the period matrix Ny (¢).
Thus under a transformation,

(*FA,*GA) N S(*FA,*GA),
¢ — ¢'(9), (2.55)
Nas(9) = Nis(9).

The transformation of N,y is fixed by demanding *G to still be defined as a variation of
the action, eqn. (2.50), leading to [51,55]

Naz () = Nig (¢) = [(C+ DN) - (A+ BN)™] (2.56)

AL
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S:(ég). (2.57)

Symmetry of N}y, implies the contraint S € Sp(2n,R) C GL(2ny,R). The symplectic
group Sp(2n,R) is the group of all real 2n x 2n matrices satisfying

where

s’cs = C, (2.58)

C= ( ](i —011 > (2.59)

is the symplectic invariant matrix. This implies the homomorphism,

where

Diff(Meatar) — Sp(2n,R), (2.60)

such that all diffecomorphisms on the scalar manifold, Diff(M .44, ), have an image in the
symplectic group.

Though (2.55) is a symmetry of the equations of motion and the Bianchi identities,
the Lagrangian is not invariant in general. While this may be important for quantum
calculations, classical solutions are on-shell. Thus, one may rotate one classical solution
to other solutions. For example, a black hole may have magnetic charges p* and electric
charges qa, given by

A 1 A 1

F7, gr = — [ G, (2.61)

p 47 S2

T an e
where S? is a two-sphere enclosing the black hole. This will perhaps be more clear from
Chapter 4.2. However, the point to make here is that duality rotations exchange electric
and magnetic charges, without changing the spacetime metric. Hence the name, electric-
magnetic duality.



Chapter 3

Four-dimensional N = 2 gauged
supergravity

The calculations in the later chapters of this thesis are performed in four-dimensional
N = 2 supergravity, which we will study in this section. In the last two decades, N' = 2
supergravity has been chosen for many studies of black holes, e.g. [56-61]. One reason
for studying NV = 2 is that it has enough symmetry to make calculations tractable, yet
not so much symmetry as to only yield very restricted solutions. E.g. one can couple an
arbitrary number of supermultiplets to the theory, unlike N' > 4 where the matter content
is completely fixed.

The action is comprised of the gravity multiplet coupled to ny vector multiplets and
ng hypermultiplets. The full action with electric gaugings can be found in [55]. However,
in the solutions we will study, fermions will always be put to zero and therefore we will
primarily study the bosonic part of the action [62]. Also, we assume Abelian gauge groups
(though, a few details of non-Abelian gauging will be included below in Section 3.4). The
bosonic action then has form!

5= [ v=adts (%i AzFﬁszw}lRAZFﬁ,,*FEW+gijvuz1'v“zﬂ+hwvuq“v“q“—g2V>,

(3.1)
where V2" = 8,2" + gkj A} and V,¢" = 9,q" + gk} A}} are the covariant derivative arising
when gauging the supergravity. The potential depends on general on both vector scalars
and hyperscalars V = V(z, z, q). Taking g = 0 corresponds to ungauged supergravity.

As described in the previous Chapter, all couplings in the action are fixed by supersym-
metry. The couplings of the vector kinetic terms and the topological terms are determined
by the period matrix Myyx, such that Iy = ImANyy and Rys = ReNay. The scalar kinetic
terms are in general nonlinear sigma-models, ¢;; = g;3(2, Z) and hy, = hy,(q), displaying a
fascinating interplay between supersymmetry and geometry. The vector multiplets are de-
scribed by special Kéahler geometry, while the hypermultiplets are described by qauternionic
Kahler geometry, see below.

In the gauging, we will only be concerned with the ”classical symmetries” of ref. [55]. An additional
term containing the ¢y sp-tensor can be added in some cases, which is included in [62,63]. See also [64].

16
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When discussing multiplets and gaugings below, the supersymmetry variations of the
fermionic fields will be given. The variations of the bosons are all linear combinations of
fermions. For example for the vielbein:

e, = —i (Ve + ZZJ;"}/GEA) , (3.2)

where w;‘ is the gravitino. Since fermions are put to zero in solutions, the variations of the
bosonic fields vanish. Therefore, only the variations of the fermions will be relevant.

3.1 The gravity multiplet

The gravity multiplet consists of the vielbein, a doublet of spin—% gravitinos with opposite
chirality, and the graviphoton AY:

(epaa ¢ﬁ’ qua Ag)

Thus, A = 0, 1 labels the gravitinos and is the index acted on by R-symmetry. The position
of the index A denotes the chirality.

Minimal A = 2 supergravity contains only the gravity multiplet. The bosonic action
is just that of Einstein-Maxwell theory,

S = /\/—_gd4x (g - ;LFSVF‘)'“”) : (3.3)
Hence, Einstein-Maxwell theory can be embedded into ' = 2 supergravity by adding the
two gravitinos.

In ungauged supergravity, the U(1) x SU(2) R-symmetry acts as a global symmetry
and rotates between the gravitinos. A U(1) subgroup of the R-symmetry can be promoted
to a local symmetry [65]. The gravitinos then become charged under the gauge field
via a covariant derivative with coupling constant g. Due to supersymmetry, the bosonic
action further gets a negative cosmological constant, A = —3¢?. Hence, the bosonic action
becomes

S = / V—gd'z <§ - %FB,,FO”” + 392) : (3.4)
This action admits an AdS, vacuum with negative curvature, R = —12¢%. In the context
of e.g. black hole solutions, this is important since the gauged case allows asymptotic
AdSy black holes, whereas the ungauged case does not. Supersymmetric AdS, black holes
in gauged minimal A/ = 2 supergravity were found in [66,67].

The supersymmetry variation of the gravitino in minimal supergravity is

1
52##,41 = (8# + Z

1
w/fbfyab) eat Fp oy eape” — §goﬁBeB, (3.5)

where ¢! are two Weyl spinors. Also, * = 1,2 or 3 depending on how the U(1) gauge

group is embedded in the R-symmetry.
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3.2 Vector multiplets & special Kahler manifolds

Each of the ny vector multiplets consists of a vector field AL, a doublet of spinors with
opposite chirality called gauginos, A4, X}, and a complex scalar field 27,

(Aiu )‘iA7 i&? Zi)'

where i = 1...,ny. When ny vector multiplets are added, the action contains ny + 1 vector
fields, due to the graviphoton. These are collectively labelled by A = 0, ..., ny. The kinetic
terms of the vector scalars are described by a non-linear sigma-model,

Loec.se. = 9i7(2, 2)8Mzi8“25. (3.6)

Thus, g;; is the metric on the target space. Supersymmetry dictates the target space to be
a so-called special Kéahler manifold, or just special manifold for short [68].

Kahler manifolds

In the following we will review some geometry. For further proofs and details, see e.g. [69].
Consider a complex manifold M of dimension dim¢ M = ny (since there are ny complex
scalar fields). The tangent space T,M, with p € M, is spanned by 2ny vectors

9, o 0 0
(2000 o

where 2z = 2% + iyy* are the coordinates of p in a chart. The dual tangent space T » M is
then spanned by the one forms

{dxl,...,dxm;dyl,...,dym}. (3.8)

Defining instead 2ny complex vectors,

o _1 8_1,8 o _1 8+i8 (3.9)
0zt 2| 0xt Oy )’ 0zt 2 | oxr oy’ '

these form the complex tangent space Tp./\/l‘c. Likewise for Ty ME,

dz' = dz' + i dy’, dz' = dz' —idy'. (3.10)

A complex manifold admits a globally defined almost complex structure J. This is a linear

map J : T,M — T, M defined by
0 0 0 0
o) = (o) =50 (3.11)

J? = —idg pm, (3.12)

Note that
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familiar from the imaginary unit 2 = —1. The almost complex structure J may also be
defined on T, ME,

J(X +iY) = JX +iJY, XY € T,M. (3.13)

From (3.11) it follows that

0 -0 9 .0
J (82’) =igs (821) = —in. (3.14)

A Riemannian metric g of a complex manifold M is said to be Hermitian if it satisfies

Gp(JX,JY) = ¢,(X,Y) (3.15)

for any point p € M and for any X,Y € T, M. The pair (M, g) is called a Hermitian
manifold. A complex manifold always admits a Hermitian metric. From the definition
(3.15) it follows for a Hermitian metric,

Y N N (S WP (N WY G N
95 =9\ 0202 ) ~ I\ 702 ) T "I\ G0 ) T I\ai o) T T

Therefore, g;; = 0 and likewise g;; = 0. A Hermitian metric must take the form?: (310
g=gy;dz' @ dZ + g;; A7’ @ d2. (3.17)

Define now the tensor field K by its action on X,Y € T, M,
K,(X,Y)=g¢,(JX,Y). (3.18)

This implies that K is anti-symmetric and hence a two-form, called the Kéahler form of the
metric g. Extending the domain of K from T, M to T, M® leads to the form

K =igi;d2" AdZ. (3.19)

Now, a Kéhler manifold is a Hermitian manifold (M, g) whose Kéhler form K is closed,
i.e. dK = 0. The metric g is then called the Ké&hler metric of M. One can show that this
implies

kGiz = Digry, iz = 039 (3.20)
The closure of the Kéhler form also implies that the Kahler metric may locally be expressed

as
gi; = 0i0;K, (3.21)

where the function K is called the Kahler potential of the Kahler metric. The Kahler
potential of the metric g is not unique. Under Kahler transformations

K=K+ f(z)+ f(2), (3.22)
the Kéhler metric is unchanged by eqn. (3.21).

20f course we ought to also include the tensor product ® when writing metrics on spacetime. It is
convention in physics, however, to not do so. We include them here for clarity.
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Special Kahler manifolds

Now, a special Kéhler manifold is a Kéhler manifold with further restrictions. Also, one
may distinguish the rigid and local case, corresponding to rigid supersymmetry and su-
pergravity, respectively. We focus here on the local case, introducing details needed for
calculations in later chapters. For a complete definition of special Kahler manifolds, see
e.g. [51,55,68,70-73].

A special Kéhler manifold Mgy of dimension ny, requires the existence of a (2ny + 2)-
dimensional symplectic bundle with holomorphic sections Q = (X", Fy), A = 0, ..., ny,

8:Q = 0. (3.23)

In terms of these, the Kéhler potential may be written as
K = —log [i(, Q)] = —log [i( X Fy — X" F))]. (3.24)

Here, the symplectic product is defined by (A, B) = A'CB, where C is the symplectic

mvariant matrix
0 —1
(1) 025

We may also introduce the sections V = (LA, M) = e%/2(X* F)), which satisfy
iV, V) = 1. (3.26)

Under Kahler transformations, (3.22), a covariant derivative is needed. For a generic
section ® with weight p, the covariant derivative is

D;® = (9; + 3p0iK) @, D;® = (9, — 1pdiK) @. (3.27)

The sections V have weight p = 1, while V have weight p = —1. A simple calculation then
shows that the sections )V are covariantly holomorphic,

DV =0. (3.28)
We further define to quantities
sz = DiLA, hpi = DMy,
A= DA, har = DM, (3.29)

with the appropriate weights given above. Using these quantities, the symmetric period
matrix is defined by the relations

My = NasL®, has = Nas f7. (3.30)

Mz = ( ;}AA > ( g >_1. (3.31)

This can be solved to yield
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The matrices
IAE = III]NAE, RAE = ReNAg (3.32)

appear in the action (3.1) as the scalar dependent couplings of the gauge field strengths. In
particular, Iy is negative definite such that the gauge fields have positive kinetic energy.
Thus, if the holomorphic sections 0 = (X*, F) are specified, the couplings in the action,
9i7, Ias, and Ryy, can be derived from it.

There are a number of identities on the special Kéhler manifold [70], which may be
useful for calculations, such as

_ 1

Ins ALY = —5 (3.33)
L 1 _

g = —§IAE —LAL%. (3.34)

We defined here g% as the inverse of the Kihler metric, and I** = (ImN) 1A%,

Prepotential

In some cases, the geometric quantities on the special Kahler manifold can all be derived
from a holomorphic function called the prepotential F'(X).
When the prepotential exists, the holomorphic sections can be derived as

OF

Fy = —. .
A= 53R (3.35)
Also, we define
O*F OPF
Fryy = ————= Fasr = ——c—— te. 3.36
A= XX M= oxAoxsoxt  F (3.36)
Due to supersymmetry, the prepotential must be homogeneous of degree two, i.e.
F(AX) = NF(X). (3.37)
This implies some identities, e.g.
oOF = XAFy,  Frn=FyeX®,  FaurX'=0. (3.38)

The physical scalar fields may be chosen as so-called special coordinates, 2 = X'/ X°. By
eqns. (3.21) and (3.24), the prepotential thus gives the Kahler metric. Further, when a
prepotential exists, the period matrix is determined as

Im(Fap) X7 Im(Fea) XA

=F 2i
Naw = B 2 ) X

(3.39)

The prepotential thus specifies all couplings in the (ungauged) action coupled to vector
multiplets.
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Two examples of prepotentials are,

Xtx2xs

_ -0y 1 _
F=—X"X and F = X0

(3.40)
Both are clearly homogeneous of degree two. The first contains just a single vector mul-
tiplet, and is among the simplest models due to the linearity. We will derive the action
from this prepotenial is Chapter 7. The second contains three vector multiplets. In this
case, the physical scalar fields are often called S, T and U, and therefore this model is
commonly known as the STU model.

Electric-magnetic duality

As discussed in Section 2.5, diffeomorphisms on the scalar manifold are embedded in the
symplectic group, Sp(2ny + 2, R) for ny + 1 vector fields. Under such transformations, the
sections of the symplectic bundle transform as

XA
(5
For the ungauged theory this is a symmetry of the equations of motion, but not necessarily
of the Lagrangian. Allowing for all possible symplectic matrices S, the duality rotations
thus generate an orbit of Lagrangians with the same solutions. In every orbit at least
one Lagrangian will have a prepotential. This illustrates the convenience of prepotentials.
These have the advantage of the nicely compact notation, while representing the whole
duality orbit.
As an example, the STU model in eqn. (3.40) is related to the prepotential F =
—2iv XO0X1X2X3 by a symplectic transformation [60],

v A A
Yos( X)), sespen +2.R). (3.41)
FA FA

S=|-------- e i ) (342)

such that (X2, Fy) = S(X*, Fy), where (X, F) is derived from F.

Action and supersymmetry variations
The bosonic action with ungauged vector multiplets is given by

R 1 1 o
o= / /~ads (5 IR 4 qRan TR 9@5‘%5“2]) . (B43)
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The variations of the gravitinos and gauginos are

1 7~ |
. . 1 .
N = i@uzzv“eA + éGgh”“”eABeB, (3.45)
where ,

is a U(1) connection on the special Kihler manifold. T, and G, are the field strengths
dressed with the scalars,

T,, =2L s F,., (3.47)
G, = —g"fMasF,, (3.48)

where F)F are the (anti-)selfdual field strengths,

1
A+ A <% A
F = 5 (F3, £i*Fy). (3.49)

3.3 Hypermultiplets & Quaternionic Kahler
Manifolds

One may couple ng hypermultiplets to the theory. Each multiplet consists of a doublet of
spinors called hyperinos (“ and four real scalars ¢* called the hyperscalars or simply the
hypers,

(€* q"),
where a =1, ...,2ny and u = 1, ..., 4ny. The kinetic terms of the 4ny scalars are described
by a non-linear sigma model,

ﬁhyp.scal. = huv(Q)auquauqva (350)

with the target space being a quaternionic Kahler manifold [74]. Despite the name, a
quaternionic Kéhler manifold is not necessarily Kéhler [75]. For N' = 2 rigid sypersymme-
try, the target space is a instead a hyperKahler manifold, which is closely related.

Quaternionic Kahler manifolds

Quaternions can be thought of as an extension of complex numbers. A complex number
has the form z = a + ib, where a,b are real numbers and > = —1. Quaternions instead
have the form a + ib 4+ jc + kd, where a,b,c,d are real numbers, and

it =2 =k =ijk=—1. (3.51)
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Following here refs. [55,73,75], both a quaternionic Kéhler manifold M g and a hyperKéahler
manifold Mpyk is a 4ny-dimensional real manifold endowed with a metric h,

ds? = hy(q)dg" ® dg°, u,v=1,..,4ny. (3.52)
The manifold admits three almost complex structures,
JU o TaMg — T,Mag, x=1,2,3, (3.53)
(likewise for My ), satisfying the quaternionic algebra,
JUJY = =0 + €V 7. (3.54)

This has the form of eqn. (3.51), and extends the complex structures, eqn. (3.12). The
metric must be hermitian with respect to the three complex structures,

hy(J*X, JY) = hy(X,Y), (z=1,2,3), (3.55)

where X,Y are generic tagent vectors. A triplet of two-forms may be associated to the
complex structures

K® =K dq" Ndq®, K, = huw(J5)Y, (3.56)
called the hyperKéhler forms. Recall, for a Kdhler manifold, the Kahler form is closed. In
the quaternionic and hyperKahler case, the hyperKéahler forms must be covariantly closed,

DK*" =dK* — WY N K* =0, (3.57)

with respect to a connection w® on a principal SU(2)-bundle. Supersymmetry requires the
existence of such a principal bundle, being essentially a fiber bundle with an associated
group structure. The curvature of the bundle is given by

1
O = dw’ — S A (3.58)

For a hyperKahler manifold Mgk of NV = 2 rigid supersymmetry, the principal bundle
must be flat,
0 =0. (3.59)

A quaternionic manifold Mg has instead curvature proportional to the hyperKahler two-
form, i.e.

OF = AK”, (3.60)

where A is real and non-vanishing. In fact, A = —1 (in natural units) in order to have
correct normalization of the kinetic terms of the scalars.
We can define a vielbein one-form,

U = YA(q) dg", (3.61)
such that the metric can be decomposed as
huw = UL UPPC 3¢ 4. (3.62)

The antisymmetric matrices C,3 and €45 are the flat Sp(2ny) and SU(2) invariant metrics,
respectively (see eqn. (3.25)).
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Action and supersymmetry variations

When the hypermultiplets are ungauged, the bosonic part of the action is just the non-
linear sigma model,

ﬁhyp.scal. = huv(Q)auquauqv' (363)

The supersymmetry variation of the hyperinos is given by
6Co = UL, 0" v €€ ACap. (3.64)

Note that in the ungauged theory, the hyperscalars do not couple to the vector multiplets
in the action, and neither through the supersymmetry variations. The hypermultiplets do
therefore not participate in the electric/magnetic duality. In fact, the hyperscalars can
consistently be set to constant values and truncated.

The universal hypermultiplet

In compactifications of ten-dimensional type II supergravity, a particular hypermultiplet
is always present. It is therefore called the universal hypermultiplet. In real coordinates
(R, D,u,v), the metric on the quaternionic manifold can be written as (leaving out again
the tensor product ®)

1
R

vdu

d 2
ds? <dR2 + R (du? + dv?) + (dD + 2 —) ) . R>0.  (369)

2 2

This metric describes in fact the coset space SU(2,1)/U(2). For details, such as Killing
vectors and Killing prepotentials (see below), see [62,76,77].

3.4 Gauging isometries on the scalar manifolds
The target space of the scalar non-linear sigma models is the product space
M = Mg @ M. (3.66)

Assume now the target space has isometries generated by Killing vectors kj = ki (2)0; on
Mk and ky = k}(q)0, on Mg. The kinetic terms of the scalars are then invariant under
the transformations

520 = — oMk, oq" = — BMEY, (3.67)

with global transformation parameters o, 8. Gauging the supergravity theory means to
promote a subgroup G of the group of isometries to a local symmetry. Since the theory
contains ny + 1 vector fields, the dimension of the gauge group can be at most ny + 1.
This is the reason for using the index A =0, ..., ny in eqn. (3.67).
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Vector scalar isometries

For gauging of isometries on the special Kahler manifold, the gauged Killing vectors must
span the Lie-algebra,

[ka, ks] = fas'kr, (3.68)

of the gauge group G with structure constants fys'. Not all Killing vectors can be gauged
on the special Kdhler manifold, see e.g. [55,62,73]. The vector scalars become charged
under the gauge fields via a covariant derivative with coupling constant g,

V2t = 0,2 + gkl Ay, (3.69)

The gauge fields transform as (5Aﬁ = §,a™, such that the kinetic terms are gauge invariant.
For non-Abelian gauging, the field strengths must take the proper form,

Fpy, = 0,A) — 8,40 + g for A} AL (3.70)

As was noted, it was already assumed that the gauge group is Abelian in the supergravity
action (3.1).

To preserve supersymmetry when gauging the special Kahler isometries, a scalar po-
tential must be added to the Lagrangian:

V(z,2) = gk kL L L*. (3.71)

The supersymmetry variations must also be modified, see below.

Hyperscalar isometries

For gauging of the hyperscalars, the Killing vectors ky = k% (q)0, on the quaternionic
manifold must again span the Lie-algebra of the gauge group G,

[kn, k] = fas"kr. (3.72)
The hyperscalars become charged via a covariant derivative,
V,.q" = 0,q" + gkXAl‘}. (3.73)

This breaks again electric-magnetic duality. Due to supersymmetry, a potential must be
introduced, which depends on both the vector scalars and the hypers,

V(2,2,q) = 4haokk kS LALT + (g7 (A 7 — BLAL®) PR PE. (3.74)

Here, P§ = P3(q) is a triplet of real zero-forms, called Killing prepotentials or moment
maps. They are related to the Killing vectors by

K® kY = D,P% = 0,P% — eV2ulVP; (3.75)

v

(using A = —1 from eqn. (3.60)). When gauging both vector scalars and hyperscalars, the
total scalar potential is the sum of (3.71) and (3.74).
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For non-Abelian gauge groups, the gauging must include isometries on the special
manifold. For Abelian gauge groups, however, the hyperscalars can be gauged without
involving the vector scalars. We will be dealing with this case in Chapter 6. Let us write
the action here for clarity,

S = / V=gd'z (§+iIAEF:,,FE'M%RAZF:V*lewgwauzia”zﬂ‘+huvvuquv“q“—g2V> ?
(3.76)

with V' given by (3.74).
Such models have been studied in recent years in the context of black holes [62, 76]
and e.g. Lifshitz solutions [77,78]. However, supersymmetric solutions of theories with
both gauged vector scalars and hypers have also been studied [63,79], and the attractor

mechanism has recently been extended to such theories [61].

Supersymmetry variations

For both gauged vector scalars and hyperscalars, the supersymmetry variations of the
fermions are:

1 1
5¢Au = (au + —w ab/}/ab) €a+ _A;/,EA + w,u,ABEB

4 2
1, ,
+ 5 wY EABEB + ZgSAB’Vu€B> (377)
' . i |[p—— i

ONA =iV 2yt + §GW7“ eBep 4+ gWhBep, (3.78)
6Co = ULV "y et eanCas + gN e 4. (3.79)

Here, _

1
wua? = 0,q"wu A + §gaxABP/fAﬁ (3.80)

involves the SU(2) connection on the quaternionic manifold. The so-called gravitino,
gaugino and hyperino mass matrices are given by

Sap = %PKLA(U”T)ACEBC, (3.81)
WAB — i [AAB | @'gijfjAPK(O'x)CBECA, (3.82)
NA = 2yA kv LA, (3.83)

As the names suggest, the fermions develop masses when scalar isometries are gauged. The
matrices (3.81)-(3.83) appear in those mass terms.
The dressed field strengths 7T, and G, were introduced in eqns. (3.47)-(3.48). The

v

U(1) Kahler connection (3.46) is however modified to

Au - _% (@ICVNzi - @Kvu?) - %gA//)(TA —7a), (3.84)
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when the vector scalars are gauged. Here, ry(z) is a holomorphic function, see e.g. [62].

The supersymmetry variations in the case of Abelian gauged hypers and ungauged
vector scalars is a special case of the above. They correspond to k4 = r, = 0 and
V.2t = 0,z2".

Electric-magnetic duality

The gaugings discussed above are called electric gaugings. They introduce a current ji =
dL/DA} into the equations of motion

vV, FAR =, VG = g% (3.85)

The electric-magnetic duality discussed in Sections 2.5 and 3.2 is then broken (at least to
a smaller subgroup of Sp(2ny + 2,R)). Symplectic rotations lead to new field dynamics.
To restore the invariance, magnetic gaugings must be introduced. The most general La-
grangian with both electric and magnetic gaugings is not yet known. As shown in [80,81],
massive tensor multiplets must be introduced. More recent progress was reported in [82].

3.5 Fayet-Iliopoulos gauging

Instead of gauging an isometry on the scalar manifold, one may gauge a subgroup of the
U(1) x SU(2) R-symmetry, analogous to the gauging of minimal supergravity. This is
known as Fayet-Iliopoulos (FI) gauging. In this case, the gravitinos become charged by a
linear combination & AAﬁ of the graviphoton and the gauge fields from the vector multiplets.
The constants £ are known as FI parameters.

In FI gauging, the vector multiplet scalars remain uncharged. If hyperscalars are
present, however, they will be charged. We will consider the case where only vector mul-
tiplets are coupled to the theory.

Recall, the gauging of minimal supergravity gave rise to a cosmological constant. In FI
gauging, this cosmological constant is replaced by a scalar potential of the form

V(z,2) = (g7 fM 7 = 3LALY) & (3.86)
Using the identity (3.34), this may also be written as

V(z,2) = — GJAE + 4EALZ) Ens. (3.87)

The action is thus a simpler case of eqn. (3.1):

R 1 1 oo
S = /\/—g d*z (5 +7 AgFlﬁ\VFE“” + ZRAEF;\V*FEW + 9;70,2'0" 7 — V (2, Z)) . (3.88)

Both FI gauging and the gauging of scalar isometries lead to a scalar potential admitting
AdS, vacua. However, with FI gauging one can consider the simpler case of uncharged
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vector scalars. Such models have been used to study e.g. AdS, black holes [83-86],
attractors [58-60], and more general supersymmetric solutions [87].

There is an alternative view on the constant FI parameters 5. They can be understood
as the quaternionic Killing prepotentials P3(q) in the absence of hypermultiplets [85]. The
potential (3.86) then arises from the potential (3.74) with no quaternionic Killing vectors,
k% = 0, and with the Killing prepotenials replaced by constants, P3(q) — &%,

V(z,2) = (g7 fM 7 = 3BLALY) &R &L, r=1,23. (3.89)

The FI parameters must however satisfy e”V*¢1&% = 0 [55,73]. Using the local R-symmetry
they can be brought to the form £} = (€4, 0,0), such that £5¢E = €a&s. This recovers the
form of the potential, eqn. (3.86).

Magnetic gaugings

The FI gaugings discussed above are again electric and break electric-magnetic duality.
Though the full Lagrangian is not yet known, magnetic FI gaugings are sometimes included,
e.g. [59,60]. In this case, we define

= (§A7 €A>7 W = <g7 V) — LASA - FAé'A' (390)

where &, are the electric and ¢ are magnetic gaugings, while the symplectic product and
the sections V were defined in Section 3.2. The potential is then

V(z,2) = §¢"WW; — SWW, (3.91)

where

W; = (0; + 29,K) W, W; = (0 + 20,K) W. (3.92)

As one can verify, this reduces to eqn. (3.86) if the magnetic gaugings vanish 4 = 0.

Supersymmetry variations

With electric FI gauging, the supersymmetry variations of the gravitinos and gauginos are

1 1 1
0ua = <3 + —w %b) €4+ AMGA + SAAAUIA es + 51,7 eape” — —ngLAUAB% ,

4 2
ONA =00, 2 e + = GWW WBep +igl frer o™ Pep, (3.93)

where A , T, and G 7  are introduced in eqns. (3.46)-(3.48). As discussed, one can choose
e.g. gA (51\7 0, 0)



Chapter 4

First-order flow equations

Using the structure of N' = 2 supergravity, one can set up the formalism of first-order flow
equations. For supersymmetric solutions, these can be thought of as the combination of
the second-order equations of motion with the Killing spinor equations, which guarantee
preserved supersymmetry. Since the flow equations are first-order differential equations,
they provide in some cases a simpler route to solutions than the equations of motion. The
formalism can also in some cases be extended to non-supersymmetric solutions. In this
Chapter, we review aspects of supersymmetric solutions and the first-order flow equations.
We will apply these equations in Chapter 7 to the solutions found therein.

4.1 Black holes in supergravity

Supergravity naturally embeds General Relativity. Therefore, classical solutions of super-
gravity include black holes, or more generally p-branes in 4 < D < 11 dimensions. As the
spacetime curvature may become large at black holes, quantum gravity effects must be-
come important. However, when the spacetime curvature is much smaller than the string
scale, supergravity provides a reliable description of black holes. At the classical level,
string theory further induces higher-derivative corrections in the action. However, we will
not consider such higher derivatives here.

Supergravity generically contains vector fields and scalar fields. From the Reissner-
Nordstrom black hole of Einstein-Maxwell theory, some essential features can be under-
stood.

The Reissner-Nordstrom metric

Perhaps the simplest example of a supersymmetric four-dimensional black hole is the ex-
tremal Reissner-Nordstrém (RN) metric. This is a solution of Einstein-Maxwell theory,

R 1

S = /\/—_gd4x (5 — ZFWF*“’) : (4.1)

30
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The (non-extremal) Reissner-Nordstrom metric with mass M, electric charge ¢, and mag-
netic charge p is given by

oM oM @\
ds? = (1 L@ ) d? — (1 - 4 Q—Q) dr? — r?dQ?, (4.2)
T T T

r2

where d? is the line element on a two-sphere and Q? = ¢* + p?. This metric is asymptoti-
cally flat for r — oo, while it reduces to the Schwarzschild metric for @ = 0. For M > |Q)],
this metric has two horizons at r., where the norm of the Killing vector 0, changes sign,

re =M+ /M2 — Q2 (4.3)

For M < |@)|, the horizons disappear, leaving a naked singularity. Due to the weak cosmic
censorship, this is considered an unphysical solution, hence introducing the bound

M= Q. (4.4)

In the context of this Chapter, the extremal limit M = |Q)] is the most interesting. Defining
also p = r — M, the extremal metric can be written in isotropic coordinates (where the
spatial coordinates are conformally flat),

Q\ " Q\
ds? = (1 + —> dt* — (1 + —) (dp® + p*dQ?) . (4.5)
p p
Taking the near-horizon limit, p — 0, the metric becomes
2 MZ
ds? = L —ar? - ZBRQp2 V2L d0?, (4.6)
Mgp p

with Mgr = Q = M. Clearly, the metric factorizes as AdS, x S?, both with radius Mzp.
This is known as the Bertotti-Robinson metric.

Supersymmetric solutions

As discussed earlier, an action is supersymmetric if it is invariant under supersymmetry
transformations with fermionic parameters, e*. A solution of supergravity may or may not
preserve supersymmetry. What we mean by this is whether the supersymmetry variations
vanish,

66¢AM = 07
SN =0, (4.7)
5€CO( =0,

implying that the solution is invariant under the transformations. Eqns. (4.7) are known
as the Killing spinor equations and e are the Killing spinors. Note that we only included
the variations of the fermions above, the gravitinos, gauginos, and hyperinos of NV = 2
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supergravity. As already noted in Section 3, it is consistent to truncate all fermions from
the supersymmetry action and construct only bosonic solutions. Also, the variations of
the bosons are linear combinations of the fermions. Hence, the Killing spinor equations of
the bosons are trivially satisfied when truncating the fermions.

Since Einstein-Maxwell theory is easily embedded in A/ = 2 minimal supergravity, it
follows that the extremal RN metric is also a supergravity solution. Furthermore, it can be
shown that the solution preserves half the supersymmetries. The extremal RN black hole
can in fact be interpreted as a supersymmetric soliton [51,88]. By a soliton, we mean a
stationary, regular and stable solution of the equations of motion with finite energy (mass).
The metric (4.5) is not only stationary, but in fact static, and it is regular in the sense
that it does not exhibit a naked singularity. It is stable both as a classical solution, as
well as thermodynamically, since extremal black holes do not emit semiclassical Hawking
radiation. The interpretation as a supersymmetric soliton implies that the charge () should
be replaced by the central charge of the supersymmetry algebra, |Z|, given below in eqn.
(4.28)3. The bound (4.4), which was necessary to avoid naked singularities, now follows
from the BPS bound, eqn. (2.23),

M >1Z|. (4.8)

The extremal RN solution saturates the BPS bound, M = |Z|. Non-renormalization
theorems of supersymmetric theories guarantee that the BPS bound must hold beyond
the perturbative regime. In this way extremal black holes provide information about non-
perturbative string theory, where the supergravity approximation to string theory must
break down. In Section 2.1 we discussed massive supermultiplets. In particular, for an
N = 2 multiplet saturating the BPS bound, half the supercharges act trivially. Likewise,
the extremal RN black hole preserves half of the supersymmetries, as mentioned above.
At the horizon, however, the Bertotti-Robinson geometry, AdS, x S?, preserves all the
supercharges, as does Minkowski space at spatial infinity. Such spaces preserving the
full supersymmetry can be considered as supersymmetric vacua. The extremal Reissner-
Nordstrom solution is therefore said to interpolate between two vacua, which is typical for
solitonic solutions.

4.2 First-order flow equations in N = 2 supergravity

Supersymmetric flow equations were first derived for supersymmetric black holes in un-
gauged supergravity [57,89,90]. We first review this case and then move on to more general
cases.

Ungauged supergravity

Consider the action of N/ = 2 ungauged supergravity coupled to ny vector multiplets,

4

3In Section 2.1 we took the central charges to be real. We do not assumes this here.

=gz (E 1 L .
S = / —g d*x (5 + = AZF;?VFE“V + ZRAEF/i\V*FE,uV + gijaﬂzza,uzj) ' (49)
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We will make an ansatz for the metric of a static and spherically symmetric black hole.
Since the action is ungauged, we will take the solution to be asymptotically flat. Such an

ansatz is
ds? = Vg2 — 72U (dr2 + T2dQ2) ) (4.10)

The metric has four Killing vectors,

K, =0, K3 = cos ¢y — cot 0 sin g0y,

Ky = 0y, K4 = —sin ¢0y — cot 0 cos ¢p0,, (4.11)

corresponding to stationarity and the SO(3) isometry. This implies that the Lie derivative
of the metric along any of the Killing vectors (4.11) vanishes,

Lx.gw =0, n=1,.4 (4.12)

We can impose these symmetries on the matter fields by demanding the Lie derivatives
along the Killing vectors K,, to vanish. A calculation yields,

Ly, 2 =0 = 2t = 2'(r), (4.13)
L, F*=0 =  F=FMr)dt Adr+ Ejy(r) singdo A do. (4.14)

Imposing the Bianchi identity, ¢***?0, F’ p/}, = 0, further restricts F’H/; to be constants, which
are the magnetic charges, p*. The fields strengths must then be of the form

FA = FA(r)dt Adr + p sinfdo A de. (4.15)

Now, the equations of motion for the field strengths are
1
0=20, (\/—gIAgFE““’ + éRAge“”p"FpEg) . (4.16)

Inserting (4.15) and taking the scalars to be functions of only r, the only non-trivial
equation in (4.16) is for v = t,

0=20, (—e’QUTQIAEFrt(T) + RAng) . (4.17)

Since the derivative of the parenthesis vanishes, the content of parenthesis must be equal to
a constant. This is the electric charge gq5. By re-arranging, we can eliminate the function
F2(r) in terms of the charges, the scalar couplings, and the metric components,

e2U

Fi(r) = ?IAE (Rerp' — ax) - (4.18)

We can now make the statements of eqn. (2.61) more precise. As in Section 2.5, we define

oL
OF}

*ny =2 = IAzel‘uV + RAE*FEWV. (419)
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The equations of motion for the gauge fields of the action (4.9), along with the Bianchi
identities can be written

vV, G =0, YV, FAm =0, (4.20)
It is now straightforward to calculate

A:i FA 1

, G , 4.21
ir J an = yp. A ( )

p

which we stated without further explanation in eqn. (2.61). While p* and g, appeared
above as integration constants, eqn. (4.21) identifies them as the black hole charges.

The supersymmetry variations of the action (4.9) were given in eqns. (3.44)-(3.45).
As described in Section 4.1, we obtain the Killing spinor equations by demanding the
variations to vanish,

~T,7 €eape”, (4.22)

1 1~ 1
0:56’¢#A = <8ﬂ+ 40.)“ FYab) €A+§AMEA+ 5

0= 6N =00, 2"y et + GMV’}/MVEABEB (4.23)

If these equations are satisfied, the solution preserves supersymmetry. To derive the first-
order flow equations, the solutions of the equations of motion for the gauge fields, eqns.
(4.15) and (4.18), are inserted into the Killing spinor equations, (4.22)-(4.23). We take the
Killing spinors to only depend on the radial coordinate,

ealr) = ef(T)XA, X4 = constant, (4.24)

and we impose also a suitable projector on the constant spinor

Z
XA = ]Z\ EAB’YOX (4-25)

Notice that the last equation implies that only half of the supercharges are independent.
This corresponds to the earlier statement, that extremal black holes may preserve half the
supersymmetry. Using also identities (3.30), the Clifford algebra, {74, %} = 274, and the
chiral projector 4°y = %Y, the Killing spinor equations can be brought to the form

/ eU
i 2eV i7
Z, = _7’_29 jaj‘Z‘ (427)

Primes denote derivatives w.r.t. r, and the central charge Z is defined by
=(Q,V) = LY — Myp™. (4.28)

From this definition and from eqn. (3.28), it follows that Z is covariantly holomorphic,
D;Z = 0. This was also used to bring the equations to the form (4.26)-(4.27).
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Eqns. (4.26)-(4.27) are known as the first-order flow equations. Their usefulness re-
sides in the fact that they are relatively simple first-order equations, whose solutions are
guaranteed to be supersymmetric and to satisfy the gauge field equation of motion. The
flow equations therefore provide a simpler way of obtaining supersymmetric solutions than
the full equations of motion.

Flow equations in gauged supergravity

It is of interest to consider a generalization of the first-order flow equations to include
gauged supergravity. This allows a broader class of solutions, such as black holes and
black branes with AdS asymptotics. Indeed, such work has been done [59,60]. We take
here the approach of ref. [60]. For consistency with refs. [59,60], we take in this subsection
the metric signature to be (— + ++)*. Appendix A.1 includes some details for such a
change of notation. (Also, we take the convention (4 + +) as described in Appendix A.1).

To allow for solutions without asymptotic flatness, the metric contains the function
e () rather than just 72 as in eqn. (4.10),

ds? = —eV g2 4 o200 (dr2 + €2w(r)dQ2) . (4.29)

Consider the action of N = 2 supergravity coupled to ny vector multiplets and with
Fayet-Iliopoulos gauging,

S = / V—gdiz (g + }1 asF ™ }lRAgF,fV*FEW — g0, 20" T — V (2, z)) . (4.30)
Following [60], we allow for both electric, £, and magnetic gaugings, £*. The action (4.30)
can be reduced to an effective one-dimensional action. As above, the spacetime symmetries
restrict the form of the matter-fields, eqns. (4.13)-(4.14), and the gauge field equation of
motion can be solved in terms of the charges, p* and g,. This is inserted into the action
(4.30). However, when inserting the equations of motion for the gauge fields into the action
in order to use the charges g, and p® rather than the functions F%, one must perform a

rt?

Legendre transformation for consistency. This implies adding a term —qy 4, as shown

in [59]. The resulting action is independent of ¢ and ¢, while the #-dependence factorizes
out. This yields the effective one-dimensional action,

Sia = / dr{e® [ = U"+ 20" + (U = ¢')? + 27 + 955227 + 2V + V] — 1}

— /d'f’{ezd} |:U/2 o w/Q + gzjzllzlj—i_ €2U*4’LDVBH 4 672UV:| - 1} 4 /dT [621/)(2wl . U/)j|/.
(4.31)
The so-called black hole potential is given by

Vn = —1Q'MQ, (4.32)

4In particular, we perform this change of convention in order to avoid a sign issue later in Section 7.4.
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where @ is a symplectic (2ny + 2)-vector of the charges, while M is constructed from the
period matrix,

() (R )

The black hole potential can also be written in terms of the central charge, Z = (Q, V),
such that

Ver = |Z|* + ¢"D;ZD;Z, where D;Z = (0; + 19,K) Z. (4.34)

The approach taken in [60], building on [86,87,91], is again to solve the Killing spinor
equations for generic configurations preserving half the supersymmetries. Up to total
derivatives, and a constraint given below, the one-dimensional action can then be written
as a sum of squares, each of which is first order in derivatives of r. By demanding every
such squared term to vanish, we ensure that a variation of the action also vanishes. Hence,
this procedure yields first-order differential equations, whose solutions are guaranteed to
solve both the equations of motion and the Killing spinor equations. Such a rewritting is
sometimes called a BPS squaring.

To write the first-order flow equations in a compact form, we define first the metric
component A =1 — U. We also define the superpotential, B, as

B=eY|Z —ie* W, (4.35)
where Z is the central charge, and
G = (% 6n), W= (G, V) = L%\ — Fag™. (4.36)

Eqn. (4.36) was also given in eqn. (3.90), and is part of the scalar potential. Using these
definitions, the flow equations can be written,

U = —e 2B - 94B), (4.37)
A = 2AH0B, (4.38)
2= 22U il B, (4.39)

The constraint mentioned above, which is necessary in order to complete the BPS squaring
is

(G,Q)=-1 (4.40)

It is straightforward to verify that the flow equations (4.37) and (4.39) reduce to (4.26) and
(4.27), if we take the gaugings to vanish, G = 0, and take e*(4*V) = ¢2¥ = 2. However,
this is inconsistent with the constraint (4.40). As noted in [60], one can indeed take G = 0
consistently, by rewriting the BPS squares, from which e* = 72 then follows.

The BPS squaring can be performed in a similar way for a metric of the form

ds? = =2V de? 4 72U qy2 4 240 (dz® + dy?). (4.41)
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In this case, as noted in [59,60], the symplectic constraint is instead

(G,Q) =0, (4.42)

in order to complete the squares. We note, that there is no inconsistency in taking G =0
in this case. Rather, this exactly solves the constraint (4.42). The flow equations then
simplify,

U = —e 2477, (4.43)
A =e247Y| 7, (4.44)
2= 27247V 409, 7| (4.45)

In Chapter 7, we indeed apply eqns. (4.43)-(4.45).



Chapter 5

The gauge/gravity correspondence
and Lifshitz holography

The gauge/gravity correspondence is the conjecture that a theory of quantum gravity
theory on a spacetime is equivalent to a quantum field on the conformal boundary of
the spacetime. Below, we will sketch the basics of AdS/CFT correspondence and discuss
aspects of non-relativistic generalizations thereof.

5.1 The AdS/CFT correspondence

The AdS/CFT correspondence was the first example of a gauge/gravity duality, and it is
the best studied case. It was conjectured in 1997 by Maldacena [12], based on ideas about
the holographic principle by 't Hooft [92] and Susskind [93].

The Maldacena Conjecture

The conjecture arises by considering a stack of N D3-branes in string theory. In string
theory, Dp-branes are p-dimensional extended objects, upon which the end points of open
strings with Dirichlet boundary conditions are restricted to. It can be shown that the
massless modes of open strings on N Dp-branes stacked at the same position in spacetime
will give rise to a U(N) gauge theory on the branes. The gauge theory further inherits
supersymmetry from the superstrings. In the case of D3-branes, the gauge theory is four-
dimensional N' = 4 U(N) super-Yang-Mills (SYM). In the infrared, the U(1) subgroup of
the gauge group U(N) = SU(N) x U(1) decouples, leaving N' =4 SU(N) SYM.

Now, 3-branes also arise as charged black brane solutions of ten-dimensional type I1B
supergravity, the low-energy limit of type IIB string theory. The brane is charged under
the four-form Ramond-Ramond-field or RR-field®>. When the brane is extremal, it is syper-
symmetric, preserving 16 of the 32 supercharges. The geometry in the near-horizon limit

°A g-form gauge field can in general be sourced by a p = (¢—1)-brane, which is called an electric brane.
In D-dimensional spacetime, one can also have magnetic (D — g — 3)-brane solutions. In four-dimensional
black holes (0-branes) may thus be charged both electrically and magnetically under the one-form gauge
field, A,. Eleven-dimensional supergravity (M-theory) contains 2-brane and 5-brane solutions, charged
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is then AdSs x S°. In 1995, Polchinski showed that Dp-branes, on which open strings end,
are in fact charged under RR-fields, and also preserve 16 supercharges [95]. This indicated
that the metric of an extremal p-brane in fact describes a Dirichlet-brane.

Maldacena then conjectured the duality, that type IIB string theory on a AdSs x S°
spacetime is dual to four-dimensional N =4 SU(N) SYM on the conformal boundary of
the AdSs space. The isometry group of AdSs is SO(2,4). On the four-dimensional bound-
ary, SO(2,4) acts as the conformal group, and hence, the field theory on the boundary
must be a conformal field theory (CFT). This is indeed the case for four-dimensional N' = 4
SU(N) SYM. This theory is both classically and quantum mechanically conformal, with
a vanishing [-function. Hence, this duality is known as the AdS/CFT correspondence.

Weak-strong duality

Now, the AdS5 x S° metric can be written in so-called Poincaré coordinates,

2 2 2
ds® = 1.2 (dt - d;i —dr > — L1202, i=1,2,3, (5.1)
where d)2 is the metric on a 5-sphere. Thus, both the AdSs and the S® have radius L.
In these coordinates, the conformal boundary is located at » — 0. Since this metric was
derived as a classical solution to (supersymmetric) Einstein gravity, we must take L to be
much larger than the Planck and string scales.

Using the interpretation that the metric is the near-horizon geometry of an extremal
D3-brane, the geometric quantity L can be expressed in terms of string theory parameters,

4

L
= 4wg,N = g3y N = \. (5.2)

S

Here, g, is the string coupling constant, gy = v/47g, is the coupling constant of the SYM
theory on the brane, and (> = o' sets the string tension 7" = 1/(27¢?). The parameter
A = g%,;N is known as the 't Hooft coupling. 't Hooft showed that in the limit N — oo
with A fixed, one can simplify computations and do a perturbative expansion in 1/N,
known as a large-N expansion [96].

From (5.2) we see that in the 't Hooft limit of fixed A with NV — oo, the string coupling
must go to zero, g, — 0. Hence, we can describe the field theory at large N using only
tree diagrams on the string theory side of the duality.

Further, consider the limit of N — oo with also A — oco. Then also the coupling
constant gy,; must be large, so the field theory is strongly coupled. Eqn. (5.2) then
demands we take ¢, — 0, the classical limit of string theory. Thus, we find a duality
between classical supergravity and a quantum field theory at strong coupling and large N.
This is indeed a remarkable duality.

electrically and magnetically, respectively, under the 3-form gauge field. A nice review is [94].
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The dictionary

Further details on how to map the two theories onto each other were subsequently given
in [13,14]. This has become known as the dictionary. We give here a rough overview, for
more details see e.g. [97-100].

In a conformal field theory, primary fields or operators are classified by their transfor-
mation properties under dilatations,

= Mt Oz) = A20(x), (5.3)

where A is the conformal weight of the operator O(x) (and the parameter \ is not related
to the 't Hooft coupling above). We can define the partition function for O(x) with sources

¢0<J]), .
Zerr|do] = <€fd = go(@)0)), (5.4)

An interesting physical object is the n-point correlation function for O(x). This is obtained
by functional derivatives,

0 0 Zorr[o] : (5.5)

<(9(IE1) ... (’)(ivn)> = S¢po(z1) o doo(zn) $0=0

Let now ¢(x,r) be a field in the five-dimensional AdSs spacetime, known as the bulk. Here,
r is the radial coordinate of the metric (5.1), while 2# with p = 0, ..., 3 correspond to the
coordinates on the boundary when r — 0. The prescription in AdS/CFT is to identity the
boundary values of the bulk fields with the sources of the CFT,

Bz, 7) —> F(r)on(e). (56)

The function f(r) is needed to ensure regularity of the boundary values. A bulk field,
characterized by its mass and spin, is in this way dual to some boundary field, characterized
by its spin and conformal weight. Further, the partition functions of the bulk and the
boundary are identified,

433 xT xT
Zerpr|po] = <€fd ¢0(@)0( )y = ZAdS[qb(xar)]‘(;ﬁ(:r:,r)—)f(r)qbo(x)- (5.7)

In particular, in the strong coupling, large-/N limit of the boundary theory, we can use
classical supergravity in the bulk, as described above. The partition function in the bulk
is then just the classical action,

Zaas|g(w, 7)) = e'Saastolen] (5-8)

Thus, by combining the above equations, correlation functions in the boundary theory can
be computed from the purely classical bulk action.
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5.2 Non-relativistic holography

While the AdS/CFT case is a beautiful example, it is also a very restricted one. The
boundary field theory has both NV = 4 supersymmetry and conformal invariance. Since the
conjecture, there has been much research devoted to generalizing the concepts of AdS/CFT.

In recent years, there has been much research in the application of holography to
condensed matter physics ( [15-24] and refs. therein). In many condensed matter systems,
one finds phase transitions governed by fixed points exhibiting anisotropic, non-relativistic
scaling invariance. The gravity duals of such systems are known as Lifshitz and Schrédinger
spacetimes. In the following, we will focus on Lifshitz spacetimes.

Lifshitz holography

In the AdS/CFT case, the field theory is conformal. It it thus invariant under dilatations,

t— M, 2" — A\’ (5.9)

Following conventions, we take i = 1,...,d, such that the boundary theory is (d + 1)-
dimensional. The gravity dual is the AdS;, o metric,

dt? — daidat — dr?
ds? = L ( SR ) . i=1,..d (5.10)
r
This metric is also scale invariant,
t— M, o' —= X', = (5.11)

In many condensed matter systems, however, there are phase transitions governed by fixed
points exhibiting anisotropic scaling invariance,

t—Nt, "=\t z#L (5.12)

This is known as a Lifshitz scaling. Since time and space are scaled differently, Lorentz
invariance is broken. The parameter z is known as the dynamical critical exponent. An
example of a toy model exhibiting such scale invariance with d = 2 and z = 2 is

S = /d%dt ((00)? — k(V?0)?) . (5.13)

Such a theory arises at finite temperature critical points in the phase diagrams of known
metals [101,102] and strongly correlated electron systems [103-106]. Holography for such
systems was first considered in [16].

Since Lorentz invariance is broken, the theory enjoys fewer symmetries than a conformal
theory. The (d + 2)-dimensional gravity dual must exhibit the same symmetries, i.e. scale
invariance, translational invariance in (¢, %), spatial rotations in 2, and P and T symmetry.
The metric has the form

ds? = L2 (

2 7 7 2
de —M>, i=1,..4d, (5.14)

?"QZ 7"2
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with 0 < r < oco. It is invariant under the scaling
t—Nt, =, = A (5.15)

The metric is often written in another form. Performing a simple coordinate transforma-
tion, 7 = 1/r, and then renaming 7 — r, the Lifshitz metric takes the form,

2
ds* = L (r%ht2 _d dxidx") , i=1,...d. (5.16)

2
The Lifshitz scaling (5.15) becomes

t— N\, zt — Azt r— § (5.17)

It was shown in [107] that bulk-matter violating the null energy condition (NEC) leads

to causality violation in the boundary theory®. The NEC is the constraint on the energy-

momentum tensor 7},

Tntn” >0, (5.18)

where n* is a generic null vector, i.e. n*n, = 0. Since on-shell R,, — %ng, = Ty, we

easily get an expression for the energy-momentum tensor in terms of the parameters in the
metric (5.16). The NEC is satisfied for

z>1. (5.19)

Lifshitz solutions
The Ricci scalar associated to the metric is

22 4+22+43

R=-2"—7

(5.20)
This is constant and negative for all values of z. Of course, this is familiar from the AdS
case with z = 1, and indicates the need for a negative cosmological constant or a scalar
potential with a negative minimum. However, in order to support the Lifshitz metric
(5.16), a cosmological constant alone is not sufficient.

In [16], four-dimensional Lifshitz spacetimes were constructed in Einstein gravity cou-
pled to a negative cosmological constant, a one-form A; and a two-form B, with a topo-
logical term:

R 1 1
S:/\/—gd‘lx (E—A) _5/(;FQ/\*F2+F3/\*F3+CBQ/\FQ), (521)

6Recall, without any restrictions, the Einstein equations allow solutions for metrics with unphysical
matter or energy. The energy conditions are coordinate-invariant restrictions on the energy-momentum
tensor. [108]
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where 5, = dA; and F3 = dB,. This action allows for Lifshitz solutions with z > 1.
In [109], it was shown that Lifshitz spacetimes can be engineered with a cosmological
constant and a timelike massive vector field, rather than a two-form.

While these models support Lifshitz spacetimes, they are phenomenological in the
sense that they were constructed without any relationship to a UV finite theory, such as
string theory. Attempts to embed Lifshitz solutions into string theory first led to no-go
theorems [110,111]. String theory embedding, however, was first achieved for z = 2 in [112],
then followed by [113-115], [77,78]. All values of z > 1 were embedded in string theory
in [116].

For example, in [78] it was demonstrated that a (D + 1)-dimensional gravity theory
with quite general constraints on the matter content can be dimensionally reduced on a
circle S' and will admit a D-dimensional z = 2 Lifshitz solution. The (D + 1)-dimensional
theory must contain a scalar potential V' (¢) with a negative minimum 0V/9¢"(¢..) = 0,
V(¢er) < 0, such that it allows for an AdSp,; vacuum. The theory must also contain a
scalar axion. By this, we mean that after a suitable field redefinition of the scalar fields ¢*,
the metric on the scalar target space is independent of the axion, {. Thus, a vector n d/0¢
on the target space with constant n is a Killing vector. While the other scalar fields are
assumed to be independent of the coordinate & of the compact S!, the axion is taken to
have the form

&(x,2) = &(x) 4+ nz, (5.22)

where x are the coordinates of the D-dimensional space. Such a field dependence in the
compact dimension is known as a flux. In the effective D-dimensional action, the axion
gets coupled to the Kaluza-Klein vector A, via a covariant derivative,

V,EVHE = (9,6 — nA,) ("€ — nAY), (5.23)

assuming the axion was uncharged in the (D + 1)-dimensional action. A coupling of the
form (5.23) is known as a Stiickelberg coupling, and effectively provides a mass term
for the vector, n?A,A*. In [78], a five-dimensional consistent truncation from type IIB
supergravity was used for this procedure, thus embedding z = 2 Lifshitz in string theory.

In [77] z = 2 Lifshitz solutions which preserve supersymmetry were found in four-
dimensional N = 2 gauged supergravity. They were also embedded in string theory via
consistent truncations. As will be noted, part of Chapter 6 in this thesis can be viewed as
a generalization of part of [77], since hyperscaling violation is included. However, we will
not attempt to solve the Killing spinor equations as in [77], rather we will investigate the
full equations of motion.

Hyperscaling violation in Lifshitz holography

Gravity duals for theories with hyperscaling violation has received much attention re-
cently [25,26,28-32,117-126]. Roughly speaking, condensed matter systems in d spatial
dimensions with hyperscaling violation exponent 6 exhibit the thermodynamic scaling be-
haviour of a theory living in d — # spatial dimensions [27].
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In the bulk, hyperscaling violation is a violation of the scaling invariance, which oth-
erwise characterizes AdS, Lifshitz and Schrodinger spacetimes. The Lifshitz metric with
hyperscaling violation exponent # can be written as

dr? o
ds? = L2004 (7“2’Zdt2 — LQ — TQdZBZdl‘Z) , i=1,..,d. (5.24)
r

It is conformally equivalent to the Lifshitz metric (5.16), which is in fact a special case for
0 = 0. The metric (5.24) is hence also known as a Lifshitz-like metric. Under a scaling,

t—=Nt, 2=\, r— ;, (5.25)

the metric (5.24) is not invariant. Rather, it scales covariantly,
ds? — \¥/dqs?, (5.26)

In the gauge/gravity correspondence, one associates an energy scale with the radial coor-
dinate in the gravity dual. The metric (5.24) is not expected to be a good description of
the boundary theory for all values of r as discussed in [25]. Therefore, the dual theory lives
on a finite r slice, and there could be important corrections for » — co or for very large r.
As in the Lifshitz case, the gravity theory should satisfy the null energy condition (NEC),
eqn. (5.18), to yield a physically sensible dual field theory [25]. Using the metric (5.24),
the constraints coming from the NEC become

(d—0)(d(z—1)—86)

> (5.27)
(z—1)(d+z—0) >

0,
0. (5.28

For example, in the scale invariant case, § = 0, the constraint is z > 1, familiar from eqn.
(5.19). The range z < 1 is allowed by the NEC, however, if § # 0. For z = 1, the NEC
implies # < 0 or § > d, which both have string theory realizations in [25]. Other possible
solutions are e.g. 0 < z < 1 with § > d + z. It is argued in [25], however, that 6 > d leads
to instabilities in the gravity side, even though this range is allowed by the NEC.

The case § = d — 1 is emphasized in [25,26] to be dual to particularly interesting field
theories. In this case, the NEC requires

2>2-1/d. (5.29)

Metrics of the form (5.24) are solutions to Einstein-Maxwell-dilaton actions [117, 121,
122,127],
a2, (R e . B¢
There are also top-down constructions from the near-horizon geometry of D-branes in type
IT supergravity, which hence are embedded into string theory. Solutions with z # 1 and
0 # 0 have been found in [25,28-30,32,128], and e.g. a configuration with z =2 and § = 1
for d = 2 was found in [31].
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The calculations in Chapters 6 and 7 of this thesis are thus to be seen in this context. In
this thesis, we investigate solutions of the form (5.24) in four-dimensional N' = 2 gauged
supergravity. While this theory has a rich structure, the form of e.g. the potential is
however restricted, whereas such models as (5.30) are constructed exactly for the purpose
of finding such solutions.



Chapter 6

Four-dimensional Lifshitz spacetimes
with hyperscaling violation in N = 2
supergravity

In this Chapter we investigate the equations of motion of four-dimensional ' = 2 gauged
supergravity in Lifshitz-like backgrounds with dynamical exponent z and hyperscaling
violation exponent 6. As discussed in Chapter 5, the spacetime metric can be written as
2 o0 20q A
ds® = L*r~ (7” “dt —?—r(dx +dy )) (6.1)
The structure of N’ = 2 gauged supergravity was discussed in Chapter 3. We consider here
an action of the form

S = / V—ygd'z ( +- IAEFA FE|“”+ R EFA*FZ“”+gij—3uzi8“23_+hwvuq“V“q”—g2V>,

2 4
(6.2)
where V,q¢" = 0,¢" + gk}{A/’}. This action includes ny vector multiplets and ny Abelian
gauged hypermultiplets”. The potential is given by eqn. (3.74),
V(z,2,q) = Ahu ki kS LAL” + (g7 f2 7 — BLAL”) PY P (6.3)

Recall, that k}(q) are Killing vectors on the quaternionic target space, and Pi(q) are
the Killing prepotentials. L*(z) are sections on the special manifold, and f(z) = (9; +
SOKC) LA

We keep in mind that the action (6.2) can be reduced to the case of only vector
multiplets with Fayet-Iliopoulos gaugings. This corresponds to k{ — 0, ¢* — 0, with
Pr — &x. We will indeed consider this case later on.

"We will use z for the dynamical exponent and 2* with ¢ = 1,...,ny for the complex vector scalars.
The difference should be clear from the context. E.g. for the scalar potential V(z, z), z refers to the scalar
dependence, not the dynamical exponent.
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Vacuum solutions

In order to consider the equations of motion, we need of course to calculate the Ricci tensor
from the metric (6.1). The non-vanishing components of the Ricci tensor are

o, (22 —0)(0 —z—2)

Rtt =T 9 ’
222 — 0z — 20+ 4
pr— .4
R, S AR (6.4
2—0)(2 -0
Rxx:Ryy:T2< )( +z )
2
From these, the Ricci scalar also follows,
v r’ 2 3 2

R=g" Rw,:—ﬁ(% +2(4-30)+5(0-2) ) (6.5)

Before looking for more complicated solutions supported by matter-fields, one may consider
the vacuum Einstein equations,
R, =0. (6.6)

These equations have three solutions for particular values of z and 6,

(z,0) = {(0,2),(1,2),(4,6) }. (6.7)

For the sake of interest, these can be found in Appendix D for arbitrary spacetime dimen-
sion. The solutions (z,60) = (0,2), (1,2), have vanishing Riemann tensor, R*,,, = 0, and
hence correspond to just flat spacetime. For example, for z = 1 and 6 = 2 the metric (6.1)
becomes

rd

d 2
ds? = L? (dt2 B A dy2> . (6.8)

By a coordinate transformation 7 = 1/r and a rescaling of the coordinates to absorb L,
this metric becomes just the canonical Minkowski metric. For z = 0 and # = 2, one can
likewise recover the Minkowski metric with £ = r~!sinh¢ and # = r~! cosh ¢t. The solution
with z =4 and € = 6, however, has non-vanishing Riemann tensor,

Ry = Rtyty = —2r2, R e = R yry = —2r2, R = %, R* 0y = ar?
(6.9)

Thus, this is a curved spacetime. Such a solution does not seem to have been noted in the

literature on Lifshitz-like solutions until ref. [33] appeared while this thesis was in the final

stages of preparation.
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6.1 Field ansatze

In order to simplify the later calculations, it is worthwhile to consider the symmetries of
the metric (6.1).

Killing vectors

The metric has four Killing vectors,
O, O, Oy, YOy — 0. (6.10)

These correspond to translations in ¢, x,y, as well as SO(2) rotations in the x,y plane.
Recall that the Lie derivative of the metric vanishes along the Killing vectors,

Lr g =0, (6.11)

where K is any of the Killing vectors (6.10).
Under the anisotropic scaling,

t — N\t r— A"t T, — Axy, (6.12)
the metric (6.1) scales covariantly,
ds® — M\ds?. (6.13)
The scaling (6.12) is generated by the conformal Killing vector C,
C=2t0—10,+x0, +y0,. (6.14)

In general, the Lie derivative of the metric along a conformal Killing vector yields the
metric itself multiplied by a constant or a spacetime-dependent function. In our case, one
finds the Lie derivative of the metric along C' to be

Lo guw =09, (6.15)

i.e. the metric multiplied by a constant.

Gauge fields

In order to simplify the equations of motion, we will impose the spacetime symmetries on
the matter fields. We therefore demand the Lie derivative of the field strengths along the

Killing vectors to vanish,
LixF) =0. (6.16)

After a short calculation, one finds that the most general solution for F™* is

F» = FAr) dt Adr + Fgﬁ\y(r) dz A dy. (6.17)
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Imposing further the Bianchi identity e**??0, F /f}, = 0 restricts Fé\y to be constants. As in
Section 4.2, we identify these as the magnetic charges and denote them as p*. Also, we
denote F,(r) = E">(r), hence

F» = E™(r) dr Adt + p* do A dy. (6.18)

Under the anisotropic scaling (6.12), the components of the field strengths scale as
E™rr)ydrAdt — NTLEM(\Tlr) dt Adr, (6.19)
prdzAady — Nt dz Ady. (6.20)

We will demand that the field strengths scale covariantly,
) (no sum over A), (6.21)

where a, are constants, associated to each field. Since the zy-component scales with A2 if
p* # 0, so must the rt-component. From (6.19),

NTIEANTY) = N2 E (7). (6.22)

To satisfy this, we take E'A(r) = e 7?73, where e are constants. However, if p* = 0 for
some of the field strengths, then E'*(r) = e® rPA will scale covariantly for any 3. We will
therefore take the ansatz (no sum over A)

FA = eMPrdr A dt 4 p™ do A dy, Br=2z—3 if p*#0. (6.23)

For the sake of overview, we will just write E'*(r) below and then keep in mind that
E"™(r) = efrfa,

Let us mention that a similar ansatz can be obtained by considering the Lie derivative
of FA along the conformal Killing vector (6.14). This is essentially the same argument as
above, but on an infinitesimal form. Analogous to eqn. (6.15), we demand

LoFA = aM P, (6.24)

A

for some constants &*. If F:ﬁz = p is non-zero, this fixes again &*, since a calculation

yields

aMFh = LoFh = 2F. (6.25)
For the rt-component, a calculations yields
ArFS = LoFSY = (2 = V)FL —ro,FY = FY=eMa 170, (6.26)

Apz=3 if p # 0, while for p* = 0 there is no constraint on

Hence, we find again E'(r)* = e
&y. This coincides with (6.23).

Another observation is that some gauge fields, Aﬁ, may appear in the action not only
through their field strengths, but also in the covariant derivative, V,¢" = 0,¢" + k‘}{Aﬁ

Up to gauge transformations, a gauge field corresponding to (6.23) is
AN = B(r)dt + zp* dy. (6.27)

The component Ag = xp™ violates the symmetries of the problem if p* # 0, in the sense
that EazAé‘ = p* # 0. Thus, for the gauge fields that are gauging a scalar isometry, p*
must vanish. We will enforce this by taking k% p* = 0, and then remember that such p*
must also vanish elsewhere in the equations of motion.
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Scalar fields

Demanding vanishing Lie derivatives of the scalar fields along the Killing vectors (6.10)
restricts the fields to A ‘

2t = 2'(r), g =q"(r). (6.28)
Using the conformal Killing vector, we could now try to restrict the form even further,
analogous to (6.24). For example,

ol =LA (r) = —rd = Zr) =z, (6.29)

where o' and z{ are constants. However, for the scalar fields, we can do field redefinitions
which are diffeomorphisms of the scalar target space. For example, a non-linear sigma
model with a single complex scalar 7 = ¢ + iy could be

. 0,00"¢ + 0, x0"x .
Gr20,TO'T = £ e £ . with ¢ > 0. (6.30)
By a field redefinition ¢ = ¢sin ¥ and y = ¢ cos Y, the non-linear sigma model becomes
1 (0,00"0 ;
.2~<“Qi ¢+8ﬂ)~(8“)~(>, with 0 < y <7 and ¢ > 0. (6.31)
sin” x @?

We can choose either set of coordinates on the target space. Thus, if we choose e.g.

o(r) =dor,  x(r)=xor", (6.32)

the same form of r-dependence does not hold in the (¢, x)-coordinates. We will therefore
use the ansétze (6.28).

6.2 Equations of motion

A variation of the action w.r.t. the inverse metric yields the Einstein equations,

1 1
Ru = 5Rgw =T &  Ru=Tuw— 3T gu. (6.33)

For the energy momentum tensor, one finds

1 ) _
T =G <ZIA2F£,FE|’” + Gi50,2'0°Z + hyV pq"VPq" — g2V)

1 L
-2 (—IAEFA sz + gij—(f“)ﬂzz&,i" + huvvuququ”) . (634)

9 ppt v
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Variations w.r.t 2%, ¢*, and A% yield,

1 1
0= ZaiIAEijFEW + ZaiRAZFjV*FE‘HV + 0,970, F — POV — 0 (V=99;;0"7)

(6.35)
2
—0 —gh.,.V*q") , 6.36
=g (v ) (6.36)
v U UpY A 1 Slv * X|v
0 = 2Ry k{0 q" + 2hy ki kE AT — —=0, [\/—g (Ias F>"" + Rys™FI")] (6.37)
V=g
respectively, where 9; = 9/9z" and 9, = 9/0q".

Inserting now the ansétze (6.23), (6.28), and the metric, the equations become more
concrete, yet still involved. The Einstein equations become

(0 —22)(0 — 2 —2) = =€ — 28°L* V1™ 4+ 4¢°hy kYKL BN B0 =%, (
22— 0z —20+4=—E—29°L°Vr0 — 4g;;2" 2% — 4huvq’“q”’7‘2 (6.39

(

(

\/_

0 = 0y (howV,q"V*q") — g*0,V —

0—-2)2+2—0)=—E+ 26°L*Vr?,
0 = ghuq ki E*.

Primes denote derivatives w.r.t. r, and we defined also

:ﬁ] G EA B2t LI oppEr—t (6.42)
The equation of motion for the vector scalars becomes
0 =0, Ixn E'NE™r?72 — 9;1xsp™p¥r~ — 20, Ry B p™r—*!
+ 22 L0,V + 2L28igj,;z’j2’kr2’9 — 2L O, (r7 T g2 ). (6.43)
The equation for the hyperscalars becomes

0=g*L?0,Vr™" — g*Ou(huu ki k) BN E*r %

+ 0y (how )00 ¢ — 20075710, (hyuq T3 0). (6.44)
Finally, the gauge field equations become
0= 0, (IxsE™r*"* — Rasp”) + 2¢° L hun ki ks Er' =577, (6.45)
0 = ghuwq™k}. (6.46)

Eqn. (6.46) clearly implies the Einstein equation (6.41). The above equations are obviously
quite involved. Recall that not only E'* is a function of 7. The period matrix, the potential,
the Killing vectors, and the scalar metrics all depend on the scalar fields, and hence in
general have implicit r-dependence. An issue is that an equation may split into more
equations, depending on the r-dependence, since we are interested in solutions valid for all
values of r. A simple example of this is

0=a-+br, (6.47)

where a, b, ¢ are constants. If ¢ = 0, then a = —b. However, when ¢ # 0, one must take
a = 0 and b = 0 separately.
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6.3 Constant scalar fields

As a simplifying case, we can consider the scalars as constants. In this case, the scalar-
dependent quantities are also constants w.r.t. r. The equations of motion, eqns. (6.38)-
(6.46), then simplify somewhat, and after re-arranging the Einstein equations, we have

167 —0— 2 —1—2—%1 EApEp2to 2[ sprpPrf=, (6.48)
—1602+30 — 22 — 2+ 02 — 4 =2¢°L°Vr ", (6.49)
0> — 202 + 42 — 4 = 4ghy kS kL BN ESr =22, (6.50)
0= O, I\ ENE>r?2 — 9, I\sp™p™r—*

— 20, Ras, B p¥r=*t 4 2¢*L40,Vr=%, (6.51)
0=g*L*0,Vr~" — g*0u(houk{ k) BN E™r 22, (6.52)

0=0, (IasE™r*"* — Rasp®) + 29° L*hyo ki ks EXrt 270
(6.53)

Lifshitz metrics, 6 =0

Consider the special case of the Lifshitz metric with § = 0. In this case, the anisotropic
scaling (6.12) is an isometry of the metric. The vector C, eqn. (6.14), is then a true
Killing vector, rather than a conformal Killing vector. Imposing the scaling invariance on
the fields, the scalars must be constants. For the field strengths, it is evident from the
finite scaling, eqn. (6.20), that the xy-component is not scale invariant. Hence, imposing
the symmetry restricts p* = 0. From eqn. (6.19), it follows that we must take E* = e’r?.

Again, same conclusions follow from the Lie derivatives of the fields, in fact more
elegantly. Since C' is a true Killing vector, the Lie derivatives along C' must vanish. A

short calculation yields

0=~Lcz(r) = 0.2(r)=0,

0= ﬁcFé\V(T) = AA EA dt = eArZ dt pA -0 (654)

With these ansatze and # = 0, the equations of motion simplify. The Einstein equations
(6.48)-(6.50) take the form

Lsete® = 1 . 12, (6.55)
g’V = -z J;LZ;F : (6.56)
GPhukikbere” = 2 — 1. (6.57)
The matter-field equations become
0 = 220;Izne™e™ + 292140,V (6.58)
0 = ¢>L?0,V — ¢20u(howhkikS)e"e™, (6.59)

0 = zlpse” 4+ g L?hy ki kde™. (6.60)
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Eqns. (6.55)-(6.60) exactly coincides with ref. [77]®, where Lifshitz spacetimes with dy-
namical exponent z = 2 and preserved supersymmetry were found in N' = 2 gauged
supergravity. Note that the r-dependence completely drops out in eqns. (6.55)-(6.60).
This will not be the case in general, when hyperscaling violation is included below.

Several lessons can be learned about pure Lifshitz solutions. The r.h.s. of eqn. (6.55)
is negative for all z > 1. This is consistent with I,x being negative definite, as noted
in Section 3.2. The r.h.s. of eqn. (6.56) is negative for all values of z. This requires a
negative scalar potential, V(z, z,q) < 0. Thus, ungauged supergravity does not admit Lif-
shitz solutions. Eqn. (6.57) requires gauged hyperscalars for interesting Lifshitz solutions
with z # 1. For example, consider supergravity with Fayet-Iliopoulos gaugings. In this
case, there is a scalar potential but no hyperscalars, h,,kjky, — 0. Taking g — 1, for
convenience, eqns. (6.55)-(6.57) easily yield:

z=1, V= —%, Iygete™ = 0. (6.61)

Of course, a Lifshitz spacetime with z = 1 is just familar AdS,. Taking e = 0, i.e. no

gauge fields, the action effectively consists only of the Einstein-Hilbert term and the scalar

potential, which plays the role of a cosmological constant. However, since the potential

is actually scalar dependent, eqn. (6.58) requires that the scalar fields extremize the
potential,

0V(z,z,q) =0. (6.62)

In Section 5.2 it was noted that Lifshitz solutions can be constructed with a massive
vector field and a cosmological constant. From the above discussion, we see that N = 2
supergravity with gauged scalars may also admit Lifshitz solutions. The potential plays the
role of the cosmological constant, while the gauging of the constant scalars may effectively
give mass to the gauge fields via a Stiickelberg coupling.

Lifshitz-like metrics, 6 # 0

Consider again the Einstein equations with constant scalar fields,

1 1
%02 —— 224z = ﬁIAEE’AE@r2_2Z+9 + ﬁIAgpApEre_‘l, (6.63)
—1602+30 — 22 — 2+ 02 — 4 =2¢°L°Vr ™, (6.64)
0% — 202 + 42 — 4 = 4¢°hy kYKL EN E>r 2, (6.65)

The Lh.s. of eqn. (6.64) is a constant on spacetime, while the r.h.s. scales as r=¢. For
0 # 0, both sides must vanish independently, since we are interested in solutions valid for
all values of . Thus, in a gauged theory, the constant scalars must take values, 2y, qo, such
that the potential vanishes,

V(Z(), 20, qO) = 0. (666)

8Except for typos in the "effective potential” in [77], to which Nick Halmagyi has agreed in a private
correspondence.
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! ! ' ' ' — Z
-1 1 2 3 4 5

Figure 6.1: Values of z and 6 # 0 admitted by eqn. (6.67).

The Lh.s. of eqn. (6.64) vanishes for
0=3+z+1+4z— 22 (6.67)

This constrains z and 6,
2-v5 <2< 2+4vV5 and 5—-V10 < 0 < 5+V10. (6.68)

The values of (z,0) for which (6.67) is solved are shown in Fig. 6.1. This followed from
the analysis of just one equation of motion. A solution must further satisfy the remain
equations. From eqns. (6.63) and (6.65) it follows that in order to obtain the full orbit of
solutions of Fig. 6.1, the theory must contain gauged hyperscalars. The subtlety, however,
is the r-dependence of the vectors, specifically E*(r). Non-constant terms must vanish,
and do not support the solutions of Fig. 6.1. While it is simple to choose the vectors such
that the r.h.s. of either (6.63) or (6.65) is constant, the r.h.s. of both equations must be
constant and non-vanishing. Without vectors, E* = p* = 0, the only solutions are

(z,0) = {(0,2), (1,2), (4,6)}. (6.69)

These are clearly just the solutions of the vacuum Einstein equations, eqn. (6.7). If instead
we consider the case without gauged hypers, g?h, k{4 EAE® = 0, but with B4 = eAr2=0/2,
eqns. (6.63)-(6.65) have only one solution,

z2=3, 0=4, 2Lsete®+ Liyp’p® =21 FV =0, gzhuvk}{kgej\ez =0,
(6.70)
along with the three vacuum solutions (6.69). Note that § = 4 happens to be the value of
6 where eqn. (6.63) allows non-zero magnetic charges, p*. In fact, 2 = 3, § = 4 implies
that the field strengths are constants, E"* = (2 — 0/2)e*r* 1792 = ¢*. Such constant
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field strengths are known as fluxes. Notice also, that this precisely respects the covariant
scaling of the field strengths for p* # 0, from eqn. (6.21), F'* — \2FA.

Let us sum up what we found above. N = 2 supergravity with constant scalar fields is
well suited to obtain Lifshitz solutions with § = 0. The negative scalar potential and the
gauged scalars are crucial ingredients in such solutions. For hyperscaling violation, € # 0,
we found however that only solutions with very restricted values of z and 6 are possible
for constant scalar fields. The potential, which is essentially a cosmological constant for
constant scalars, must in fact vanish. We may note at this point, that in the Einstein-
Maxwell-Dilaton model, eqn. (5.30), which has been used to construct solutions with 6 # 0,
there is a scalar potential rather than a cosmological constant. Clearly, this indicates that
one should allow for non-trivial scalar profiles to find more general solutions with 6 # 0.

6.4 Vector multiplets with Fayet-Iliopoulos gauging

In this subsection, we consider supergravity coupled only to vector multiplets. We will allow
for FI terms supporting a scalar potential. As noted in the beginning of this Chapter, this
may be considered a special case of the calculations above. For constant scalar fields, this
case was essentially included in the previous section, but yields a nicer result below. In
the following, we absorb ¢ into the FI parameters &,.

After some rearranging, the Einstein equations (6.38)-(6.40) become

1 1

(=10 = 2= 2) = S IxE"E5r"20 4 S Lptp™r™, (6.71)

(0 — 2)? — 2% + 42 — 4 = 4g,;2" 2712, (6.72)
—(z4+2—0)" +1=202v1" (6.73)

The vector scalar equation of motion looks the same as (6.43),
0 = Oy BN E=r22240 _ 91 opp=r0=—t — 20, Ry B/ A pSr—2 140
F 2000,V ™0 4 20209327 7 0 — 207075710, (700 g,,27). (6.74)
The equation of motion for the gauge fields, simplifies without gauged scalar fields,
0 =0, (IaxsE™r** — Rasp”) . (6.75)

The gauge field equation (6.75) can be solved analogously to Section 4.2. Since the deriva-
tive vanishes, the terms in the parenthesis must be equal to a constant, the electric charge,

—qA,
—qp = Ixs E™™r®™% — Rpsp™. (6.76)

Solving for E"(r), we may eliminate this function in terms of the charges,

EMr) = "7 I (Rerp" — qz) - (6.77)
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Inserting this into eqn. (6.71), the Einstein equation becomes

2Veh 4
—?TH = (z—1)(0—2-2). (6.78)
The black hole potential,
Ver = —%QtMQa (6.79)
where N .
(P _{ (I+RIMR)rs —(RIYHy
was introduced in Chapter 4. Inserting (6.77) into eqn. (6.74) yields
0=V, — L', Vr*? — LQ@gj,;z'jE’Erﬁ_e + L2370, (r" 370 g,,27), (6.81)
where
A 1
Vi=—3 ((pR — ) I'O,117 (Rp — q) — pd;Ip — 2(pR — q)l‘lf‘?iRp>- (6.82)

Eqns. (6.81)-(6.82) have the advantage that we have replaced the function E*(r) by the
constant charges ¢y and p*. Note that Vzy and Vi only depend on r through the scalar
fields.

For a theory coupled only to vector multiplets, the equations of motion to solve are
hence (6.72), (6.73), (6.78) and (6.81). We will indeed solve these in Chapter 7.

Constant scalar fields

Consider again the special case of constant scalar fields, z*. The r.h.s. of the Einstein
equation (6.72) vanishes. For 6 # 0, the Einstein equation (6.73) implies again that the
potential must vanish, since the L.h.s. is a constant, whereas the r.h.s. scales as r=?. The
last Einstein equation (6.78) requires Vgy = 0, unless § = 4. After these considerations,
the eqns. (6.72), (6.73), and (6.78), have four solutions:

(2,0, Viy) = {(0, 2,0), (1,2,0), (4,6,0), (3,4, L2)} (6.83)
along with the constraint

V=o. (6.84)

The three first solutions in (6.83) are clearly the solutions of the vacuum Einstein equations,
which we will not deal with further. The fourth is the non-vacuum solution also found in
(6.70). Since z = 3, the gauge field strengths are constant by eqn. (6.77). The scalar field
equation of motion (6.81) becomes

0=V, — L'9;vr . (6.85)
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Due to the r-dependence, the two terms must vanish separately,

~

Vi, =0, (6.86)
a;V = 0. (6.87)

Recall that the difference in the bosonic part of the action, between an ungauged theory and
a theory with FI gaugings, is the existence of the potential, V. It is clear from eqns. (6.84)
and (6.87), that for constant scalar fields the gauging does not contribute constructively
to the equations of motion.

Nevertheless, for the solution with z = 3, # = 4, and constant scalar fields, we have
found that the equations of motion reduce to the constraints (6.84), (6.86), (6.87), and
Ven = L?. We will solve these explicitly in the next Chapter.



Chapter 7

Solutions in the F' = —iXYX! model

In this Chapter, we derive the relevant components for the equations of motion from the
prepotential F' = —iX°X"! with Fayet-Iliopoulos gauging. We then use this model as an
explicit example, following the model-independent analysis of Chapter 6.

7.1 The F = —iX’X"! model with FI gauging

In Section 3.2, we discussed the target space of the vector multiplet scalars, namely special

Kéhler manifolds. Recall that for the ungauged theory coupled to vector multiplets, the

Lagrangian is specified simply by the prepotential, when a such exists. The prepotential

F = —iX°X! is among the simplest, since it is linear in X* and contains just one vector

multiplet. The scalar target space manifold is in fact the coset space SL(2,R)/SO(2) [129].
Now, differentiating the prepotential yields

OF

Fr —
AT oxA

=—i (X' X). (7.1)

Choosing the physical scalar to be 7 = X'/X? and the gauge X" = 1, the holomorphic

section €2 becomes
Q= (XY Fy) = (1,7, —ir,—i). (7.2)

From this, the Kéhler potential follows,
K =—log [i(X"Fy — X"Fy)] = —log [2(7 + 7)]. (7.3)
It is clear that we must restrict (7 +7) > 0, or
Rer > 0. (7.4)

This is the so-called positivity domain [62]. Now, since the model has just one complex
scalar field 7, the only non-zero component of the Kahler metric is

1
grr = 0:0:K = m (7.5)

o8
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From the Kéhler potential we can also find the sections

V= (LA My) = 52X Fy) = _ (1,7, —iT, —i). (7.6)
2(t+7)

These are needed to construct the scalar potential. It is also easily verified that they satisfy
eqn. (3.26), )
iV, V) =1. (7.7)

Of course, we also need the period matrix, May. This determines the vector couplings,
and also appears in the scalar potential. We first need to calculate

O*F 0 1
FAZ_W__Z(l 0)' (7-8)

From this, the period matrix may be obtained,

_ Im(Fap) X' Im(Fea) XA (T 0
Naw = Fas 42— )Xo Lo 1yr (7.9)
Thus, the couplings of the vector kinetic terms and the topological terms are,
Lo =InNyy = (et (L0 (7.10)
- 2 0 1/r7 )’ ‘
. T =T7 (1 0
RAE = RGNAZ = 2—2 ( 0 _1/7_7__ > . (711)

The above expressions specify the bosonic action of the ungauged theory. As described in
Section 3.5, under gauging with Fayet-Iliopoulos terms, the two gravitinos will be charged
under the two gauge fields. In the bosonic action, this gives rise to a scalar potential given
by eqn. (3.87). Using the quantities above, we find the potential to be

V(r,7)=— (%IAZ + 4LALE) Eads

&+ &7
=2 - 12
gy~ DFEL (7.12)
Below, we shall also need the derivatives
Oogor — —2— (7.13)
r9r7 = (7_ + 7__)37 .
1/ -1 0
a7']'/\2 - 5 ( 0 1/7_2 ) ) (714)
vt -1 0
me=i( 0, .
2 =2¢2
0.V = S0 3 (7.16)
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For simplicity, we define

¢ = Rer, X = Imr, (7.17)
with ¢ > 0. The above expressions are then generally neater,
1
gr7 = @, (718)
— 0
Iy = ( O¢ —¢ ) ) (719)
2 +x2
0
RAz:(g Y ) (7.20)
P?+x>
V¢, x) = 2881 — 0 gléz X)), (7.21)
Also, let us write the needed derivatives,
1
a7'97"? = _@7 (722)
_ 1( -1 0
8.,—[/\2 = —1 aTRAg = 5 0 2 —x2—2ipx s (723)
(¢2+x?)?
22042 _ 12 _ 9

7.2 Constant scalar fields

In Section 6.4, we studied the equations of motion for theories coupled only to vector
multiplets with constant scalar fields. We found that the only possible solution was z = 3
and # = 4. Further, the solution must satisfy the constraints

V=0, (7.25)
8,V =0, (7.26)
V=0, (7.27)
Vg = L*. (7.28)

Clearly, the potential does not contribute to the solution. However, we can check if any
configuration of 7, 7 and &, solves eqns. (7.25)-(7.26) with non-zero gaugings, {4, # 0. For
&x # 0, the gravitinos are charged and the FI gauging also has effects on the supersymmetry
transformations.

The scalar potential (7.21) vanishes for

fo=6 (20532 - ). (7.29)

However, to make the derivative (7.24) vanish as well, we must take & = & = 0. Hence,
the solutions is restricted to ungauged supergravity.
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Consider next eqns. (7.27) and (7.28). Using the definition of V;, eqn. (6.82), along
with the quantities (7.19), (7.20) and (7.23) from the F = —iX°X! model, we find

0=V
1
=3 [(pR — ) I 'O, Y (Rp — q) — pdiIp — 2(pR — q)l‘l&Rp}

1
2¢

(P + i) (0% — X*) + 2x(Pogo — P1an) — i — G4

" +i (pogo — Prgr — X(15 + 47))

(7.30)

We have introduced here the notation for the charges p* = (pg, p1) and qa = (go, q1). From
the definition of the black hole potential, eqn. (6.79), we find

2, .2 2 2\ (2 o 2
2 _
Vi — g +pi + (67 + x) (s + ¢i) + 2x(@ups QOp0>. (7.31)

2¢
Demanding the real and imaginary part of (7.30) to vanish independently, and inserting
the black hole potential into (7.28), we thus have three equations to solve. Indeed, this
system has the solution,

L*=¢(p+4q), q=¢edqy+xpo, 1= edpo— X, with e =+1. (7.32)

This solution contains both electric and magnetic charges, but also allows for only electric
(p"=0) or only magnetic charges (gn = 0). We have thus found that the FF = —iX°X"!
model with constant scalar fields admits the z = 3, # = 4 solution with constant field
strengths (fluxes), but only in the ungauged theory where the FI terms vanish, £, = 0.

7.3 Non-constant scalar fields

Consider now the equations of motion with non-constant scalar fields, which we found to
be (6.72), (6.73), (6.78) and (6.81). Inserting the special Kéhler metric (7.18) into the
Einstein equation (6.72), this equation becomes

¢ (r) +X"*(r) ,
e re.
This differential equation is easily solved, if either ¢ or x is set to a constant value. Consider

here the case of non-trivial ¢(r). Rather than taking x to be constant, we will take it to
be

(0 —2)2—22+42—4= (7.33)

x(r) = Bo(r) + Xo, (7.34)

where Yo is a real constant. Setting S = 0 corresponds to setting y to a constant. However,
allowing for arbitrary 5 gives a bit more freedom to solve the system. Then eqn. (7.33)
becomes

¢"%(r) ,

(0—2)?—2"+4z2—4=(1+ 8% RPR (7.35)
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This can be easily solved for ¢(r),

02 + 4z — 202 — 4

P(r) = dor, where a? = 1552 . (7.36)
Plugging now the potential (7.21) into the Einstein equation (6.73) yields
2 2 2( 2 2
1
_ (z + g - 9) + =20 (2§0§1 s &;Z X )> o~ (7.37)

Using the explicit form of the scalars, (7.34) and (7.36), this can be written as

2
— <411_ (z-l—g—@) > = 2¢0&1 (280 + E1axo) ™ +(§1x0 50) —a—f (1+a )51 2p.0=0
(7.38)

Now, the Lh.s. of this equation is constant, while the r.h.s. contains three terms with
different r-dependences. We are of course interested in solutions valid for all values of r.
Hence, the equation splits into more than one equation, depending on how the exponents
are chosen. We are focusing on hyperscaling solutions with 8 # 0. Also, we take a # 0

since we already treated constant scalar fields. In this case, the term scaling as r~% must
vanish,
€1 (260 + &1Bx0) = 0. (7.39)
The remaining terms of (7.38) may split up in three different ways,
Case I:
a=0, Exa—¢& =0, (14 BHL*E g = —2° — 07 +30 — 32+ 202 — 2. (7.40)
Case 11
_ 2 ¢2 251X0 & 2 2
a=—0, (1+p9)& =0, L 5 =—2"—0"+30—-32+202—-2
0
(7.41)
Case III:
a # +0, Ex2—€2 =0, (1+8%)¢E8 =0, with 6 =241 or 6 =2+2.
(7.42)

All three cases also include the constraint (7.39), and a is given by (7.36). These equations
are hence solutions to two of the Einstein equations, and also the gauge field equation of
motion. The remaining Einstein equation is (6.78).

Consider Case III, eqn. (7.42). To satisfy these equations, we must take {, = & = 0,
which restricts the solution ungauged supergravity. Using the black hole potential (7.31),
the remaining Einstein equation (6.78) becomes

_ a5 + i+ (0* + X305 + at) + 2x(qp1 — qopo) 04 (7.43)

240+ 2—02—2 %
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Inserting now ¢ = ¢or® and x = [eor® + xo, and collecting terms according to their
r-dependence, we find

LP¢o (22 4+ 6042 —02—2) = B [xo(pf + i) + 2(@pr — qopo)] r’~
+ (@ + P+ X008 + @) + 2x0(apr — qopo)] 7
+ (1+ 85 (pf + ai)r’ . (7.44)

0—4—a

Choosing now 6 = z + 2 from (7.42), the Lh.s. of (7.44) vanishes. For a # 0, the three
lines on the r.h.s. of (7.44) must vanish separately. This can only happen for ph=qp = 0.
We have thus solved all Einstein equations by setting all charges and gaugings to zero. For
the scalar fields we find for a, from (7.36) with 0 = z + 2,

Az — 22
2
i+ P77 (749)
Since a must be real, (7.45) restricts z to take values 0 < z < 4. Having solved now the
Einstein equations and the gauge field equation, only the equation of motion for the scalar
fields remains, eqn. (6.81). With p* = g5 = &4 = 0 and the scalar metric (7.20), eqn.
(6.81) becomes

L? N 2 f—z—1 +3-0 ¢

0= _7(1 + 1 )gr — L*(1 —if)r Oy (7’ 27&) . (7.46)

We separate this equation into two equations, demanding both the real and imaginary part
to vanish. Inserting ¢ = ¢gr® and 6 = z + 2, both equations reduce to

0=afb. (7.47)

Thus, taking 8 = 0, we have solved all the equations of motion.
Summarizing, the solution is

0<z<4, 0=z+2, ¢:¢oriv4'2_z2, x = constant, F*=0, & =0.
(7.48)
Actually, to reach this solution we excluded z = 0 and z = 4, since these imply constant
scalars, a = 0. However, these two special cases are in fact just two of the vacuum so-
lutions of the Einstein equations, and the solution (7.48) recovers these solutions in the
limits z — 0 and z — 4. We therefore consider these to be part of the solution found here.

Now, to find more solutions, one could obviously investigate Cases I and II above, as
well as the choice # = z + 1 for Case III. Indeed, during this work we carried out this
analysis. However, we did not find that one could solve the remaining equations of motion
for any of these cases. Also, one may go further back and consider eqn. (7.33). By choosing
¢ to be constant, ¢’ = 0, the equation is solved by

x(r) = alogr + xo, with a? = ¢? ((«9 —2)? -2+ 4r - 4) , (7.49)
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and where xq is a constant. We also carried out this analysis, but again found that all
equations of motion could not be satisfied.

Finally, one could consider solutions where both ¢(r) and x(r) are non-trivial functions
of r. In this case, it is less simple to solve the Einstein equation (7.33) and the scalar
equation of motion, (6.81). These are first order and second order differential equations,
respectively. We have not proven, however, whether such solutions are possible.

Consistent truncation of the action

The solution (7.48) was found by studying the equations of motion of the supergravity
action

0, 00" ¢ + 0, xO"x v

4 A pX|pr A x 2| pv
S—/\/—gdx(§+_ \oF F I + —RpsFip ' F v 4 -

2).

(7.50)
where 5, Rax and V (z, Z) are given by eqns. (7.19)-(7.21). However, the solution requires
both vanishing charges and gaugings, as well as constant y. We note here, that the solution

can actually be obtained from a much simpler action. Setting F* = £y = 9,x = 0 in the

action (7.50) yields
R 0,00"¢

Deriving the full set of equations of motion from the action (7.50) and then setting F* =
Exn = Oux = 0, one finds precisely the same set of equations as the equations of motion
derived from (7.51). Therefore, any solution of (7.51) will also be a solution of (7.50).
This is known as a consistent truncation. In general, one cannot simply plug e.g. constant
scalar fields into an action and obtain a consistent truncation. Non-trivial constraints may
result from the equations of motion when setting the scalar fields to constants, and these
are not in general captured by the naively truncated action.

7.4 First-order flow equations

Having found explicit solutions in the F = —iX°X! model, we will now plug these into
the first-order flow equations discussed in Section 4.2. Recall, a solution of these flow
equations must preserve supersymmetry.

As we found no solutions with non-zero gaugings, we take these to vanish, G = 0 =
W = 0. The relevant flow equations are thus (4.43)-(4.45),

U = —e 2477, (7.52)
A =247V 7|, (7.53)
2= —2e7 V400, 7). (7.54)

The central charge is given

7 =(Q,V) = L*qn — Map* = €% (XPqy — Fap™), (7.55)



7.4. First-order flow equations 65

and the warp factors U and A are the metric components,
ds? = =2V 2 4 70 qp? + 240 (da? 4 dy?). (7.56)

As in Section 4.2, we take in this section the metric signature (— + ++), for consistency
with [60].

The metric

In the usual coordinates such as eqn. (6.1), the Lifshitz metric with hyperscaling violation
is

d 2
ds? = L*r~* (—r2zdt2 + 7"_7; +r?(dz® + dy2)) . (7.57)

This does not have the form of (7.56). We can bring it to such a form by a coordinate

transformation,”

L2
Z__erz—ﬁ (7.58)

The metric (7.57) then becomes (7.56) with

p==+

—2z 22—60 2z—60 22—4 2—6 2-6

€2U fr Lz—9 (Z — 0) z—0 p z—0 , €2A = L z—0 (Z — 9) z—@pz—G . (759)

By differentiating this, and re-arranging, we further obtain

U,:2z—9i’ A,:Q—Gi.
z—0 2p z—02p

(7.60)

Solutions of the F = —iX°X! model

We found two solutions in this Chapter, eqns. (7.32) and (7.48). We focus first on the
latter with non-constant scalar fields, 7, but vanishing charges. This implies that the
central charge vanishes, Z = 0. The flow equations (7.52)-(7.54) are then trivial,

U' =0, (7.61)
A =0, (7.62)
=0 (7.63)
From eqn. (7.60), this implies
s=1, 0 =2. (7.64)

Constant warp factors, U and A, correspond of course to the Minkowski metric. Indeed, it
was shown in Chapter 6 that the metric with z = 1, # = 2 can be brought to the canonical
form of the Minkowski metric, and this is also easily seen from (7.56) and (7.59).

9Clearly, this is not a good choice if z = 6. In this case the coordinate transformation is p = L?logr.
However, we did not encounter such a solution.
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The solution (7.32) with z = 3 and 6 = 4 is non-trivial, however. This solution has
constant scalar fields, but non-zero charges. Consider first the coordinate transformation
(7.58), which for z = 3 and 6 = 4 becomes

In order to have p > 0 for r > 0, we choose the lower sign in (7.58) and (7.65).
Now, for the F = —iX°X"! model, the symplectic sections, L* and My, are given by
(7.6). Inserting these into the definition of Z, eqn. (7.55), yields
1

= (qo+Tq+ o +ip1). 7.66
2(T+7,_)(QO ¢+ Tpo + ip1) ( )

By multiplying by the complex conjugate, Z, we obtain

1 . _ _
1Z|?* = m (|T’2(pg +q1) + i(T = 7)(podo — prar) + (7 + ) (pop1 + qoq) + pT + QS) .
(7.67)

As earlier, we define 7 = ¢ + iy. Eqn. (7.67) can then be written as

1
|1Z)? = 19 (> + XD (@02 + @) — 2x(podo — P1ar) + 20 (popr + qoan) + P2+ ¢2) . (7.68)

Taking the square root of this and inserting the solution (7.32), this reduces simply to

1+e€

2 ==

L. (7.69)

For the flow equation (7.54), we need also to determine 0;|Z|. By taking the square root
of eqn. (7.67) and differentiating, we obtain

(p1 +igo — T(po + iq1))\/P1 — iqo + T(po — iqy)

0.17] = - . . . (7.70)
22T+ 7\/p1+iqo + T(po + iq1)
Inserting again 7 = ¢ + ix and the solution (7.32), eqn. (7.70) simplifies to
—1
oz ==V (7.71)

8¢

Consider now the flow equation (7.54) for the scalar fields. For 7/ = 0, eqn. (7.54) becomes
just
0=0;|Z|. (7.72)

Clearly, this is solved using (7.71) by choosing € = +1. Consider next eqns. (7.52) and
(7.53). For z = 3 and 6 = 4, we find from (7.60),

1 1
U'=—- , 7.73
p (7.73)

A==
’ P
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and from (7.59), we find
o L° oa P
(& = ?, € = ﬁ (774)
From this, it follows
1
e = e AV W = — (7.75)
Lp
Using (7.69) with € = 41, we then finally arrive at
1
e 247V 7| = =, (7.76)

Plugging (7.73) and (7.76) into the flow equations (7.52) and (7.53), one sees that these
equations are solved. As mentioned, this is a non-trivial result implying that the solution

preserves supersymmetry.

Supersymmetric Lifshitz solutions with non-zero hyperscaling violation have only pre-
viously been constructed from near-horizon geometries of black holes or black branes. E.g.
solutions in [33] include a supersymmetric four-dimensional solution with z = 3 and 6 = 4,
such as the solution above. In fact, [33] appeared only when this thesis was in the final

stages of preparation.



Chapter 8

Conclusions

Let us summarize and discuss some of the results of Chapters 6 and 7.

We noted a Ricci-flat solution with z = 4 and § = 6 with non-zero Riemann tensor.
This simple solution was only mentioned in the literature [33] when this thesis was in the
final stages of preparation.

For constant scalar fields in gauged supergravity, we found that only a restricted set
of solutions are possible. In theories with gauged hyperscalars, the allowed solutions are
those of eqn. (6.67), or equivalently Fig. 6.1. Without gauged scalars, only a single non-
trivial solution is possible, for which z = 3 and 6 = 4. In either case, the scalar potential
must vanish and therefore it does not contribute to the support of the solution for constant
scalar fields. This is very different from the Lifshitz (f = 0) case.

For more general solutions, it is clearly necessary to allow for non-constant scalar
fields. The equations of motion with gauged hyperscalars, eqns. (6.38)-(6.46), are quite
complicated if one allows for non-trivial r-dependence, and in general contain many terms
which scale differently with . However, there are no immediate restrictions to the possible
values of z and 6 in this case.

In the FF = —iX°X'! model, we found an explicit realization of the solution with
constant scalar fields, (7.32), and also a single solution with a non-constant real scalar
field, (7.48). As was mentioned, it is not excluded that allowing for non-trivial spacetime-
dependence of both real scalars can lead to more solutions.

We further showed that the solution (7.32) is supersymmetric, since it solves the first-
order flow equations. Supersymmetric Lifshitz-like solutions have only recently been con-
structed, and only from near-horizon geometries of black holes and branes. Our solution
is novel in this sense.

In Section 5.2 it was noted that the value 6 = d — 1 is particularly interesting for
holography. Since our calculations are for d = 2, this implies # = 1. Unfortunately, we did
not find such a solution.

The null energy condition is not an issue for our solutions. However, all our solutions
have 6 > d = 2, except the trivial Minkowski space. It was pointed out in Section 5.2, based
on [25], that such gravity solutions may not be consistent. However, from our analysis, it
is unclear where this inconsistency or instability arises from.

Recall from Section 5.2 that solutions with more general z and # may be found from

68



Conclusions 69

the Einstein-Maxwell-Dilaton (EMD) action, eqn. (5.30). It is interesting to ask what the
key differences are between the EMD action and the F' = —iX°X" action, since the first
allows more general solutions. The F' = —iX°X" action is essentially a doubling of the
field content of the EMD action. The difference may reside in the fact that the latter is
allowed free parameters in the dilatonic coupling of the scalar to the vector, as well as in
the scalar potential. A comparison of the equations of motion could resolve this issue.

Finally, we did not succeed in finding explicit solutions with non-zero gauging. To
find such solutions in N’ = 2 supergravity seems to be an open problem. A possible way
to address this problem could be the flow equations. Rather than plugging in a known
solution, as we did, one could use these equations oppositely. Plugging in the metric
components (7.59) and (7.60), and allowing for both non-zero charges and gaugings, this
may shed light on such solutions.



Appendix A

Conventions

The metric convention on spacetime is mostly negative, (+ — — —) (except Section 7.4).
On quaternionic and special Kahler manifolds, which are Riemannian, we take Euclidean
signature.

The Riemann tensor is

RMVPU' =€ (aprgu - aarﬁp + FIZAF?V - Fg)\F/)J\V) ? (Al)

while the Ricci tensor and Riceil scalar are
R;w = Rpupw R = ngR;w- (AQ)

On spacetime we take ¢ = —1. Then AdS has negative curvature despite the mostly
negative metric. For the special Kahler and quaternionic Kahler manifolds we take ¢ = 1.

We use natural units where Newton’s constant is k* = 1. The Einstein-Hilbert action
is then

R R
D D
f— —_— . A.
p-fOImS are deﬁned W lth a faCtOl” p' n front Of the Components,

1
Wy = 2a(u},p),w dxt N\ dx”. (A.4)

In particular, this implies for the 2-form field strength,
F,=90,A, -0,A,. (A.5)

On a D-dimensional manifold endowed with a metric g,,, the Hodge dual of a p-form is a
(D —p)-form. In particular, in four-dimensions the Hodge dual of a two-form field strenths
is again a two-form,

O LIS, 2 (A.6)

nvpo

1
1w (A7)

*FZ;W —
2y/=g
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The totally antisymmetric Levi-Civita symbol on spacetimes with Lorentzian signature is
€23 = —€ 2 =1, (A.8)
while on Riemannian manifolds (the target spaces of the non-linear sigma models),
€103, = €23 =1, (A.9)

The Pauli matrices are

01:<(1)(1)), 02:(?_()i), 03:((1)_01). (A.10)

We then define o# = (1,0%) and ¢ = (1, —0¢"), and o = Lolg".

A.1 Comparison of conventions

Without an overview of conventions, it can be confusing to compare papers in supergravity,
etc. Inspired by [130,131], we give here a short overview, which hopefully makes comparison
between references easier.

Sign classification

First, there is a sign choice for the Lorentzian metric. Take the metric g, to be "mostly
positive”, i.e. (— + 4---+). When comparing this metric to a metric g,, in another
convention, the choice of signature for the latter is then encoded in a factor s; = £1, such
that g,, = s1G..

In either case, the Christoffel symbols of the torsion-free Levi-Civita connection are
defined as

1
Flljp = EgMU (apgua + augop - 8091/,0) . (All)

The definition of the Riemann tensor comes with another choice of sign, so = +1,
R ypy = 53 (0,10, — 0,14, + 0\, —T4.T7,) . (A.12)
Likewise, the Ricci tensor can be defined with a choice of sign, s3 = +1,
R, = 53R’ 0, (A.13)
while the Ricci scalar is defined as
R=g¢"R,,. (A.14)

Now, take g, f’,jp, ]%“Vpg, éuv and R to be defined with $1 = 83 = s3 = +1. In order to

compare to other conventions, these quantities will pick up the signs,

G = 10w 1l = I\ RV, ,, = SQR“VPJ, R, = 53]%#,,, R = $15983R. (A.15)

vp’
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Considering the action of a gravity theory. In order to have positive kinetic energy, the
signs for the Einstein-Hilbert term, a vector field, and a scalar field with a potential must
be
b R 1 , 1
S = /d r/—g <513253§ — ZFWF“ — 5 56,@6%5 — V(¢)) . (A.16)

From the scalar kinetic term, one can read off the metric signature. The vector kinetic
term, however, is independent of metric convention, since it has two upper indices, and
thus gets a factor of s = +1.

We can now characterize the conventions of many papers by their choice of (s; 55 3).
In this thesis, we use (— — +), like e.g. [62,76]. Some papers use (— — —), such as [55,73],
while e.g. [69] uses (++ +). All the signs are not always clear, nor necessary. For example
in [25,59], where s; = +1 and sys3 = +1.

Normalization

There are also different conventions on the normalization of the Einstein-Hilbert action,
D R

The normalization shows up when doing a variation w.r.t. the metric, i.e. deriving the
Einstein equations. Absorbing b into the energy-momentum tensor yields

1
R, — ERQW =T, (A.18)

with

T — —b 9 (/=9Lwm)
V=g O

= (%guyﬁM - gjff) . (A.19)
In this thesis we take b = 2.
p-forms
In this thesis and in e.g. [59,69,132], a p-form is defined as,
1
Wy = me...#pda:"l A Adatr. (A.20)

On the other hand, in e.g [55,62,73,76,77], the factor of 1/(p!) is absorbed into the
components wy,...,,,., thus

Wp = Wyy ooy dx™ N oo N dt. (A.21)
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In particular, for the two-form field strength of vector fields, this means
F,uu,here = 2F,u1/,there- <A22)
This shows up for example in the action in the kinetic terms for vectors. In our convention,

1
S = / V—gd'z L—LIAEFSVFE‘W, (A.23)

while in the other convention

S = / V=gd'z Iy Fl FEH, (A.24)



Appendix B

Vielbein formalism

In order to consistently couple spinors to gravity, we need to introduce the vielbein [43,
69,108]. In the following we consider a pseudo-Riemannian manifold with Lorentzian
signature, but the Riemannian analogue is straightforward.

Standard formalism

Recall, on D-dimensional spacetime M with metric g, the usual basis for vectors in 7, M
is {9, }, while for one-forms in T M the basis is {dz"}.

A tensor is independent of the basis chosen. For instance, for two choices of coordinates
{0,} and {0,/ }, a vector has components

V=Vr), =V, (B.1)

This is the reason for the tensorial transformation properties of its components,

;0 0 ozt 9
H =V =V# B.2
v oxH v ok v oxt OxH"’ (B2)
from which it follows ,
yi = 9y (B.3)
oxH

The covariant derivative D,, contains the Christoffel symbol,

1
Fﬁp - §g,ucr (apgllo + 81/9@ - (90914)) s (B4)

which is torsionless I}, = I'Y and metric compatible D,g,, = 0.

Non-coordinate frames

Consider now the linear combination of basis vectors

eq = €,'0

s {e./)} € GL(D,R), (B.5)
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where dete,* > 0. Thus {e,} is a frame of basis vectors obtained by GL(D,R) rotations
of the basis {0,}, preserving the orientation. The basis {e,} is called a non-coordinate
bases. The coefficients e, are called vielbeins. The word viel is German for many. One
may be more specific, e.g. vierbein for D = 4 or zehnbein for D = 10. However, we take
the sloppy approach of always writting vielbein.
We demand the frame {e,} to be of unit length and orthogonal with respect to the
metric,
9(€a, ) = ea" €’ guv = Nab- (B.6)

We define the inverse of e,* as e,%, such that
e el =0,", e ept = 6%. (B.7)

These form a dual basis: e* = ¢,*dx*, such that the inner product of the basis and dual
basis is
(e”, ep) = e,"ep”(dz", 0,) = e, e 0", = 0%, (B.8)
Inverting (B.6) then yields
G = e,uaeubnab- (B9>
Thus, we can always express the metric in terms of the vielbein.

A tensor is independent of whether we can choose the coordinate basis {d,} or the
non-coordinate basis {e,}, e.g. a vector,

V =V"9, =V, =V, 0,. (B.10)

It follows that,
VE =V, , Ve =Vhe,. (B.11)

Local Lorentz transformations

For a given metric the vielbein are not uniquely determined by (B.9). Transformations of
the form

e, = e\ (x) (B.12)

leave (B.9) invariant if
ANy eq = Nap = A(z) € SO(1,D —1). (B.13)

Thus gravitational theories formulated using the vielbein are invariant under both general
coordinate transformations and also the transformations above, called local Lorentz trans-
formations. The indices p, v, ... are sometimes called curved indices, as they are raised and
lowered by g,,. The indices a, b, ... are known as local Lorentz indices or flat indices, and
they are raised and lowered by 74p.
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Spin connection

Spinors transform as scalars under general coordinate transformations. Under local Lorentz
transformations, however, a connection is needed. This is the so-called spin connection
w,®. The torsionless spin connection is

1
w#ab — 560;1 (Qabc o cha . Qcab) ’ <B14)
where
Qabe — (e““eb” — eb“e“”) oue” (B.15)
are called the anholonomy coefficients. The torsionless spin connection is antisymmetric
in a,b, i.e. w, = —w,b. It is related to the Christoffel symbols as
w, " (e) = €,"0,e™ + eyaeb"l"zu (B.16)

The covariant derivative of a spinor y is then given by

1
DMX = (8M + Zwuab/yab) X5 <B17)
with 74 = YaV). The gamma matrices with flat indices v may be taken to be the gamma
matrices of flat spacetime. As described in Section 2.3, it may be convenient in some
instances to introduce a connection with torsion.

From the spin connection, we can define the Riemann tensor

Rm,“b = 28[uwy]ab + QUJ[uacwy}cb. (B.18)

Contracting the indices yields the Ricci scalar. Also, denoting by e the determinant of the
vielbein, one finds e = det e, = y/—g. The Einstein-Hilbert action can thus be written in
terms of the vielbein,

1
S = /de 3 eea“eb”RW“b. (B.19)



Appendix C

Useful geometric identities

The following is a collection of some geometric identities and associated facts. These may
seem randomly chosen, however, as pointed out in Section 2.5, these identities are useful
for calculations therein. For further details, see e.g. [69]. We assume below in all cases
that the manifold M is endowed with a metric g.

Contraction of Levi-Civita symbols

On a D dimensional manifold M, the contraction of p indices of two Levi-Civita symbols
yields an antisymmetrized product of Kronecker deltas:

E/,Llugn-upal--~O¢D_pGHIN/Q‘“MPBrUBD_p — Sp'(D . p)'é‘gﬁll e 5(€g:i]7 (Cl)
where s = —1 for Lorentzian signature and s = 1 for Euclidean. Recall also the antisym-
metrization is

1
Tippopin] = _,(Tm uaeun + alternating sum over permutations of indices). (C.2)
n!

In particular, the contraction of two indices of the Levi-Civitas on a four-dimensional
manifold with Lorentzian signature is then

EWWEW’\"i = —2(5;‘5; — 5}’;5;\). (C.3)

The Hodge dual

On a D-dimensional manifold M endowed with a metric g, denote the vector space of
p-forms by QP(M). Then the Hodge * operator defines an isomorphism between QP(M)
and QP~P(M). Applying the Hodge * operator twice to a p-form w, thus yields a p-form,
in fact the same form up to a sign,

oy = (—1)§+p(D_p)wp. (C4)

Here § = 1 for Lorentzian signature and s = 0 for Euclidean. In particular, for the two-form
field strength on a four-dimensional manifold with Lorentzian signature,

P =—F (C.5)
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The variation of the determinant of the metric is

1 1
RVALIES —5\/|g|gw5g“” =+3 919" 69 (C.6)

Using this, and the antisymmetry of the field strength, one can prove

V" = ——0,(y/Ig1F*) 1)

Val

More generally this relation holds for antisymmetric tensors of rank one or higher.



Appendix D

Vacuum solutions in general
spacetime dimension

For the sake of interest, this Appendix provides the vacuum solutions of the hyperscaling
Lifshitz metric in arbitrary spacetime spacetime dimension D = (d 4 2). The metric has

the form,
dr? o
ds§+2 = [2p20/d (rzzdtQ a7 Tdede’) , i=1,...d.

r2
The Ricci tensor has components

(0 —z—d)(zd—0)

.2z
Rtt =T d )
(d+22)d—(d+2)0
e r2d ’
Rij = 617 G 8)(Z+ ==f) ,

and the Ricci scalar is

R=—r

2 d®+d*(=20+22+1) +d((0 —2)0 + 22% — 202) + 6(0 — 22)

L%d

The vacuum Einstein equations R, = 0 then has four solutions,

=d, z =0,

0 =d, z =1,
g — dd+1) 2d
a—1 d—1

The two first, however, have vanishing Riemann tensor.
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