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N3Z5a���5JsPVN3W�¢�J AdS5 ²  i�I�yN3W�¹�XY Y�_OQP�a ^_PVN6 iSu�5¡6P�JxX��5¡ ¤ P�a �EN�¥�JHNB�E¡6PQ¡6¢�W8N3§_�_O� Ha ¤ N3P]a_J�XY .W�OQ§_��O�¡6Z N6XNB �¡6Zb·5Z5J.L�J.Z&�8¯3a_J� �¡�Zb·5Z5J�L�J.Z&����WiN3Z5X�OQ��O�¡6Z OQZ ���5Jsa ¤ N3Py���5J.W�L�N3P�·EJ.P�au���5J�¡6W�«ua_J8·5Z5J�a ¡6Zu���5J �¡6Zbª¿¡6W�L�N3Pm^\¡ ¤ Z5a5N3W�« S1 × S3 ¡3ª*���5J.W�L�N3P AdS5

`Àú¢�J.Z5J.WiN3PEª�WiN3L�J.��¡6W�S¨ª¿¡6W�X�� ¤ ab«&OQZ_¢µPVN3W�¢�J N U(N) ¢IN ¤ ¢�J]���5J�¡6W�O�J�X�¡6Z S3 N3��·5Z_OQ�YJ?�YJ.L­§(J.WÄKN3� ¤ WYJ¨��N6X"¢�OQ¥�J.Z�OQZ�G �PIFN3Z5a,®(OQZ5a_J.§(J.Z5a_J.ZI��P�«�®,OQZ�G ï8Iq`KD�J.X�§5OÂ�iJ¶���5J¶ªMN6 .�"���EN3�"���5J�XYJ¶���5J�¡6W�O�J�XµN3WYJa_J8·5Z5J�a¨OQZ�N?·5Z_OQ�YJ�¥�¡6P ¤ L�J�®6�Y�5J.«¶ �N3Z�X���OQPQPb�EN�¥�J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z5X�®�X�OQZ5 �J����5J N →∞ PÂOQL­OQ��N6 8�iXN6X?N¶���5J.W�L�¡&ab«&ZEN3L­O� 	PQOÂL­OQ��` � Z5a_J�J�asOQ�y��N6X�ª¿¡ ¤ Z5a¬���EN3�?���5J����5J�¡6W�O�J�X?J8Åb�_OQ^_OQ�?§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z5XJ.¥�J.Z�OQZ����5J?PQOQL­OQ��¡3ª,¹�J.WY¡	¢IN ¤ ¢�J~ .¡ ¤ §_PQOÂZ5¢5`Ië��5J]¡6W�OQ¢�OQZ¬¡3ª,���_O�X�O�X����5J'+"N ¤ XYX�PVN��ú �¡6Z5X���WiN3OQZ&�F���EN3�N3PQP�X��iN3�YJ�X"L ¤ X��"^(J¨¢IN ¤ ¢�J­OQZI¥�N3W�OVN3Z&��`më��5J­¡6WYa_J.W	§EN3WiN3L�J.�YJ.WYXµ¡3ª����5J¨§_�EN6XYJ¨��WiN3Z5X�OQ��O�¡6ZoN3WYJ¨���5JJ8Åb§\J� .�iN3��O�¡6Z�¥�N3P ¤ J¨¡3ª����5J­ÃC¡6PQ«&N3S�¡0¥HP�¡&¡6§3QµN3Z5a����5J¨XY �N3PQOQZ_¢x¡3ª����5J¶ª�WYJ�J¨J.Z5J.W�¢�« F �yOQ��� N ` � Z���5J�P�¡���KM�YJ.L­§(J.WiN3� ¤ WiJ�§_�EN6XYJ�®f���5J�ÃC¡6PQ«&N3S�¡0¥�P�¡I¡6§o�EN6X	¹�J.WY¡BJ8Åb§\J� .�iN3��O�¡6Zo¥�N3P ¤ J#F2��� ¤ X�®m���5J ZN �J.ZI�YJ.W?X�«&L­L�J.��W�«�O�X ¤ Z&^_WY¡6S�J.ZRM8®5N3Z5a¬���5J]ª�WYJ�J�J.Z5J.W�¢�«�O�X�¡3ª*¡6WYa_J.W	º]�?OÂ�Y�¬WYJ�X�§\J� .�y�Y¡ N `bë��5J Na_J.§\J.Z5a_J.Z5 �Jµ¡3ª����5J�ª�WYJ�J"J.Z5J.W�¢�«¬ZEN3� ¤ WiN3PQPQ«xX ¤ ¢�¢�J�X��YXy���EN3�?���5J"§_�I«bX�O� �N3PfX�«bX��YJ.L OQZx���_O�Xy§_�EN6XYJ"O�XN�Z5¡6ZbKMOQZ&�YJ.WiN6 .��OQZ_¢H¢IN6X"¡3ª� �¡6P�¡6W	X�OQZ_¢�P�J.�	X��8N3�YJ�X�®,N3Z5a����5J¨§_�EN6XYJ¨O�X����5J.WYJ8ª¿¡6WYJ­ �N3PQP�J�aTSq �¡6Zb·5Z_OQZ_¢*UF� �¡6Z5X�O�X��YJ.ZI�?�yOQ���s���5J ¤ Z&^_WY¡6S�J.ZH �J.ZI�YJ.W]X�«&L­L�J.��W�«VM8` ¦ �5J.Zs���5J��YJ.L­§\J.WiN3� ¤ WYJ	O�X�WiN3O�XYJ�axN3^(¡�¥IJ	N .W�OQ��O� �N3P*�YJ.L­§(J.WiN3� ¤ WYJ TH ���5J¶���5J�¡6W�«BJ.Z&�YJ.WYX	N�Z5J.�Î§_�EN6XYJ¶OQZ��y�_O� Y�����5J¨J8Åb§\J� .�iN3��O�¡6Z�¥�N3P ¤ J¨¡3ª���5J�ÃC¡6PQ«&N3S�¡0¥�P�¡&¡6§¬O�X�Z5¡6ZbKM¹�J.WY¡6F�XY¡¶���EN3�y �J.Z&�YJ.WyX�«&L­L�J.��W�«�O�X�X�§\¡6Z&�iN3Z5J�¡ ¤ X�PQ«�^_WY¡6SIJ.ZRM8®_N3Z5a±���5Jª�WYJ�J¨J.Z5J.W�¢�«�XY �N3P�J�X	N6X N2 N6X N → ∞ `(¸~J.WYJ¨���5J N a_J.§(J.Z5a_J.Z5 �J�¡3ª����5J¶ª�WYJ�J¨J.Z5J.W�¢�«�X ¤ ¢�¢�J�X��YX���EN3�����5J]¢IN ¤ ¢�J]���5J�¡6W�«�OQZ±���_O�XF§_�\N6XYJ]a_J�XY .W�OQ^(J�XyN"Z5¡6ZbKMOQZ&�YJ.WiN6 .��OQZ_¢­§_PVN6X�L�Nµ¡3ªf �¡6P�¡6W�Z5¡6ZbKqX�OQZ_¢�P�J.�X��iN3�YJ�X�®&N3Z5a����5J?§_�EN6XYJ]O�X�N6 � �¡6WYabOQZ_¢�PQ«± �N3PQP�J.aWSqa_J� �¡6Zb·5Z5J�aXU�F� �¡6Z5X�O�X��YJ.ZI���yOQ���±���5J]X�§\¡6Z&�iN3Z5J�¡ ¤ X�PQ«^_WY¡6S�J.Z� �J.Z&�YJ.W	X�«&L­L�J.��W�«VM8`,ë��_O�X�§_�EN6XYJ¨��WiN3Z5X�OQ��O�¡6Z�O�X"¡3ªF·5WYX��	¡6WYa_J.WZY­N3Z5a�O�X�O�a_J.Z&��OÂ·EJ�a��yOQ���;N
[]\_^a`Pb]^�cedP^�ce^gfehjiXkml nporqmkZstl k8kJu)l k8kJb]^Hl n)b]v wPxH^Cy3^aoZfe^Eorxzce`*orl l n'fe^g{|^gf]fev wP}~cek�cedP^CdPkJl kJwPkJhanth~oZc]fev �tkr{VcedP^}mor`P}J^��*^Hl �'oZfekJ`Pw*�~cedP^�cedP^zfeh~orl�xHv fexHl ^aorw*�!wPkrc0��`PbNc�v cebKc]fgorxH^J��H� b~u�kJv wpce^���kJ`Lctv w#� �r���RcedP^)krfg�L^zftkr{�cedP^)uPd*orb]^)c]fgorwPb]v cev kJw�h~oHn�xgd*orwP}J^){�krftwPkJwL���H^zfek�}mor`P}J^�xHkJ`PuPl v wP}L�� k�yR^Hsm^zf���b]^zc]cel v wP}!cedPv b�v b]b]`P^afe^��p`Pv fe^Hb�o!�Z��l kpkJu�xHkJh�uP`LcgoZcev kJw�b]v wPxH^acedP^al ^�oJ�Lv wP}��N�z��l kpkJu���fe^Hb]`Pl c�{�krf�cedP^auPd*orb]^

í



� ����}­z���}­z��
¸�N3¢�J�a_¡6W�Zx§_�EN6XYJ��YWiN3Z5X�OQ��O�¡6Zm`
² §\J� .OVN3PQOQ¹�OQZ_¢H�Y¡ N = 4 U(N) ²�³"´ ���EJ.¡6WY«�® ³ N3L�N6a5NxN3Z5a ³ N0»,J�G åLI�N3Z5a,®,OQZ5a_J.§\J.Z5a5J8Z&��PQ«I®¸�N3W�L�N3W�SµN3Z5a­ý]WYXYJ.PQPQORGQº8�PIbJ8Åb�YJ.Z5a_J�aµ���5J�N3ZEN3PQ«bX�O�XC¡3ª5���5J�§_�EN6XYJ�X���W ¤  .� ¤ WYJF^I«"OQZ5 .P ¤ abOQZ_¢" Y�5J.L­O� �N3P§\¡6�YJ.Z&��OVN3P�X� �¡6Z�T ¤ ¢IN3�YJ]�Y¡µ���5J R Kq i�EN3W�¢�J�X�®bN3Z5a���� ¤ X�¡6^_�iN3OQZ5J�a¬N	§_�EN6XYJ]abOVN3¢�WiN3L ¡3ªm���5J?���5J�¡6W�«±N6XN]ª ¤ Z5 .��O�¡6Z�¡3ª(^(¡6���­�YJ.L­§(J.WiN3� ¤ WYJ~N3Z5a­ i�5J.L­O� �N3P5§(¡6�YJ.ZI��OVN3P�X�`�À~X�Z5¡6�YJ�a¨OQZ6G åPIq®6���5J�§_�EN6XYJ?abOVN3¢�WiN3L¡6^_�iN3OQZ5J�a�ª�WY¡6L ���5J]��J�N3S&PQ«� �¡ ¤ §_P�J�a±¢IN ¤ ¢�J~���5J�¡6W�«�O�XFOQZ £I¤ N3PÂOQ�iN3�YOÂ¥IJ"N3¢�WYJ�J.L�J.ZI�y�yOQ���±���5J]§5�EN6XYJabOVN3¢�WiN3L ¡3ª R Kq i�EN3W�¢�J�a�¢�WiN�¥&OQ�iN3��O�¡6ZEN3P(XY¡6P ¤ ��O�¡6Z5X�¡3ªCí0KqabOQL�J.Z5X�O�¡6ZEN3P N = 2 ¢IN ¤ ¢�J�a±X ¤ §\J.W�¢�W8N�¥&OQ�U«�®�y�_O� Y�;N3WYJ¶^(J.PQOQJ.¥IJ�a��Y¡±^\J¶WYJ.PVN3�YJ�a��Y¡±���5J¨X���WY¡6Z_¢6Kq �¡ ¤ §5PÂOQZ_¢xPQOQL­OQ�	¡3ª N = 4 ²�³"´ ���5J�¡6W�«�GQº�ºJIq®GQº�æLIm���_Wi¡ ¤ ¢��HÀya ² ¯��E�*ë"`À~XyN3Z5¡6���5J.W~N3§_§_PQO� �N3��O�¡6ZH¡3ªC���5J~§_�EN6XYJ"abOVN3¢�WiN3Lx®bOQZ;GQº8�LI,�Y�5J�¡6^5XYJ.W�¥�N3��O�¡6Zs�yN6X�L�N6a_J����EN3�yOQZWYJ.¢�O�¡6Z5X	¡3ª�X�L�N3PQP��YJ.L­§(J.WiN3� ¤ WYJ�N3Z5a� 8WYOÂ�YOQ �N3PF i�5J.L­O� �N3P�§\¡6�YJ.Z&��OVN3P N = 4 ²�³	´ ���5J�¡6W�«BWYJ�a ¤  �J�X�Y¡�N £I¤ N3Z&� ¤ L�L�J� Y�EN3Z_O� �N3PC���5J�¡6W�«I` ´ ¡6WYJµX�§\J� .OÂ·E �N3PQPQ«I®5���5J"¢IN ¤ ¢�J	OQZ&¥�N3W�OVN3ZI�]§\N3W���OQ��O�¡6Zxª ¤ Z5 .��O�¡6ZWYJ�a ¤  �J�Xy�Y¡¨���EN3�?¡3ª�N3Z SU(2) X�§_OQZx Y�EN3OQZs�y�5J.Zx�q��¡­¡3ªC���5J" Y�5J.L­O� �N3Pm§(¡6�YJ.ZI��OVN3P�X~N3WYJ�� ¤ W�Z5J�as¡6ZN3Z5a;N3WYJ�J £I¤ N3PM®fN3Z5aoN3Z SU(2|3) X�§_OQZo Y�EN3OQZ;�y�5J.ZuN3PQP����_WYJ�J� Y�5J.L­O� �N3P�§\¡6�YJ.Z&��OVN3P�X¨N3WYJ­� ¤ WYZ5J�a¡6Z�N3Z5a�N3WYJµJ £I¤ N3PM`\ë��5J�XYJ	��J.WYJµO�a_J.ZI��OÂ·EJ�aB�yOQ���m®EWYJ�X�§\J� .��OQ¥IJ.PQ«�®E���5J SU(2) N3Z5a SU(2|3)  .P�¡�XYJ�aX ¤ ^5XYJ� .�Y¡6WYX�¡3ª����5J¨ �¡6Z�TÄJ� .� ¤ WYJ�a� �¡6L­§_P�J.�YJ SU(2, 2|4) X�§_OQZ� i�EN3OQZ�¡3ª N = 4 ²�³"´ ���5J�¡6W�«H�Y�EN3��EN�¥IJ�^(J�J.ZxOQZI¥IJ�X���OQ¢IN3�YJ�asOQZs���5J	X�� ¤ ab«¬¡3ª*OQZ&�YJ.¢�WiN3^_OQPQOÂ�U«;GQº�êLIq®�GQº.ñ*Iq®�GQº�íLIq®�GQº8�LIq®KGQº0ïLIq®KGQº8�PIq`À]¢IN3OQZBª¿¡6W N = 4 ²�³"´ ���5J�¡6W�«�®\���5Jµª�WiN3L�J.��¡6W�SB¡3ªtG �LIq®�G ï8I���N6X�¢�J.Z5J.WiN3PQOQ¹�J�a�OQZ�N�abOÂ»,J.WYJ.Z&�abOQWYJ� .��O�¡6Z�OQZ GQº�åPI�^&«BN3PQP�¡0�yOQZ_¢sZ5¡6ZbKM¹�J.WY¡s¼�½�¼¨¾ X]ª¿¡6W����5J­XY �N3PVN3W~·EJ.P�a_X�`,ë��5J�N ¤ ���5¡6WYX" �¡6L­§ ¤ �YJ�aN�¡6Z5J8KMP�¡&¡6§�J8»,J� .��OQ¥IJµ§\¡6�YJ.Z&��OVN3PCª¿¡6W]���5Jµ���5J�¡6W�«BN3�?·5Z_OQ�YJ¶�YJ.L­§\J.WiN3� ¤ WYJ­¡6Z S3 N3�~��J�N3S;¾ ��¸~¡I¡3ª�� �¡ ¤ §_PQOQZ_¢ ¤ Z5a_J.W����5J	N6XYX ¤ L­§_��O�¡6Z¬���EN3�y���5J~¼�½�¼¨¾ X�¡3ªC���5J�XY �N3PVN3W�·EJ.P�a_X?N3WYJ� �¡6Z5X��iN3Z&�Z¡"N3Z5a¬abOVN3¢6K¡6ZEN3P\L�N3��W�O� �J�X�` ¢~À]^(¡0¥�J~Nµ .W�OQ��O� �N3P\�YJ.L­§(J.WiN3� ¤ WYJ Tc � TH

���5J~J8»,J� .��OQ¥�J]§(¡6�YJ.ZI��OVN3P(�yN6X�¡6^5XYJ.W�¥IJ.a�Y¡¨a_J.¥�J.P�¡6§sZ5J.� ¤ Z5X��iN3^_P�J"abOQWYJ� .��O�¡6Z5X]N3P�¡6Z_¢¨���EJ�XY �N3PVN3WyabOQWYJ� .��O�¡6Z5X]N6 � �¡6L­§EN3Z_O�J�ax^I«�Z5J.� XiN6a_abP�J§\¡6OQZ&�YX~�y�_O� i��¡6Z_PQ«x§_WYJ�XYJ.W�¥IJ¨N3Z SO(5) X ¤ ^_¢�WY¡ ¤ §�¡3ª����5J¶¢�P�¡6^EN3P SO(6) O�XY¡6L�J.��W�«x¢�WY¡ ¤ §m`(ë��_O�X§_�5J.Z5¡6L�J.Z5¡6Z��yN6X�O�a_J.Z&��OÂ·EJ�a;N6X����5J¨��J�N3SB �¡ ¤ §_PQOQZ_¢x¥IJ.WYX�O�¡6Z�¡3ª����5J�+~WYJ.¢�¡6W�«IKqòfNL&\N3L­L�J�PQ¡& �N3PÂKOQ¹0N3��O�¡6Z�OQZ5X��iN3^_OQPQOQ�q«¤£]¡3ª,���5J?X�L�N3PQP AdS5
^_PVN6 YS­�5¡6P�JyOQZ����5Jy¢�WiN�¥&OQ�q«�a ¤ N3P\¡3ª,���5J?X���WY¡6Z_¢�PQ«� �¡ ¤ §_P�J�a¢IN ¤ ¢�J"���5J�¡6W�«�`ë��5J¨XY¡6P ¤ ��O�¡6Z5X��Y¡±���5J¨J £I¤ N3��O�¡6Z5X"¡3ªFL�¡6��O�¡6Z�¡6^_�iN3OQZ5J�aBª�WY¡6LÊ���5J¨J8»,J� .��OQ¥�J¶§(¡6�YJ.ZI��OVN3P�¡3ªtGQº�åPI��J.WYJ?¢�OQ¥�J.Z�OQZ��YJ.W�L�XF¡3ªmJ.OQ¢�J.ZI¥�N3P ¤ J]abO�X���WYOÂ^ ¤ ��O�¡6Z�ª ¤ Z5 .��O�¡6Z5X�OQZ¥G æbºmIM`�ëy�5J]N ¤ ���5¡6WYXF �¡6Z5X�O�a_J.WYJ�a����5JTÄ¡6OQZI�¨J.OQ¢�J.ZI¥�N3P ¤ J¬abO�X���W�OQ^ ¤ ��O�¡6Z ¡3ª?���5J±Ã*¡6PQ«IN3SI¡�¥�P�¡I¡6§ N3Z5a;���5J±XY �N3PVN3W¶¼�½�¼¨¾ X¨N3Z5a�ª¿¡ ¤ Z5a;���EN3����5J?�Y¡6§(¡6PQ¡6¢�«�¡3ªm���5J�TÄ¡6OQZ&��abO�X���W�OQ^ ¤ ��O�¡6Z±�yN6X���O�J�a��Y¡	���5J]¸�N3¢�J�a_¡6W�Z±§_�EN6XYJ]��WiN3Z5X�OQ��O�¡6ZmRI^\J.P�¡0�÷���5J¸�N3¢�J�a_¡6W�Z��YJ.L­§(J.WiN3� ¤ WYJ TH ���5J­J.OQ¢�J.Z&¥�N3P ¤ J.Xµ¡3ª����5J­XY �N3PVN3W"¼�½�¼¨¾ X	N3WYJ­abO�X���W�OQ^ ¤ �iJ.a ¤ Z_OÂª¿¡6W�L­PQ«¡�¥IJ.W?N3Z S5 N3Z5a±���5J"J.OQ¢�J.ZI¥�N3P ¤ J�X?¡3ªC���5J"ÃC¡6PQ«&N3S�¡0¥�P�¡I¡6§HN3WYJ"abO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«¬¡�¥IJ.W?N3Z S1 `ë�� ¤ X�®&���5J�TÄ¡6OÂZ&�yJ.OQ¢�J.ZI¥�N3P ¤ J	abO�X���W�OQ^ ¤ ��O�¡6ZsO�XyN3Z S5 ·5^(J.WYJ�a¬��W�OQ¥&OVN3PQPQ«±¡�¥IJ.W S1 ¦ OM` J�`Q®&OQ��O�X S1 × S5 `

c]fgorwPb]v cev kJw_v b�uLfe^HxHv b]^Hl n�kJw�cedP^E§�krfg�L^zfel v wP^�§�^zc�yR^H^Hw¨o~�PfebNc�krfg�L^zfCorw*��o!b]^HxHkJw*��krfg�L^zf�c]fgorwPb]v cev kJw��¤©3dPv b�d*orb�b]k{|oZfakJwPl n�§�^H^Hw_x�oZf]fev ^��_kJ`Lc�{�krfauP`8fe^
U(N) ª orwP}r�N«tv l l b�cedP^Hkrf]nW� ¬Z�0y�dP^zfe^�v c�yKorb�{�kJ`Pw*��ced*oZc�cedP^ac]fgoJwLb]v cev kmw_v bv w*�L^H^��!kr{¤�PfebNc�krfg�L^zf��­�©3dP^R®�¯V®a° b±oZfe^Korb]b]`Ph�^��CdPkJh�kJ}J^HwP^HkJ`Pb¤kJwCcedP^

S3
cek�uLfe^Hb]^zfesm^0cedP^

SO(4)
v b]kJh�^zc]f]nm�J²�cedP^zf]y�v b]^RcedP^RsrorxH`P`Phy3kJ`Pl �)b]u�kJwpcgorwP^HkJ`Pb]l n)§8fe^�orqtfekrcgoZcev kJw*orl±v w8sJoZfev orwPxH^J��orw*�)b]`Pxgd�orw�^z�Lkrcev xauPd*orb]^av b�sm^zf]n)�Lv ³�^zfe^Hwmc�{ fekJh�y�d*oZc�v bkJ§Pb]^zfesm^��toZc�bNc]fekJwP}�xHkJ`PuPl v wP}L�´ ©3dPv b�u�krce^Hwpcev orl�yKorb�xHkJh�uP`Lce^��~^�oZfel v ^zf�v w_� µZ��{�krf�cedP^�b]u�^HxHv orlXx�orb]^�kr{V�H^zfek�i¤kJl n8orqmkZs!l kpkJu'^Hv }J^Hw8sJorl `P^HbH�¶�·8^H^E� ¸r¹r��{�krf�oafe^HxH^HwpcKfe^Hs8v ^zy#kr{0º�fe^H}Jkrf]n8��»XoZ¼�orh�h�^�v wPbNcgor§Pv l v c�np�



����}­z���}­z�� ï
À]^\¡0¥�J TH ���5J"J.OQ¢�J.ZI¥�N3P ¤ J	abO�X���W�OQ^ ¤ ��O�¡6ZH¡3ªC���5J�Ã*¡6PQ«IN3SI¡�¥±P�¡I¡6§x¡6§(J.Z5X?N¶¢IN3§HN3Z5a¬��� ¤ Xy^\J� �¡6L�J�XN3Z�OQZ&�YJ.W�¥�N3PM`fë��5J�XY �N3PVN3Wµ¼�½�¼¨¾ X¶N3WYJ�abO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«�¡0¥�J.W¨N3Z S5 ·5^(J.WYJ�a;¡0¥�J.Wµ���_O�XµOÂZ_K�YJ.W�¥�N3PM®(�yOQ�������5J¨WiN6abO ¤ X	¡3ª����5J S5 N3�µN3Z&«H§(¡6OQZI�	OQZ����5J¨OQZ&�YJ.W�¥�N3P�§_WY¡6§(¡6W���O�¡6ZEN3P��Y¡¬���5J­a_J.Z5X�OQ�U«¡3ª~Ã*¡6PQ«IN3SI¡�¥oP�¡I¡6§ J.OQ¢�J.ZI¥�N3P ¤ J�X�N3�­���EN3�¨§(¡6OQZI�¥FVª¿¡6W¶·_Å_J�a TR M8`*ë��5J S5 �Y� ¤ X­X��_W�OQZ_SbX¨�Y¡B¹�J.WY¡WiN6abO ¤ X]N3�?���5J	J.Z5ab§\¡6OQZ&�YX]¡3ª*���5J"OQZI�YJ.W�¥�N3PMR_���5J"�Y¡6§(¡6P�¡6¢�«s¡3ª*���5J�TÄ¡6OQZ&�?J.OQ¢�J.Z&¥�N3P ¤ J	abO�X���WYOÂ^ ¤ ��O�¡6ZxO�XN3Z S6 `\ë��5J¨N ¤ ���5¡6WYX~OQZ&�YJ.W�§_WYJ.�YJ�aB���5J S5 J.OÂ¢�J.Z&¥�N3P ¤ J¨abO�X���W�OQ^ ¤ ��O�¡6Z�¡3ª����5J¶XY �N3PVN3W�¼�½�¼¨¾ X�N6X]���5JJ.L�J.W�¢�J.Z5 �Jµ¡3ªC���5J S5 ªMN6 .�Y¡6W?¡3ª*���5J"�5¡6P�¡6¢�WiN3§_�_O� µa ¤ N3Pm���5J.W�L�N3P AdS5 × S5 ¢�J�¡6L�J.��W�«I®_�y�5J.WYJ�N6X���5J S6 ��N6X�O�a_J.ZI��OÂ·EJ�a��yOQ����N�Z5¡6ZbKq �¡6Z&��WiN6 .��OQ^_P�J S6 N3§_§\J�N3W�OQZ_¢sOQZ����5J¶Z5J�N3WÄKM�5¡6W�OQ¹�¡6Z�¢�J�¡6L�J.��W�«¡3ª*N¶ �¡6Zb·5¢ ¤ WiN3��O�¡6Zx¡3ª*X�L�J�N3WYJ�a D"æ0KM^_WiN3Z5J�X�®_N3WYOQX�OQZ_¢¨ª�WY¡6L ë�Kqa ¤ N3PQOQ¹�OQZ_¢±N3P�¡6Z_¢¨���5J~���5J.W�L�N3Pm .OQWY .P�J¡3ª*���5J.W�L�N3P AdS5

`
ë��_O�XF���5J�X�O�XFO�X�¡6W�¢IN3Z_OQ¹�J�a¬N6X�ª¿¡6PQP�¡0�?X�` � Z��F�EN3§_�YJ.W�º?��J?¢�OQ¥IJ~N3Z�OQZ&��WY¡Ia ¤  .��O�¡6Z¬�Y¡ N = 2 U(N)M£I¤ OQ¥�J.W"¢IN ¤ ¢�J����5J�¡6W�«�¡6Z S1 × S3 �yOQ���; Y�5J.L­O� �N3PF§\¡6�YJ.Z&��OVN3P�Xµ �¡6Z�T ¤ ¢IN3�YJ­�Y¡s���5J R Kq i�EN3W�¢�J�X�` � Z§EN3W���O�  ¤ PVN3W�®b��J~Z5¡6�YJ����EN3�yXY¡6L�J�¡3ªC���5J�a_J.�iN3OQP�Xy¢�OQ¥�J.Z¬�5J.WYJ���J��EN�¥IJ~Z5¡6��ª¿¡ ¤ Z5a¬J.P�XYJ.�y�5J.WYJ�OQZ¬���5JPQOQ�YJ.WiN3� ¤ WYJ�` � Z¬§EN3W���O�  ¤ PVN3W�®_��J~�?W�OQ�YJ~���5J~ª ¤ PQP,òfN3¢�WiN3Z_¢�OVN3ZHa_J.Z5X�OQ�q«�OQZ¬�YJ.W�L�X?¡3ª SU(2)R ×U(1)ROQZI¥�N3W�OVN3Z&�YX�`� Z;�F�EN3§_�YJ.W	æ���J¶J.¥�N3P ¤ N3�YJ¶���5J £I¤ N3ZI� ¤ LðJ8»,J� .��OQ¥�J­N6 .��O�¡6Z�¡3ª N = 2 £I¤ OQ¥�J.W~¢IN ¤ ¢�J¶���5J�¡6W�«�yOQ��� Z5¡6ZbKM¹�J.WY¡ R KqX�«&L­L�J.��W�«u i�5J.L­O� �N3P?§\¡6�YJ.Z&��OVN3P�X±N3Z5au¹�J.WY¡�XY �N3PVN3W­¼�½�¼¨¾ X­OQZ ���5J gYM → 0PQOQL­OQ�±N3Z5a J8Åb§_WYJ�XYX­OQ��OQZ �YJ.W�L�X�¡3ª"X�OQZ_¢�P�J8KM§EN3W���O� .P�Jx§EN3W���OQ��O�¡6Z ª ¤ Z5 .��O�¡6Z5X�` ¦ J ¤ XYJ¬���5JxJ8»,J� .��OQ¥�JN6 .��O�¡6Z¬�Y¡¨ �¡6Z5X���W ¤  .�]NµL�N3��W�OÂÅ±L�¡&a_J.P\ª¿¡6W N = 2 £I¤ OQ¥IJ.W�¢IN ¤ ¢�J����5J�¡6W�«±¡6Z S1 × S3 `bë��5J~L�¡&a_J.P� ¤ W�Z5X�¡ ¤ �­�Y¡�^(JxN3Z M KML�N3��W�OÂÅ L�¡Ia_J.P?�yOQ���úN6a6TÄ¡6OQZI�±N3Z5au^_OÂª ¤ Z5a5N3L�J.Z&�iN3P?§(¡6�YJ.ZI��OVN3P�X�`a
�J8ª�¡6WiJ� ¤ W�Z_OQZ_¢¶�Y¡	���5J?§_�EN6XYJ]��WiN3Z5X�OQ��O�¡6Z±OQZ����_O�XFL�N3��W�OÂÅ�L�¡&a_J.P\��J~abO�XY  ¤ XYXF¡6WYa_J.W�§EN3WiN3L�J.�YJ.WYX�^&«¨�y�_O� i��Y¡	O�a_J.Z&��OÂª�«­���5J]§_�EN6XYJ]��WiN3Z5X�OQ��O�¡6Zm` ¦ J?���5J.Z±L�¡�¥IJ]¡6Z±�Y¡µX�� ¤ ab«­���5J~XiN6a_abP�J]§\¡6OQZ&�YX�¡3ªm���5J?L�N3��W�OÂÅL�¡Ia_J.PCN6X�ª ¤ Z5 .��O�¡6Z5X?¡3ª*�YJ.L­§\J.WiN3� ¤ WYJ¶N3Z5ax Y�5J.L­O� �N3Pm§(¡6�YJ.ZI��OVN3P*N3Z5a¬���5J.WYJ.^&«¬J8Å5N3L­OQZ5J"���5J�§5�EN6XYJX���W ¤  .� ¤ WYJ]¡3ªm���5J?L�¡Ia_J.PM` � Z����5J?P�¡0��KM�YJ.L­§\J.WiN3� ¤ WYJ~§_�EN6XYJ?��Jy·5Z5a±N	XiN6a_abP�J?§(¡6OQZI�� �¡6W�WYJ�X�§\¡6Z5abOQZ_¢�Y¡sN ¤ Z_OÂª�¡6WYLðabO�X���W�OQ^ ¤ ��O�¡6Z�¡3ª����5J¨J.OQ¢�J.ZI¥�N3P ¤ J�X	¡3ª����5J¨ÃC¡6PQ«&N3S�¡0¥HP�¡I¡6§V½�` � Z����_O�X~§5�EN6XYJ¶���5Jµª�WYJ�JJ.Z5J.W�¢�«÷O�X O(1) �yOQ��� WYJ�X�§\J� .�s�Y¡ N `�ë��_O�Xs^\J.�EN�¥&O�¡6Ws¡3ª¶���5JBª�WYJ�J�J.Z5J.W�¢�« X ¤ ¢�¢�J�X��YX±���\N3�¬���5JL�¡Ia_J.P�OQZ����_O�X~§_�EN6XYJ­a_J�XY 8WYOÂ^(J�X	N�Z5¡6ZbKMOQZI�iJ8W8N6 8�YOQZ_¢x¢IN6X�¡3ª� �¡6P�¡6W"X�OQZ_¢�P�J.�"X��iN3�YJ�X�®,N3Z5aB���5J¶§5�EN6XYJO�X	���EJ8WiJiª¿¡6WYJ�PVN3^(J.PQP�J�a;Sq �¡6Zb·5Z_OQZ_¢*Ui`*ë��_O�X¨XiN6a_abP�J�§(¡6OQZI�¶O�X¶¡6^5XYJ.W�¥IJ�a��Y¡x^(J� �¡6L�J ¤ Z5X��iN3^_P�J��y�5J.Z���5J��YJ.L­§(J.WiN3� ¤ WYJ±O�X	WiN3O�XYJ�auN3^\¡0¥�J¬Nx �J.W��iN3OQZo���_WYJ�X��5¡6P�a;�YJ.L­§\J.WiN3� ¤ WYJ¾F2�y�_O� i�ua_J.§\J.Z5a_X¨¡6Z;���5J Y�5J.L­O� �N3P,§(¡6�YJ.Z&��OVN3P�M.`_ë��5J�L�¡Ia_J.P,���5J.ZsJ.Z&�YJ.WYX?NµZ5J.� §_�EN6XYJ~OQZ¬�y�_O� i�s���5J]ª�WYJ�J�J.Z5J.W�¢�«±XY �N3P�J�X?N6X
N2M N6X N →∞ `bë��_O�X�§_�EN6XYJ~O�X���� ¤ X�OQZ&�YJ.W�§_WYJ.�YJ�axN6X�a_J�XY .W�OQ^_OQZ_¢�NµZ5¡6ZbKMOQZI�YJ.WiN6 .��OQZ5¢­§_PVN6X�L�N¶¡3ª �¡6P�¡6W"Z5¡6ZbKqX�OQZ_¢�P�J.�	X��iN3�YJ�XµN3Z5aBO�X�PVN3^(J.PQP�J�a#Sqa_J� �¡6Zb·5Z5J�aXU8`më��5J_Sqa_J� �¡6Zb·5Z5J.L�J.Z&�HU­��WiN3Z5X�OQ��O�¡6Z�O�X"¡3ª·5WYX���¡6WYa_J.W?N3Z5a�O�X�O�a_J.Z&��OÂ·EJ�a±�yOQ���xNµ¸�N3¢�J�a_¡6W�Z¬§_�EN6XYJ~��WiN3Z5X�OQ��O�¡6Zm`bë��5J� �¡6Z5abOQ��O�¡6Zs¡3ªCX��iN3^_OQPQOQ�U«�¡3ª���5JyP�¡���KM�YJ.L­§(J.WiN3� ¤ WiJ]XiN6a_abP�J?§\¡6OQZ&��O�X���WiN3Z5X�PVN3�YJ�a�OQZI�Y¡µN�§_�EN6XYJ?abOVN3¢�WiN3L ¡3ª,���5Jy¢IN ¤ ¢�J?���5J�¡6W�«�N6XN"ª ¤ Z5 .��O�¡6Zs¡3ªf^(¡6���¬�YJ.L­§\J.WiN3� ¤ WYJ	N3Z5a¬ Y�5J.L­O� �N3P,§(¡6�YJ.ZI��OVN3P�X�` ¦ J~X ¤ ^EXYJ £I¤ J8Z&��PQ«�X�� ¤ ab«����5J]§5�EN6XYJabOVN3¢�WiN3LÊOQZHWYJ.¢�O�¡6Z5X"¡3ªFX�L�N3PQPC�YJ.L­§\J.WiN3� ¤ WYJ­N3Z5aB .W�OQ��O� �N3P� i�5J.L­O� �N3P*§\¡6�YJ.Z&��OVN3PM` ¦ J¶¡6^5XYJ.W�¥�Jµ���EN3����5J"¸]OQPQ^\J.W��]X�§EN6 �J"¡3ª*¢IN ¤ ¢�J�OQZ&¥�N3W�OVN3ZI�]¡6§(J.WiN3�Y¡6WYXy��W ¤ Z5 �N3�YJ�X?�Y¡¨���5J SU(2) X ¤ ^5XYJ� .�Y¡6W?�y�5J.Zs���5J
¿z\_^�oZfe^a`Pb]v wP}to�b]kJh�^zy�d*oZc�b]l kJuPupn'ce^zfeh�v wPkJl kJ}rn)dP^zfe^JÀ�§pn�Á i¤kJl n8orqmkZs)l kpkJu�°�y3^afe^�orl l n�h�^�orw'cedP^adPkJl kJwPkJhanh~oZc]fev �)kr{Ko~xHl kJb]^���xH`Lfesm^ay�v w*�8v wP}'or§�kJ`Lc�cedP^acedP^zfeh~orl¤xHv fexHl ^�oJwP��wPkrcK��`PbNcCv ceb�c]fgorxH^J�X©3dLfekJ`P}JdPkJ`Lc�cedPv b�cedP^Hb]v by3^�y�v l lX`Pb]^�cedP^�y3krfg�!cek��8^Hb]xzfev §�^�§�krced'orw*�!l ^�o�sm^�cedP^�uLfe^HxHv b]^Ch�^�orwPv wP}acek�§�^��L^zce^zfeh�v wP^���{ fekJh cedP^�xHkJwpce^z�8c��



� ����}­z���}­z��
 Y�5J.L­O� �N3P_§(¡6�YJ.ZI��OVN3PE .¡6WYWYJ�X�§\¡6Z5abOQZ_¢	�Y¡~���5J SU(2)R

ªMN6 .�Y¡6W�¡3ª\���5J R KqX�«&L­L�J.��W�«µ¢�WY¡ ¤ § SU(2)R×
U(1)R

O�X~� ¤ W�Z5J�a�¡6Zm®\�y�5J.WYJ�N6X~�y�5J.Z�^(¡6���� i�5J.L­O� �N3P*§(¡6�YJ.ZI��OVN3P�X	N3WYJ¶� ¤ W�Z5J�a�¡6Z�N3Z5aBXYJ.��J £I¤ N3PM®OQ����W ¤ Z5 �N3�YJ�X��Y¡­NµPVN3W�¢�J.W?X ¤ ^5XYJ� .�Y¡6W����EN3�y �¡6W�WYJ�X�§(¡6Z5a_X��Y¡­N3Zs¡6W�^_OÂª¿¡6P�a_J�a¬¥IJ.WYX�O�¡6Zs¡3ªf���5J SU(2|3)XYJ� .�Y¡6W�ª¿¡ ¤ Z5asOQZ N = 4 ²�³"´ ���5J�¡6W�«�`� Z��F�EN3§_�YJ.W¶ê±��J­a_J.¥IJ.P�¡6§;N¬L�N3��W�OÂÅ�L�¡&a_J.P�ª¿¡6W N = 2 £I¤ OQ¥�J.W"¢IN ¤ ¢�J­���5J�¡6W�«�¡6Z S1 × S3�yOQ���;Z5¡6ZbKM¹�J.WY¡H¼�½�¼¨¾ X"ª¿¡6W	���5J�XY �N3PVN3W	·EJ.P�a_X¨N3Z5a�¹�J.WY¡ R KqX�«&L­L�J.��W�«� i�5J.L­O� �N3P�§\¡6�YJ.Z&��OVN3P�X�` ¦ J �N3W�W�«�¡ ¤ �µ���_O�X¶ �¡6L­§ ¤ �iN3��O�¡6ZoOQZ;���5J�X�§\J� .OVN3P� �N6XYJ��y�5J.WYJ����5J�^EN6 YS&¢�WY¡ ¤ Z5a�·EJ.P�a_X¨N3WYJ�N6XYX ¤ L�J.a�Y¡o^\J#Sq .¡6L­L ¤ ��OQZ_¢*U�OQZÁNoXYJ.Z5XYJH���EN3�x �¡6Zbª¿¡6W�L�X¬�Y¡o���5J £I¤ OQ¥�J.WsX���W ¤  .� ¤ WYJ�`�� ¤ W����5J.W�L�¡6WYJ����5J^EN6 YS&¢�WY¡ ¤ Z5a­·EJ.P�a_X��yOQPQPE^\Jy�iN3SIJ.Z��Y¡"^\J?X��iN3��O� ~N3Z5a�X�§EN3��OVN3PQPQ«¨�5¡6L�¡6¢�J.Z5J�¡ ¤ XFOQZ�¡6WYa_J.WF�Y¡"§_WYJ�XYJ.W�¥IJ���5J SO(4) O�XY¡6L�J.��W�«B¡3ª����5J¨X�§EN3��OVN3P S3 L�N3Z_OÂª¿¡6P�a,`(ë��5J¶L�J.���5¡Ia�J.L­§_P�¡0«�J�aHª¿¡6W� �¡6L­§ ¤ ��OQZ_¢¬���5JJ8»,J� .��OQ¥�Jy§(¡6�YJ.ZI��OVN3P\�yOQPQP5^(Jy���5J?X��iN3Z5a5N3WYa�^EN6 YS&¢�WY¡ ¤ Z5a­·EJ.P�a¨ª¿¡6W�L�N3PQO�X�Lx`Ië��EN3�FOQX�®���J?J8Åb§EN3Z5a­���5J£I¤ N3ZI� ¤ L�·EJ.P�a_X]N3^(¡ ¤ �] .PVN6XYX�O� �N3Pm^EN6 iS&¢�WY¡ ¤ Z5a¬·EJ.P�a_X~N3Z5as§EN3���xOQZ&�YJ.¢�WiN3�YJµ¡�¥IJ.Wy���5J'& ¤  .� ¤ N3��O�¡6Z5X�®abO�XY �N3WYabOQZ_¢;�YJ.W�L�X±¡3ª	  ¤ ^_O� H¡6W��_OQ¢��5J.W±¡6WYa_J.W�OQZ÷���5J�& ¤  .� ¤ N3��O�¡6Z5X�`�ë��5JxWYJ�X ¤ PQ��OQZ_¢;& ¤  .� ¤ N3��O�¡6Z¡6§\J.WiN3�Y¡6WYX¨� ¤ W�Zu¡ ¤ �¨�Y¡H�EN�¥IJ±Nx§EN3W���O�  ¤ PVN3W­��W�O�abOVN3¢�¡6ZEN3PyX���W ¤  .� ¤ WYJ±OQZo���5J.OQW £I¤ OÂ¥IJ.W¶OQZ5abO� �J�X�`�
�«J8Åb§_P�¡6OQ��OQZ_¢;���5Jx¥�N6  ¤_¤ L�X���W ¤  .� ¤ WYJB¡3ª"���5Jx���5J�¡6W�« ��Js·5Z5a ���EN3�����5JHa_J.�YJ.W�L­OQZEN3Z&�YX�ªMN6 .�Y¡6W�OQ¹�J�®P�J�N6abOQZ_¢¬�Y¡¬N3Z�J8Åb§_WYJ�XYX�O�¡6ZHª¿¡6W~���5J £I¤ N3ZI� ¤ LÊJ8»,J� .��OQ¥IJ¨N6 .��O�¡6Z�¡3ª N = 2 U(N)M £I¤ OQ¥�J.W~¢IN ¤ ¢�J���5J�¡6W�«����EN3�µJ8Åb§_PQO� .OQ��PQ«�abO�X�§_PVN�«bX	���5J
ZM

X���W ¤  .� ¤ WYJ�¡3ª����5J­���5J�¡6W�«I`��COQZEN3PQPQ«���J­¢�J.Z5J.WiN3PQOQ¹�J�¡ ¤ WWYJ�X ¤ PQ�YXF�Y¡¶N	X�§(J� .OÂ·E ] .PVN6XYX�¡3ª,·EJ.P�a����5J�¡6W�O�J�X����EN3�� �N3Z�^(J]¡6^_�iN3OQZ5J�a¬N6X ZM
§_WY¡6TÄJ� .��O�¡6Z5X�¡3ª N = 4²�³"´ ���5J�¡6W�«�®5¡3ª*�y�_O� Y� N = 2 £I¤ OQ¥IJ.Wy¢IN ¤ ¢�J"���5J�¡6W�«¬O�X]N¨X�§\J� .OVN3Pf �N6XYJ�`� Z¾�F�EN3§_�YJ.W�ñ±��J	·5ZEaH���5J¶XiN6a_abP�Jµ§\¡6OQZ&�YX�¡3ªF���5JµL�N3��W�OÂÅHL�¡Ia_J.P�¡3ª��F�EN3§_�YJ.W	ê�OQZB���5JµPVN3W�¢�J

N PQOQL­OQ�"OQZ�N± �¡�N3WYXYJ¶¢�WiN3OQZ5J�a�N3§_§5WY¡�ÅbOQL�N3��O�¡6Zm` ¦ J¨ �¡6Z5X�O�a_J.W"���5J~TÄ¡6OQZ&�"J.OQ¢�J.ZI¥�N3P ¤ J­abO�X���W�OQ^ ¤ ��O�¡6Z¡3ª����5J�XY �N3PVN3W	¼�½�¼¨¾ XµN3Z5a����5J�Ã*¡6PQ«IN3SI¡�¥�P�¡&¡6§oN3Z5a�·5Z5a����EN3�µ���5J­�Y¡6§\¡6P�¡6¢�«�¡3ªy���5J�J.OQ¢�J.Z&¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6Z O�X¨��O�J�au�Y¡B���5J¬¸"N3¢�J.a5¡6W�Z §_�EN6XYJ±��WiN3Z5X�OQ��O�¡6Zm`�
�J.P�¡0� ���5J¬¸�N3¢�J�a_¡6W�Z �YJ.L­§(J.WiN3� ¤ WYJ���5JHJ.OQ¢�J.Z&¥�N3P ¤ J�X¬¡3ª	���5JBXY �N3PVN3W±¼�½�¼¨¾ X¬N3WYJBabO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«÷¡0¥�J.W¬N3Z S5/ZM
N3Z5a ���5JJ.OQ¢�J.ZI¥�N3P ¤ J�X±¡3ª"���5JHÃC¡6PQ«&N3S�¡0¥uP�¡&¡6§ N3WYJxabO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ« ¡�¥IJ.W±N3Z S1 `�ë�� ¤ X�®��Y�5J­TÄ¡6OQZ&�J.OQ¢�J.ZI¥�N3P ¤ J	abO�X���W�OQ^ ¤ ��O�¡6ZxO�X]N3Z S5/ZM

·5^(J.WYJ�as��W�OQ¥&OVN3PQPQ«¬¡�¥IJ.W S1 ` ¦ J~OQZ&�YJ.W�§_WYJ.�?���_O�X S5/ZM
N6X���5J	J.L�J.W�¢�J.Z5 �J¶¡3ª*���5J S5/ZM

ªMN6 .�Y¡6W]¡3ª����5J	�5¡6P�¡6¢�WiN3§_�_O� �N3PQPQ«Ha ¤ N3P AdS5 × S5/ZM
¢�J�¡6L�J.��W�«I`À]^\¡0¥�J����5Jy¸�N3¢�J�a_¡6W�Z­�YJ.L­§\J.WiN3� ¤ WYJ?���5J�J.OQ¢�J.Z&¥�N3P ¤ JyabO�X���W�OQ^ ¤ ��O�¡6Z�¡3ªE���5JyÃC¡6PQ«&N3SI¡�¥µP�¡&¡6§­^\J� �¡6L�J�X¢IN3§_§\J�a�N3Z5a�O�X���� ¤ XµN3Z�OQZI�iJ8WY¥6N3PM`,ë��EJ¨XY �N3PVN3W"¼�½�¼¨¾ X"N3WYJ¨Z5¡0� abO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«B¡0¥�J.WµN3Z

S5/ZM
·5^\J.WYJ�a�¡�¥IJ.W����5OQX�OQZ&�YJ.W�¥�N3PM®��yOQ�������5JyWiN6abO ¤ XF¡3ª,���5J S5/ZM

N3�FN3Z&«¶§(¡6OQZI�FOQZ����5JyOQZI�YJ.W�¥�N3P§_WY¡6§\¡6W���O�¡6ZEN3Pm�Y¡µ���5J�a_J.Z5X�OQ�U«�¡3ª*ÃC¡6PQ«&N3S�¡0¥�P�¡&¡6§sJ.OQ¢�J.ZI¥�N3P ¤ J�X]N3���Y�EN3��§\¡6OQZ&��FVª¿¡6WF·_Å_J�a TR M8`&ë��5J
S5/ZM

��� ¤ X¶X��_W�OQZ_SbX	�Y¡H¹�J8Wi¡xWiN6abO ¤ X­N3�µ���5J�J.Z5ab§(¡6OQZI�YX¨¡3ª?���5J�OÂZ&�YJ.W�¥�N3PMRf���5J��Y¡6§(¡6P�¡6¢�«;¡3ªy���5JTÄ¡6OQZI�µJ.OQ¢�J.Z&¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z;O�XµN3Z S6/ZM
�y�5J.WYJ����5J

ZM
OQX ¤ Z5a_J.WYX��Y¡&¡Ia��Y¡HN6 .�µ¡6Z����5J S5��WiN3Z5X�¥�J.WYXYJ��Y¡�N3Z S1 abOVN3L�J.�YJ.W�`��COQZEN3PQPQ«���J±¢�J.Z5J.WiN3PQOQ¹�Js¡ ¤ W¶WYJ�X ¤ PQ�YX¶�Y¡H���5J ZM

¡6W�^_OÂª¿¡6P�a�·EJ.P�a���5J�¡6W�O�J�X�abO�XY  ¤ XYXYJ�a�N3�~���5J¶J.Z5aB¡3ª ² J� .��O�¡6Z�íb` � ZH§EN3W���O�  ¤ PVN3W���J	·5Z5aH���EN3�~���5Jµ¢�J�¡6L�J.��W�«B¡3ª����5Ja ¤ N3P5Àya ² X�§EN6 �J.��OQL�JyO�X*L­OQW�WY¡6WYJ�a¨OQZ­���5JyX���W ¤  .� ¤ WYJy¡3ª\���5J £I¤ N3Z&� ¤ L�J8»,J� .��OQ¥IJyN6 .��O�¡6Z­OQZ�N]§_WYJ� .O�XYJ��N�«±�yOQ���_OQZx���_O�X? .PVN6XYX?¡3ª�¡6W�^5O ª¿¡6P�a¬·EJ.P�as���5J�¡6W�O�J�X�`� Z;���5J¬ �¡6Z5 .P ¤ X�O�¡6Zu��J¬abO�XY  ¤ XYXµ���5J�WYJ�X ¤ PQ�YX¶��J��EN�¥�J±¡6^_�iN3OQZ5J�aoOQZu���_O�Xµ���EJ.X�O�X­N3Z5auX ¤ ¢�¢�J�X��abOQWYJ� .��O�¡6Z5Xyª¿¡6W�ª ¤ � ¤ WYJ	X�� ¤ ab«�`



ÂÄÃÆÅ ÇÉÈ_Ê¥ËÍÌ

N = 2 Î
>?A�ÏðÍÐ: ÑÓÒÔ>ÕÑ©Í ËBÖ Í ÇÔ:¾×

� Zµ���_O�XC Y�EN3§_�YJ.WC��J�WYJ.¥&O�J.� N = 2 U(N)M £I¤ OQ¥IJ.Wf¢IN ¤ ¢�JF���5J�¡6W�O�J�X*¡6Z S1×S3 �yOQ��� R KqX�«&L­L�J.��W�« Y�5J.L­O� �N3P_§\¡6�YJ.Z&��OVN3P�X�` Q�À ^_W�O�J8ªEOQZ&��WY¡Ia ¤  8�i¡6W�«µWYJ.¥&O�J.� ¡3ª N = 2 £I¤ OQ¥�J.WC¢IN ¤ ¢�J����5J�¡6W�O�J�X�¡6Z S1×S3O�XC¢�OQ¥IJ.Z¨OQZ ² J� .��O�¡6Zxº�`Qº�` � Z¨���5J�XYJ� .��O�¡6Zxº�` æ]��J�X��5¡0� J8Åb§_PQO� .OQ��PQ«¶�5¡�� N = 2 £I¤ OÂ¥IJ.W*¢IN ¤ ¢�J����5J�¡6W�« �N3Zo^\J¬¡6^_�iN3OQZ5J�a;ª�WY¡6L N = 4 ²�³	´ ���5J�¡6W�«�^&«�¡6W�^5O ª¿¡6P�ao§_WY¡6TÄJ� .��O�¡6Zm` � Z º�` êx��J±abO�X�§_PVN�«����5J
SU(2)R ×U(1)R R KqX�«&L­L�J.��W�«±¡3ªC���5J~���5J�¡6W�«�^&«��yW�OQ��OQZ_¢­���5J"òfN3¢�WiN3Z_¢�OVN3Zxa5J8ZEX�OÂ�U«�OQZ¬�YJ.W�L�Xy¡3ªOQZI¥�N3W�OVN3Z&�YX�` ¦ J�Z5¡6�YJF���EN3�*L�N3ZI«µ¡3ª5���5JF�YJ� i�_Z_O� �N3P_a_J.�iN3OQP�XC¢�OQ¥IJ.Zµ�5J.WYJyN3WYJFZ5¡6��N�¥�N3OQPVN3^_P�J�J.P�XYJ.�y�5J.WYJOQZH���5JµPQOQ�YJ.WiN3� ¤ WYJ�` � Z ² J� .��O�¡6Z º�` ñ±��JµWYJ.¥&O�J.� �5¡�� �Y¡�OQL­§_P�J.L�J.ZI�����5J¶ i�5J.L­OQ �N3P*§(¡6�YJ.ZI��OVN3P�X�OQZI�Y¡���5JµòfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«�` � Z ² J� .��O�¡6Zuº�` í­��J	���5J.ZH�yWYOÂ�iJ ¤ §H���5Jµ �¡6L­§_P�J.�YJ¶òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«OQZ5 .P ¤ abOQZ_¢ R KqX�«&L­L�J.��W�«s Y�5J.L­O� �N3Pf§\¡6�YJ.Z&��OVN3P�X�`
Ø~ÙrØ ÚÐÛ�Ü)ÝZÛ�Þàß~á N = 2 â'ã Ý�Ü~Û�äÉå~æ ã å~ÛèçRé_Û�ß�äRê
N = 2 £I¤ OÂ¥IJ.W�¢IN ¤ ¢�J­���5J�¡6W�«B�yOQ����¢IN ¤ ¢�J¨¢�WY¡ ¤ § U(N)M N3W�O�XYJ�X	N6X����5J¨��¡6W�P�a&KM¥�¡6P ¤ L�J­���5J�¡6W�«¡3ª"¡6§(J.ZúX���W�OQZ_¢�X�J.Z5abOQZ_¢o¡6ZúN�X��iN6 YS ¡3ª N D"ê0KM^_WiN3Z5J�X�§_PVN6 �J�a÷¡6Z ���5Jx¡6W�^_OÂª¿¡6P�a

C
3/ZM

`�ë��5J¢IN ¤ ¢�J?���5J�¡6W�«­O�X��Y� ¤ XFX ¤ §(J.WY �¡6Zbª¿¡6W�L�N3P�G æ��LI\�yOQ���Hº8�	X ¤ §(J8Wi Y�EN3W�¢�J�X�` � �F �N3Z�^(J?¡6^_�iN3OQZ5J�a¬N6X�N ZM§_WY¡6TÄJ� .��O�¡6Z±¡3ª N = 4 U(NM) ²�³"´ ���5J�¡6W�«�N6XFJ8Åb§_PVN3OQZ5J�a�OQZ�a_J.�iN3OQP\OQZ ² J� .��O�¡6Z�º�` æb`Ië��5J?WYJ�X ¤ PQ�ÄKOQZ_¢�¢IN ¤ ¢�Jµ¢�WY¡ ¤ §BO�X U(N)M �y�5J.WYJ¨N3PQPf�Y�5J U(N) ªMN6 .�Y¡6WYX~¡3ª����5J	¢IN ¤ ¢�Jµ¢�WY¡ ¤ §��EN�¥IJ	���5JµXiN3L�J¢IN ¤ ¢�J¶ �¡ ¤ §_PQOQZ_¢s �¡6Z5X��iN3Z&� gYM
N6XYXY¡I .OVN3�YJ�aB�yOQ���B���5J.Lx`(òmJ.����OQZ_¢ i = 1, . . . ,M N3Z5aHO�a_J.Z&��OÂª�«&OQZ_¢

i ' i+M ®��Y�5Jy·EJ.P�a± �¡6Z&�YJ.Z&�� �N3Z±^\J~X ¤ L­L�N3W�OQ¹�J�asN6X�ª¿¡6PQP�¡0�?X�`Ië��5J.WYJ"N3WYJ M ¥IJ. .�Y¡6W�L ¤ PQ��OQ§_P�J.�YXZY
(Aµi,Φi, ψΦ,i, ψi)

�y�5J.WYJ Aµi O�Xf���5J�¢IN ¤ ¢�J�·\J8P�a,® ψi O�Xf���5JF¢IN ¤ ¢�OQZ5¡_® Φi
O�X*N? �¡6L­§_P�J8Å¶XY �N3PVN3Wf·EJ.P�a,®N3Z5a ψΦ,i

O�Xy�Y�5J	X ¤ §\J.W�§EN3W���Z5J.W�¡3ª Φi
` ¦ J"�iN3S�J ψi N3Z5a ψΦ,i

�Y¡­^\Jµæ0Kq �¡6L­§(¡6Z5J.Z&� ¦ J.«&PfX�§_OQZ5¡6WYX�`� ¤ W����5J.W�L�¡6WYJ­���5J.WYJ­N3WYJ M �&«&§\J.W�L ¤ PQ��OQ§_P�J.�YX (Ai,(i+1), B(i+1),i, χA,i, χB,i)
�y�5J.WYJ Ai,(i+1)

N3Z5a
B(i+1),i

N3WYJy �¡6L­§_P�J8Å¨XY �N3PVN3W*·EJ.P�a_X�N3Z5a χA,i N3Z5a χB,i N3WYJ����5J.OQW*WYJ�X�§(J� .��OQ¥�JyX ¤ §\J.W�§EN3W���Z5J.WYX��y�_O� i���J]�yOQPQP(�iN3SIJ�N6X�æ0Kq �¡6L­§(¡6Z5J.ZI� ¦ J.«&P(X�§_OQZ5¡6WYX�`&ë��5J?·EJ.P�a_X�OQZ±���5J i ¾ ���±¥IJ� .�Y¡6W�L ¤ PQ��OQ§_P�J.�?N3PQP\��WiN3Z5XÄKª¿¡6W�L©OQZB���5J­N6a6TÄ¡6OQZI��WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Z�¡3ªF���5J i ¾ ��� U(N) ªMN6 .�Y¡6W"¡3ªF���5Jµ¢IN ¤ ¢�J¶¢�WY¡ ¤ §m`(ë��5J	·EJ.P�a_XOQZ÷���5J i ¾ ���÷�&«&§\J.W�L ¤ PQ��OQ§_P�J.�±��WiN3Z5XÄª¿¡6W�L OQZ N�^_OÂª ¤ Z5a5N3L�J.Z&�iN3P~WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Z ¡3ª	���5J i ¾ ��� N3Z5a[eë c3v b�orb]b]`Ph�^���ced*oZcRcedP^�fe^�oJ�L^zfKv bKorl fe^�oJ�8n~{|orh�v l v oZfKy�v ced!b]`Pu�^zfebNnLh�h�^zc]fev x��*^Hl ��cedP^Hkrf]np�LìLkrfKfe^Hs8v ^zy�bH�Lb]^H^�{�krf^z�Porh�uPl ^a� ¸J¸L�*¸r�L��¸ZíP��¸JîZ����g\_^�y�v l lX`Pb]^Corw
N = 1

wPkrcgoZcev kJwtcedLfekJ`P}JdPkJ`LcKcedPv bKcedP^Hb]v b�b]v wPxH^�cedPv b�uLfek�sm^Hb�xHkJw8sm^HwPv ^Hwpc��
å



º8� ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
(i + 1) ¾ ����ªMN6 .�Y¡6WYX�` ´ ¡6WYJ­X�§(J� .OÂ·E �N3PQPQ«�®,P�J.����OQZ_¢ Ni

a_J.Z5¡6�YJ����5J¶ª ¤ Z5a5N3L�J.Z&�iN3P�WiJ8§5WYJ�XYJ8Z&�iN3��O�¡6Zo¡3ª���5J i ¾ ��� U(N) ªMN6 .�Y¡6W­N3Z5a Ni
���5J± �¡6W�WYJ�X�§(¡6Z5abOQZ_¢�N3Z&��OÂª ¤ Z5a5N3L�J.ZI�iN3PyWYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Zm® Ai,(i+1)N3Z5a±OÂ�iX�X ¤ §\J.W�§EN3W���Z5J.W χA,i ��WiN3Z5XÄª¿¡6W�L OQZ±�Y�5J Ni⊗Ni+1

WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Zm®b�y�5J.WYJ�N6X B(i+1),i
N3Z5aOQ�YX?X ¤ §\J.W�§EN3W���Z5J.W χB,i ��WiN3Z5XÄª¿¡6W�L�OQZx���5J Ni ⊗Ni+1

WYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Zm`ë��5J]·EJ.P�as �¡6ZI�YJ.Z&�yO�X� �¡6Z&¥�J.Z_O�J.Z&��PQ«¬X ¤ L­L�N3W�OQ¹�J�a¬OQZ¬���5J £I¤ OQ¥�J.WyabOVN3¢�WiN3L OQZ��COQ¢ ¤ WYJ­º�`Qº�`bë��5JabOVN3¢�WiN3LÊ �¡6Z5X�O�X��YX~¡3ª M Z5¡Ia_J�X�®EPVN3^\J.PQP�J�aB^I« i = 1, . . . ,M �yOQ���B���5JµO�a_J.ZI��OÂ·E �N3��O�¡6Z i ' i +M `ë��5J i ¾ ���;Z5¡Ia_J�WYJ.§_WYJ�XYJ.ZI�YXµ���5J i ¾ ��� U(N) ¢IN ¤ ¢�J�¢�WY¡ ¤ §�ªMN6 .�Y¡6W�`��CO�J.P�a_X	^(J.P�¡6Z_¢�OQZ_¢H�Y¡s���5J i ¾ ���¥�J� .�Y¡6W­L ¤ PQ��OQ§_P�J.�±N3WYJsabWiN��yZ÷N6X�N3W�WY¡0�?X¨���EN3��X��iN3W���N3Z5auJ.Z5a ¡6Z ���5J i ¾ ��� Z5¡Ia5J6`C�5¡6W¨���5J i ¾ ����I«&§(J.W�L ¤ PQ��OQ§_P�J.��®6���5J�·EJ.P�a_XC��WiN3Z5XÄª¿¡6W�L­OQZ_¢�OÂZ¶���5J Ni⊗Ni+1
WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Z�N3WYJ�abWiN��yZ­N6X�N3W�WY¡��?X���EN3�"X��iN3W��µN3�����5J i ¾ ����Z5¡Ia_J�N3Z5a�J.Z5a�N3�����5J (i + 1) ¾ ����Z5¡&a_J ¦ ���5Jµ·EJ.P�a_X"��WiN3Z5XÄª¿¡6W�L­OQZ_¢sOQZ����5J

Ni ⊗Ni+1
N3WYJ	a_J.§_O� .�YJ�aHN6X]N3W�WY¡0�?X?¢�¡6OQZ_¢­ª�WY¡6L ���5J (i+ 1) ¾ ���x�Y¡¨���5J i ¾ ���xZ5¡Ia_J�`

A1,2A
M,1

F1

F2
FM

A( -1),M M A2,3

A( -2),M ( -1)M

FM -1

FM -2

B2,1

B3,2

B1,M

B
M M,( -1)

B( -1),( -2)M M

FM -1

û�ü ý8þ�ÿ����������	��þ�ü�
��Zÿ
�pü��rý8ÿ�������þ������pÿ�ü �Zü��*ý����������! ��"$#��%�&�!�%�'#�( N = 2 U(N)M ) þ�ü�
��Zÿ�ý*�pþLý*�
�����$#pÿ,+��-���"$�.#�('�����0/! ��"$1���#�����23"4�� � �4���5#6���,�87tÿ4�&9Xÿ4�,�6�!�%���:�
U(N)

ý*�pþLý*�Cý8ÿ4#pþ;9�(,��"!�&#pÿ6��<5���:�5#=���,�:�pÿ4�> ��/$�! � �$�/!+
i = 1, . . . ,M ? ü����@�����Eü����!�%��ü ��"$����ü�#�� i ' i+M

�BAaÿ�ÿ4# ? ��ý*#�(zÿ4#��C(zþ��5�������!�%�&�� 5�&#
���%��ü (zþ��5�������!�%�&�� ÿ��&9Xÿ4�,�6�!�%�&����ü�#����:#�(	�����0"4#pÿ�ÿ4�,�89�#��5�pü��*ýtý*�pþLý*�Cý8ÿ�#pþ;9
(,��"!�&#pÿ$�6��<5���D�6"$�� �pÿE���! �;�
Ai,(i+1), B(i+1),i

���5�
Φi�pÿ��0�4��# ? ��ü��F�����G�0ý8þ�ÿ4�,H ? ���Zÿ4�$�;�0������ý*�pþLý*�G���! �;�����5�������0��þ;9��Zÿ89��pÿ,�I�5�Zÿ$��#�(0�4��"$�����! ������
���/4�$�!�J �I(4�ü��	9B ü�"Zü��&�

ë��5J	�5¡6P�¡6¢�WiN3§_�_O� ¶a ¤ N3P*¡3ª N = 2 £I¤ OQ¥IJ.W?¢IN ¤ ¢�Jµ���5J�¡6W�«s��N6X?ª¿¡ ¤ Z5axOQZ�G æ��LIC�Y¡�^\JµëF«&§\J ��� 
X���W�OQZ_¢	���5J�¡6W�«�¡6Z AdS5×S5/ZM
` ¡?ë��5J £I¤ ¡6��O�J.ZI� S5/ZM

O�XF¡6^_�iN3OQZ5J�a�^&«­J.Lµ^(J�a_abOQZ_¢ S5 OQZ
C

3�y�5J.WYJy���5J]N6 .��O�¡6Z±¡3ª(���5J?¡6W�^_OÂª¿¡6P�a�¢�WY¡ ¤ § ZM
O�X�N6X�a_J8·5Z5J�a�OQZ#FÄº�` æb`QºLM8`%K~¡6�YJ����EN3�F���_O�X�X��iN3�YJ.L�J.Z&�OQL­§_PQO� .OQ��PQ«u �¡6Z&�iN3OQZ5X­�Y�5J¬OQZbª¿¡6W�L�N3��O�¡6Z ���EN3�­���5J N = 2 £I¤ OQ¥IJ.W¨¢IN ¤ ¢�Js���5J�¡6W�«oO�X� �¡6Zbª¿¡6W�L�N3PQPQ«OQZI¥�N3W�OVN3Z&��`LK�N3L�J.PQ«I®_X�OQZ5 �J����5J AdS5

§EN3W��?¡3ªC�Y�5J­º8�0KqabOQL�J.Z5X�O�¡6ZEN3Pm¢�J�¡6L�J.��W�«¬O�X�Z5¡6�]N6 .�YJ�ax¡6Zs^I«­ \_^Ey�v l l0orb]b]`Ph�^aced*oZc�cedP^afe^�oJ�L^zfCd*orb�b]kJh�^a{|orh�v l v oZfev c�n�y�v ced�cedP^ � �*·*M=N3ì±©R��xHkrf]fe^Hb]u�kJw*�L^HwPxH^J�XìPkrfCorw_^z�8�xH^Hl l ^Hwmc�v wpc]fek8�L`Pxzcekrf]n~fe^Hs8v ^zy¥b]^H^�� ¸=OZ���



ó�õ�ó�õ ò!�)÷*�z��P �	Q N = 2 ö �C�L÷��Còùø�ð���ø��°z�ï'�!�Eòtú º�º
���5J?¡6W�^_OÂª¿¡6P�a­¢�WY¡ ¤ §m®�OQ��§_WYJ�XYJ.W�¥IJ.X����5JyO�XY¡6L�J.��W�«­¢�WY¡ ¤ § SO(2, 4) ®�N3Z5a�XY¡����5Jyñ6KqabOQL�J.Z5X�O�¡6ZEN3PE·EJ.P�a���5J�¡6W�«�a_J8·5Z5J�a;¡6Z����5J­ �¡6Zbª¿¡6W�L�N3PF^\¡ ¤ Z5a5N3W�«�¡3ª AdS5

�yOQPQP����5J.WYJ8ª¿¡6WYJ­^(J¨OQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W	���5Jª ¤ PQPm �¡6Zbª¿¡6W�L�N3Pm¢�WY¡ ¤ § SO(2, 4) `ë��5J AdS5
X�§EN6 �J"�EN6X]N¨WiN6abO ¤ Xy¢�OQ¥IJ.Zs^&«

R2
AdS =

√
4πgs(α′)2NM FÄº�`Qº�`QºLM

�y�5J.WYJ gs O�X­�Y�5JsëF«&§\J �Y� 
 X���W�OQZ_¢; �¡ ¤ §_PQOQZ_¢5`Fë��5J.WYJHN3WYJHN3P�XY¡ NM ¤ Z_OQ�YX�¡3ªµí0K¿ª¿¡6W�L ã]ãyK]& ¤ Å���_WY¡ ¤ ¢��;���5J AdS5
`KD ¤ J­�Y¡s���EJ�¡6W�^_OÂª¿¡6P�a;N6 .��O�¡6Z;���5J­¥I¡6P ¤ L�J�¡3ª����5J £I¤ ¡6��O�J.ZI� S5/ZM

J £I¤ N3P�X���5Jµ¥�¡6P ¤ L�J¨¡3ª����5J¨ �¡�¥IJ.W�OQZ_¢¬X�§EN6 �J S5 abOQ¥&OQa5J.aB^&«HN­ªMN6 .�Y¡6W M �y�5J.WYJ¶���5JµWiN6abO ¤ X�¡3ªF���5J S5 O�X���5JµXiN3L�J¨N6X]���EN3�~¡3ª AdS5
¢�OQ¥IJ.ZHOQZ FÄº�`Qº�`QºLM8` ² OQL­OQPVN3W�PQ«I®E���5J.WYJ¨N3WYJ N ¤ Z_OQ�YX�¡3ª�í0K¿ª¿¡6W�LÊã]ãyK]& ¤ Å���_WY¡ ¤ ¢������5J S5/ZM

ªMN6 .�Y¡6W��y�_O� i��¡6W�OQ¢�OQZEN3�YJ¨ª�WY¡6L NM ¤ Z_OQ�YX"¡3ªa& ¤ ÅBOQZ����5J­ .¡0¥IJ.W�OQZ_¢sX�§EN6 �J�`�COQZEN3PQPQ«�®m��J�Z5¡6�YJ��Y�EN3�µ���5J ³ N3Z_¢6K ´ OQPQP�X¶ �¡ ¤ §_PQOQZ_¢Hª¿¡6W¶J�N6 Y� U(N) ¢IN ¤ ¢�J�¢�WY¡ ¤ §;ªMN6 .�Y¡6W gYM
O�XWYJ.PVN3�YJ�a��Y¡µ���5J~ëF«&§\J �Y� 
  �¡ ¤ §_PQOQZ_¢¨^&« g2

YM = 4πgsM
`&ë��_O�X�L�J�N3ZEX����EN3�����5J¶¾ ��¸~¡I¡3ª��� �¡ ¤ §_PQOQZ_¢WYJ.P�J.¥�N3ZI��ª¿¡6W�J�N6 i�¨ªMN6 .�Y¡6W�O�X λ = g2

YMN = 4πgsNM
`�ë��_O�X�O�X����5J?XiN3L�J?N6X����5J	¾ ��¸~¡I¡3ª��� �¡ ¤ §_PQOQZ_¢¡6ZB���5J¶¡6W�OQ¢�OQZEN3P NM D"ê0KM^_WiN3ZEJ.X�^(Jiª¿¡6WYJ¨¡6W�^_OÂª¿¡6P�abOQZ_¢5®Eª¿¡6W]�y�5OQ i�����5J ³ N3Z_¢6K ´ OQPQP�X� �¡ ¤ §_PQOQZ_¢¬�yN6XJ £I¤ N3P,�Y¡ 4πgs

` � Zs���5J~ª¿¡6PQP�¡0�yOQZ_¢���J��yOQPQPf¡3ª��YJ.Zxa_J.Z5¡6�YJ	���5J ³ N3Z_¢6K ´ OQPQP�X? �¡ ¤ §_PQOQZ_¢±X�OQL­§_PQ«±^&« g `
�J8ª¿¡6WYJ"¢�OQ¥&OQZ_¢����5J¶N6 .��O�¡6ZB¡3ª N = 2 U(N)M £I¤ OQ¥�J.W?¢IN ¤ ¢�J	���EJ.¡6WY«s¡6Z S1 × S3 ��J"�yOQPQPm·_Å¡ ¤ Wµ �¡6Z&¥�J.Z&��O�¡6Z5X�` ¦ J�XYJ.� Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ]
N3Z5a Dµ = ∂µ + ig[Aµ, · ]. ¦ Ja_J.Z5¡6�YJ	���5Jµ .OQWY  ¤ L¨ª¿J.WYJ.Z5 �J¨¡3ª����5Jµ .OQWY .P�J S1 �yOQ��� β N3Z5ax���5J	WiN6abO ¤ X~¡3ª��Y�5JµX�§EN3��OVN3P S3 �yOQ��� R `ë��5Jy^(¡�XY¡6Z_O� y·EJ.P�a_X�N3WYJyWYJ £I¤ OQWYJ�a��Y¡µXiN3��O�XÄª�«¶§\J.W�O�¡&abO� ?^(¡ ¤ Z5a5N3W�«� �¡6Z5abOQ��O�¡6Z5X�N3WY¡ ¤ Z5a����5J?���5J.W�L�N3P .OQWY .P�J�® φ(τ + β,x) = φ(τ,x) ®��y�5J.WYJ�N6Xs���5J�ª¿J.W�L­O�¡6Z_O� B·EJ.P�a_Xs�EN�¥IJ�N3Z&��OQ§\J.W�O�¡&abO� �^\¡ ¤ Z5a5N3W�« �¡6Z5abOQ��O�¡6Z5X ψ(τ +β,x) = −ψ(τ,x) `Ië��EJ?ªMN6 .�F�Y�EN3�����5J]^\¡ ¤ Z5a5N3WY«� �¡6Z5abOQ��O�¡6Z5X?N3WYJ~abOÂ»,J.WYJ.Z&�Fª¿¡6W^\¡�XY¡6Z_O� "N3Z5a�ª¿J.W�L­O�¡6Z_O� ]·EJ.P�a_X�J8Åb§_PQO� .OQ��PQ«�^_WYJ�N3SbX�X ¤ §\J.WYX�«&L­L�J.��W�«I` ¢�ë��5J]�YJ.L­§\J.WiN3� ¤ WYJ~O�X�a_J8·5Z5J�a�Y¡�^(Jµ���5J¶OQZ&¥�J.WYXYJ¨ .OQWY  ¤ L¨ª¿J.WYJ.Z5 �J­¡3ª S1 ¦ ���EN3��O�X�® T = β−1 `(ë��5J¶ .OQWY .P�J S1 �yOQPQP*^(JµWYJ8ª¿J.W�WYJ�a��Y¡���_WY¡ ¤ ¢��5¡ ¤ �]���_O�Xy���5J�X�O�X]N6Xy���5JSRITLU=V=WSXZYG[;\IV,[;Y�U^]ë��5J?½ ¤  .PQO�a_J�N3ZsN6 .��O�¡6Z±¡3ª N = 2 £I¤ OQ¥�J.W�¢IN ¤ ¢�J?���5J�¡6W�«�¡6Z S1×S3 N3�F���5Jy�YJ.L­§\J.WiN3� ¤ WYJ β−1O�Xy���5J.Z

S =

∫

S1×S3

d4x
√
|g|
(
Lgauge + Lscalar + Lferm

) FÄº�`Qº�` æ�M
�y�5J.WYJx���5Jx¢IN ¤ ¢�JH^(¡�XY¡6Zm®FXY �N3PVN3W�·EJ.P�aúN3Z5aúX�§_OQZ5¡6W�·EJ.P�a÷òfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ��O�J�X¬N3WYJx¢�OQ¥IJ.Z÷^I«I®WYJ�X�§\J� .��OQ¥IJ.PQ«¤£

Lgauge =
1

4
TrFµνFµν

FÄº�`Qº�` ê�M
Lscalar = Tr

[(
DµADµA+DµBDµB +DµΦDµΦ

)

+R−2
(
AA+BB + ΦΦ

)
+

1

2
g2
(
[A,A] + [B,B] + [Φ,Φ]

)2

− 2g2
(∣∣[A,B]

∣∣2 +
∣∣[A,Φ]

∣∣2 +
∣∣[B,Φ]

∣∣2
)] FÄº�`Qº�` ñXM

´z\_^�y�v l lXh�krfe^HkZsm^zf�b]^H^CoExHl ^�oZf�h~orwPv {�^HbNcgoZcev kJw'kr{±cedP^C·^_�· ª §Lfe^�orq8v wP}�v wtb]`P§Pb]^Hxzcev kJw�¸p� îp� �8�¶4`�krce^�ced*oZc!{�krf�orl l��*^Hl �LbH�Kv wPxHl `*�Lv wP}�cedP^�\_^znLl�b]uPv wPkrfeb
χA, χB , ψΦ, ψ

�3cedP^�§*oZfeb)�L^HwPkrce^)cedP^.a'b�c�dDegf�e�h6ixHkJwJ��`P}moZce^J�PwPkrcKcedP^�xHkJh�uPl ^z�~krfK\¨^znLl�xHkJwJ��`P}moZce^J��¯K� }L� �
(χA)αβ = (χA)∗βα

y�dP^zfe^
α, β

oZfe^�}mor`P}J^�}rfekJ`Putv w*�Lv xH^Hborw*�~cedP^ ∗ �L^HwPkrce^Hb�xHkJh�uPl ^z�~xHkJwJ��`P}moZcev kJw���ìP`Lf]cedP^zfeh�krfe^J�Lv w!cedP^�cedPv fg�!l v wP^�kr{V¯0�*�X�N�J� �J� íp�g�PcedP^�wPkrcgoZcev kJw'h�^�orwPbH�^J� }L� �
|[A,B]|2 ≡ [A,B][A,B]

�



º�æ ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
Lferm = iTr

(
χA τµ

↔
DµχA + χB τµ

↔
DµχB + ψ τµ

↔
Dµψ + ψΦ τµ

↔
DµψΦ

)

+
g√
2

Tr
(
χA
(
[A,ψΦ]− [B,ψ]

)
+ χB

(
[A,ψ] + [B,ψΦ]

)

−ψ
(
[A,χB]− [B,χA]

)
− ψΦ

(
[A,χA] + [B,χB]

)

+χA
(
[A,ψΦ]− [B,ψ]

)
+ χB

(
[A,ψ] + [B,ψΦ]

)

− ψ
(
[A,χB]− [B,χA]

)
− ψΦ

(
[A,χA] + [B,χB]

)

+ χA [Φ, χB] − χB [Φ, χA] + ψ [Φ, ψΦ] − ψΦ [Φ, ψ]

+ χA [Φ, χB] − χB [Φ, χA] + ψ [Φ, ψΦ] − ψΦ [Φ, ψ]
)
. FÄº�`Qº�` í�M

ë��5J���WiN6 �J�X­N3WYJ��iN3SIJ.Zo¡�¥IJ.Wµ���5J NM × NM L�N3�YW�O� .J�X�`Cë��EJ�X�§_OQZ5¡6Wµ·EJ.P�a_X χA, χB, ψΦ, ψ
N3WYJ

¤ Z5a_¡6���YJ�a�æ0Kq �¡6L­§\¡6Z5J.Z&� ¦ J.«&P*X�§_OQZ5¡6WYX�` ¦ J¶a_J8·5Z5J τµ = (1, iσ) `\ë��5J­¡6§\J.WiN3�Y¡6W ↔
Dµ

O�X"a_J8·5Z5J�a^I« ψ1

↔
Dµψ2 ≡ 1

2

(
ψ1Dµψ2 − (Dµψ1)ψ2

) ` � �]O�X]OQL­§_PQO�J�aH���EN3�~���5J	·EJ.P�a_X A,B,Φ, Aµ J.�Y �`5�iN3SIJ���5J?¡6W�^_OÂª¿¡6P�a�§_WY¡6TÄJ� .��O�¡6Z�OQZ&¥�N3W�OVN3ZI��ª¿¡6W�L�X�¢�OQ¥�J.Z�OQZ�½ £ X�`0FÄº�` æb`Qº�í�MMKJFÄº�` æb`Qº8��MFN3Z5a#FÄº�` æb` ê�ï�MMKJFÄº�` æb` ê���M8`K~¡6�YJy���EN3�F���5J]XY �N3PVN3W�·EJ.P�a_X�N3WiJ? �¡6Zbª¿¡6W�L�N3PQPQ«� �¡ ¤ §_P�J�a��Y¡	���5J]  ¤ W�¥�N3� ¤ WYJ]¡3ª,���5J]X�§EN3��OVN3PEL�N3Z_OÂª¿¡6P�a
S3 ���_WY¡ ¤ ¢������5J��YJ.W�L R−2 Tr

(
AA+BB+ΦΦ

) OQZ¥FÄº�`Qº�` ñXM8`�ë��_O�X�J8»,J� .��OQ¥�J.PQ«¶OQZ5a ¤  �J�X�N~L�N6XYXCª¿¡6W���5J	XY �N3PVN3W?·EJ.P�a_X�`jK~¡6�YJ	�5J.WYJ	���EN3��®EX���W�O� .��PQ«xX�§\J�N3S&OQZ_¢5®5���5Jµ  ¤ W�¥�N3� ¤ WYJµ �¡ ¤ §_PQOQZ_¢±�YJ.W�L©X��5¡ ¤ P�ax^(JJ8Åb§_WYJ�XYXYJ�as���_WY¡ ¤ ¢��H���5J	ã?O� � .OCXY �N3P�N3W R = 6R−2 ¡3ª S3 WiN3���5J.W]���EN3ZH���5J"W8N6abO ¤ X R `5ë��5J"WYJ�N6XY¡6Zª¿¡6Wy �¡ ¤ §_PQOQZ_¢����5J"XY �N3PVN3W�·EJ.P�a_Xy�Y¡¨���5J"  ¤ W�¥�N3� ¤ WYJ	¡3ªC���5J"X�§EN3��OVN3P,L�N3Z_OÂª¿¡6P�asO�X��Y¡¨§_WYJ�XYJ.W�¥IJ~���5J"OÂZ_K¥�N3W�OVN3Z5 �J"¡3ª Sscalar ¤ Z5a_J.W? �¡6Zbª¿¡6W�L�N3Pm��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X?¡3ªC���5J~L�J.��W�O�  gµν(x) −→ Ω2(x)gµν(x)
`� Z¶¡6WYa_J.WCª¿¡6WC���5JFS&OQZ5J.��O� F§EN3W���¡3ª5���5JyN6 .��O�¡6Z¶�Y¡]^(JFOQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W�Ny�YWiN3Z5XÄª¿¡6W�L�N3��O�¡6Z¨�yOQ���­N] �¡6ZbKX��iN3ZI� Ω ®0N3Z&«"XY �N3PVN3W,·EJ.P�a φ ¡3ª_���5J����5J�¡6W�«"L ¤ X��*N6 � �¡6WYabOQZ_¢�PQ«"��WiN3Z5XÄª¿¡6W�LÎN6X φ(x) −→ Ω−1(x)φ(x)F2���_O�X�WYJJ&EJ� .�YX����5JyªMN6 .�����EN3� φ �EN6X����5J]abOQL�J.Z5X�O�¡6Z±¡3ª [length]−1 OÂZ¬N�ñ6KqabOQL�J.Z5X�O�¡6ZEN3P\X�§EN6 �J.��OQL�JLM8`À]PQP�¡��yOQZ_¢ Ω(x) �Y¡¨¥�N3W�«±¡�¥IJ.Wy���5J"X�§EN6 �J.��OQL�J�®b���5J�¥�N3W�OVN3��O�¡6ZH¡3ªC���5J�S&OQZ5J.��O� �§EN3W��yO�Xy �N3Z5 �J.PQP�J�as^&«���5J¶¥�N3W�OVN3��O�¡6Z�¡3ªF���5J¨  ¤ W�¥�N3� ¤ WYJ­ �¡ ¤ §_PQOQZ_¢s�YJ.W�Lða ¤ J¶�Y¡��Y�5JµZE¡6ZbKM��W�OQ¥&OVN3P*��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z�¡3ªF���5Jã?O� � .OEXY �N3PVN3W ¤ Z5a_J.WF���5J] �¡6Zbª¿¡6W�L�N3P\��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Zm`&ë��_O�XFO�X�J8Åb§_PVN3OQZ5J�a�OQZ�ª ¤ W����5J.W�a_J.�iN3OQPEOQZ#G æ��PIq®^\J.P�¡0�°½ £ `�F¿êb` æ�ï�M8`

�COQZEN3PQPQ«���J±Z5¡6�YJ±���EN3�¨���5J R KqX�«&L­L�J.��W�«;¢�WY¡ ¤ § ¡3ª N = 2 U(N)M £I¤ OQ¥IJ.W¶¢IN ¤ ¢�J±���5J�¡6W�«O�X SU(2)R × U(1)R
®�WYJ�X ¤ PQ��OQZ_¢�ª�WY¡6L ^_WYJ�N3S&OQZ_¢����5J SU(4)R R KqX�«&L­L�J.��W�«u¢�WY¡ ¤ §÷¡3ª N = 4���5J�¡6W�«B¥&OVN±���5J�N6 .��O�¡6Z;¡3ª����5J­¡6W�^_OÂª¿¡6P�a�¢�WY¡ ¤ § ZM

N6X	J8Åb§_PVN3OQZ5J�a�OQZ����5J¨Z5J8Åb�	XYJ� .��O�¡6Zm` � Z5a_J�J�a,®L ¤  i�;¡3ª����5J­WYJ.Z5J.��J�a�OQZI�YJ.WYJ�X��	OQZ;¡6W�^_OÂª¿¡6P�a £I¤ OQ¥�J.W"¢IN ¤ ¢�J­���5J�¡6W�O�J�Xµa ¤ W�OQZ_¢x���5J­§EN6X��	a_J� �N6a_J­O�XL�¡6��OQ¥�N3�YJ�a¬^&«����5J�a5J.X�OQWYJ��Y¡­J8Åb�YJ.Z5a¬���5J�À?a ² ¯��E�*ë  �¡6W�WYJ�X�§\¡6Z5a_J.Z5 �J	^\J.�U��J�J.ZHë�«&§(J �Y� 
÷X���WYOÂZ5¢���5J�¡6W�«­¡6Z AdS5×S5 N3Z5a N = 4 ²�³"´ ���5J�¡6W�«­�Y¡"OQZ5 .P ¤ a_J]^\¡ ¤ ZEa5N3W�«¨·EJ.P�a����5J�¡6W�O�J�XF�yOQ����P�¡���J.WX ¤ §\J.WYX�«&L­L�J.��W�«¬���EN3Z N = 4 `±�CO�J.P�ax���5J�¡6W�O�J�X]¡6^_�iN3OQZ5J�asª�WY¡6L N = 4 ²�³	´ ���5J�¡6W�«¬^I«s¡6W�^_OÂª¿¡6P�a§_WY¡6TÄJ� .��O�¡6Z¬�yOQ���sNµabO�XY .WYJ.�YJ~¡6WY^_OÂª�¡6P�a±¢�WY¡ ¤ § Γ ⊆ SU(4)R
§_WYJ�XYJ.Z&�yN3Z¬J.P�J.¢IN3Z&����N�«�¡3ªfa_¡6OQZ_¢¨���_O�XX�OQZ5 �J����5J.OQW~a ¤ N3Pm�5¡6P�¡6¢�WiN3§_�_O� µX���WYOÂZ5¢­���5J�¡6W�«xa_J�XY 8WYOÂ§5��O�¡6ZH �N3ZH¡3ª��YJ.Zx^(J	a_J�a ¤  �J�ax¢�J�¡6L�J.��W�O� �N3PQPQ«�`D�J.§\J.Z5abOQZ_¢¬¡6ZH�y�5J.���5J.W Γ O�X]J.Lµ^(J�a_a_J�aBJ.Z&��OQWYJ.PQ«sOQZBN3Z SU(2) ® SU(3) ¡6W SU(4) X ¤ ^_¢�WY¡ ¤ §B¡3ª���5J SU(4)R R KqX�«&L­L�J.��W�«�¢�WY¡ ¤ §m®C���5J�WYJ�X ¤ PQ��OQZ_¢�¡6W�^_OÂª¿¡6PQa�·EJ.P�a;���5J�¡6W�«��yOQPQP��EN�¥IJ N = 2, 1, 0X ¤ §\J.WYX�«&L­L�J.��W�«I®_WYJ�X�§\J� .��OQ¥�J.PQ«¾G æ�å_®5ê��LIq`



ó�õ k±õ ò!�'l�ð]zC�p��} z�� N = 4
��ú�m z�ït�t�Eò!ú º�ê

Ø~Ù4n ÚÐÛ�oZæ�çRÝZß0p=çRß N = 4 q�r�s çRé_Û�ß�äRê
� ZH���_O�X�XYJ� .��O�¡6Z���Jµ¢�OQ¥�J­N�a_J.�iN3OQP�J�a�a_J�XY .W�OQ§_��O�¡6Z�¡3ªF�5¡0� N = 2 U(N)M £I¤ OQ¥�J.W~¢IN ¤ ¢�J¶���5J�¡6W�« �N3Zs^\J"¡6^_�iN3OQZ5J�a¬^&«¬N3§_§_PQ«&OQZ_¢�N

ZM
§_WY¡6TÄJ� .��O�¡6Zs�Y¡ N = 4 U(NM) ²�³"´ ���5J�¡6W�«I` ¦ J~OQZ5 .P ¤ a_J�5J.WYJ"a5J8�8N3OÂP�X?�y�_O� i�x��J��EN�¥�J�Z5¡6�yª¿¡ ¤ Z5axJ.P�XYJ.�y�5J.WYJ"OQZx���5J�PQOQ�YJ.WiN3� ¤ WYJ�`��¡6Z5X�O�a_J.WfëF«&§(J �Y� 
�X���W�OQZ_¢?���5J�¡6W�«	N3Z5a	OQZI��WY¡&a ¤  �J�NyX��iN6 YS"¡3ª NM  �¡6OQZ5 .O�a_J.Z&��D"ê0KM^_WiN3Z5J�XfOQZI�Y¡���5J¨º8�0KqabOQL�J.Z5X�O�¡6ZEN3PaF2OQZ_OQ��OVN3PQPQ«�&\N3�JMFX�§EN6 �J.��OQL�J�` � ��O�X���J.PQP,S&Z5¡��yZ¬���EN3���Y�5J~P�¡���KqJ.Z5J.W�¢�«¬J8»,J� .��OQ¥�J·EJ.P�a ���5J�¡6W�« ¡3ª	¡6§(J.ZúX���W�OQZ_¢�X��yOQ���úJ.Z5ab§\¡6OQZ&�YX¬N3���iN6 i�5J�a �Y¡��Y�5J6D"ê0KM^_WiN3Z5J�X�O�X�ñ6KqabOQL�J.Z5X�O�¡6ZEN3P

N = 4 ²�³"´ ���5J�¡6W�«¬�yOQ���s¢IN ¤ ¢�J"¢�WY¡ ¤ § U(NM) `_ë��5J	X�§EN6 �J���WiN3Z5X�¥IJ.WYXYJ��Y¡¨���5J���¡6W�P�a¬¥I¡6P ¤ L�J¡3ª����5J�D"ê0KM^_WiN3Z5J�X	O�X
R

6 ∼= C
3 �y�_O� Y���EN6X"���5J¨O�XY¡6L�J.��W�«B¢�WY¡ ¤ § SO(6) `tK~¡�� ��J� .¡6ZEX�OQa5J8W	���5JN6 .��O�¡6ZH¡3ª*���5J	X ¤ ^_¢�WY¡ ¤ § ZM
¡6Z

C
3 ¢�OQ¥IJ.Zs^&«

(z1, z2, z3) −→ (z1, ω
−1z2, ωz3) , ω ≡ e2πi/M . FÄº�` æb`QºLM

ë��5J�¢�WY¡ ¤ § ZM
O�X? �N3PQP�J�a¬���5JFuZV^v=\ w;uZY�xzyZV,uZ{�|\` ¦ J��yOQPÂPfa_J.Z5¡6�YJ"���5J�WYJ�X ¤ PQ��OQZ_¢ £I¤ ¡6��O�J.ZI�]¡3ª C

3 ^I«
C

3/ZM
�y�5J.WYJ?OQ�FO�XFOQL­§_PQO�J�a����EN3�����5J~N6 .��O�¡6Z¬¡3ª

ZM
¡6Z

C
3 O�X�N3PQ�yN�«bXF���EN3��¢�OQ¥�J.Z�OQZ¬½ £ `RFÄº�` æb`QºLM8`��¡6Z5X�O�a_J.W�Z5¡0� ¡6§(J.ZsX���W�OQZ_¢�X�PQOQ¥&OQZ_¢­¡6Z±���5J�X��iN6 iS�¡3ª�D"ê0KM^_WiN3Z5J�X��y�5J.WYJ~���5J~��WiN3Z5X�¥�J.WYXYJ�X�§EN6 �JO�X

C
3/ZM

`_ë��5J"P�¡0��KqJ.Z5J.W�¢�«sJ8»,J� .��OQ¥IJ~·EJ.P�as���5J�¡6W�«¬O�XyZ5¡­P�¡6Z_¢�J.W N = 4 U(NM) ²�³"´ ���5J�¡6W�«I`ë��_O�XyO�Xy^(J� �N ¤ XYJµN6XYXY¡I .OVN3�YJ�ax�yOQ���x���5J	¡6W�^_OÂª¿¡6PQax¢�WY¡ ¤ §BN6 .��O�¡6Z�FÄº�` æb`QºLMy¡6Zx���5J" �¡&¡6WYabOQZEN3�YJ�X~¡3ª C
3���5J.WYJ]OQX�N3Z¬¡6W�^_OÂª¿¡6P�a�¢�WY¡ ¤ §sN6 .��O�¡6Z¬¡6Z±���5J]XY �N3PVN3WF·EJ.P�a_X�N3Z5a����5J.OQW�X ¤ §\J.W�§EN3W���Z5J.WYX)F2�Y¡µ^\J~a_J8·5Z5J�a^\J.P�¡0�tM8®fN3Z5a���J¨L ¤ X��	WYJ £I¤ OQWYJ¨���EN3�¶N3PQP £I¤ N3ZI� ¤ Lð·EJ.P�a_X	¡3ª N = 4 ²�³"´ �Y�5J�¡6W�«B^\J­OQZI¥�N3W�OVN3Z&�

¤ Z5a_J.W?���5OQX~N6 .��O�¡6Zm`Eë��EJ"¢IN ¤ ¢�J	���5J�¡6W�«s¡6^_�iN3OQZ5J�axª�WY¡6L N = 4 ²�³"´ ���5J�¡6W�«¬^&«¬��W ¤ Z5 �N3��OQZ_¢����5J¸]OQPQ^\J.W���X�§EN6 �J�X�¡3ª £I¤ N3ZI� ¤ LÎ·EJ.P�a_X��Y¡ ZM
KMOQZ&¥�N3W�OVN3Z&�*·EJ.P�a_X�O�X� �N3PQP�J�a N = 2 } {B\I~ZU=V>y�XZ{�y%U�RITLU,uZV=��`ë��5J�¡6W�^_OÂª¿¡6P�abOQZ_¢ ^_WYJ�N3SbXs���5J R KqX�«&L­L�J.��W�«ú¢�WY¡ ¤ § SU(4) ¡3ª N = 4 ²�³"´ ���5J�¡6W�«úOQZ&�Y¡

SU(2)R ×U(1)R
` ½�ë��_O�X�O�X�X��5¡0�yZsJ8Åb§_PQO� .OQ��PQ«±OQZ ² J� .��O�¡6Z�º�` êµ�y�5J.WYJ����5J"òfN3¢�WiN3Z_¢�OVN3ZHa_J.Z5X�OQ�q«±¡3ª���5J £I¤ OQ¥IJ.W�¢IN ¤ ¢�J¨���5J�¡6W�«BO�X"J8Åb§_WYJ�XYXYJ�a�OQZ��YJ.W�L�X	¡3ª SU(2)R × U(1)R

OQZ&¥�N3W�OVN3ZI�YX�`,ë��EJ £I¤ OQ¥IJ.W¢IN ¤ ¢�J"���5J�¡6W�«¬��� ¤ XyOQZ5a_J�J�ax�EN6X N = 2 X ¤ §(J.WYX�«&L­L�J.��W�«I`ë��5J~¡6W�^_OÂª¿¡6P�a�¢�WY¡ ¤ §xN6 .��O�¡6Z¾FÄº�` æb`QºLM�^_WYJ�N3SbX����5J]¢IN ¤ ¢�J]¢�WY¡ ¤ § U(NM) ¡3ªm���5J N = 4 ���5J�¡6W�«OQZI�Y¡
U(N)(1) × U(N)(2) × · · · × U(N)(M) FÄº�` æb` æ�M

�y�_O� Y�±O�XF��� ¤ XF���5J]¢IN ¤ ¢�J]¢�WY¡ ¤ §¬¡3ª N = 2 £I¤ OQ¥IJ.WF¢IN ¤ ¢�J]���5J�¡6W�«I` ¦ J] �N3Z¬XYJ�J?���_O�X�N6X�N"L�N3Z_OÂª¿J�XÄK�iN3��O�¡6Z±¡3ª,���5JyªMN6 .�����EN3�F���5J £I¤ OQ¥�J.W�¢IN ¤ ¢�J]���5J�¡6W�«¨O�X�N"P�¡���KqJ.Z5J.W�¢�«�J8»,J� .��OQ¥�Jy·EJ.P�a����5J�¡6W�«�¡3ªm¡6§\J.ZX���W�OQZ_¢�X�` � Z5a_J�J�a,®&J�N6 i�¬¡3ªm���5J M  �¡6§_O�J�X�¡3ª
C

3/ZM
J.L¶^\J�a_a5J.a±OQZ

C
3 �yOQPÂP( �¡6Z&�iN3OQZ N  �¡6OQZ5 .O�a_J.ZI�D"ê0KM^_WiN3Z5J�X�®CN3Z5aoN3Z;¡6§(J.ZoX���W�OQZ_¢H �N3ZuN3���iN6 i�;OQ�YXµJ.Z5ab§\¡6OQZ&�YXµ�Y¡BN3ZI«�¡3ªy���5J�X��iN6 iSbX�`K�COQZEN3PQPQ«I®m�Y¡ �¡6Z5 .P ¤ a_J¶���5J¶J.Z ¤ L�J.WiN3��O�¡6Z�¡3ª����5J¨X�«&L­L�J.��W�O�J�X�¡3ª N = 2 £I¤ OQ¥�J.W~¢IN ¤ ¢�J¶���5J�¡6W�«�®\��JµZ5¡6�YJ¶���EN3�OQ�yO�XyS&Z5¡0�yZs�Y¡­^\JµN¨ �¡6Zbª¿¡6W�L�N3PQPQ«¬OQZ&¥�N3W�OVN3ZI�?�Y�5J�¡6W�«±PQOQSIJ����5J"§EN3WYJ.ZI� N = 4 ²�³"´ ���5J�¡6W�«¾G æ��LIq`� Z�¡6WYa_J.W��Y¡	a_J8·5Z5Jy���5J]N6 .��O�¡6Z±¡3ª(���5J?¡6W�^_OÂª¿¡6P�a­¢�WY¡ ¤ § ZM

¡6Z����5J N = 4 ²�³"´ ·EJ.P�a_X���J�·EWYX��XYJ.� ¤ §uXY¡6L�J�Z5¡6�iN3��O�¡6Zm`��COQWYX�� ZM
O�X¶J.L¶^\J�a_a_J�aoOQZ&�Y¡ U(NM) ^I«;a_J8·5Z_OQZ_¢����5J��q�yO�X��¶L�N3��W�OÂÅ¿�©�kE§�^�uLfe^HxHv b]^J�LkJwP^�d*orb3cedP^�§Lfe^�orq8v wP}
SU(4) ∼= SO(6) −→ SO(2)× SO(4) ∼= U(1)R × SU(2)L × SU(2)Rb]v wPxH^acedP^

z1
�Lv fe^Hxzcev kJw�kr{

C
3
v b�l ^z{ cCv wP^zf]c�`Pw*�L^zf�cedP^

ZM

orxzcev kJw��N�J� ¸p� �Z�g��\¨^ay�v l lVwPkrc�§�^axHkJwPxH^zfewP^��)y�v ced�cedP^
SU(2)L

bNnLh�h�^zc]f]n ��y�dPv xed�v b�bNc]fev xzcel n�b]u�^�orq8v wP}�§LfekJqm^HwWcek¨o
U(1)L

bNnLh�h�^zc]f]n*�Corw*����`PbNc�fe^Hh~oZfeq_ced*oZc�cedP^xgd*oZfe}J^HbKkr{¤orl l��*^zl �LbKkr{
N = 2

�p`Pv sm^zf3}mor`P}J^�cedP^Hkrf]n~`Pw*�L^zfKoDN3oZf]cgorwt}J^HwP^zfgoZcekrf
JL

kr{
SU(2)L

x�orw!§�^�{�kJ`Pw*�~v w©Xor§Pl ^���kr{3� �8�H���



º.ñ ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
γ ≡ diag(1, ω, . . . , ωM−1) N3Z5axL�N3§_§_OQZ_¢ ZM 3 k 7−→ γk ∈ U(NM) `�F8K~¡6�YJ	���EN3�]���5J¶J.ZI��W�O�J�X
ωj ¡3ª γ N3WYJ"WYJ�N3PQPQ« N ×N L�N3��W�O� �J�X�` M$�"ë��5J	N6 .��O�¡6ZB¡3ª

ZM
¡6Zx���5J N = 4 ²�³"´ ·EJ.P�a_X?O�Xy���5J.Z

φ −→ (γk)† (ρ · φ) γk FÄº�` æb` ê�M
�y�5J.WYJ ρ ·φ J £I¤ N3P�X�N�§_�EN6XYJy��OQL�J�X����5Jy·EJ.P�a φ `��5¡6W����5J]XY �N3PVN3W�·EJ.P�a_X����5J?§_�EN6XYJyO�XFa_J.�YJ.W�L­OQZ5J�a�^&«���5J.OQWFO�a_J.ZI��OÂ·E �N3��O�¡6Z5X��yOQ�������5J z1, z2 N3Z5a z3 abOQWYJ� .��O�¡6Z5X�OQZ C

3 N3Z5a� �¡6L­§EN3W�OQZ_¢¶�yOQ���TFÄº�` æb`QºLM8`��E¡6W���5J	¢IN ¤ ¢�J"·EJ.P�aH���5J	§_�EN6XYJ	O�X¶º�`V�E¡6W]���5JµX�§_OQZ5¡6W?·EJ.P�a_X]���5Jµ§_�EN6XYJµJ £I¤ N3P�X?���EN3��¡3ª����5J.OQW~^\¡�XY¡6Z_O� X ¤ §\J.W�§EN3W���Z5J.W�`fë�� ¤ X	���5J­ �¡6Z5abOQ��O�¡6Z�ª¿¡6W"���5J N = 4 ²�³"´ ·EJ.P�a_X φ �Y¡s^\J¨OQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W	���5JN6 .��O�¡6ZH¡3ª
ZM

O�X
φ = γ† (ρ · φ) γ . FÄº�` æb` ñXM

� Zo���5J�ª¿¡6PQP�¡0�yOQZ_¢���J��yOQPQPy¡6^_�iN3OQZu���5J¬òfN3¢�WiN3Z_¢�OVN3Z÷a_J.Z5X�OQ�q«;¡3ª N = 2 U(N)M £I¤ OQ¥IJ.W¶¢IN ¤ ¢�J���5J�¡6W�«±^&«±WYJ.�yW�OQ��OQZ_¢����5J N = 4 U(NM) ²�³"´ òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«sN3Z5asWYJ £I¤ OQWYJ"���EN3�]N3PQPm���5J·EJ.P�a_X?XiN3��O�XÄª�«��Y�5J
ZM
KMOQZI¥�N3W�OVN3Z5 �Jµ �¡6Z5abOQ��O�¡6Z FÄº�` æb` ñXM8`

¦ J�Z5¡��  �¡6Z5X�O�a_J.W N = 4 U(NM) ²�³"´ ���5J�¡6W�«;¡6Z
R × S3 �y�5J.WYJ±���5J�WiN6abO ¤ X¨¡3ª S3 O�Xa_J.Z5¡6�YJ�a±^I« R `&ë��5J~XY �N3PVN3WF·EJ.P�a_X��yOQPÂP, �¡ ¤ §_P�J~ �¡6Zbª¿¡6W�L�N3PQPQ«��Y¡µ���5J~  ¤ W�¥�N3� ¤ WYJ�¡3ªm���5J S3 ���_WY¡ ¤ ¢��N £I¤ N6abWiN3��O� s�YJ.W�L OQZ ���5JHN6 .��O�¡6Zm` � Z ���5JHa_J� �¡6L­§EN6 .��OÂ·E �N3��OV¡6ZúPÂOQL­OQ� R → ∞ ���_O�X��YJ.W�L �yOQPQP¥�N3Z_O�X��m`\ë��5J­N6 .��O�¡6Z�¡3ª N = 4 U(NM) ²�³"´ ���5J�¡6W�«B¡6Z
R × S3 J £I¤ OQ§_§(J�aB�yOQ����N�L�J.��W�O� ¨¡3ª½ ¤  .PQO�a_J�N3ZBX�OQ¢�ZEN3� ¤ WYJ"WYJ�N6a_X

SN=4 =

∫
d4x Tr

(
1

4
FµνFµν +

1

2
(Dµφ

i)(Dµφ
i) +

1

2
R−2φiφi − 1

4
g2
[
φi, φj

][
φi, φj

]

+
i

2
ψpγµDµψp −

g

2
ψp
[
(αkpqφ

2k−1 + iβkpqγ5φ
2k), ψq

]) FÄº�` æb` í�M
�y�5J.WYJ Fµν = ∂µAν −∂νAµ+ ig[Aµ, Aν ]

N3Z5a Dµ = ∂µ+ ig[Aµ, · ]. ë��5J]��WiN6 �J�X�N3WYJ?�iN3SIJ.Z±¡�¥IJ.W���5J�¢IN ¤ ¢�J�OQZ5abO� �J�X�`�ë��5J�OQZ5abO� �J�X��EN�¥�J����5J�WiN3Z_¢�J�X µ, ν = 0, . . . , 3 ¦ i, j = 1, . . . , 6 ¦ p, q = 1, . . . , 4N3Z5a k = 1, . . . , 3 `5¸~J.WYJ φi N3WYJ	X�OÂÅ¬WYJ�N3PCXY �N3P�N3W?·EJ.P�a_X]N3Z5a ψp N3WYJ�ª¿¡ ¤ W?ñ6Kq �¡6L­§\¡6Z5J.Z&� ´ N3TÄ¡6WiN3ZENX�§_OQZ5¡6WYX�` ´ ¡6WYJ�¡0¥�J.W�® γµ N3WYJy���5J?ñ6KqabOQL�J.Z5X�O�¡6ZEN3P 4×4 ¢IN3L­L�N	L�N3��W�O� �J�X�N3Z5a αk N3Z5a βk N3WYJ 4×4L�N3��W�O� �J�X]XiN3��O�XÄª�«&OQZ_¢­���5J�WYJ.PVN3��O�¡6Z5X
{αk, αl} = −2δkl14 , {βk, βl} = −2δkl14 , [αk, βl] = 0 . FÄº�` æb` ��M

½*Åb§_PQO� .OQ�?WYJ.§_WYJ�XYJ.ZI�8N3��O�¡6Z5X] �N3Zx^\J"¢�OQ¥IJ8ZBN6X
α1 =

(
0 σ1

−σ1 0

)
, α2 =

(
0 −σ3

σ3 0

)
, α3 =

(
iσ2 0

0 iσ2

)
, FÄº�` æb` ï�M

β1 =

(
0 iσ2

iσ2 0

)
, β2 =

(
0 12

−12 0

)
, β3 =

(
−iσ2 0

0 iσ2

)
. FÄº�` æb` ��M

�4`�krce^aced*oZc�cedPv b�fe^HuLfe^Hb]^HwpcgoZcev kJw_kr{
ZM

beoZcev bN�*^Hb
Tr γk = 0

{�krfaorl l
k ∈ ZM \ {0}.

� b�u�kJv wpce^���kJ`Lc�v w@��^z{��� ¸rµr���LcedPv b�v b�wP^H^��L^��~{�krf�xHkJwPb]v bNce^HwPxzn_��cedP^�x�orwPxH^Hl l oZcev kmw)kr{±kJwP^z��l kpkJu'kmu�^HwtbNc]fev wP}EcgoJ�Lu�kJl ^C�Lv or}rfgorh�bg�g�



ó�õ k±õ ò!�'l�ð]zC�p��} z�� N = 4
��ú�m z�ït�t�Eò!ú º�í

� tI�*t � �J� >uw:�f<*�fD n ��=F:(@����E�	� � >���� n&� >5@B:,�&� n �fD
ëf¡x§ ¤ �µ���5J±N6 .��O�¡6Zu¡3ª N = 4 ²�³"´ ���5J�¡6W�«�OQZ N¬ª¿¡6W�LéX ¤ OQ�iN3^_P�J�ª¿¡6Wµ§\J.WÄª¿¡6W�L­OQZ_¢B���5J±¡6W�^_OÂª¿¡6P�a§_WY¡6TÄJ� .��O�¡6Zx��J�Z5¡0�Áa5Ji·EZ5J"���_WYJ�J	 �¡6L­§_P�J8ÅxXY �N3PVN3W�·EJ.P�a_X

A =
1√
2
(φ1 + iφ2) , B =

1√
2
(φ3 + iφ4) , Φ =

1√
2
(φ5 + iφ6) . FÄº�` æb` å�M

ë��5JF·EJ.P�a_X φi N3WYJy¸~J.W�L­OQ��OVN3Z¥F�X�OQZ5 �J����5J.«µ�YWiN3Z5XÄª¿¡6W�LÎOQZ­���5JyN6a6TÄ¡6OQZ&��WYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Z�¡3ª\���5J�¢IN ¤ ¢�J¢�WY¡ ¤ § U(NM) M8®5XY¡¨^I«¬¸~J.W�L­OQ��OVN3ZB �¡6Z�T ¤ ¢IN3��O�¡6ZH¡3ª~FÄº�` æb` å�M���J�·5Z5a
A =

1√
2
(φ1 − iφ2) , B =

1√
2
(φ3 − iφ4) , Φ =

1√
2
(φ5 − iφ6) . FÄº�` æb`Qº8��M

ë��5J?XY �N3PVN3W�·EJ.P�a�§EN3W���¡3ª,���5J N = 4 ²�³"´ òfN3¢�WiN3Z_¢�OVN3Z¬a_J.Z5X�OQ�U«¨�yW�OQ���YJ.Z±OQZ��YJ.W�L�X�¡3ª,���5J�XYJ�·EJ.P�a_X�iN3S�J�Xy���5J�ª¿¡6W�L
LN=4

scalar = Tr

(
1

2
(Dµφ

i)(Dµφ
i) +

1

2
R−2φiφi − 1

4
g2
[
φi, φj

][
φi, φj

])

= Tr
(
DµADµA+DµBDµB +DµΦDµΦ

)

+R−2 Tr
(
AA+BB + ΦΦ

)
+ LN=4

D + LN=4
F

FÄº�` æb`Qº�ºLM
�y�5J.WYJ"���5J D N3Z5a F �YJ.W�L�X~N3WYJ�®_WYJ�X�§\J� .��OQ¥IJ.PQ«�®

LN=4
D =

1

2
g2 Tr

(
[A,A] + [B,B] + [Φ,Φ]

)2 FÄº�` æb`Qº�æ�M
LN=4
F = −2g2 Tr

(
[A,B][A,B] + [A,Φ][A,Φ] + [B,Φ][B,Φ]

)
. FÄº�` æb`Qº�ê�M

ë��5JHXY �N3PVN3W­·EJ.P�a_X Φ, A N3Z5a B  �N3Z÷^(JsO�a_J.Z&��OÂ·EJ�a÷�yOQ���÷���5J z1, z2 N3Z5a z3 abOQWYJ� .��O�¡6Z5X±¡3ª"���5J
C

3 F2^(J� �N ¤ XYJB���5J.« N3WYJB���5J;+�¡6P�a_X��Y¡6Z5JB^(¡�XY¡6Z5XxN6XYXY¡I .OVN3�YJ�aú�yOQ��� ^_WYJ�N3S&OQZ_¢u���5JB��WiN3Z5X�PVN3��O�¡6ZEN3POQZI¥�N3W�OVN3Z5 �J�OQZo���5J�abOQWYJ� .��O�¡6Z5X¨��WiN3Z5X�¥�J.WYXYJ��Y¡H���5J�D"ê0KM^_WiN3Z5J�XJM8®CXY¡x��J��EN�¥�J����5J�¡6W�^_OÂª¿¡6P�a;¢�WY¡ ¤ §N6 .��O�¡6Z ρ : (Φ, A,B) 7→ (Φ, ω−1A,ωB) ®CN3Z5a����5J� �¡6Z5abOQ��O�¡6Z;ª¿¡6Wµ���5J�XYJ­·EJ.P�a_Xµ�Y¡x^(J�OQZI¥�N3W�OVN3Z&�¤ Z5a_J.W?���5J ZM
KM��WiN3Z5XÄª¿¡6W�L�N3��O�¡6ZHO�Xy���5J.Z

γ†Φγ = Φ , γ†Aγ = ωA , γ†Bγ = ω−1B . FÄº�` æb`Qº.ñXM
ý]Z5J­J�N6X�OQPQ«� Y�5J� iSbX��Y�EN3�"���5J�XYJ­ �¡6Z5abOQ��O�¡6Z5X¶N3WYJ­XiN3��O�XÄ·EJ�a�^&«BX�§_PQOQ����OQZ_¢x���5J NM × NM L�N3��W�OÂÅ·EJ.P�a_X�¡3ªf�Y�5J N = 4 U(NM) ²I³"´ ���5J�¡6W�« ¤ §¬OQZ&�Y¡ M ×M ^_P�¡I iS�L�N3��W�O� �J�Xy�y�5¡�XYJ~J.Z&��W�O�J�X?N3WYJ
N ×N L�N3��W�O� �J�X�R

Aµ =




Aµ1

Aµ2 ` ` `
AµM



, A =




0 A1,2

0 A2,3` ` ` ` ` `
0 A(M−1),M

AM,1 0



,

FÄº�` æb`Qº�í�M



º8� ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú

B =




0 B1,M

B2,1 0

B3,2

` ` `` ` `
0

BM,(M−1) 0




, Φ =




Φ1

Φ2 ` ` `
ΦM



.

FÄº�` æb`Qº8��M¸~J.WYJ Aµi, Ai,(i+1), B(i+1),i
N3Z5a Φi

N3WYJ N ×N L�N3��W�O� �J�X)F2�y�5J.WYJ i = 1, . . . ,M N3Z5a���J]O�a_J.ZI��OÂª�«
i ' i + M M8` � Z5XYJ.W���OQZ_¢H���5J ZM

KMOQZ&¥�N3W�OVN3ZI�µª¿¡6W�L�X¶¡3ª Aµ, A,B N3Z5a Φ ¢�OQ¥�J.Z;OQZo½ £ X�`EFÄº�` æb`Qº�í�MMKFÄº�` æb`Qº8��M~OQZI�Y¡;FÄº�` æb`Qº�ºLMMKJFÄº�` æ_`Qº�ê�M����5J­XY �N3PVN3W�·EJ.P�a�§EN3W��µ¡3ª����5J N = 2 £I¤ OQ¥IJ8W"¢IN ¤ ¢�J­���5J�¡6W�«�òfN0K¢�WiN3Z_¢�OVN3ZHa_J.Z5X�OQ�U«±WYJ�N6a_X

Lscalar =
M∑

i=1

{
Tr
[(
∂µAi,(i+1) + igAµiAi,(i+1) − igAi,(i+1)Aµ(i+1)

)

×
(
∂µAi,(i+1) + igAµ(i+1)Ai,(i+1) − igAi,(i+1)Aµi

)]

+ Tr
[(
∂µB(i+1),i + igAµ(i+1)B(i+1),i − igB(i+1),iAµi

)

×
(
∂µB(i+1),i + igAµiB(i+1),i − igB(i+1),iAµ(i+1)

)]

+ Tr
[(
∂µΦi + ig[Aµi,Φi]

)(
∂µΦi + ig[Aµi,Φi]

)]

+R−2 Tr
(
Ai,(i+1)Ai,(i+1) +B(i+1),iB(i+1),i + ΦiΦi

)

+
1

2
g2 Tr

[(
Ai,(i+1)Ai,(i+1) −A(i−1),iA(i−1),i

+Bi,(i−1)Bi,(i−1) −B(i+1),iB(i+1),i + [Φi,Φi]
)2]

− 2g2 Tr
[(
Ai,(i+1)B(i+1),i −Bi,(i−1)A(i−1),i

)

×
(
A(i−1),i Bi,(i−1) −B(i+1),i Ai,(i+1)

)]

− 2g2 Tr
[(
Ai,(i+1)Φi+1 − ΦiAi,(i+1)

)(
Ai,(i+1) Φi − Φi+1 Ai,(i+1)

)]

− 2g2 Tr
[(
B(i+1),iΦi − Φi+1B(i+1),i

)(
B(i+1),i Φi+1 − Φi B(i+1),i

)]}
.FÄº�` æb`Qº0ï�M

� Z5XYJ.W���OQZ_¢	���5J�ª¿¡6W�L ¡3ª Aµ ¢�OQ¥�J.Z�OQZ¥FÄº�` æb`Qº�í�M*OQZI�Y¡�FÄº�` æb` í�M8®����5J�¢IN ¤ ¢�J�·EJ.P�a­§EN3W��F¡3ª(���5J N = 2£I¤ OQ¥�J.Wy¢IN ¤ ¢�J"���EJ.¡6WY«¬òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�q«±WYJ�N6a_X
Lgauge =

1

4

M∑

i=1

TrF iµνF
i
µν

FÄº�` æb`Qº8��M
�y�5J.WYJ�¡3ª? �¡ ¤ WYXYJ F iµν = ∂µA

i
ν − ∂νAiµ + ig[Aiµ, A

i
ν ]
N3Z5a����5J���WiN6 �J�O�X	�iN3S�J.Zo¡0¥�J.Wµ���5J�¢IN ¤ ¢�JOQZ5abO� �J�X]¡3ªC�Y�5J N ×N L�N3��W�O� �J�X�`
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� tI�*tI� �J� >��Ä>5@%� n �fD n ��=F:(@����E�	� � >���� n&� >5@B:,�&� n �fD
ë��5J~ª¿J.W�L­O�¡6Z_O� 	§EN3W��]¡3ª*���5J N = 4 ²�³"´ òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«±WYJ�N6a_X

LN=4
ferm = Tr

(
i

2
ψpγµDµψp −

g

2
ψp
[
(αkpqφ

2k−1 + iβkpqγ5φ
2k), ψq

]) FÄº�` æb`Qº�å�M
�y�5J.WYJ"���5J"¢IN3L­L�N¨L�N3��W�O� �J�X~N3WYJ"¢�OQ¥�J.Zx^I«

γµ ≡
(

0 τµ
τµ 0

)
, γ5 ≡ γ0γ1γ2γ3 =

(
1 0

0 −1

) FÄº�` æb` æ���M
τµ ≡ (1, iσ) , τµ ≡ (1, −iσ) FÄº�` æb` æbºLM

N3Z5a�WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Z5X¶¡3ª αk N3Z5a βk N3WYJ­¢�OQ¥�J.Z�OQZ�½ £ X�`CFÄº�` æb` ï�M	N3Z5a FÄº�` æb` ��M.®,WYJ�X�§\J� .��OQ¥IJ.PQ«�`më��5J·EJ.P�a_X ψp ® p = 1, . . . , 4 N3WYJ¬ñ6Kq �¡6L­§\¡6Z5J.Z&� ´ N3TÄ¡6WiN3ZEN�X�§_OQZ5¡6WYX­�y�_O� Y�÷ �N3Z ^\Jsa_J� �¡6L­§\¡�XYJ�a OQZ�YJ.W�L�X?¡3ª�æ0Kq �¡6L­§(¡6Z5J.ZI� ¦ J.«&PmX�§_OQZ5¡6WYX]N6X�ª¿¡6PQP�¡0�?X
(ψp)

a ≡
(

(λp)α
(λp)

α̇

)
, (ψp)a ≡

(
(λp)

α

(λp)α̇

) FÄº�` æb` æ�æ�M
�y�5J.WYJ a = 1, . . . , 4 O�X"���EJ�X�§_OQZ5¡6W	OQZ5a_J8Å�¡6Z ψp `më��5J ´ N3TÄ¡6WiN3ZENsX�§_OQZ5¡6WYX¶N3WYJ­WYJ.PVN3�YJ�a��Y¡s���5J.OQW �¡6Z�T ¤ ¢IN3�YJ�X?���_WY¡ ¤ ¢��x���5J ´ N3TÄ¡6WiN3ZEN­ �¡6Z5abOQ��O�¡6Z

ψp = Cψp
FÄº�` æb` æ�ê�M

�y�5J.WYJ"���5J ´ N3TÄ¡6WiN3ZEN¨ �¡6Z�T ¤ ¢IN3��O�¡6ZHL�N3��W�OÂÅsO�X C =

(
εαβ 0

0 εα̇β̇

) �yOQ��� ε12 = −ε21 = −1.

��¡6Lµ^_OQZ_OQZ_¢±½ £ X�`�FÄº�` æb` æ�æ�M?N3Z5aBFÄº�` æb` æ���MMKJFÄº�` æb` æbºLM?¡6Z5J~·5Z5a_X
1

2
ψpγµDµψp = (λp)

α(τµ)αβ̇
↔
Dµ (λp)

β̇ . FÄº�` æb` æ3ñXM
¸~J.WYJ����5J	¡6§\J.WiN3�Y¡6W ↔

Dµ
O�X?a_J8·5Z5J�ax^I« χp↔Dµχq ≡ 1

2

(
χpDµχq − (Dµχp)χq

) `� �~�yOQPQP*^\J ¤ XYJ8ª ¤ Pfª¿¡6W�J8Åb�_OQ^_OQ��OQZ_¢s���5J R KqX�«&L­L�J.��W�«B¡3ªF���5J £I¤ OQ¥�J.W�¢IN ¤ ¢�J¶���5J�¡6W�«H�Y¡±J8Åb§_WYJ�XYX���5J~ª¿J.W�L­O�¡6Z_O� µòfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«¬OQZs�YJ.W�L�X]¡3ª*���5J�ª¿¡6PQPQ¡0�yOQZ_¢ ¦ J.«&PmX�§_OQZ5¡6WYX
χA ≡ λ1 , χB ≡ λ2 , ψ ≡ λ3 , ψΦ ≡ λ4 .

FÄº�` æb` æ�í�M
¸~J.WYJ χA, χB, ψ, ψΦ

N3WiJ]���5J~WYJ�X�§\J� .��OQ¥IJ~X ¤ §\J.W�§EN3W���Z5J.WYXy¡3ª A,B,Aµ,Φ `BK~¡6�YJ]�5J.WYJ~���EN3�����5J]^EN3W¤ XYJ�aH¡�¥IJ.W]���5JµX�§_OQZ5¡6WYX]OQZ FÄº�` æb` æ�í�MyO�X ¤ Z5a_J.WYX��Y¡I¡&aH�Y¡�L�J�N3ZH���5J.�@U=V=W�\8R8\&XZ��[!uZ���6{�y�X�R�U¶�y�5J.WYJ�N6X���5J±^EN3W�¡�¥IJ.W¨���5J λp OQZ FÄº�` æb` æ3ñXM¶a_J.Z5¡6�YJ�X­���5J ¤ X ¤ N3Py �¡6Z�T ¤ ¢IN3�YJx¡3ª ¦ J.«&PyX�§_OQZ5¡6WYX�`*½*Åb§_PQO� .OQ��PQ«I®P�J.����OQZ_¢ α = 1, 2 ^\J"���5J	X�§_OQZ5¡6WyOQZ5a_J8ÅHN3Z5asP�J.����OQZ_¢ m,n ^\J"���5J�¢IN ¤ ¢�J	OQZ5abO� �J�X�®
(λ1)α,mn ≡ (χA)∗α,nm = (χA)α,mn

FÄº�` æb` æ���M
N3Z5a

(λ1)α̇,mn =
(
(λ1)

∗
α,mn

)T
= (λ1)

∗
α,nm = (χA)α,mn

FÄº�` æb` æ�ï�M



º8� ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
N3Z5a±N3ZEN3P�¡6¢�¡ ¤ X�PQ«¨ª¿¡6W χB, ψΦ

N3Z5a ψ ` � Z�§EN3W���O�  ¤ PVN3W�®IZ5¡6�YJ?���EN3��N3PQPE���5J ¦ J.«&P\X�§_OQZ5¡6WYX χA, χB, ψΦN3Z5a ψ �EN�¥�J ¤ Z5a_¡6���iJ.axOQZ5abO� �J�X�`� Z5XYJ.W���OQZ_¢?���5J�a_J8·5Z_OQ��O�¡6Z5XEFÄº�` æb` æ�í�M(OQZ&�Y¡����EJ�a_J� �¡6L­§(¡�X�OQ��O�¡6Z FÄº�` æb` æ3ñXM(��J� �N3Z	�yW�OQ�YJ����5J�S&OQZ5J.��O� §EN3W��?¡3ª*���EJ~ª¿J.W�L­O�¡6Z_O�  N = 4 ²�³"´ òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«¾FÄº�` æb`Qº�å�M�OQZs���5J�ª¿¡6W�L
LN=4,kin

ferm =
i

2
Tr
(
ψpγµDµψp

)

= iTr
(
χA τµ

↔
DµχA + χB τµ

↔
DµχB + ψ τµ

↔
Dµψ + ψΦ τµ

↔
DµψΦ

)
. FÄº�` æb` æ���M

� Zú¡6WYa_J.W¬�Y¡�·5Z5a÷���5JB§\¡6�YJ.Z&��OVN3P�§EN3W��¬¡3ªµ���5Jxª¿J.W�L­O�¡6Z_O� �òfN3¢�WiN3Z_¢�OVN3ZÁa_J.Z5X�OQ�q« ��J ¤ XYJx���5JJ8Åb§_PQO� .OQ�yª¿¡6W�L�X?¡3ª*���5J αk, βk L�N3��W�O� �J�X?¢�OQ¥IJ.ZsOQZH½ £ X�`�FÄº�` æb` ï�MMKJFÄº�` æb` ��M
ψp
[
(αkpqφ

2k−1 + iβkpq γ5φ
2k), ψq

]

=
1√
2

(
α1
pqψp [A+A,ψq] + α2

pqψp [B +B,ψq] + α3
pqψp [Φ + Φ, ψq]

+β1
pqψp [γ5(A−A), ψq] + β2

pqψp [γ5(B −B), ψq] + β3
pqψp [γ5(Φ− Φ), ψq]

)

=
1√
2

(
ψ1 [A+A,ψ4] + ψ2 [A+A,ψ3]− ψ3 [A+A,ψ2]− ψ4 [A+A,ψ1]

−ψ1 [B +B,ψ3] + ψ2 [B +B,ψ4] + ψ3 [B +B,ψ1]− ψ4 [B +B,ψ2]

+ψ1 [Φ + Φ, ψ2]− ψ2 [Φ + Φ, ψ1] + ψ3 [Φ + Φ, ψ4]− ψ4 [Φ + Φ, ψ3]

+ψ1 [γ5(A−A), ψ4]− ψ2 [γ5(A−A), ψ3] + ψ3 [γ5(A−A), ψ2]− ψ4 [γ5(A−A), ψ1]

+ψ1 [γ5(B −B), ψ3] + ψ2 [γ5(B −B), ψ4]− ψ3 [γ5(B −B), ψ1]− ψ4 [γ5(B −B), ψ2]

−ψ1 [γ5(Φ− Φ), ψ2] + ψ2 [γ5(Φ− Φ), ψ1] + ψ3 [γ5(Φ− Φ), ψ4]− ψ4 [γ5(Φ− Φ), ψ3]

)
.

FÄº�` æb` æ�å�M
¦ J­ �N3Z�X�OQL­§_PQOÂª�«H���_O�X	J8Åb§_WYJ�XYX�O�¡6Z�^&«HZ5¡6��OQZ_¢x���EN3��ª¿¡6W"�q��¡xN3W�^_OQ��WiN3W�«�ñ6Kq �¡6L­§\¡6Z5J.Z&� ´ N3TÄ¡6WiN3ZENX�§_OQZ5¡6WYX

χa ≡
(
χα
χα̇

)
, ψa ≡

(
ψα

ψα̇

) FÄº�` æb` ê���M
��J"�EN�¥IJ����5J"O�a_J.ZI��OQ�U«

χaψa =
(
χα , χ

α̇
)
(
ψα

ψα̇

)
= χαψ

α + χα̇ψα̇ = −
(
χαψα + χα̇ψ

α̇) FÄº�` æb` êbºLM
N3Z5axN3ZEN3P�¡6¢�¡ ¤ X�PQ«

χaγ5ψa = −
(
χαψα − χα̇ψ

α̇)
. FÄº�` æb` ê�æ�M
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À]§_§_PQ«&OQZ_¢­���5J�XYJ"O�a_J.ZI��OQ��O�J�X�N3Z5a¬P�J�N�¥&OQZ_¢�X�§_OQZ5¡6W?OÂZEabO� .J�X?OQL­§_PQO� .OQ�]��J�·5Z5a
ψp
[
(αkpqφ

2k−1 + iβkpq γ5φ
2k), ψq

]

=
√

2
(
− λ1

(
[A, λ4]− [B, λ3]

)
− λ2

(
[A, λ3] + [B, λ4]

)
+ λ3

(
[A, λ2]− [B, λ1]

)

+ λ4

(
[A, λ1] + [B, λ2]

)
− λ1

(
[A, λ4]− [B, λ3]

)
− λ2

(
[A, λ3] + [B, λ4]

)

+ λ3

(
[A, λ2]− [B, λ1]

)
+ λ4

(
[A, λ1] + [B, λ2]

)

− λ1 [Φ, λ2] + λ2 [Φ, λ1] − λ3 [Φ, λ4] + λ4 [Φ, λ3]

− λ1 [Φ, λ2] + λ2 [Φ, λ1] − λ3 [Φ, λ4] + λ4 [Φ, λ3]
) FÄº�` æb` ê�ê�M

=
√

2
(
− χA

(
[A,ψΦ]− [B,ψ]

)
− χB

(
[A,ψ] + [B,ψΦ]

)
+ ψ

(
[A,χB]− [B,χA]

)

+ ψΦ

(
[A,χA] + [B,χB]

)
− χA

(
[A,ψΦ]− [B,ψ]

)
− χB

(
[A,ψ] + [B,ψΦ]

)

+ ψΦ

(
[A,χB]− [B,χA]

)
+ ψΦ

(
[A,χA] + [B,χB]

)

− χA [Φ, χB] + χB [Φ, χA] − ψ [Φ, ψΦ] + ψΦ [Φ, ψ]

− χA [Φ, χB] + χB [Φ, χA] − ψ [Φ, ψΦ] + ψΦ [Φ, ψ]
)
. FÄº�` æb` ê3ñXM

� Z����5J�PVN6X��µJ £I¤ N3PQOQ�U«���J­L�N6a_J����5J�X ¤ ^5X���OQ� ¤ ��O�¡6Z5X FÄº�` æb` æ�í�M8` ¦ J� �¡6Z5 .P ¤ a_J����EN3�µ^&«�J8Åb§_WYJ�XYX�OQZ_¢���5J¨ñ6Kq �¡6L­§(¡6Z5J.ZI� ´ N3TÄ¡6WiN3ZENsX�§_OQZ5¡6WYX ψp OQZ��YJ.W�L�X	¡3ª����5J�æ0Kq �¡6L­§\¡6Z5J.Z&� ¦ J.«&P�X�§_OQZ5¡6WYX λp F� 8ª�`FÄº�` æb` æ�æ�M�MFN3Z5a����5J.Z±L�N3S&OQZ_¢¶���5J]X ¤ ^5X���OQ� ¤ ��O�¡6Z5X)FÄº�` æb` æ�í�M����5J?ª¿J.W�L­O�¡6Z_O� ]§EN3W���¡3ªm���5J N = 4 ²�³"´òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«±�iN3S�J�Xy���5J�ª¿¡6W�L
LN=4

ferm = iTr
(
χA τµ

↔
DµχA + χB τµ

↔
DµχB + ψ τµ

↔
Dµψ + ψΦ τµ

↔
DµψΦ

)

+
g√
2

Tr
(
χA
(
[A,ψΦ]− [B,ψ]

)
+ χB

(
[A,ψ] + [B,ψΦ]

)

−ψ
(
[A,χB]− [B,χA]

)
− ψΦ

(
[A,χA] + [B,χB]

)

+χA
(
[A,ψΦ]− [B,ψ]

)
+ χB

(
[A,ψ] + [B,ψΦ]

)

− ψ
(
[A,χB]− [B,χA]

)
− ψΦ

(
[A,χA] + [B,χB]

)

+ χA [Φ, χB] − χB [Φ, χA] + ψ [Φ, ψΦ] − ψΦ [Φ, ψ]

+ χA [Φ, χB] − χB [Φ, χA] + ψ [Φ, ψΦ] − ψΦ [Φ, ψ]
)
. FÄº�` æb` ê�í�M

ë��5J ¦ J.«&P&X�§_OQZ5¡6Wm·EJ.P�a_X χA, χB, ψΦ, ψ
N3WYJ����5J�WYJ�X�§(J� .��OQ¥�J�X ¤ §\J.W�§EN3W���Z5J.WYX*¡3ª A,B,Φ, Aµ `0ë��5J.WYJ8Kª¿¡6WYJ����5J.«±L ¤ X��?XiN3��O�XÄª�«±���5J ZM

KMOQZI¥�N3W�OVN3Z5 �Jµ �¡6Z5abOQ��O�¡6Z5X
γ†χAγ = ωχA , γ†χBγ = ω−1χB , γ†ψΦγ = ψΦ , γ†ψγ = ψ . FÄº�` æb` ê���M

ý]Z5J­J�N6X�OQPQ«� Y�5J� iSbX��Y�EN3�"���5J�XYJ­ �¡6Z5abOQ��O�¡6Z5X¶N3WYJ­XiN3��O�XÄ·EJ�a�^&«BX�§_PQOQ����OQZ_¢x���5J NM × NM L�N3��W�OÂÅ·EJ.P�a_X�¡3ªf�Y�5J N = 4 U(NM) ²I³"´ ���5J�¡6W�« ¤ §¬OQZ&�Y¡ M ×M ^_P�¡I iS�L�N3��W�O� �J�Xy�y�5¡�XYJ~J.Z&��W�O�J�X?N3WYJ



æ�� ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
N ×N L�N3��W�O� �J�X�R

ψ =




ψ1

ψ2 ` ` `
ψM



, χA =




0 χA,1
0 χA,2` ` ` ` ` `

0 χA,M−1

χA,M 0



,

FÄº�` æb` ê�ï�M

χB =




0 χB,M
χB,1 0

χB,2
` ` `` ` `

0

χB,M−1 0




, ψΦ =




ψΦ,1

ψΦ,2 ` ` `
ψΦ,M



.

FÄº�` æb` ê���M¸~J.WYJ ψi, χA,i, χB,i N3Z5a ψΦ,i
N3WYJ N × N L�N3��W�O� �J�X¾F2�y�5J.WYJ i = 1, . . . ,M N3Z5a÷��JHO�a_J.ZI��OÂª�«

i ' i+M M8` � Z5XYJ.W���OQZ_¢±���5J ZM
KMOQZI¥�N3W�OVN3Z&�]ª¿¡6W�L�X]¡3ª ψ, χA, χB N3Z5a ψΦ

¢�OQ¥IJ.ZHOQZB½ £ X�`�FÄº�` æb` ê�ï�MMKFÄº�` æb` ê���M?OQZ&�Y¡¾FÄº�` æb` ê�í�M8®(���5J¨X�§_OQZ5¡6W~·EJ.P�aB§EN3W��"¡3ªF���5J N = 2 £I¤ OQ¥IJ.W~¢IN ¤ ¢�J¨���5J�¡6W�«BòfN3¢�WiN3Z_¢�OVN3Za_J.Z5X�OQ�q«¬WYJ�N6a_X�F�X ¤ L­L�N3��O�¡6ZB¡�¥IJ.W i = 1, . . . ,M OQL­§_PQO�J�a0M
Lferm = iTr

(
χA,i τµ

↔
DµχA,i + χB,i τµ

↔
DµχB,i + ψi τµ

↔
Dµψi + ψΦ,i τµ

↔
DµψΦ,i

)

+
g√
2

Tr
(
χA,iAi,(i+1)ψΦ,(i+1) − χA,iψΦ,iAi,(i+1) − χA,iB(i+1),iψi+1 + χA,iψiB(i+1),i

+ χB,iAi,(i+1)ψi − χB,iψi+1Ai,(i+1) + χB,iB(i+1),iψΦ,i − χB,iψΦ,(i+1)B(i+1),i

−ψi+1Ai,(i+1)χB,i + ψiχB,iAi,(i+1) + ψiB(i+1),iχA,i − ψi+1χA,iB(i+1),i

− ψΦ,iAi,(i+1)χA,i + ψΦ,(i+1)χA,iAi,(i+1) − ψΦ,(i+1)B(i+1),iχB,i + ψΦ,iχB,iB(i+1),i

+ χA,iAi,(i+1)ψΦ,i − χA,iψΦ,(i+1)Ai,(i+1) − χA,iB(i+1),iψi + χA,iψi+1B(i+1),i

+ χB,iAi,(i+1)ψi+1 − χB,iψiAi,(i+1) + χB,iB(i+1),iψΦ,(i+1) − χB,iψΦ,iB(i+1),i

−ψiAi,(i+1)χB,i + ψi+1χB,iAi,(i+1) + ψi+1B(i+1),iχA,i − ψiχA,iB(i+1),i

− ψΦ,(i+1)Ai,(i+1)χA,i + ψΦ,iχA,iAi,(i+1) − ψΦ,iB(i+1),iχB,i + ψΦ,(i+1)χB,iB(i+1),i

+ χA,iΦiχB,i − χA,iχB,iΦi+1 − χB,iΦi+1χA,i + χB,iχA,iΦi

+ χA,iΦi+1χB,i − χA,iχB,iΦi − χB,iΦiχA,i + χB,iχA,iΦi+1

+ ψi
[
Φi, ψΦ,i

]
− ψΦ,i

[
Φi, ψi

]
+ ψi

[
Φi, ψΦ,i

]
− ψΦ,i

[
Φi, ψi

])
. FÄº�` æb` ê�å�M

¦ J" �¡6Z5 .P ¤ a_J	���EN3�?���5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«s¡3ª N = 2 U(N)M £I¤ OQ¥IJ.Wy¢IN ¤ ¢�J"���5J�¡6W�«¬O�X
L = Lscalar + Lgauge + Lferm

FÄº�` æb` ñ���M
�y�5J.WYJ Lscalar,Lgauge

N3Z5a Lferm
N3WYJF¢�OQ¥IJ.Z¨OQZ­½ £ X�`¤FÄº�` æb`Qº0ï�M8®VFÄº�` æb`Qº8��M*N3Z5a�FÄº�` æb` ê�å�M8®6WYJ�X�§\J� .��OQ¥IJ.PQ«�`



ó�õ �Xõ
R � ��ú�m�m#�~z�òtú æbº

Ø~Ù��
R �%� ê����ÓÛ�ç0äRê

ë��5J±òfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ�U«�¡3ª N = 2 £I¤ OQ¥�J.W¶¢IN ¤ ¢�J����5J�¡6W�«jF2¢�OQ¥�J.ZoOQZu½ £ X�`EFÄº�` æb` ñ���M8®�FÄº�` æb`Qº0ï�M8®FÄº�` æb`Qº8��MmN3Z5a�FÄº�` æb` ê�å�M�M,O�XmOQZI¥�N3W�OVN3Z&� ¤ Z5a_J.Wf¢�P�¡6^EN3P SU(2)R×U(1)R
��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X�`0ë��5J U(1)RªMN6 .�Y¡6W?¡3ª*���5J R KqX�«&L­L�J.��W�«±¢�WY¡ ¤ §BN6 .�YX]¡6Zs���5J�·EJ.P�a_X]N6X

Ai,(i+1) −→ Ai,(i+1) , B(i+1),i −→ B(i+1),i , Φi −→ eiζΦi
FÄº�` êb`QºLM

χA,i −→ e−iζ/2χA,i , χB,i −→ e−iζ/2χB,i
FÄº�` êb` æ�M

ψi −→ eiζ/2ψi , ψΦ,i −→ e−iζ/2ψΦ,i .
FÄº�` êb` ê�M

ë��5J U(1)R
��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5XH¡3ª¶���5J�¸~J.W�L­OQ��OVN3Z° .¡6Z�T ¤ ¢IN3�YJB·EJ.P�a_XHN3WYJ�¡6^_�iN3OQZ5J�a ^I« &5OQ§_§_OQZ_¢

ζ → −ζ `5ë��5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«¬O�XyL�N3Z_OÂª¿J�X���PQ«±OQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W?���EJ U(1)R
��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Zm`

¦ J�Z5¡0� L�¡0¥�Jy�Y¡" �¡6Z5X�O�a_J.W����5J SU(2)R
��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X�`�D�J8·5Z5Jy���5J]æ0Kq �¡6L­§\¡6Z5J.Z&��X�§_OQZ5¡6WYX

(λi)a ≡
(
Ai,(i+1)

B(i+1),i

)
, (λi)

a ≡
(
Ai,(i+1)

B(i+1),i

)
. FÄº�` êb` ñXM

� Z5a_J.W σ ∈ SU(2)R
���5J�XYJ"X�§_OQZ5¡6WYX?�EN�¥IJ����5J"��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X

(λi)a −→ σ b
a (λi)b

FÄº�` êb` í�M
(λi)

a −→ (λi)
b σ a

b . FÄº�` êb` ��M
K~¡6�YJ����EN3� (λi)a = εab(λi)

b �EN6Xy���5J"��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z
(λi)a −→ εab σ

b
c ε

dc (λi)d = σ d
a (λi)d

FÄº�` êb` ï�M
�y�5J.WYJ����5J�J £I¤ N3PQOQ�q«~ª¿¡6PQP�¡0�?X,^&« ¤ X�OQZ_¢ σ ∈ SU(2)R

`�ë�� ¤ X�® (λi)a N3Z5a (λi)a
N3WYJ SU(2)R

a_¡ ¤ ^_P�J.�YX�`ëf¡±J8Åb�_OQ^_OQ�~���5J SU(2)R
OQZ&¥�N3W�OVN3Z5 �J¶¡3ªF���5J¶òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«s��J¶a_J8·5Z5J SU(2)R

OQZ&¥�N3W�OVN3ZI�YXX ¤  Y�BN6X
(λi)a (λi)

a = −εab(λi)a(λi)b = −Ai,(i+1)Ai,(i+1) −B(i+1),iB(i+1),i
FÄº�` êb` ��M

N3Z5a��yW�OQ�YJ­���5J�òfN3¢�WiN3Z_¢�OVN3Zua_J.Z5X�OQ�q«�OQZ��YJ.W�L�Xµ¡3ª����5J�XYJ�`��E¡6W N = 2 £I¤ OQ¥�J.W	¢IN ¤ ¢�J­���5J�¡6W�«����5J^_OÂª ¤ Z5a5N3L�J.ZI�iN3P"XY �N3PVN3WYX¬N3Z5a÷���5JBN6a6TÄ¡6OQZ&��ª¿J.W�L­O�¡6Z5X¬N3WYJB¡6W�¢IN3Z_OQ¹�J�a÷OQZ&�Y¡ SU(2)R
a_¡ ¤ ^_P�J.�YXsN6Xª¿¡6PQP�¡��?X

(λi)a ≡
(
Ai,(i+1)

B(i+1),i

)
, (λi)a ≡

(
−B(i+1),i

Ai,(i+1)

) FÄº�` êb` å�M

(χi)a ≡
(

ψi
ψΦ,i

)
, (χi)a ≡

(
−ψΦ,i

ψi

)
. FÄº�` êb`Qº8��M

ë��5JxXY �N3PVN3W¨·EJ.P�a òfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ�q«u�yW�OQ���YJ.Z OQZ �YJ.W�L�X�¡3ª����5J SU(2)R
a_¡ ¤ ^_P�J.�YX��iN3S�J�X­���5Jª¿¡6PQP�¡��yOQZ_¢­ª¿¡6W�LS�

� `�krce^Kced*oZc0cedP^3ce^zfeh
R−2 Tr

(
εab(λi)a(λi)b +ΦiΦi

) �L^Hb]xzfev §Pv wP}�cedP^KxHkJwL{�krfeh~oJlPxHkJ`PuPl v wP}Ckr{�cedP^Kb]x�orl oZf3�*^Hl �LbcekacedP^�xH`LfesroZce`Lfe^�dPoJbK§�^H^Hw'kJh�v c]ce^��!dP^zfe^r�



æ�æ ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú

Lscalar =
M∑

i=1

[
Tr
(
εab(Dµλi)a(Dµλi)b +DµΦiDµΦi

)

+
1

2
g2 Tr

(
εab(λi)a(λi)b − εab(λi−1)a(λi−1)b + [Φi,Φi]

)2

− 2g2 Tr
(
εab(λi)a(λi)b − εab(λi−1)a(λi−1)b

)2

− 2g2 Tr
(
εab(λi)a(λi)bε

cd(λi−1)c(λi−1)d + εab(λi−1)a(λi)bε
cd(λi)c(λi−1)d

)

+ 2g2 Tr
(
εab(λi)a(λi)bε

cd(λi)c(λi)d + εab(λi)a(λi)bε
cd(λi)c(λi)d

)

− 2g2 Tr
(
εab(λi)aΦi+1(λi)bΦi + εab(λi)aΦi+1(λi)bΦi

)

+ 2g2 Tr
(
εab(λi)aΦi+1Φi+1(λi)b + εab(λi)a(λi)bΦiΦi

)]
. FÄº�` êb`Qº�ºLM

ë��5J¬X�§_OQZ5¡6W¨·EJ.P�a òfN3¢�WiN3Z_¢�OVN3Z÷a_J.Z5X�OQ�U«;�yW�OQ���YJ.Z OQZ �YJ.W�L�X­¡3ª~���5J SU(2)R
a_¡ ¤ ^_P�J.�YX­�iN3S�J�X¨���5Jª¿¡6PQP�¡��yOQZ_¢­ª¿¡6W�L

Lferm =
M∑

i=1

[
iTr

(
χA,i τµ

↔
DµχA,i + χB,i τµ

↔
DµχB,i + εcd(χi)c(τµ

↔
Dµχi)d

)

+
g√
2

Tr
(
εcd
{
χA,i(λi)c, (χi)d

}
+ εcd

{
χA,i, (χi+1)c(λi)d

}

+ εcd
{
χA,i (λi)c, (χi+1)d

}
+ εcd

{
χA,i, (χi)c(λi)d

}

+ εcd
{
χB,i(λi)c, (χi+1)d

}
+ εcd

{
χB,i, (χi)c(λi)d

}

− εcd
{
χB,i (λi)c, (χi)d

}
− εcd

{
χB,i, (χi+1)c(λi)d

}

+ εcd
{
(χi)cΦi, (χi)d

}
+ εcd

{
(χi)cΦi, (χi)d

}

+
{
χA,iΦi+1, χB,i

}
+
{
χA,iΦi, χB,i

}

−
{
χB,iΦi, χA,i

}
−
{
χB,iΦi+1, χA,i

})]
. FÄº�` êb`Qº�æ�M

ë��5J�XYJ	WYJ�X ¤ PQ�YX~N3WYJµ �¡6ZI¥IJ.Z_O�J.ZI�YPÂ«HX ¤ L­L�N3W�OQ¹�J�aHOQZBëCN3^_P�J�º	�y�_O� i�HPQO�X��YX?���5J R Kq Y�EN3W�¢�J�X~¡3ª�N3PQPm���5J·EJ.P�a_X¨OÂZ N = 2 £I¤ OQ¥IJ.W¶¢IN ¤ ¢�J¬���5J�¡6W�«�`*¸~J.WYJ±���5J±¢�J.Z5J.WiN3�Y¡6WYX�¡3ª su(2)R
OQZu���5J�ª ¤ Z5a5N3L�J.ZI�iN3PWYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Z�N3WYJµ i�5¡�XYJ.Z�N6X 1

2(σx, σy, σz)
`Eë��5J R Kq Y�EN3W�¢�J�X�¡3ª����5J¶ �¡6W�WYJ�X�§\¡6Z5abOQZ_¢s¸~J.W�L­OQ��OVN3Z �¡6Z�T ¤ ¢IN3�YJ�·EJ.P�a_XHN3WYJ�¡6^_�iN3OQZ5J�aÁ^I« X�OQL­§_PQ«  Y�EN3Z_¢�OQZ_¢÷���5J�X�OQ¢�Z5Xx¡3ª¨���5J U(1)R

N3Z5a SU(2)R Y�EN3W�¢�J�X�`
Ai,(i+1) B(i+1),i Φi Aµi χA,i χB,i ψΦ,i ψi

U(1)R
� � º � −1

2 −1
2 −1

2
1
2

SU(2)R
1
2

1
2

� � � � −1
2 −1

2

�G �¡£¢�¤¦¥B§
R ¨ "$���pÿ�ý*�,�G(,#pÿ:������/$#;�6#���ü�"
���5�	(,�Zÿ,�tü�#���ü�"����! �;�



ó�õ ©¤õ
R � ��ú�m�m#�~z�òtú°��ït�'mB����ð�l;ñt�"z���}­zC�zð�l�� æ�ê
¦ J�Z5¡6�YJ"���EN3�y���5J R Kq i�EN3W�¢�J�X?¡3ª*���5J"XY �N3PVN3Wy·EJ.P�a_X]N3WYJ" �¡6Z5X�O�X��YJ.Z&�y�yOQ���x���5J�¢�J�¡6L�J.��W�O� 	OQZI� ¤ KOQ��O�¡6Z����EN3� Φ O�XµN6XYXY¡I .OVN3�YJ�a��yOQ�������5J z1 abOQWYJ� .��O�¡6Z;¡3ª C

3 ®(�y�_O� Y��O�X"OQZ5J.W�� ¤ Z5a_J.W	���5J�N6 .��O�¡6Z;¡3ª���5J­¡6W�^_OÂª¿¡6P�a�¢�WY¡ ¤ § ZM
®,N3Z5a Φ X��5¡ ¤ P�a���� ¤ X�Z5¡6�"^(J¶L­OÂÅ_J�a ¤ Z5a_J.W R KqX�«&L­L�J.��W�«B��WiN3Z5XÄª¿¡6W�L�N0K��O�¡6Z5X]�yOQ���B���5J"·EJ.P�a_X A N3Z5a B N6XYXY¡& .OVN3�YJ�ax�yOQ���B���5J z2 N3Z5a z3 abOQWYJ� .��O�¡6Z5X~OQZB�y�_O� Y� ZM

N6 .�YX�`ë��5J.WYJ8ª¿¡6WYJ Φ X��5¡ ¤ P�a¬�EN�¥IJ�¹�J.WY¡ SU(2)R
 Y�EN3W�¢�J�®\N3Z5a A,B X��5¡ ¤ P�a¬�EN�¥�J"¹�J.WY¡ U(1)R

 Y�EN3W�¢�J�`
Ø~Ù3ª

R �%� ê����ÓÛ�ç0äRê¬«3é_Û'�ÓÝ!«�æ0o¦­�ß�çRÛ�p!çRÝZæ0o �
� Zx���_O�X]XYJ� .��O�¡6ZH��J¶N3W�¢ ¤ J	�y�&«�®5¢�OÂ¥IJ.Z�N¨Z5¡6ZbKqÀ]^(J8PQOVN3Z�X�«&L­L�J.��W�«s¢�WY¡ ¤ §m®E¡6Z5JµX��5¡ ¤ P�asOQZ&��WY¡Ia ¤  �J Y�5J.L­O� �N3PE§(¡6�YJ.ZI��OVN3P�X� �¡6Z�T ¤ ¢IN3�YJ?�Y¡µN�L�N0ÅbOQL�N3P\À]^\J.PQOVN3Z±X ¤ ^_¢�WY¡ ¤ §�WiN3���5J.WF���EN3Z����5J?J.ZI��OQWYJ?¢�WY¡ ¤ §OQ�YXYJ.PÂª�`0��¡6Z5X�O�a_J.W~N £I¤ N3ZI� ¤ L�L�J� i�EN3Z_O� �N3PfX�«bX��YJ.L�a_J�XY .W�OQ^\J�ax^I«sN¨¸�N3L­OQPQ�Y¡6Z_OVN3Z H �yOQ���BN¨X�«&L¨KL�J.��W�«µ¢�WY¡ ¤ § G ���EN3�*O�X�N6XYX ¤ L�J�a¶�Y¡~^\JyN~ �¡6L­§EN6 .�FN3Z5a¨XYJ.L­O�X�OQL­§_P�J�ò,O�J�¢�WY¡ ¤ §m`�òmJ.� U(g) a_J.Z5¡6�YJN ¤ Z_OQ�iN3W�«xWYJ.§_WYJ�XYJ.Z&�iN3��O�¡6Z�¡3ª�N�¢�WY¡ ¤ §�J.P�J.L�J.ZI� g ` ¦ Jµa_J8·5Z5J¨N�¢�J.Z5J.WiN3PQOQ¹�J�aB§EN3W���OQ��O�¡6ZBª ¤ Z5 .��O�¡6Z^I«±���5J	J8Åb§_WYJ�XYX�O�¡6Z

Z(β, g) ≡ Tr
(
U(g) e−βH

)
. FÄº�` ñ5`QºLM


�«¬N6XYX ¤ L­§_��O�¡6Z U(g)  �¡6L­L ¤ �YJ�X]�yOQ��� H ®5N3Z5ax .¡6ZEXYJ £I¤ J8Z&��PQ« Z(β, g) O�X]N­ 8PVN6XYX�ª ¤ Z5 .��O�¡6Zm®
Z(β, η−1gη) = Tr

(
U(g)U(η) e−βH U(η−1)

)
= Tr

(
U(g) e−βH

)
= Z(β, g) . FÄº�` ñ5` æ�M

² OQZ5 �J G O�Xµ �¡6L­§EN6 .�¨N3Z5a;XYJ.L­O�X�OQL­§_P�J6®f���5J.WYJ�J8ÅbO�X��YX¶N¬L�N0ÅbOQL�N3PF�Y¡6W ¤ X T ¡3ª G ` � Z�§EN3W���O�  ¤ PVN3W�®
T O�X¬N� �¡6L­§EN6 .�xN3Z5aú �¡6Z_Z5J� .�YJ�a÷L�N0ÅbOQL�N3P"À]^\J.PQOVN3Z X ¤ ^_¢�WY¡ ¤ §ú�yOQ���ú���5JH§_WY¡6§(J.W��q« ���EN3�sN3Z&«J.P�J.L�J.ZI� g ¡3ª G  �N3Z¬^(J~�yW�OQ���YJ.ZsOQZ¬���5J~ª¿¡6W�L g = η−1t η �yOQ��� t N3ZxJ.PQJ.L�J.Z&�?¡3ª T `bÀ~XyN	ª ¤ W����5J.W§_WY¡6§\J.W��U«�® ¤ X�OQZ_¢H���EN3� T O�Xµ �¡6L­§EN6 .�­N3Z5a; �¡6Z_Z5J� .�YJ�a,®*N3Z&«�J.P�J.L�J.Z&� t ¡3ª T  �N3Z;^(J­�yW�OQ���YJ.Z N6X���5JBJ8Åb§(¡6Z5J.ZI��OVN3P	¡3ª¶XY¡6L�J�J.P�J.L�J.ZI�x¡3ª¨N; �¡6W�WYJ�X�§(¡6Z5abOQZ_¢j��N3W��iN3Z X ¤ ^EN3PQ¢�J.^_WiN t

¡3ª
g
`�òmJ.����OQZ_¢

{Qa | a = 1, . . . , rank G} a_J.Z5¡6�YJHN� �¡6L­§_P�J.�YJxXYJ.��¡3ª�¢�J.Z5J.WiN3�Y¡6WYX6®¬ª¿¡6W t
��Js �N3Z ��� ¤ X­�yW�OQ�YJ

t = eiγaQa �y�EJ8WiJ γa N3WYJ�WYJ�N3PmZ ¤ L¶^\J.WYX�`5ë��5J.WYJ8ª¿¡6WYJ Z(β, g)  �N3Zx^\J"J8Åb§_WYJ�XYXYJ�axN6X]Nµª ¤ Z5 .��O�¡6ZH¡3ª
rankG WYJ�N3PmZ ¤ L¶^\J.WYX γa N3Z5asWYJ.�yW�OQ���YJ.Z�N6X

Z(β, γa) = Tr e−βH+iγaQa . FÄº�` ñ5` ê�M
À?ª��YJ.W]N3ZEN3PQ«&��O� �N3PQPQ«s �¡6ZI��OQZ ¤ OQZ_¢ γa → −iβµa ���_O�Xy�iN3SIJ�Xy���5J~ª¿¡6W�L

Z(β, µa) = Tr e−β(H−µaQa) . FÄº�` ñ5` ñXM
¦ J�WYJ� .¡6¢�Z5OÂ¹�Jy���5OQXFN6X*���5J�¢�WiN3Z5a­ �N3Z5¡6Z_O� �N3P5§EN3W���OQ��O�¡6Z­ª ¤ Z5 .��O�¡6Zm`�ë��5Jy Y�5J.L­O� �N3P5§(¡6�YJ.ZI��OVN3P�X µa N3WYJ �¡6Z�T ¤ ¢IN3�YJµ�Y¡¬N­L�N0ÅbOQL�N3P�XYJ.�~¡3ªF �¡6L­L ¤ ��OQZ_¢s �¡6Z5XYJ.W�¥IJ�aB Y�EN3W�¢�J�X Qa `Eë��_O�X�a_J.L�¡6Z5X���WiN3�YJ�X��y�I«I®¢�OQ¥�J.ZHN¶Z5¡6ZbKqÀ]^(J.PQOVN3ZHX�«&L­L�J.��W�«±¢�WY¡ ¤ §m®5¡6Z5J"X��5¡ ¤ P�asOQZI��WY¡&a ¤  �J	 i�5J.L­O� �N3Pm§\¡6�YJ.Z&��OVN3P�X] �¡6Z�T ¤ ¢IN3�YJ�Y¡�N¨L�N0ÅbOÂL�N3Pf�Y¡6W ¤ X?¡3ª*���5J"¢�WY¡ ¤ §xWiN3���5J.W?���EN3Zx���5J	J.ZI��OQWYJ"¢�WY¡ ¤ §xOQ�YXYJ.PÂª�`
¯z\_^CoJ�LkJuLc�cedP^�xHkJw8sm^Hwpcev kJw!ced*oZcKcedP^�}J^HwP^zfgoZcekrfeb

Qa

oZfe^ � ^zfeh�v cev orw��



æ3ñ ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
Ø~Ù4° ± æ~å�ä3æ0p_å~ÝZæ0p³²_Û�p � ÝHçXêùÞ ÝHçRé R �%� ê����ÓÛ�ç0äRê´«3é_Û'�ÓÝ!«�æ0o
­�ß�çRÛ�p!çRÝZæ0o �
ë��5J¶L�N0ÅbOQL�N3P��Y¡6W ¤ XmQ�µ¨¡3ª����5J R KqX�«&L­L�J.��W�«B¢�WY¡ ¤ § SU(2)R × U(1)R

¡3ª N = 2 £I¤ OQ¥�J.W"¢IN ¤ ¢�J���5J�¡6W�«�O�X U(1)×U(1) `X�E¡6W����5J U(1)  �¡6W�WYJ�X�§\¡6Z5abOQZ_¢­�Y¡ U(1)R
���5J�J.OQ¢�J.ZI¥�N3P ¤ J�Xy¡3ªf���5J���N3W��iN3Z¢�J.Z5J.WiN3�Y¡6WYX" �N3Z�abOQWYJ� .��PQ«H^(JµWYJ�N6a�¡3»�ª�WY¡6LðëCN3^_P�Jsº�`R�E¡6W~���5J U(1) ⊂ SU(2)R

��J¨ Y�5¡&¡�XYJ­N6X"N^EN6X�O�X	ª¿¡6W¶���5J���N3W��iN3ZuX ¤ ^EN3PQ¢�J.^_WiNH���5J±abOVN3¢�¡6ZEN3P�¢�J.Z5J.WiN3�Y¡6W σz XY¡x���EN3�¶�Y�5J SU(2)R
a_¡ ¤ ^_P�J.�YX�yOQPQPE�EN�¥�J?��J.PQPÂKqa_J8·5Z5J�a¬ Y�EN3W�¢�J�X ¤ Z5a_J.W U(1) `RF ¦ J] Y�5¡&¡�XYJ σz WiN3���5J.W����EN3Z 1

2σz
N6XF���5J?¢�J.Z5J.WiN3�Y¡6W

Q2
^\J� �N ¤ XYJ¶��JµWYJ £I¤ OQWYJ eiQ2θ �Y¡±^\J¶OQZI¥�N3W�OVN3Z&� ¤ Z5a_J.W θ → θ + 2π ` ² J.����OQZ_¢ Q2 ≡ σz

��J¶�EN�¥IJ
eiQ2θ = diag(eiθ, e−iθ) �y�_O� i�­OQX� .P�J�N3W�PQ«¶OQZ&¥�N3W�OVN3ZI��` MCë��5J.WYJ8ª¿¡6WYJy���5J� i�EN3W�¢�J�X ¤ Z5a_J.W����5J�L�N0ÅbOQL�N3P�Y¡6W ¤ X U(1) ¡3ª SU(2)R

�yOQPQPm^(J	æ¨��OQL�J�Xy���5J SU(2)R
 Y�EN3W�¢�J�X�`ë�� ¤ Xyª¿¡6Wy���5J"^\¡�XY¡6Z_O� �·EJ.P�a_X�®

(µaQa)Ai,(i+1) = µ2Ai,(i+1)
FÄº�` íb`QºLM

(µaQa)B(i+1),i = µ2B(i+1),i
FÄº�` íb` æ�M

(µaQa) Φi = µ1Φi
FÄº�` íb` ê�M

(µaQa)Aµi = 0 , FÄº�` íb` ñXM
N3Z5a±ª¿¡6W?���5J~ª¿J.W�L­O�¡6Z_O� "·EJ.PQa5X�®

(µaQa)χA,i = −1
2µ1 χA,i

FÄº�` íb` í�M
(µaQa)χB,i = −1

2µ1 χB,i
FÄº�` íb` ��M

(µaQa)ψi =
(

1
2µ1 − µ2

)
ψi

FÄº�` íb` ï�M
(µaQa)ψΦ,i =

(
−1

2µ1 − µ2

)
ψΦ,i .

FÄº�` íb` ��M
ë��5J¨ �¡6W�WYJ�X�§\¡6Z5abOQZ_¢xJ8Åb§_WYJ�XYX�O�¡6Z5X~ª¿¡6W~���5J¨¸~J.W�L­OQ��OVN3Z� �¡6Z�T ¤ ¢IN3�YJ¶·EJ.P�a_X"N3WYJ¨¡6^_�iN3OQZ5J�a�^&«HX�OQL­§_PQ« Y�EN3Z_¢�OQZ_¢����5J"X�OQ¢�Z5X?¡3ª*���EJ" i�5J.L­O� �N3Pm§(¡6�YJ.ZI��OVN3P�X�`ëf¡?¡6^_�iN3OQZµ���5J�òfN3¢�WiN3Z_¢�OVN3Z¶a_J.Z5X�OQ�U«�¡3ª N = 2 £I¤ OQ¥IJ.W,¢IN ¤ ¢�J����5J�¡6W�«��yOQ���µ i�5J.L­O� �N3P�§(¡6�YJ.Z&��OVN3P�Xª¿¡6W±���5J SU(2)R × U(1)R

��N3W��iN3Z ¢�J.Z5J.WiN3�Y¡6WYX�®���JBOQL�N3¢�OQZ5J�¢IN ¤ ¢�OQZ_¢ ���5JB¢�P�¡6^EN3P SU(2)R ×
U(1)R

X�«&L­L�J.��W�«I`�ë��_O�X­�yOQPQP?OQZI��WY¡&a ¤  �JHNH·E .��OQ��O�¡ ¤ X�¢IN ¤ ¢�J¬·EJ.P�a,`�ë��5J¬��OQL�Jx �¡6L­§\¡6Z5J.Z&� ARa0¡3ª����5Jµ·E .��OQ��O�¡ ¤ X�¢IN ¤ ¢�J	·EJ.P�aB�yOQPQP* �¡ ¤ §_P�J¶�Y¡����EJ¶ �¡6Z5XYJ.W�¥�J�a U(1) × U(1)  i�EN3W�¢�J¨a_J.Z5X�OQ��OQJ�X jRa0���_WY¡ ¤ ¢�� ���5JxX��iN3Z5a5N3WYa  �¡ ¤ §_PQOQZ_¢;�YJ.W�L ARaµj
R
aµ
¢�OQ¥&OQZ_¢�W�O�XYJ¬�Y¡;NB�YJ.W�L ig

(
Qa

iµaδµ0

g

) OQZ ���5J �¡�¥�N3W�OVN3Z&�?a_J.W�OQ¥�N3��OQ¥IJ�` Q�Q]ë�� ¤ X�®bOQZ&��WY¡Ia ¤  .OQZ_¢ R KqX�«&L­L�J.��W�«¬ i�5J.L­O� �N3Pm§\¡6�YJ.Z&��OVN3P�X?O�XyJ £I¤ OQ¥�N3P�J.ZI�?�Y¡ �¡ ¤ §_PQOQZ_¢����5J R Kq Y�\N3W�¢�J�a¬·EJ.P�a_X?�Y¡�Nµ·E .��OQ��O�¡ ¤ X~ �¡6Z5X��iN3ZI�?¢IN ¤ ¢�J"·EJ.P�a iµaδµ0

g
` � ZH �¡6Z5 .P ¤ X�O�¡6Zm®_���5J

R KqX�«&L­L�J.��W�«� Y�5J.L­O� �N3P(§\¡6�YJ.Z&��OVN3P�X µa N3WYJ]OQZI��WY¡&a ¤  �J�a�OQZ&�Y¡µ���5J]òCN3¢�WiN3Z_¢�OVN3Zsa_J.Z5X�OQ�q«�^I«­L�N3S&OQZ_¢[�¶Z«'oZ�Lv h~orl0cekrfevRoZfe^~`PwPv �p`P^�kJwPl n_`Pu_cek'xHkJwJ��`P}moZcev kJw��±§P`LcCcedP^�}J^HwP^zfgoZcekrfebakJ{GN3oZf]cgorwWorl }J^H§Lfgorbay�v l lKoruPu�^�oZfv wPb]v �L^�c]fgorxH^HbH��orw*� §pn xznLxHl v xHv c�n�kr{acedL^�c]fgorxH^�b]`Pxgd6^z�LuLfe^Hb]b]v kJwPb'oZfe^�v w8sJoZfev orwpc'`Pw*�L^zftxHkJwJ��`P}moZcev kJw��K\¨^�y�v l lcedP^zfe^z{�krfe^�c]fe^�oZc�cedP^�h~oZ�Lv h~orl�cekrfevXorb�v �L^Hwpcev x�orl|�[][ ·8v wPxH^�y3^!oZfe^!kJwPl n¨v wpce^zfe^HbNce^��¨v w�xHkJ`PuPl v wP})cedP^~}mor`P}J^~�*^Hl �_cek'cedP^
R
��xgd*oZfe}J^t�L^HwLb]v c�np�Xy3^~b]^zcEcedP^~b]u*oZcev orlxHkJh�u�kJwP^Hwpceb�cek!�H^zfekL��v|� ^J�

AR
aµ =

iµaδµ0

g

��©3dP^C{|orxzcekrf
i
v b�w*oZce`Lfgorl±b]v wPxH^acedP^�oruPuLfekJuLfev oZce^�«tv wPqmk�y�b]q8v orw�}mor`P}J^�*^Hl ��v b µaδµ0

g

�¤orw*��cedP^�xHkrf]fe^Hb]u�kJw*�Lv wP}�¯V`PxHl v �L^�orw¨}mor`P}J^��*^Hl �_v bCkJ§Lcgorv wP^��_§pn�hE`Pl cev uPl nLv wP}'o!{|orxzcekrfEkr{
i
��\¨^v wPxHl `*�L^�cedP^�xHkJ`PuPl v wP}�xHkJwPbNcgorwpc�v w'cedP^C�L^HwPkJh�v w*oZcekrf�b]v wPxH^�y3^�yKorwpc�cek�qm^H^HutcedP^�ce^zfeh y�dP^Hw'cgorq8v wP}EcedP^
g → 0l v h�v c��



ó�õ ·Xõ¸l�ð�ø�ò!ð~}�ø��zð~}º¹'��})�&��z!ú»P���z�ï
R � ��ú�m�m#�~z�òtúÁ��ït�'mB����ð�l;ñt�"z���}­zC�zð�l�� æ�í

���5J"X ¤ ^5X���OQ� ¤ ��O�¡6Z
Dµ −→ Dµ − µaQaδµ0 .

FÄº�` íb` å�M


�J.P�¡�� ��J��EN�¥IJ~�yW�OQ���YJ.Zx���5J"òfN3¢�WiN3Z_¢�OVN3ZHa_J.Z5X�OQ��O�J�X�ª¿¡6W����5J~ª ¤ Z5a5N3L�J.Z&�iN3PfXY �N3PVN3W?N3Z5asX�§_OQZ5¡6W·EJ.P�a_X�¡3ª N = 2 £I¤ OQ¥�J.W�¢IN ¤ ¢�Jy���5J�¡6W�«�`�ë��_O�X��yOQPQP_^\JyOQL­§\¡6W��iN3Z&��ª¿¡6W����5J?N3ZEN3PQ«bX�O�X�OQZ­���5J�ª¿¡6PQP�¡0�yOQZ_¢XYJ� .��O�¡6Z5XyOQZH¡6WYa_J.W?�Y¡­abO�X���OQZ_¢ ¤ O�X��x���5JµN6a6TÄ¡6OQZI�yª�WY¡6L����5J�^_OÂª ¤ Z5a5N3L�J.Z&�iN3PCX���W ¤  .� ¤ WYJ�X�`ë��5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«±ª¿¡6Wy���5J	XY �N3PVN3W�·EJ.P�a_X?�yOQ��� R KqX�«&L­L�J.��W�«s Y�5J.L­O� �N3Pf§(¡6�YJ.ZI��OVN3P�X?O�X

Lscalar =
M∑

i=1

{
Tr
[(
∂µAi,(i+1) + igAµiAi,(i+1) − igAi,(i+1)Aµ(i+1) − µ2δµ0Ai,(i+1)

)

×
(
∂µAi,(i+1) + igAµ(i+1)Ai,(i+1) − igAi,(i+1)Aµi + µ2δµ0Ai,(i+1)

)]

+ Tr
[(
∂µB(i+1),i + igAµ(i+1)B(i+1),i − igB(i+1),iAµi − µ2δµ0B(i+1),i

)

×
(
∂µB(i+1),i + igAµiB(i+1),i − igB(i+1),iAµ(i+1) + µ2δµ0B(i+1),i

)]

+ Tr
[(
∂µΦi + ig[Aµi,Φi]− µ1δµ0Φi

)(
∂µΦi + ig[Aµi,Φi] + µ1δµ0Φi

)]

+R−2 Tr
(
Ai,(i+1)Ai,(i+1) +B(i+1),iB(i+1),i + ΦiΦi

)

+
1

2
g2 Tr

[(
Ai,(i+1)Ai,(i+1) −A(i−1),iA(i−1),i

+Bi,(i−1)Bi,(i−1) −B(i+1),iB(i+1),i + [Φi,Φi]
)2]

− 2g2 Tr
[(
Ai,(i+1)B(i+1),i −Bi,(i−1)A(i−1),i

)

×
(
A(i−1),i Bi,(i−1) −B(i+1),i Ai,(i+1)

)]

− 2g2 Tr
[(
Ai,(i+1)Φi+1 − ΦiAi,(i+1)

)(
Ai,(i+1) Φi − Φi+1 Ai,(i+1)

)]

− 2g2 Tr
[(
B(i+1),iΦi − Φi+1B(i+1),i

)(
B(i+1),i Φi+1 − Φi B(i+1),i

)]}
.FÄº�` íb`Qº8��M

¸~J.WYJF���5JF��WiN6 �J�X�N3WYJ�N3PQ�yN�«bXC�iN3SIJ.Z¨¡�¥IJ.WC���5JF¢IN ¤ ¢�J�OQZ5abO� �J�X*¡3ªE���5J N×N L�N3��W�O� �J�X�`�ý]^5XYJ.W�¥IJF���EN3����5JF i�5J.L­O� �N3P&§(¡6�YJ.ZI��OVN3P�X µ1
N3Z5a µ2

N6 .�CPQOQS�J�Z5J.¢IN3��OQ¥IJFL�N6XYXCX £I¤ N3WYJ�Xmª¿¡6W Φi
N3Z5a Ai,(i+1), B(i+1),i

`ý]ZHN­ �¡6L­§EN6 .�]X�§EN3��OVN3PmL�N3Z_OÂª¿¡6P�aHX ¤  Y�BN6X S3 ®b���5J�XYJ"�YJ.W�L�X~N3WYJ�^EN3PVN3Z5 �J�ax^&«±���5J"§\¡�X�OQ��OQ¥IJ�L�N6XYXX £I¤ N3WYJ¬�YJ.W�L�X­OQZ5a ¤  �J�a ^&«;���5Jx �¡6Zbª¿¡6W�L�N3P] �¡ ¤ §_PQOQZ_¢��Y¡�  ¤ W�¥�N3� ¤ WYJ�` ¦ J¬OQL­L�J�abOVN3�YJ.PQ« ¡6^5XYJ.W�¥IJª�WY¡6L FÄº�` íb`Qº8��M±���EN3� N = 2 £I¤ OQ¥IJ.Ws¢IN ¤ ¢�J����5J�¡6W�« ¡6Z S1 × S3 O�Xs��J.PQPÂKqa_J8·5Z5J�aÎN6X¬P�¡6Z_¢úN6X
µ1, µ2 ≤ R−1 ` � ªC���5J	 Y�5J.L­O� �N3Pf§\¡6�iJ8Z&��OVN3P�X]J8Å_ �J�J�as���_O�Xy^(¡ ¤ Z5a,®_���5J"���5J�¡6W�«¬a_J.¥IJ.P�¡6§5Xy�iN6 i�I«I¡6Z_O� L�¡Ia_J�X~N3Z5as���5J.WYJ	J8ÅbO�X��YX�Z5¡�X��iN3^_P�J"¢�WY¡ ¤ Z5axX��iN3�YJ�`



æ�� ��ïtðtñ~z��Còôó�õ N = 2 ö �C�L÷��Còùø�ð­��ø�� z�ït�t�Eòtú
ë��5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«±ª¿¡6Wy���5J	X�§_OQZ5¡6W�·EJ.P�a_X?�yOQ��� R KqX�«&L­L�J.��WY«¬ i�5J.L­O� �N3Pf§(¡6�YJ.ZI��OVN3P�X?O�X
Lferm =

M∑

i=1

{
i

2
Tr
(
χA,i τµ

(
∂µχA,i + igAµiχA,i − igχA,iAµ(i+1) + 1

2µ1δµ0χA,i
))

− i
2

Tr
((
∂µχA,i + igAµ(i+1)χA,i − igχA,iAµi − 1

2µ1δµ0χA,i
)
τµ χA,i

)

+
i

2
Tr
(
χB,i τµ

(
∂µχB,i + igAµ(i+1)χB,i − igχB,iAµi + 1

2µ1δµ0χB,i
))

− i
2

Tr
((
∂µχB,i + igAµiχB,i − igχB,iAµ(i+1) − 1

2µ1δµ0χB,i
)
τµ χB,i

)

+
i

2
Tr
(
ψi τµ

(
∂µψi + ig[Aµi, ψi]−

(
1
2µ1 − µ2

)
δµ0ψi

))

− i
2

Tr
((
∂µψi + ig[Aµi, ψi] +

(
1
2µ1 − µ2

)
δµ0ψi

)
τµ ψi

)

+
i

2
Tr
(
ψΦ,i τµ

(
∂µψΦ,i + ig[Aµi, ψΦ,i]−

(
1
2µ1 + µ2

)
δµ0ψΦ,i

))

− i
2

Tr
((
∂µψΦ,i + ig[Aµi, ψΦ,i] +

(
1
2µ1 + µ2

)
δµ0ψΦ,i

)
τµ ψΦ,i

)

+
g√
2

Tr
(
εcd
{
χA,i(λi)c, (χi)d

}
+ εcd

{
χA,i, (χi+1)c(λi)d

}

+ εcd
{
χA,i (λi)c, (χi+1)d

}
+ εcd

{
χA,i, (χi)c(λi)d

}

+ εcd
{
χB,i(λi)c, (χi+1)d

}
+ εcd

{
χB,i, (χi)c(λi)d

}

− εcd
{
χB,i (λi)c, (χi)d

}
− εcd

{
χB,i, (χi+1)c(λi)d

}

+ εcd
{
(χi)cΦi, (χi)d

}
+ εcd

{
(χi)cΦi, (χi)d

}

+
{
χA,iΦi+1, χB,i

}
+
{
χA,iΦi, χB,i

}

−
{
χB,iΦi, χA,i

}
−
{
χB,iΦi+1, χA,i

})
}
. FÄº�` íb`Qº�ºLM

¸~J.WYJ~���5J���WiN6 �J�X]N3WYJ	N3PQ�yN�«bX��iN3SIJ.Zs¡0¥IJ8Wy���5J�¢IN ¤ ¢�J"OQZ5abO� �J�X?¡3ªC���5J N ×N L�N3��W�O� �J�X�`LK~¡6�YJ����EN3����5Js§(¡6�YJ.ZI��OVN3P~§EN3W��±¡3ª��Y�5JxòfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ�U«u�EN6X�^(J�J.Z÷�yW�OQ���YJ.Z÷OQZ �YJ.W�L�X±¡3ª"���5J SU(2)Ra_¡ ¤ ^_P�J.�YX?¢�OQ¥�J.ZxOQZx½ £ X�`�FÄº�` êb` å�MMKJFÄº�` êb`�º8��M�ª¿¡6WyZ5¡6�iN3��O�¡6ZEN3PCX�OQL­§_PQO� .OQ�U«�`ëf¡�WYJ� �N3§_OQ� ¤ PVN3�YJ�®CFÄº�` íb`Qº8��M~N3Z5a FÄº�` íb`Qº�ºLM~N3WYJ¶¡6^_�iN3OQZ5J�aB^I«xL�N3S&OQZ_¢±���5J¶X ¤ ^5X���OQ� ¤ ��O�¡6Z�FÄº�` íb` å�MOQZ ���5J�òfN3¢�WiN3Z_¢�OVN3Z°a_J.Z5X�OQ�q«÷¢�OQ¥IJ.Z OQZèFÄº�`Qº�` ê�M8®�FÄº�`Qº�` ñXM¬N3Z5aÉFÄº�`Qº�` í�M8®?N3Z5aú·5ZEN3PQPQ«÷L�N3S&OQZ_¢u���5JX ¤ ^5X���OQ� ¤ ��O�¡6Z5X?¢�OQ¥�J.ZxOQZBFÄº�` æb`Qº�í�MMKJFÄº�` æb`QºL��M?N3Z5aBFÄº�` æb` ê�ï�MMKJFÄº�` æb` ê���M8`�COQZEN3PQPQ«�®�N6XC���5J�¢IN ¤ ¢�J�·EJ.P�a_X*�EN�¥�J�¹�J.WY¡" Y�EN3W�¢�J ¤ Z5a_J.W SU(2)R×U(1)R
®3���5J�¢IN ¤ ¢�J�·EJ.P�a¶§EN3W��¡3ª_���5JFòfN3¢�WiN3Z_¢�OVN3Z­a_J.Z5X�OQ�U«"O�X ¤ ZEN0»,J� .�YJ�aµ^&«�OQZ&��WY¡Ia ¤  .OQZ_¢����5J R KqX�«&L­L�J.��W�«	 Y�5J.L­O� �N3Pb§\¡6�YJ.Z&��OVN3P�X�`K~¡6Z5J.���5J.P�J�XYX�®b��J"¢�OÂ¥IJ����5J"WYJ�X ¤ PQ�?�5J.WYJ�ª¿¡6W? �¡6ZI¥IJ.Z_O�J.Z5 �J�R

Lgauge =
1

4

M∑

i=1

TrF iµνF
i
µν

FÄº�` íb`Qº�æ�M
�y�5J.WYJ	¡3ª� �¡ ¤ WYXYJ F iµν = ∂µA

i
ν − ∂νAiµ + ig[Aiµ, A

i
ν ]
`
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ë��5J±L�N3��W�OÂÅoL�¡Ia_J.P���J±�yOQPQP� �¡6Z5X�O�a_J.W­O�X¨a_J8·5Z5J�ao^&«�OQZ&�YJ.¢�WiN3��OQZ_¢�¡ ¤ �¨���5JW& ¤  .� ¤ N3�YOQ¡6ZEX­¡3ª]���5J£I¤ N3ZI� ¤ L�·EJ.P�a_X�`\ë��5J.WYJ8ª¿¡6WYJµ��J	�yOQPQP* �¡6L­§ ¤ �YJµOQZB���_O�X~XYJ� .��O�¡6ZH���5J¶¡6Z5J8KMP�¡I¡6§ £I¤ N3ZI� ¤ LÊJ8»,J� .��OQ¥�JN6 .��O�¡6Zm`

n)ÙrØ Ãºp_Û � oZß)ß:­ â'ã æ0p!ç ã � Û�Ä�Û�«�çRÝ�Ü~Û æ0«�çRÝZß0p
´ J.ZI��O�¡6Z�FVª¿¡6Wy���EJ8WYL�N3P,·EJ.P�as���5J�¡6W�«VM8R�G ê�æLIq®�G ê�êLIë��5J­§EN3W���OQ��O�¡6Z�ª ¤ Z5 .��O�¡6Z�ª¿¡6W	���5J­¢�WiN3Z5a; �N3ZE¡6Z_O� �N3P�J.Z5XYJ.Lµ^_P�J��EN6X	���5J­§EN3����OQZ&�YJ.¢�WiN3PFWYJ.§_WYJ8KXYJ.ZI�iN3��O�¡6Z

Z =

∫
DAµ DφDψ e−

∫
S1×S3 d

4x
√

|g| (Lgauge+Lscalar+Lferm) F¿æb`Qº�`QºLM
�yOQ��� Lgauge,Lscalar

N3Z5a Lferm
^(J.OQZ_¢H���5J�òfN3¢�WiN3Z_¢�OVN3Zua_J.Z5X�OQ��O�J�Xµ�yOQ��� R KqX�«&L­L�J.��W�«� Y�5J.L­O� �N3P§\¡6�YJ.Z&��OVN3P�Xm¢�OQ¥IJ.Z	^I«�½ £ X�`�FÄº�` íb`Qº�æ�M8®XFÄº�` íb`Qº8��M,N3ZEa�FÄº�` íb`Qº�ºLM8®�WYJ�X�§(J� .��OQ¥�J.PQ«I®0N3Z5a"�y�5J.WYJ����5J�L�J�N6X ¤ WYJ�X

DAµ ® Dφ N3Z5a Dψ N3WYJ	���5Jµ§_WY¡Ia ¤  .�YX�¡3ª����5JµL�J�N6X ¤ WYJ�X~¡0¥�J.W�N3PQPC���5J	¢IN ¤ ¢�J	·EJ.P�a_X�®\XY �N3PVN3W?·EJ.P�a_XN3Z5a�X�§_OQZ5¡6W�·EJ.PQa5X�®\WYJ�X�§(J� .��OQ¥�J.PQ«I` ¦ J¶�yOQPQP�¡6^_�iN3OQZ;N3Z�J8»,J� .��OQ¥�J�N6 .��O�¡6Z�ª�WY¡6LÊ���_O�X	J8Åb§_WYJ�XYX�O�¡6Z�^I«�iN3S&OQZ_¢¶���5J]ª�WYJ�J]PQOQL­OQ� g → 0 ¡3ªm���5J~��WYJ�J8KMP�J.¥�J.PmN6 .��O�¡6Zm`b¸~¡0��J.¥IJ.W�®&X�OQZ5 �J~���5J]���5J�¡6W�«�O�X�a_J8·5Z5J�a¬¡6ZN� �¡6L­§EN6 .�	X�§EN3��OVN3P S3 ¡6Z5J¨L ¤ X���OQL­§\¡�XYJ¨���5JW+"N ¤ XYX~PVN��� �¡6Z5X���WiN3OQZI�"���EN3�	N3PQP�X��iN3�YJ�X�^\J¶¢IN ¤ ¢�JOQZI¥�N3W�OVN3Z&��` ¦ J�§\J.WÄª¿¡6W�L ���5JF§_WY¡6TÄJ� .��O�¡6Z¨¡6Z&�Y¡]¢IN ¤ ¢�JFOQZI¥�N3W�OVN3Z&�*X��iN3�YJ�Xf^&« ¤ X�OQZ_¢ A0i
N6X*N?òfN3¢�WiN3Z_¢�JL ¤ PQ��OQ§_PQO�J.W�®

Aµi(x) −→ Ãµi(x) + δµ0ai/g
F¿æb`Qº�` æ�M

�y�5J.WYJ Ã0i
OQZI�YJ.¢�WiN3�YJ�X"�Y¡±¹�J.WY¡s¡�¥IJ.W S1 × S3 N3Z5a ai N3WYJ­ �¡6Z5X��iN3ZI�	¸~J.W�L­OQ��OVN3Z�L�N3��W�O� �J�X��y�_O� i�^I«­¢IN ¤ ¢�J]OQZ&¥�N3W�OVN3Z5 �J~ �N3Z±^(J~N6XYX ¤ L�J�a±abOVN3¢�¡6ZEN3PM® ai = diag(q1i , . . . , q

N
i ) `IëC¡¶¡6^_�iN3OQZ±���5J~ �¡6W�WYJ� .�¹�J.WY¡� �¡ ¤ §_PQOQZ_¢;PQOQL­OQ�±¡6Z5JsOQZ5XYJ.W��YX����5Jxa_J� �¡6L­§(¡�X�OQ��O�¡6Z F¿æb`Qº�` æ�M¨OQZ&�Y¡����5JHN6 .��O�¡6Z÷¢�OQ¥�J.Z÷���_WY¡ ¤ ¢��FÄº�` íb`Qº8��MMK'FÄº�` íb`Qº�æ�M?N3Z5as���5J.Zs�8N3S�J�Xy���5J g → 0 PQOQL­OQ��`¦ Jµ�yOQPQPC�yW�OQ�YJ ¤ §B���5JµWYJ�X ¤ PQ��OQZ_¢sN6 .��O�¡6Z�OQZ�N�^_OQPQOQZ5J�N3W~ª¿¡6W�L©���EN3�~O�X"N3L�J.ZEN3^_P�J¶�Y¡�+"N ¤ XYX�OVN3Z

æ�ï



æ�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
§EN3���xOQZI�YJ.¢�WiN3��O�¡6Z5X�`0�5¡6W?���_O�Xy§ ¤ W�§(¡�XYJ�®5a_J8·5Z5J�F m,n N3Z5a i N3WYJ�·_Å_J�a0M

2
mn
Ai,(i+1)

=
(
∂µ + δµ0(µ2 + iqni+1 − iqmi )

)2 −R−2 F¿æb`Qº�` ê�M
2
mn
B(i+1),i

=
(
∂µ + δµ0(µ2 + iqni − iqmi+1)

)2 −R−2 F¿æb`Qº�` ñXM
2
mn
Φi

=
(
∂µ + δµ0(µ1 − iqmni )

)2 −R−2 F¿æb`Qº�` í�M
�y�5J.WYJ qmni ≡ qmi − qni `,ë��5J.Zm®m^I«B§\N3W���OVN3P�OQZ&�YJ.¢�WiN3��O�¡6ZuN3Z5a�abO�XY �N3WYabOQZ_¢H�Y¡6�iN3PFa_J.W�OQ¥�N3��OQ¥�J�X�®,���5J¹�J.WY¡� �¡ ¤ §_PQOQZ_¢�PQOQL­OQ�]¡3ª*���5J	XY �N3PVN3W�·EJ.P�aHN6 .��O�¡6Z F2¢�OQ¥�J.Zx���_WY¡ ¤ ¢���FÄº�` íb`Qº8��M�My �N3Zx^\J"�yW�OQ���YJ.Z

lim
g→0

Sscalar =
M∑

i=1

N∑

m,n=1

∫

S1×S3

d4x
√
|g|
(

(Ai,(i+1))mn(−2
mn
Ai,(i+1)

)(Ai,(i+1))nm

+ (B(i+1),i)mn(−2
mn
B(i+1),i

)(B(i+1),i)nm + (Φi)mn(−2
mn
Φi

)(Φi)nm

)
. F¿æb`Qº�` ��M

ë��5J±§EN3���uOQZ&�YJ.¢�WiN3P�X�¡�¥IJ.W¨���5J¬XY �N3PVN3W¶·EJ.P�a_X�N3WYJ±Z5¡0� +"N ¤ XYX�OVN3ZuOQZI�YJ.¢�WiN3P�X�N3Z5au �N3Z WYJ�N6abOQPQ«;^(Ja_¡6Z5J�`V�5¡6W?���5J"XY �N3PVN3Wy·EJ.P�a_X Ai,(i+1), B(i+1),i,Φi
��J��EN�¥�J"���5J�WYJ�X�§(J� .��OQ¥�J	 �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X

lnZAi,(i+1)
= −Tr ln

(
−2Ai,(i+1)

) F¿æb`Qº�` ï�M
lnZB(i+1),i

= −Tr ln
(
−2B(i+1),i

) F¿æb`Qº�` ��M
lnZΦi = −Tr ln

(
−2Φi

)
. F¿æb`Qº�` å�M

¸~J.WYJ¶���5J¶��WiN6 �J�X	N3WYJ¨�iN3S�J.Z�^(¡6����¡�¥IJ.W����5J¶¢IN ¤ ¢�J¨OQZ5abO� �J�X	N3Z5a�¡�¥IJ.W����5J¨¸]OQPQ^\J.W��	X�§EN6 �J�X"¡3ªF���5JXY �N3PVN3W�·EJ.P�a_X Ai,(i+1), B(i+1),i
N3Z5a Φi

®bWYJ�X�§(J� .��OQ¥�J.PQ«I`
� Z ¡6WYa_J.Wx�Y¡u§ ¤ �s���5J�X�§_OQZ5¡6W¬·EJ.P�a §EN3W��H¡3ª¶���5J�òfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ�U«÷OQZ°No^_OQPQOQZ5J�N3Wsª¿¡6W�L ��JJ8Åb§_P�¡6OQ�y���EJ~ªMN6 .�?���EN3�y���5J�XYJ�·EJ.P�a_X]N3WYJ_+~WiN6XYX�L�N3Z_ZbKM¥�N3P ¤ J�X�`VD�J8·5Z5J

D
mn
χA,i

=

((
i∂µ − δµ0(q

n
i+1 − qmi )− i

2δµ0µ1

)
τT
µ 0

0 τµ
(
i∂µ − δµ0(q

n
i − qmi+1) + i

2δµ0µ1

)
) F¿æb`Qº�`Qº8��M

D
mn
χB,i

=

((
i∂µ − δµ0(q

n
i − qmi+1)− i

2δµ0µ1

)
τT
µ 0

0 τµ
(
i∂µ − δµ0(q

n
i+1 − qmi ) + i

2δµ0µ1

)
) F¿æb`Qº�`Qº�ºLM

D
mn
ψi

=

((
i∂µ − δµ0q

nm
i + iδµ0(

1
2µ1 − µ2)

)
τT
µ 0

0 τµ
(
i∂µ − δµ0q

nm
i − iδµ0(

1
2µ1 − µ2)

)
) F¿æb`Qº�`Qº�æ�M

D
mn
ψΦ,i

=

((
i∂µ − δµ0q

nm
i + iδµ0(

1
2µ1 + µ2)

)
τT
µ 0

0 τµ
(
i∂µ − δµ0q

nm
i − iδµ0(

1
2µ1 + µ2)

)
) F¿æb`Qº�`Qº�ê�M

�y�5J.WYJ"���5J	X ¤ §\J.WYXY .W�OQ§_� T a_J.Z5¡6�YJ�X?���5J"��WiN3Z5X�§\¡�XYJ�`5ëy�5J.Zx���5J"¹�J.WY¡� �¡ ¤ §_PQOQZ_¢�PQOQL­OQ�]¡3ª����5J"X�§_OQZ5¡6W



k±õ�ó�õO��}t� � lE�)�Eñ ö ��ð~}­z~�Gm �'Q�Q��]�?zC�L÷�� ð¶�yzC�p��} æ�å
·EJ.P�axòfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�q«;FÄº�` íb`Qº�ºLM� �N3Zx^\J"�yW�OQ���YJ.Z

lim
g→0
Lferm =

M∑

i=1

{
N∑

m,n=1

1

2

(
(χA,i)mn, (χA,i)mn

)
D
mn
χA,i

(
(χA,i)nm
(χA,i)nm

)

+
1

2

(
(χB,i)mn, (χB,i)mn

)
D
mn
χB,i

(
(χB,i)nm
(χB,i)nm

)

+
1

2

(
(ψi)mn, (ψi)mn

)
D
mn
ψi

(
(ψi)nm
(ψi)nm

)

+
1

2

(
(ψΦ,i)mn, (ψΦ,i)mn

)
D
mn
ψΦ,i

(
(ψΦ,i)nm
(ψΦ,i)nm

)}
. F¿æb`Qº�`Qº.ñXM

�_WY¡6L����5J"§EN3���xOQZI�YJ.¢�WiN3��O�¡6Z5X~¡�¥IJ.Wy���5J_+~WiN6XYX�L�N3Z_ZbKM¥�N3P ¤ J�axX�§_OQZ5¡6Wy·EJ.P�a_X?��J	¡6^_�iN3OQZ
lnZχA,i = 1

2 ln det
(
D

2
χA,i

) F¿æb`Qº�`Qº�í�M
lnZχB,i = 1

2 ln det
(
D

2
χB,i

) F¿æb`Qº�`Qº8��M
lnZψi = 1

2 ln det
(
D

2
ψi

) F¿æb`Qº�`Qº0ï�M
lnZψΦ,i

= 1
2 ln det

(
D

2
ψΦ,i

)
. F¿æb`Qº�`Qº8��M

¸~J.WYJ	���5J¨a_J.�YJ.W�L­OQZEN3ZI�YX	N3WYJµ�iN3SIJ.ZB^\¡6����¡�¥IJ.W]���5Jµ¢IN ¤ ¢�J¶OQZ5abO� �J�X"N3Z5aB¡0¥�J.W~���5J¶¸]OQPQ^(J.W���X�§EN6 �J�X¡3ª*���5J ¦ J.«&PmX�§_OQZ5¡6Wy·EJ.PQa5X χA,i, χB,i, ψi N3Z5a ψΦ,i
®bWYJ�X�§(J� 8�YOÂ¥IJ.PQ«�`

�5¡6W?���5J�¢IN ¤ ¢�J�·EJ.P�a,®5a_J8·5Z5J�F i ® m N3Z5a n ·_Å_J�a0M
2
mn
i =

(
∂µ + iqmni δµ0

)2
. F¿æb`Qº�`Qº�å�M

D ¤ J��Y¡­���5J"a_J� �¡6L­§(¡�X�OQ��O�¡6ZHOQZx½ £ `�F¿æb`Qº�` æ�M���J��EN�¥�J�FVª¿¡6W]Nµ·_Å_J�a i M8® ¤ §s�Y¡­�Y¡6�iN3Pfa_J.W�OQ¥�N3��OQ¥�J�X�®
1

4
Tr
(
F iµνF

i
µν

)
=

1

2

N∑

m,n=1

(Ãµi )
∗
mn(−2

mn
i )(Ãµi )mn −

1

2
Tr
[
(∂µÃµi + i[ai, Ã

0
i ])

2
] F¿æb`Qº�` æ���M

�y�5J.WYJx���5J ∗ a_J.Z5¡6�YJ�X¬ �¡6L­§_P�J8Å÷ �¡6Z�T ¤ ¢IN3��O�¡6Zm` ¦ Jx i�5¡I¡�XYJx���5Jx¢IN ¤ ¢�JHa_J8·5Z5J�a÷^I«÷N6a_abOQZ_¢;���5J¢IN ¤ ¢�J8K¿·_ÅbOQZ_¢��YJ.W�L
Lg.f. =

1

2
Tr
[
(∂µÃµi + i[ai, Ã

0
i ])

2
]
. F¿æb`Qº�` æbºLM

ý]Z5J¶���5J.Z�a_J� �¡6L­§\¡�XYJ�X����5J¨X�§EN3��OVN3P� �¡6L­§(¡6Z5J.ZI�YX	¡3ªF���5J¶¢IN ¤ ¢�Jµ·EJ.P�aBOQZI�i¡±X�§_�5J.W�O� �N3P��EN3W�L�¡6Z_O� �X¡6Z S3 ^&«H�yW�OQ��OQZ_¢s���5J.LÌN6X	N±X ¤ Lð¡3ªyN���WiN3Z5X�¥IJ.WYXYJ�F2OM` J�`(abOQ¥IJ.W�¢�J.Z5 �J.P�J�XYXJM]¥�J� .�Y¡6W�·EJ.P�a A
⊥
i
N3Z5aNsP�¡6Z_¢�OQ� ¤ abOQZEN3P�¥�J� .�Y¡6Wµ·EJ.P�a ∇Fi �y�5J.WYJ Fi O�X¨NxXY �N3PVN3W	ª ¤ Z5 .��O�¡6Zm`Cë��EN3�¶O�X�®,ª¿¡6W k = 1, 2, 3 ��Ja_J� �¡6L­§\¡�XYJ

Ãki = (A⊥
i )k + (∇Fi)k . F¿æb`Qº�` æ�æ�M



ê�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
� X�OQZ_¢µ���EN3�

A
⊥
i
O�X�abOQ¥�J.W�¢�J.Z5 �J.P�J�XYXyN3Z5a�OQ¢�Z5¡6W�OQZ_¢¨�Y¡6�iN3P\a_J.W�OQ¥�N3��OQ¥IJ�X�®I���5J?¢IN ¤ ¢�J?·_Å_J�a±òfN3¢�WiN3Z_¢�OVN3Za_J.Z5X�OQ�q«¬�yW�OQ���YJ.ZxOQZs�YJ.W�L�X]¡3ª S3 X�§_�5J.W�O� �N3Pm�EN3W�L�¡6Z_O� �X?�iN3SIJ�Xy���5J~ª¿¡6W�L

Lgauge + Lg.f. =
1

2

N∑

m,n=1

(
(Ã0

i )
∗
mn (−2

mn
i ) (Ã0

i )mn + (A⊥
i )k∗mn (−2

mn
i ) (A⊥

i )kmn

+ (∇Fi)k∗mn (−2
mn
i ) (∇Fi)kmn

)
. F¿æb`Qº�` æ�ê�M

ë�� ¤ X�®I���5J~ �¡6Z&��W�OQ^ ¤ ��O�¡6Z¬�Y¡µ���5J]§EN3���±OQZ&�YJ.¢�WiN3P\ª�WY¡6L ���5J~¢IN ¤ ¢�J?·EJ.P�a Ãµi N3ZEa����5Jt�EN6a_J�J.¥IKqÃ*¡6§\¡0¥¢��5¡�X��YX ci, ci O�X
Zgauge =

∫
DA⊥k

i exp

(
−1

2

∫
d4x (A⊥

i )k∗mn (−2
mn
i ) (A⊥

i )kmn

)

×
{∫
D(∇Fi)k exp

(
−1

2

∫
d4x (∇Fi)k∗mn (−2

mn
i ) (∇Fi)kmn

)

·
∫
DÃ0

i exp

(
−1

2

∫
d4x (Ã0

i )
∗
mn (−2

mn
i ) (Ã0

i )mn

)

·
∫
Dci Dci exp

(
−
∫
d4x ci (−2

mn
i ) ci

)}
. F¿æb`Qº�` æ3ñXM

ë��5J�§EN3���xOQZ&�YJ.¢�WiN3P�X?OQZ5X�O�a_J"���5J�^_WiN6 iS�J.�YX { · · ·} OQL­L�J�abOVN3�YJ.PQ«xJ.¥�N3P ¤ N3�YJ"�Y¡
exp

(
−1

2
Tr ln(−2

mn
i )

)
exp

(
−1

2
Tr ln(−2

mn
i )

)
exp

(
Tr ln(−2

mn
i )

)
= 1 . F¿æb`Qº�` æ�í�M

ë��5J¨PVN6X��"J £I¤ N3PQOQ�U«xª¿¡6PQP�¡0�?X~ª�WY¡6Lð���5J¶ªMN6 .�"���EN3�"���5J¶·EJ.PQa5X (∇Fi)k, Ã0
i , ci, ci

N3PQP��EN�¥�J¨���5J­XiN3L�JJ.OQ¢�J.ZI¥�N3P ¤ J�Xx�yW���` 2
mn
i

N3Z5a �Y�5J�XiN3L�J�a_J.¢�J.Z5J.WiN6 .«  �¡6W�WYJ�X�§(¡6Z5abOQZ_¢÷�Y¡ J�N6 i�°J.OQ¢�J.ZI¥�N3P ¤ J�`_F�ëf¡OQPQP ¤ X���WiN3�YJ����_O�X�®����5J�J.OQ¢�J8Z&¥�N3P ¤ J�XHN3WYJB¢�OQ¥IJ.Z J8Åb§_PQO� .OQ��PQ«úOQZ ½ £ X�`)F¿æb`Qº�` æ�å�MMKJF¿æb`Qº�` ê�ê�M±^(J.P�¡��	`yë��5J �¡6W�WYJ�X�§\¡6Z5abOQZ_¢±a_J.¢�J.Z5J.WiN6 .O�J�X~ �N3Zx^\J"WYJ�N6ax¡3»Bª�WY¡6L�ë*N3^_P�Jµæb` M�ë��5J.WYJ8ª¿¡6WYJ�®
Zgauge =

∫
DA⊥k

i exp

(
−1

2

∫
d4x (A⊥

i )k∗mn (−2
mn
i ) (A⊥

i )kmn

)

= exp

(
−2 · 1

2
Tr ln

(
−2i

))
. F¿æb`Qº�` æ���M

ë��5J"ªMN6 .�Y¡6W�æ­OQZH���5J¶J8Åb§\¡6Z5J.Z&��OVN3P* �¡6L�J�X?ª�WY¡6L����5J	ªMN6 8�]���EN3�~���5J	��WiN3Z5X�¥IJ.WYXYJ	¢IN ¤ ¢�J"·EJ.P�aH�EN6X�æWYJ�N3P,a_J.¢�WYJ�J�Xy¡3ªfª�WYJ�J�a_¡6Lx®&�5J.Z5 �J����5J.WYJ"N3WYJ	æ	§EN3���sOQZI�YJ.¢�WiN3��O�¡6Z5X�`_ëy� ¤ X�®&���5J� �¡6Z&��W�OQ^ ¤ ��O�¡6Zs�Y¡¶���5J£I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJ	N6 .��O�¡6Zxª�WY¡6L ���5J"¢IN ¤ ¢�J�·EJ.P�a Ãµi O�X
lnZgauge = −Tr ln

(
−2i

)
. F¿æb`Qº�` æ�ï�M

¸~J.WYJF���5J���WiN6 �J�O�Xf�8N3S�J.Z¨^\¡6���­¡�¥IJ.WC���5J�¢IN ¤ ¢�J�OQZ5abO� �J�X�N3Z5a¶¡0¥�J.W*���5J�¸]OQPQ^(J.W���X�§EN6 �J�¡3ªE��WiN3Z5X�¥IJ.WYXiN3P¢IN ¤ ¢�J�·EJ.P�a_X (A⊥
i )k `



k±õ�ó�õO��}t� � lE�)�Eñ ö ��ð~}­z~�Gm �'Q�Q��]�?zC�L÷�� ð¶�yzC�p��} êbº
�*t � t � Ç � :,p���:\� n D'È � � >;��@�:,�b>�� � >5@B� � >�É :\��<Z��wF:(@�:Ê�Ä@�>j����>EDF� n >E<
òmJ.� τ a_J.Z5¡6�YJy���5J~�0KqabOQWYJ� .��O�¡6Zm` ¦ J��yOQPQP ¤ XYJ����5Jy �¡6Z&¥�J.Z&��O�¡6Z����EN3�FN3Z&«µ·EJ.PQa φ a_J8·5Z5J�a�¡6Z S1×S3�EN6Xy���5J��5¡ ¤ W�O�J.W?L�¡&a_J	a_J� �¡6L­§\¡�X�OQ��O�¡6Z

φ(τ,x) =
∞∑

k=−∞
eiωkτφ[k](x) F¿æb`Qº�` æ���M

�y�5J.WYJ"���5J £I¤ N3ZI��OQ¹�J�a ´ N3�YX ¤ ^EN3WiN¨ª�WYJ £I¤ J.Z5 .OQJ�X�N3WYJ ωk = 2πk
β
ª¿¡6Wy^(¡�XY¡6Z5X~N3Z5a ωk = (2k+1)π

β
ª¿¡6Wª¿J.W�L­O�¡6Z5X¨¢�OQ¥&OQZ_¢5®*WYJ�X�§(J� .��OQ¥�J.PQ«I®*§\J.W�O�¡Ia_OQ HN3Z5a N3Z&��OQ§\J.W�O�¡Ia_OQ x^\¡ ¤ Z5a5N3W�«  .¡6ZEabOQ��O�¡6Z5X�N3WY¡ ¤ Z5au���5J���5J.W�L�N3P� .OQWY .P�J�` Q ¦ J­Z5¡0���iN3S�J­���5J­��WiN6 �J�X¶¡�¥IJ.W"^(¡6�������EJ­¢IN ¤ ¢�J­OQZ5abO� �J�X¨N3Z5a����5J ´ N3�YX ¤ ^EN3WiNª�WYJ £I¤ J.Z5 .O�J�XyOQZH½ £ X�`�F¿æb`Qº�` ï�MMKJF¿æb`Qº�` å�M8®�F¿æb`Qº�`Qº�í�MMKJF¿æb`Qº�`Qº8��M]N3Z5a;F¿æb`Qº�` æ�ï�M8`

£I¤ N3Z&� ¤ L ·EJ.P�a J.OQ¢�J.Z&¥�N3P ¤ J Z5¡6�iN3��O�¡6ZHOQZs�YJ8Åb� a_J.¢�J.Z5J.WiN6 .«;F Dh
M

��WiN3Z5X�¥�J.WYXYJ"¥�J� .�Y¡6W
A

⊥ −(h+ 1)2R−2 −∆2
g 2h(h+ 2)P�¡6Z_¢�OQ� ¤ abOQZEN3Pf¥IJ� .�Y¡6W ∇F −h(h+ 2)R−2 −∆2
s (h+ 1)2WYJ�N3PfXY �N3PVN3W A0, φ −h(h+ 2)R−2 −∆2
s (h+ 1)2

¦ J.«&PmX�§_OQZ5¡6W ψ −
(
h+ 1

2

)2
R−2 −∆2

f h(h+ 1)

- ßLË*ø2Ý ó£Ì:Í \�y%U=�Î~*XZY {ÎU6Ï�XZ�Ðx�[!uZV=V6U6Ï�|5uZ�ÐxZ\I�ByÑx%U&y%U=�£U=V!X�[;\3U6Ï�u,wJRITLU S3 Ï�|LX�R8\&XZY'ÒEX=|jY�X�[;\&XZ� ∇2 ≡
∂2

1 + ∂2
2 + ∂2

3
w;uZV�~*XZV=\&uZ{%Ï } {LXZ�jR8{BWÔÓDU=Y�x*ÏSx%U8Ó��£U!x�uZ� S3 ]��@U=V6U R x%U=�Ðu�R�U6ÏSRITLU.V,X�xZ\I{%ÏSu,w�RITLU

S3 ]'ÕETLUÖ\IV=V6U,xZ{L[;\3v=Y�U
V!U�|jV!U6Ï^U=�jR3X�R8\&uZ�LÏ�u,w0RITLU SO(4) \�Ï�uZWFU;R8V=�
yZV,uZ{�|×XZV!U�Y�X%v!U=YIY�U,xJv=��RITLU
XZ�ByZ{BY�XZVWSuZWFU=�jR8{BW h Ø T%\&[=T�T5X*Ï0RITLU0V!XZ�By%U h = 0, 1, 2, . . . w;uZVÖXZYIYÎRITLU�ÓDU=Y�x*Ï
U,Ù�[6U�|ÐR5w;uZVÖRIT5U0Y�uZ�ByZ\8R8{LxZ\I�ÐXZY~ZU,[�R3uZVDÓDU=Y�x ∇F Ø TLU=V!U h Ï;R3XZV;RIÏ'w6V,uZWÛÚ�] Y
ë��5J.Z�FVª¿¡6W�·_Å_J�a i MF��J��EN�¥�J

2
mn
i A

⊥
i = −

∞∑

k=−∞

(
∆2
g + (ωk + qmni )2

)
(A⊥

i )[k] F¿æb`Qº�` æ�å�M
2
mn
i (∇Fi) = −

∞∑

k=−∞

(
∆2
s + (ωk + qmni )2

)
(∇Fi)[k] F¿æb`Qº�` ê���M

2
mn
i Ã0

i = −
∞∑

k=−∞

(
∆2
s + (ωk + qmni )2

)
(Ã0

i )
[k] F¿æb`Qº�` êbºLM

2
mn
i ci = −

∞∑

k=−∞

(
∆2
s + (ωk + qmni )2

)
(ci)

[k] F¿æb`Qº�` ê�æ�M
2
mn
i ci = −

∞∑

k=−∞

(
∆2
s + (ωk + qmni )2

)
(ci)

[k] . F¿æb`Qº�` ê�ê�M
[ � k�y3^HsJ^zf��P{�krf�cedP^�ì*oJ�L^H^Hsp��i¤kJu�kZs~}JdPkJbNceb�cedP^�§�kJ`Pw*�PoZf]n!xHkJw*�Lv cev kJwPb�oZfe^�cgorqm^Hwtu�^zfev k8�Lv xJ��HìLkJf�{�`Lf]cedP^zf�v wL{�krfeh~oZcev kJw'kJw

S3
b]uPdP^zfev x�orlXd*oZfeh�kJwPv xHbH�Lb]^H^CoJl b]kt� �rí*�*�mî����



ê�æ ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
ÃCJ.WÄª¿¡6W�L­OQZ_¢����5J±��W8N6 .Js¡�¥IJ.W¨���5J±¢IN ¤ ¢�J±OQZ5abO� �J�X�N3Z5a ¡�¥IJ.W¶���5J ´ N3�YX ¤ ^EN3WiNxª�WYJ £I¤ J.Z5 .O�J�X¨OQZ ½ £ `F¿æb`Qº�` æ�ï�M�«&O�J.P�a_Xy���5J	J8Åb§_WYJ�XYX�O�¡6Z

lnZgauge = −
N∑

m,n=1

∞∑

k=−∞
Tr ln

(
∆2
g + (ωk + qmni )2

) F¿æb`Qº�` ê3ñXM
�y�5J.WYJ����5J±J.OQ¢�J.ZI¥�N3P ¤ J�OQZo½ £ `EF¿æb`Qº�` æ�å�M	�EN6X	^(J�J.Z;OQZ5XYJ.W��YJ�a,`CÃ�WY¡& �J�J�abOQZ_¢�N3P�¡6Z_¢H���5J±XiN3L�J�PQOQZ5J�X¡6Z5J"¡6^_�iN3OQZ5X?���5J�ª¿¡6PQP�¡��yOQZ_¢±J8Åb§_WYJ�XYX�O�¡6Z5X�ª¿¡6Wy���5J	XY �N3PVN3W�·EJ.P�a_X

lnZAi,(i+1)
= −

N∑

m,n=1

∞∑

k=−∞
Tr ln

[
∆2
s +R−2 + (ωk − i(µ2 + iqni+1 − iqmi ))2

] F¿æb`Qº�` ê�í�M

lnZB(i+1),i
= −

N∑

m,n=1

∞∑

k=−∞
Tr ln

[
∆2
s +R−2 + (ωk − i(µ2 + iqni − iqmi+1))

2
] F¿æb`Qº�` ê���M

lnZΦi = −
N∑

m,n=1

∞∑

k=−∞
Tr ln

[
∆2
s +R−2 + (ωk − i(µ1 − iqmni ))2

]
. F¿æb`Qº�` ê�ï�M

À~X,OQZ5abO� �N3�YJ�a	OQZµ½ £ X�`�FMæb`Âº�`Qº�í�MMKJFMæb`Âº�`Qº8��M8®�ª¿¡6Wm���5J�X�§_OQZ5¡6W,·EJ.P�a_XmOQ�mO�X,L�¡�X��f �¡6Z&¥�J.Z_O�J.Z&�f�Y¡?X £I¤ N3WYJ*���5JabOÂ»,J.WYJ.ZI��OVN3P5¡6§(J.WiN3�Y¡6WYX*OQZ­½ £ X�`±F¿æb`Qº�`Âº8��MqKJF¿æb`Qº�`Qº�ê�M ¤ X�OQZ_¢����EN3�~FVª¿¡6WC·_Å_J�a µ M τ2
µ =

(
τT
µ

)2
= ±1 N3Z5a��� ¤ XC¡6^_�iN3OQZ¶���5JFJ.OQ¢�J.ZI¥�N3P ¤ J�X*¡3ª5���5Ja�5¡ ¤ W�O�J.WCL�¡Ia5J.X�`3À]§_§_PQ«&OQZ_¢]���5J�O�a_J.Z&��OQ�q« ln detK = Tr lnK ®���5J�WYJ�X ¤ PQ�YX?�iN3S�J"���5J~ª¿¡6W�L

lnZχA,i =
1

2

N∑

m,n=1

∞∑

k=−∞
Tr ln

[(
∆2
f +

(
ωk + (qni+1 − qmi ) + iµ1

2

)2)

×
(
∆2
f +

(
ωk + (qni − qmi+1)− iµ1

2

)2)] F¿æb`Qº�` ê���M
lnZχB,i =

1

2

N∑

m,n=1

∞∑

k=−∞
Tr ln

[(
∆2
f +

(
ωk + (qni − qmi+1) + iµ1

2

)2)

×
(
∆2
f +

(
ωk + (qni+1 − qmi )− iµ1

2

)2)] F¿æb`Qº�` ê�å�M
lnZψi =

1

2

N∑

m,n=1

∞∑

k=−∞
Tr ln

[(
∆2
f +

(
ωk + qnmi − i

(
1
2µ1 − µ2

))2)

×
(
∆2
f +

(
ωk + qnmi + i

(
1
2µ1 − µ2

))2)] F¿æb`Qº�` ñ���M
lnZψΦ,i

=
1

2

N∑

m,n=1

∞∑

k=−∞
Tr ln

[(
∆2
f +

(
ωk + qnmi − i

(
1
2µ1 + µ2

))2)

×
(
∆2
f +

(
ωk + qnmi + i

(
1
2µ1 + µ2

))2)]
. F¿æb`Qº�` ñ5ºLM

ë��5J"��WiN6 �J�X?OQZB½ £ X�`�F¿æb`Qº�` ê3ñXMMKJF¿æb`Qº�` ñ5ºLM]N3WYJ"�iN3SIJ.ZH¡0¥�J.W S3 ��WiN3Z5X�¥IJ.WYXYJ"¥�J� .�Y¡6W�®EXY �N3PVN3W~N3Z5axX�§_OQZ5¡6WX�§_�5J.W�O� �N3P,�EN3W�L�¡6Z_O� �X�`_ë��EJ�X ¤ L­L�N3��O�¡6Z5X]¡�¥IJ.W����5J ´ N3�YX ¤ ^EN3WiNµª�WYJ £I¤ J.Z5 .O�J�Xy �N3Zs^(J�a_¡6Z5J"J8Åb§_PQO� 8KOQ��PQ«(R



k±õ�ó�õO��}t� � lE�)�Eñ ö ��ð~}­z~�Gm �'Q�Q��]�?zC�L÷�� ð¶�yzC�p��} ê�ê
- àfÝIÔEÓ3Ý&ö ó£Ì�ÚjÌ�ÚÝÜ$Þ ÔEû�Ô\ÑCØ2× ô ßbÒ�û0Ö�ËCß_Ó3ß /qÓ3Ý Û ÖfÝ&Ñf×�á û0ÖCö�ß Ì Ò�U;R ωk = 2πk

β
]�ÕETLU=�CRITLU:w;uZY à

Y�u Ø \I�ByS\&x%U=�jR8\8R8�.T5u*Y�x�Ï�{�|�R3uJXZ�áX�x�xZ\8R8\I~ZUz[6uZ�LÏ;R3XZ�jR	RIT5X�RDx�u�U=Ï��Ðu�RDx%U�|ÎU=�ÐxâuZ� ∆

∞∑

k=−∞
ln
[
(ωk + q)2 + ∆2

]
= ln

[
(1− e−β(∆+iq)) (1− e−β(∆−iq))

]
+ β∆ . F¿æb`Qº�` ñIæ�M

ã V,u^u,w�]!D~OÂ»,J.WYJ.ZI��OVN3��OQZ_¢����5JµN3^\¡0¥�J"O�a_J.ZI��OQ�U«¬�yW���` ∆ P�J�N6a_Xy�Y¡­���5J�O�a_J.Z&��OQ�q«
∞∑

k=−∞

2∆

(wk + q)2 + ∆2
=

β

eβ(∆+iq) − 1
+

β

eβ(∆−iq) − 1
+ β . F¿æb`Qº�` ñIê�M

ë��5J.WYJ8ª¿¡6WYJ­OQ�	O�X	J.Z5¡ ¤ ¢��;�Y¡xX��5¡������_O�X"O�a_J.Z&��OQ�q«I`��E¡6W	���_O�X"§ ¤ W�§(¡�XYJ­��J­Z5J�J�a����5J¨ª¿¡6PQP�¡0�yOQZ_¢x�U��¡O�a_J.ZI��OQ��O�J�X
∞∑

k=−∞

1

i(ωk + q)−∆
= − β

eβ(∆−iq) − 1
− β

2
F¿æb`Qº�` ñ�ñXM

N3Z5a
∞∑

k=−∞

ωk + q

(ωk + q)2 + ∆2
=
iβ

2

(
1

eβ(∆+iq) − 1
− 1

eβ(∆−iq) − 1

)
. F¿æb`Qº�` ñIí�M

ëf¡­§_WY¡�¥IJ�O�a_J.Z&��OQ�q«;F¿æb`Qº�` ñ�ñXM8®Ea_J8·5Z5J"���5J"L�J.WY¡6L�¡6W�§_�_O� "ª ¤ Z5 .��O�¡6Z
f(z)nb(z) =

1

z −∆

(
1

eβ(z−iq) − 1

) F¿æb`Qº�` ñ���M
N3Z5a¬Z5¡6�YJ"���EN3�?OQ�?�EN6X]N¨X�OQL­§_P�J"§\¡6P�JµN3� z = ∆ �yOQ���xWYJ�X�O�a ¤ J

Res(f(z)nb(z),∆) =
1

eβ(∆−iq) − 1
F¿æb`Qº�` ñ&ï�M

N3Z5asX�OQL­§_P�J"§(¡6P�J�X]N3� zk ≡ i(ωk + q) �yOQ���xWYJ�X�O�a ¤ J
Res(f(z)nb(z), zk) =

1

β

(
1

i(ωk + q)−∆

) F¿æb`Qº�` ñ���M
F ¤ XYJ?���EN3� eβ(z−iq)− 1 = β(z− zk)+O((z− zk)2) M8`��5WY¡6L ��N ¤  Y�&«(¾ X�WYJ�X�O�a ¤ J]���5J�¡6WYJ.L ��J]��� ¤ X¡6^_�iN3OQZV¡
−1

2
=

1

2πi
lim
R→∞

∮

CR(0)
dz f(z)nb(z) =

∞∑

k=−∞

1

β

(
1

i(ωk + q)−∆

)
+

1

eβ(∆−iq) − 1
. F¿æb`Qº�` ñIå�M

ë��_O�X? �¡6L­§_P�J.�YJ�X?���5J"§_WY¡&¡3ª�¡3ª�½ £ `�F¿æb`Qº�` ñ�ñXM8`ëf¡­§_WY¡�¥IJ�O�a_J.Z&��OQ�U«¾F¿æb`Qº�` ñIí�M8®Ea_J8·5Z5J"���5J"L�J.WY¡6L�¡6W�§_�_O� "ª ¤ Z5 .��O�¡6Z
g(z)nb(z) =

iz

z2 −∆2

(
1

eβ(z−iq) − 1

) F¿æb`Qº�` í���M
­�©3dP^

R→ ∞
l v h�v c�kr{±cedP^�v wpce^H}rfgorlXx�orwt^�orb]v l n'§�^�{�kJ`Pw*�!v w)«'oruPl ^C§pn!b]^zc]cev wP}

β = 1
orw*�

∆ = q = 0
�
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N3Z5a¬Z5¡6�YJ"���5J"WYJ�X�O�a ¤ J�X

Res(g(z)nb(z),±∆) =
i

2

(
1

eβ(±∆−iq) − 1

)

Res(g(z)nb(z), zk) =
1

β

(
ωk + q

(ωk + q)2 + ∆2

) F¿æb`Qº�` íbºLM
N3Z5a¬���5J"OQZ&�YJ.¢�WiN3P

lim
R→∞

∮

CR(0)

iz

z2 −∆2

(
1

eβ(z−iq) − 1

)
= π . F¿æb`Qº�` í�æ�M

À?ª��YJ.W?XY¡6L�J	N3PQ¢�J.^_WiN­���_O�Xy«&O�J.P�a_X?½ £ `�F¿æb`Qº�` ñIí�M.`¦ OQ���s���5J"O�a_J.Z&��OQ��O�J.X¨F¿æb`Qº�` ñ�ñXMyN3Z5aBF¿æb`Qº�` ñIí�M�OQZx�EN3Z5ax¡6Z5J�·5Z5a_X
∞∑

k=−∞

∆

(ωk + q)2 + ∆2
=

∞∑

k=−∞

∆ + i(ωk + q)

(ωk + q)2 + ∆2
+
β

2

(
1

eβ(∆+iq) − 1
− 1

eβ(∆−iq) − 1

)

= −
∞∑

k=−∞

1

i(ωk + q)−∆
+
β

2

(
1

eβ(∆+iq) − 1
− 1

eβ(∆−iq) − 1

)

=
β

2

(
1

eβ(∆+iq) − 1
+

1

eβ(∆−iq) − 1
+ 1

)
. F¿æb`Qº�` í�ê�M

´H¤ PQ��OQ§_PQ«&OQZ_¢�^\¡6���HX�O�a_J�Xy^&«sæ¶��J�¢�J.�]½ £ `�F¿æb`Qº�` ñIê�M?N6X?a_J�X�OQWYJ�a,`- àfÝIÔEÓ3Ý&ö ó£Ì�ÚjÌVóäÜ,å ÝIÓ6ö;Ø2Ô\ÑCØ2× ô ßbÒ�û0Ö�ËCß_Ó3ßô/qÓ3Ý Û ÖfÝ&Ñf×�á�û0ÖCö�ß Ì Ò�U;R ωk = (2k+1)π
β

]âÕETLU
w;uZY�Y�u Ø \I�ByS\&x%U=�jR8\8R8�.T5uZY�x*Ï�{�|�R3uâXZ�áX�x�xZ\8R8\I~ZUz[!uZ�LÏ;R3XZ�jR	RIT5X�R>x�u*U6Ï��Ðu�RDx%U�|LU=�Ðx¦u*� ∆

∞∑

k=−∞
ln
[
(ωk + q)2 + ∆2

]
= ln

[
(1 + e−β(∆+iq)) (1 + e−β(∆−iq))

]
+ β∆ . F¿æb`Qº�` í3ñXM

ã V,u^u,w�] ² OQL­§_PQ«¬X ¤ ^EX���OQ� ¤ �YJ q → q + π
β
OQZBF¿æb`Qº�` ñIæ�M8`

�*t � tI� Ç � :,p���:\� n D'È � � >;��@�:,�b>�� � >5@B� � >
S3 <3= � >5@ n �b:,p � :(@%�Ê�fD n �_<

ëf¡�¡6^_�iN3OQZx���5J	X�OQZ_¢�P�J8KM§EN3W���O� .P�Jµ§EN3W���OQ��O�¡6Zxª ¤ Z5 .��O�¡6Z5X]¡6Z5J"§_WY¡I �J�J�a_X~N6Xyª¿¡6PQP�¡��?X�`V�COQWYX��?¡6Z5JµN3§_§_PQO�J�X���5J¬WYJ.P�J.¥�N3ZI� ´ N3�YX ¤ ^EN3WiNHª�WYJ £I¤ J.Z5 .«uX ¤ Lx` ¢xë��5J.Z ¡6Z5JxëCN�«&P�¡6W�J8Åb§EN3Z5a_X­���5J ln N3§_§\J�N3W�OQZ_¢o¡6Z���5J]W�OQ¢��I���EN3Z5a¬X�O�a_J�`��COQZEN3PQPQ«�¡6Z5J]§(J.WÄª¿¡6W�L�X����5J?��WiN6 �J�X�¡0¥�J.W����5J~X�§_�5J.W�O� �N3P\�EN3W�L�¡6Z_O� �Xy¡6Z S3 ^I«WYJ.§_PVN6 .OQZ_¢ Tr
[
· · ·
] �yOQ��� ∑∞

h=0Dh

[
· · ·
] F2�y�5J.WYJ Dh

a_J.Z5¡6�YJ�X����5Jya_J.¢�J.Z5J.WiN6 .«­¡3ª\���5JyJ.OQ¢�J.Z&¥�N3P ¤ JPVN3^\J.PQP�J�a�^I« h ®,XYJ�J­ë*N3^_P�J�æ�M8`�
�J8ª¿¡6WYJ¨§_WY¡& �J�J�abOQZ_¢5®m��J­L�N3S�J­���5J�¡6^5XYJ.W�¥�N3��O�¡6Z����EN3�µa ¤ J­�Y¡¬���5Ja_J� �¡6L­§\¡�X�OQ��O�¡6Z F¿æb`Qº�` æ�M"���5J�ÃC¡6PQ«&N3S�¡0¥�P�¡&¡6§ Ui = P
(
eig

∫ β
0 dx0A0

i
) ª¿¡6Wµ���5J�¢IN ¤ ¢�J­·EJ.P�a Aµi �EN6X���5J g → 0 PQOQL­OQ�

Ui =




eiβq
1
i ` ` `

eiβq
N
i


 . F¿æb`Qº�` í�í�M

´ ë w'oruPuLl nPv wL}�^Hv cedP^zf�kr{¤cedP^�{ fe^��p`P^HwPxzn!b]`Ph�b���¸p� �J� íp¸J�Kkrfa��¸p� �J� îZíp�3y3^�v }JwPkrfe^�cedP^�ce^zfeh
β∆
oruPu�^�oZfev wP}�kJw!cedP^fev }JdpcKd*orw*�~b]v �L^�orbKv cKy�v l l�}Jv sm^�fev b]^�cek�o>N3orb]v h�v f�^HwL^zfe}rn~cev h�^Hb

βN2
�8nLv ^Hl �Lv wP}�orwtv wL�*wPv ce^�oJ�P�Lv cev sm^�xHkJwPbNcgorwpc�v wcedP^

N → ∞
l v h�v c��L\_^�y�v l lX^HsJorl `*oZce^�cedP^'N3orb]v h�v f�^HwP^zfe}Jv ^Hb�s8v o

ζ
��{�`PwPxzcev kJw!fe^H}J`Pl oZfev ��oZcev kmw)v w'b]`P§Lb]^Hxzcev kJw�¸p� �m� �8�
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�5¡6W?���5J"XY �N3PVN3Wy·EJ.P�a Ai,(i+1)

¡6Z5J	¡6^_�iN3OQZ5XZ£
lnZAi,(i+1)

= −
N∑

m,n=1

Tr ln

(
1− e−β

(√
∆2

s+1+(µ2+iqn
i+1−iqm

i )
))

−
N∑

m,n=1

Tr ln

(
1− e−β

(√
∆2

s+1−(µ2+iqn
i+1−iqm

i )
))

=

N∑

m,n=1

∞∑

h=0

(h+ 1)2
∞∑

l=1

1

l
e−βl((h+1)+ (µ2+iqn

i+1−iqm
i ))

+
N∑

m,n=1

∞∑

h=0

(h+ 1)2
∞∑

l=1

1

l
e−βl((h+1)− (µ2+iqn

i+1−iqm
i ))

=
∞∑

l=1

1

l

( ∞∑

h=0

(h+ 1)2e−βl(h+1)

)
e−βlµ2

(
N∑

m,n=1

e−iβl(q
n
i+1−qm

i )

)

+
∞∑

l=1

1

l

( ∞∑

h=0

(h+ 1)2e−βl(h+1)

)
eβlµ2

(
N∑

m,n=1

eiβl(q
n
i+1−qm

i )

)

=
∞∑

l=1

1

l

(
e−βl + e−2βl

(1− e−βl)3
)
e−βlµ2 TrU li TrU−l

i+1

+
∞∑

l=1

1

l

(
e−βl + e−2βl

(1− e−βl)3
)
eβlµ2 TrU−l

i TrU li+1 .
F¿æb`Qº�` í���M

� Zs���5J�PVN6X��]J £I¤ N3PQOQ�q«¬��J"L�N6a_J ¤ XYJ"¡3ª*���5J"O�a_J.ZI��OQ��O�J�X
ln(1− x) = −

∞∑

l=1

xl

l
F¿æb`Qº�` í�ï�M

∞∑

h=0

(h+ 1)2e−βl(h+1) =
d2

d(βl)2

∞∑

h=0

(e−βl)h+1 =
e−βl + e−2βl

(1− e−βl)3 . F¿æb`Qº�` í���M
� �¶O�X¨§_WYJ� .O�XYJ.PQ«;���5J±O�a_J.Z&��OQ�q« F¿æb`Qº�` í���Mµ���EN3�¨O�X¨WYJ�X�§\¡6Z5X�OQ^_P�J±ª¿¡6W¨���5J¬ Y�EN3WiN6 .�YJ.W�O�X���O� ¬ª¿¡6W�L ¡3ª]���5JX�OQZ_¢�P�J8KM§EN3W���O� .P�J	§EN3W���OQ��O�¡6Zsª ¤ ZE 8�YOQ¡6Zxª¿¡6W?XY �N3PVN3W�·EJ.P�a_X�`�5¡6W?���5J�¢IN ¤ ¢�J"·EJ.P�a Aµi ¡6Z5J	¡6^_�iN3OQZ5X

lnZgauge = −
N∑

m,n=1

Tr ln
(
1− e−β(∆g+iqmn

i )
)
−

N∑

m,n=1

Tr ln
(
1− e−β(∆g−iqmn

i )
)

=
N∑

m,n=1

∞∑

h=0

2h(h+ 2)
∞∑

l=1

1

l
e−βl((h+1)+ iqmn

i )

+
N∑

m,n=1

∞∑

h=0

2h(h+ 2)
∞∑

l=1

1

l
e−βl((h+1)− iqmn

i )

¶ � ^zfe^�orw*�tv w!cedP^�{|kJl l kHy�v wP}�y3^�y�v l lXuP`Lc
R = 1

cek�b]v h�uPl v { n!cedP^�wPkrcgoZcev kJw��
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= 2
∞∑

l=1

1

l

( ∞∑

h=0

h(h+ 2) e−βl(h+1)

)
N∑

m,n=1

e−iβlq
mn
i

+ 2
∞∑

l=1

1

l

( ∞∑

h=0

h(h+ 2) e−βl(h+1)

)
N∑

m,n=1

eiβlq
mn
i

=
∞∑

l=1

1

l

(
6e−2βl − 2e−3βl

(1− e−βl)3
)

TrU li TrU−l
i . F¿æb`Qº�` í�å�M

� Zs���5J�PVN6X��]J £I¤ N3PQOQ�q«¬��J"L�N6a_J ¤ XYJ"¡3ª*���5J"O�a_J.ZI��OQ�U«
∞∑

h=0

h(h+ 2) e−βl(h+1) =

∞∑

h=0

(h+ 1)2 e−βl(h+1) −
∞∑

h=0

e−βl(h+1) =
3e−2βl − e−3βl

(1− e−βl)3
F¿æb`Qº�` ����M

�y�5J.WYJ~OQZ¬�Y�5J�XYJ� �¡6Z5a¬J £I¤ N3PQOQ�U«���J ¤ XYJ�a¬½ £ `�F¿æb`Qº�` í���M8` � ��O�X�§_WYJ� .O�XYJ.PQ«����5J�OQa5J8Z&��OQ�U«TF¿æb`Qº�` ����MF���EN3�O�X�WYJ�X�§\¡6Z5X�OQ^_P�J�ª¿¡6W����5J" i�EN3WiN6 .�YJ.W�O�X���O� �ª¿¡6W�L�¡3ªC���EJ�X�OQZ_¢�P�J8KM§EN3W��YOQ .P�J	§EN3W���OQ��O�¡6Zsª ¤ Z5 .��O�¡6Zsª�¡6Wy¢IN ¤ ¢�J·EJ.P�a_X�`�5¡6W]���5J ¦ J.«&PCX�§_OQZ5¡6W χA,i ���5Jµë*N�«&P�¡6W~J8Åb§EN3Z5X�O�¡6Z�¡3ª����5J ln ¡6ZH���5J	W�OQ¢��&�]�EN3Z5aBX�O�a_Jµ¡3ªF½ £ `F¿æb`Qº�` í3ñXM��yOQPQPm«&O�J.P�axN3ZBN3PQ�YJ.W�ZEN3��OQZ_¢±XYJ.W�O�J�X ¦ OM` J�`Q®5X�OQZ5 �J
ln (1 + x) =

∞∑

l=1

(−1)l+1

l
xl F¿æb`Qº�` �bºLM

¡6Z5J~·5Z5a_X
lnZχA,i =

1

2

N∑

m,n=1

Tr ln
[(

1 + e−β(∆f + i(qn
i+1−qm

i )− µ1
2

)
)(

1 + e−β(∆f − i(qn
i+1−qm

i ) +
µ1
2

)
)

×
(
1 + e−β(∆f + i(qn

i −qm
i+1)+

µ1
2

)
)(

1 + e−β(∆f − i(qn
i −qm

i+1)− µ1
2

)
)]

=
∞∑

l=1

(−1)l+1

l

( ∞∑

h=0

h(h+ 1) e−βl(h+
1
2
)

)
eβlµ1/2

(
N∑

m,n=1

e−iβl (q
n
i+1−qm

i )

)

+
∞∑

l=1

(−1)l+1

l

( ∞∑

h=0

h(h+ 1) e−βl(h+
1
2
)

)
e−βlµ1/2

(
N∑

m,n=1

eiβl (q
n
i+1−qm

i )

)

=
∞∑

l=1

(−1)l+1

l

(
2e−

3βl
2

(1− e−βl)3

)
eβlµ1/2 TrU li TrU−l

i+1

+
∞∑

l=1

(−1)l+1

l

(
2e−

3βl
2

(1− e−βl)3

)
e−βlµ1/2 TrU li+1 TrU−l

i . F¿æb`Qº�` ��æ�M
� Zs���5J�PVN6X��]J £I¤ N3PQOQ�q«¬��J"L�N6a_J ¤ XYJ"¡3ª*���5J"O�a_J.ZI��OQ�U«

∞∑

h=0

h(h+ 1) e−βl(h+
1
2
) = e−

βl
2

( ∞∑

h=0

h2e−βlh +

∞∑

h=0

he−βlh
)

= e−
βl
2

(
e−βl + e−2βl

(1− e−βl)3 +
e−βl − e−2βl

(1− e−βl)3

)
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=
2e−

3βl
2

(1− e−βl)3 .
F¿æb`Qº�` ��ê�M

� �¶O�X¨§_WYJ� .O�XYJ.PQ«;���5J±O�a_J.Z&��OQ�q« F¿æb`Qº�` ��ê�Mµ���EN3�¨O�X¨WYJ�X�§\¡6Z5X�OQ^_P�J±ª¿¡6W¨���5J¬ Y�EN3WiN6 .�YJ.W�O�X���O� ¬ª¿¡6W�L ¡3ª]���5JX�OQZ_¢�P�J8KM§EN3W���O� .P�J	§EN3W���OQ��O�¡6Zsª ¤ ZE 8�YOQ¡6Zxª¿¡6W?X�§_OQZ5¡6W�·EJ.P�a_X�`ë��5J	J8»,J� .��OQ¥�JµN6 .��O�¡6Z5Xyª¿¡6Wy���5J�WYJ.L�N3OQZ_OQZ_¢±XY �N3PVN3W~N3Z5axX�§_OQZ5¡6W�·EJ.P�a_X~N3WYJ	¡6^_�iN3OQZ5J�asOQZHJ8Å5N6 .��PQ«���5J"XiN3L�J"��N�«�`V
�J.P�¡��Á��J��yW�OQ�YJ"���5J"WYJ�X ¤ PQ�YXyOQZx�YJ.W�L�X?¡3ª*���5J"¥�N3W�OVN3^_P�J�X x ≡ e−β N3Z5a yj ≡ eβµj

lnZAi,(i+1)
=

∞∑

l=1

1

l

(
xl + x2l

(1− xl)3
)
yl2 TrU−l

i TrU li+1

+
∞∑

l=1

1

l

(
xl + x2l

(1− xl)3
)
y−l2 TrU li TrU−l

i+1
F¿æb`Qº�` �3ñXM

lnZB(i+1),i
=

∞∑

l=1

1

l

(
xl + x2l

(1− xl)3
)
yl2 TrU li TrU−l

i+1

+
∞∑

l=1

1

l

(
xl + x2l

(1− xl)3
)
y−l2 TrU−l

i TrU li+1
F¿æb`Qº�` ��í�M

lnZΦi =
∞∑

l=1

1

l

(
xl + x2l

(1− xl)3
)

(yl1 + y−l1 ) TrU li TrU−l
i

F¿æb`Qº�` ����M

lnZgauge =
∞∑

l=1

1

l

(
6x2l − 2x3l

(1− xl)3
)

TrU li TrU−l
i

F¿æb`Qº�` ��ï�M

lnZχA,i =
∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
y
l/2
1 TrU li TrU−l

i+1

+
∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
y
−l/2
1 TrU li+1 TrU−l

i
F¿æb`Qº�` ����M

lnZχB,i =

∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
y
l/2
1 TrU li+1 TrU−l

i

+

∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
y
−l/2
1 TrU li TrU−l

i+1
F¿æb`Qº�` ��å�M

lnZψi =
∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 y−l2 + y

−l/2
1 yl2

)
TrU li TrU−l

i
F¿æb`Qº�` ï*��M

lnZψΦ,i
=

∞∑

l=1

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 yl2 + y

−l/2
1 y−l2

)
TrU li TrU−l

i . F¿æb`Qº�` ï&ºLM



ê�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
ë��5J £I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJ	N6 .��O�¡6Z Γ[Ui]

O�X?a_J8·5Z5J�ax^I«
e−Γ[Ui] =

∫
DAµ DφDψ e−

∫
S1×S3 d

4x
√

|g| (Lgauge+Lscalar+Lferm) . F¿æb`Qº�` ï6æ�M
�yOQ��� Lgauge,Lscalar

N3Z5a Lferm
¢�OQ¥IJ.Z ^&«o½ £ X�`~FÄº�` íb`Qº�æ�M8®!FÄº�` íb`Qº8��M­N3Z5aOFÄº�` íb`Qº�ºLM8®�WYJ�X�§\J� .��OQ¥IJ.PQ«�`ë�� ¤ X�®_^I«sN6a_abOQZ_¢±½ £ X�`�F¿æb`Qº�` �3ñXMMKJF¿æb`Qº�` ï&ºLM.®5��J�·5Z5a

Γ[Ui] = −
M∑

i=1

∞∑

l=1

[
1

l

(
6x2l − 2x3l

(1− xl)3
)

+
1

l

(
xl + x2l

(1− xl)3
)(

yl1 + y−l1

)

+
(−1)l+1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 + y

−l/2
1

)(
yl2 + y−l2

)
](

TrU li TrU−l
i

)

−
M∑

i=1

∞∑

l=1

[
1

l

(
xl + x2l

(1− xl)3
)(

yl2 + y−l2

)
+

(−1)l+1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 + y

−l/2
1

)
]

×
(

TrU li TrU−l
i+1 + TrU−l

i TrU li+1

)
. F¿æb`Qº�` ï6ê�M

K~¡6�YJy���EN3�F���5J~N6a6TÄ¡6OQZI�F�5¡6P�¡6Z5¡6L¶«¨ªMN6 .�Y¡6WYX� �¡6L�Jyª�WY¡6L����5J?¥IJ. .�Y¡6WFL ¤ PQ��OQ§_P�J.�YX (Aµi,Φi, ψi, ψΦ,i

) ®N3Z5a¶���EJ�^_OÂª ¤ Z5a5N3L�J.Z&�iN3P_ªMN6 .�Y¡6WYX� �¡6L�J�ª�WY¡6L ���5J��&«&§\J.W�L ¤ PQ��OQ§_P�J.�YX (Ai,(i+1), B(i+1),i, χA,i, χB,i
) `�5¡6W¨PVN3�YJ.W� �¡6Z&¥�J.Z_O�J.Z5 �Js��Jsa_J8·5Z5J¬�5J.WYJ±���5J¬�Y¡6�iN3PyX�OQZ_¢�P�J8KM§EN3W��YOQ .P�Js§EN3W��YOÂ�YOQ¡6Z ª ¤ Z5 .��O�¡6Z5X¶ª¿¡6W¨���5J^\¡�XY¡6Z_O� µN3Z5a¬ª¿J.W�L­O�¡6Z_O� 	XYJ� .�Y¡6WYX?¡3ª*���5J"¥IJ� .�Y¡6W]N3Z5as�&«&§\J.W�L ¤ PQ��OQ§_P�J.�YX�R

zBad(x; y1, y2) ≡
6x2 − 2x3

(1− x)3 +
x+ x2

(1− x)3
(
y1 + y−1

1

) F¿æb`Qº�` ï0ñXM
zFad(x; y1, y2) ≡

2x3/2

(1− x)3
(
y

1/2
1 + y

−1/2
1

)(
y2 + y−1

2

) F¿æb`Qº�` ï6í�M
zBbi(x; y1, y2) ≡

x+ x2

(1− x)3
(
y2 + y−1

2

) F¿æb`Qº�` ï*��M
zFbi(x; y1, y2) ≡

2x3/2

(1− x)3
(
y

1/2
1 + y

−1/2
1

)
. F¿æb`Qº�` ï�ï�M

ë��5J�XYJ�WYJ�X ¤ PQ�YX¨N3WYJ± �¡6Z5X�O�X��YJ.ZI�¶�yOQ���uã]J8ª�`CG �LIq®C½ £ X�`EF¿êb`Qº0ï�MMKJF¿êb`Qº8��M8®C�y�5J.WYJ����5J�X ¤ L­L�N3��O�¡6Z ¡�¥IJ.WWYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Z5X�O�X¨�iN3S�J.Z �Y¡BW ¤ Z ¡�¥IJ.W¨���5JxN6a6TÄ¡6OQZI��N3Z5au���5J±^_OÂª ¤ Z5a5N3L�J.Z&�iN3P?WYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Z5X�®N3Z5a­���5J? Y�EN3W�¢�J�X Q N3WYJy�iN3SIJ.Z±N6X β ��OQL�J�X����5Jt��N3W��iN3Z± Y�EN3W�¢�J�X Q1, Q2
¢�OQ¥�J.Z�OQL­§_PQO� .OQ��PQ«­���_WY¡ ¤ ¢��FÄº�` íb`QºLMMKJFÄº�` íb` ��M8`

�*t � tIæ ç±:,< n � n @x>ED�>5@�È n >E<
òmJ.� ¤ X� �¡6Z5X�O�a_J.W*���5J� �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X��Y¡~���5J £I¤ N3Z&� ¤ L�Ji»mJ. .��OQ¥IJyN6 .��O�¡6Z Γ[Ui]

¡6W�OQ¢�OQZEN3��OQZ_¢�ª�WY¡6LÎ���5J
β∆ �YJ.W�L�X�OQZ����5J ´ N3�YX ¤ ^EN3WiN�ª�WYJ £I¤ J.Z5 .«�X ¤ L­L�N3��O�¡6Z5X)F¿æb`Qº�` ñIæ�MFN3Z5aTF¿æb`Qº�` í3ñXM����EN3����J~abO�XY �N3WYa_J�aOQZs���5J"§_WYJ.¥&O�¡ ¤ X?XYJ� .��O�¡6Zm` � Zs§EN3W���O�  ¤ PVN3W�®_ª¿¡6W~N¨XY �N3PVN3W�·EJ.P�ax¡6Z5J�·5Z5a_X?���5J" �¡6Z&��W�OQ^ ¤ ��O�¡6Z

− lnZscalar =
N∑

m,n=1

Tr(β∆s)
F¿æb`Qº�` ï*��M



k±õ�ó�õO��}t� � lE�)�Eñ ö ��ð~}­z~�Gm �'Q�Q��]�?zC�L÷�� ð¶�yzC�p��} ê�å
�y�5J.WYJ����5J���WiN6 �J�O�Xµ�iN3S�J.Zo¡0¥�J.W¶���5J S3 XY �N3PVN3W¨X�§_�5J.W�O� �N3P��EN3W�L�¡6Z_O� �X�`Cë��_O�Xµ��WiN6 �J�O�X¶J.¥�N3P ¤ N3�YJ�a^I«oWYJ.¢ ¤ PVN3W�OQ¹�N3�YO�¡6Z ¥&OVNB���5Jsã?O�J.L�N3Z_Z ζ K¿ª ¤ Z5 .��O�¡6Z÷N6X­J8Åb§_PVN3OQZ5J�a ^(J.P�¡��	`�ë��5J±ª�WYJ�JsJ8ZEJ8WY¢�« F O�XWYJ.PVN3�YJ�a¬�Y¡¶���5J�§EN3W���OQ��O�¡6Zsª ¤ Z5 .��O�¡6Z Z ���_WY¡ ¤ ¢��x���5J~WYJ.PVN3��O�¡6Z βF = − lnZ `bë��5J.WYJ8ª¿¡6WYJ�®5X�OQZ5 �J~���5JW�OQ¢��I�?�EN3Z5axX�O�a_J"¡3ª~F¿æb`Qº�` ï*��M�O�XyPQOQZ5J�N3W?OQZ β ®5N3Z5as �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X]�Y¡ F  �¡6Z&�iN3OQZ_OQZ_¢ x = e−β ¢�¡­�Y¡¹�J.WY¡sOQZ����5J T → 0 PQOQL­OQ��®m��J� �¡6Z5 .P ¤ a_J����\N3�	���5J­W�OQ¢��I�µ�EN3Z5a�X�O�a_J�¡3ª�F¿æb`Qº�` ï*��M�WYJ.§_WYJ�XYJ.Z&�YX	���5J �¡6ZI��W�OQ^ ¤ ��O�¡6Zs�Y¡µ���5J)��N6X�OQL­OQW�J.Z5J.W�¢�«�¡3ª N = 2 £I¤ OQ¥IJ.WF¢IN ¤ ¢�J~���5J�¡6W�«�¡6Z S1×S3 ª�WY¡6L N	XY �N3PVN3W·EJ.P�a,` � X�OQZ_¢±���5J¨J.OQ¢�J.ZI¥�N3P ¤ J�X	N3Z5a� �¡6W�WYJ�X�§(¡6Z5abOQZ_¢xa_J.¢�J.Z5J.WiN6 .O�J�X	¡3ªF���5J¨òfN3§_PVN6 .OVN3Z�¡6Z S3 ¢�OQ¥IJ8ZOQZ±ë*N3^_P�J�æ	¡6Z5Jy·EZ5a_XF���5Jyª¿¡6PQP�¡0�yOQZ_¢¨ �¡6Z&��W�OQ^ ¤ ��O�¡6Z¬�Y¡	���5J)��N6X�OQL­OQW�J.Z5J.W�¢�«¨ª�WY¡6L N	XY �N3PVN3WF·EJ.P�a±¡6Z
S1 × S3 R

Escalar =
1

2

∞∑

h=0

(h+ 1)2(h+ 1)R−1

∣∣∣∣∣
s=−1

=
1

2R

∞∑

h=0

(h+ 1)2−s
∣∣∣∣∣
s=−1

=
1

2R
ζ(s− 2)

∣∣∣∣
s=−1

=
1

240R
F¿æb`Qº�` ï6å�M

�y�5J.WYJ"OQZs���5J"PVN6X��?J £I¤ N3PQOQ�U«±��J"XYJ.� s = −1 OQZx���5JµN3ZEN3PQ«&��O� 	 �¡6ZI��OQZ ¤ N3��O�¡6ZB¡3ª ζ `À]ZEN3P�¡6¢�¡ ¤ X�PQ«�®_���5J	 �¡6ZI��W�OQ^ ¤ ��O�¡6ZHª�WY¡6L�N¶¥IJ� .�Y¡6Wy·EJ.P�asa5Ji·EZ5J�ax¡6Z S1 × S3 OQX�R
Evector =

1

2

∞∑

h=0

2h(h+ 2)(h+ 1)R−1 =
1

R

∞∑

h=0

(
(h+ 1)2(h+ 1)− (h+ 1)

)

=
1

R

(
ζ(−3)− ζ(−1)

)

=
11

120R
. F¿æb`Qº�` ����M

�5¡6W]N­X�§_OQZ5¡6W�·EJ.P�as���5J" �¡6Z&��W�OQ^ ¤ ��O�¡6ZH�Y¡¨���5J_��N6X�OQL­OQW?J.Z5J.W�¢�«¬O�X?¡6^_�iN3OQZ5J�as^&«±WYJ.¢ ¤ PVN3W�OQ¹0N3��O�¡6ZH¥&OVN���5J"¸ ¤ W��yOQ��¹ ζ K¿ª ¤ Z5 .��O�¡6ZmR
Espinor = −

∞∑

h=0

h(h+ 1)(h+ 1/2)R−1 = − 1

R

∞∑

h=0

((
h+ 1/2

)3 − 1
4

(
h+ 1/2

))

= − 1

R

(
ζ
(
− 3, 1

2

)
− 1

4ζ
(
− 1, 1

2

))

=
17

960R
. F¿æb`Qº�` �bºLM

�_WY¡6L ���5J�XYJF �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X�®3���5J��Y¡6�iN3PV��N6X�OQL­OQW*J.Z5J.W�¢�«µ¡3ª N = 2 £I¤ OQ¥IJ.Wf¢IN ¤ ¢�JF���5J�¡6W�«µ¡6Z S1×S3J.¥�N3P ¤ N3�YJ�Xy�Y¡
ECasimir = M

(
6 · 1

240R
+

11

120R
+ 4 · 17

960R

)
=

3

16R
M . F¿æb`Qº�` ��æ�M

K~¡6�YJx���EN3��ª¿¡6W¬N3ZI« ·5Z_OQ�YJHWiN6abO ¤ X R ¡3ª S3 ���5J¾��N6X�OQL­OQW¬J.Z5J.W�¢�« OQX�Z5¡6ZbKM¥�N3Z_O�X��_OQZ_¢5®�OQL­§_PQ«&OQZ_¢���EN3�?X ¤ §(J.WYX�«&L­L�J.��W�«±O�X?X�§(¡6ZI�iN3Z5J�¡ ¤ X�PQ«¬^_WY¡6SIJ.Zm`_ë�� ¤ X�®_X ¤ §(J.WYX�«&L­L�J.��W�«±O�Xy^_WY¡6SIJ.ZxJ.¥IJ.ZsOQZs���5J
T → 0 PQOQL­OQ�~N6X]N¨WYJ�X ¤ PQ�?¡3ª�a_J8·5Z_OQZ_¢����5J~·EJ.P�as���5J�¡6W�«s¡6ZBN¨ �¡6L­§EN6 .�~X�§EN3��OVN3P,L�N3Z_OÂª¿¡6P�a,`



ñ�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
n)Ù4n è é_Ûé�Óæ�ç0ä3Ý$êë�Óß
²_Û�o
ë��5J�L�N3��W�OÂÅsL�¡&a_J.Pm��J"�yOQPQPf �¡6Z5X�O�a_J.W?O�X?a_J8·5Z5J�as^&«±���5J�§EN3W��YOÂ�YOQ¡6Zxª ¤ Z5 .��O�¡6Z

ZMM =

∫ M∏

i=1

[
DUi

]
exp

(
−Γ[Ui]

) F¿æb` æb`QºLM
�y�5J.WYJ Γ[Ui]

O�X?¢�OQ¥�J.ZxOQZ�F¿æb`Qº�` ï6ê�M8` � �yO�X? �¡6Z&¥�J.Z_O�J.Z&�?ª¿¡6Wy�iN3S&OQZ_¢����5J	 �¡6ZI��OQZ ¤_¤ L�PQOQL­OQ�]�Y¡­WYJ.�yW�OQ�YJ
Γ[Ui]

abOQWYJ� .��PQ«sOQZH�YJ.W�L�X�¡3ª����5J	¹�J.WY¡�L�¡Ia_J�X ai `5ëC¡�X�OQL­§_PQOÂª�«s���5J	Z5¡6�iN3��O�¡6Zm®\a_J8·5Z5Jµ���5J	WYJ�XY �N3P�J�a¹�J.WY¡­L�¡Ia_J αi ≡ βai XY¡¨���EN3� Ui = eiαi ` ¦ J"Z5¡6�YJ����\N3��FVª¿¡6Wy·_Å_J�a i M
TrU li TrU−l

i =
N∑

m,n=1

cos
(
lαmi − lαni

) F¿æb` æb` æ�M

TrU li TrU−l
i+1 + TrU−l

i TrU li+1 = 2

N∑

m,n=1

cos
(
lαmi − lαni+1

)
. F¿æb` æb` ê�M

� ¤ W����5J.W�L�¡6WYJ�®5���5J"§EN3���xOQZI�YJ.¢�WiN3PfL�J�N6X ¤ WYJ�X [DUi] N3Z5a [Dαi] N3WYJ"WYJ.PVN3�YJ�as^&«
[
DUi

]
=

∏

m<n

sin2

(
αmi − αni

2

)[
Dαi

]

= exp



∑

m6=n
ln

∣∣∣∣ sin
(
αmi − αni

2

)∣∣∣∣


[Dαi

]
. F¿æb` æb` ñXM

¸~J.Z5 �J����5J"§EN3���xOQZI�YJ.¢�WiN3PC¡3ª*���5J"L�N3��W�OÂÅ¬L�¡&a_J.Pm�iN3SIJ�Xy���5J~ª¿¡6W�L
ZMM =

∫ M∏

i=1

[
Dαi

]
exp

(
−
∑

m6=n

(
Vad(α

m
i − αni ) + Vbi(α

m
i − αni+1)

)) F¿æb` æb` í�M
�y�5J.WYJ"���5JµN6a6TÄ¡6OÂZ&�~N3Z5as^_OÂª ¤ Z5a5N3L�J.ZI�iN3Pf§(¡6�YJ.ZI��OVN3P�X�N3WYJ�®bWYJ�X�§(J� .��OQ¥�J.PQ«

Vad(θ) ≡ − ln

∣∣∣∣ sin
(
θ

2

)∣∣∣∣−
∞∑

l=1

1

l

(
zBad(x

l; yl1, y
l
2) + (−1)l+1zFad(x

l; yl1, y
l
2)
)

cos(lθ)

= ln 2 +
∞∑

l=1

1

l

(
1 − zBad(x

l; yl1, y
l
2) − (−1)l+1zFad(x

l; yl1, y
l
2)
)

cos(lθ) F¿æb` æb` ��M
Vbi(θ) ≡ −

∞∑

l=1

2

l

(
zBbi(x

l; yl1, y
l
2) + (−1)l+1zFbi(x

l; yl1, y
l
2)
)

cos(lθ) . F¿æb` æb` ï�M
� Zs���5J"XYJ� �¡6Z5axJ £I¤ N3PQOQ�U«±OQZH½ £ `�F¿æb` æb` ��M���J ¤ XYJ.as���5J"O�a_J.ZI��OQ�U«

ln

∣∣∣∣ 2 sin

(
θ

2

)∣∣∣∣ = −
∞∑

l=1

1

l
cos(lθ) F¿æb` æb` ��M



k±õ k±õ°z�ït�ìm#ð~z�ò]��ÅÆm �D¹'�'l ñ5º
�y�_O� Y�¬ �N3Z±^\J?ª¿¡ ¤ Z5a,®IJ�` ¢5`Q®IOQZ±ã]J8ª�`0G åLI�F2§m`\º8�b®�ª¿¡&¡6��Z5¡6�YJ'��M8` ¦ J?�yOQPQPEOQ¢�Z5¡6WYJ]���5J]�YJ.W�L ln 2 ¡6Z����5JW�OQ¢��I�y�EN3Z5axX�O�a_J�¡3ª*½ £ `�F¿æb` æb` ��M�X�OQZ5 �J~OQ�y�yOQPQPm¡6Z_PQ«±¢�OQ¥�J�W�O�XYJ~�Y¡�N3Zx¡0¥�J.WiN3PQPm �¡6Z5X��iN3Z&�y���EN3�? �N3Zs^(JN3^5XY¡6W�^\J�asOQZ&�Y¡­���5J�Z5¡6W�L�N3PQOQ¹0N3��O�¡�ZB¡3ª ZMM.¦ J?�yOQPQPEZ5¡��ú�iN3S�J?���5J] �¡6ZI��OQZ ¤_¤ L PQOQL­OQ� N →∞. � ��O�X� �¡6ZI¥IJ.Z_O�J.ZI���Y¡	OQZI��WY¡&a ¤  �J~J.OQ¢�J.ZI¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6Z5X ρi(θi) §5WY¡6§\¡6W���O�¡6ZEN3P��Y¡s���EJ�a_J.Z5X�OQ�U«�¡3ªy���5J�J.OQ¢�J.ZI¥�N3P ¤ J�X eiθi ¡3ª Ui N3�µ���5J±N3Z_¢�P�J
θi ∈ [−π, π] `&¸~J.WYJ ρi L ¤ X��F^(J]J.¥IJ.W�«&�y�5J.WYJ]Z5¡6ZbKMZ5J.¢IN3��OQ¥IJ�®_N3Z5a���J~ i�5¡I¡�XYJ]OQ�YXFZ5¡6W�L�N3PQOQ¹0N3��O�¡�ZsXY¡���EN3��ª¿¡6W~N3ZI«�·_Å_J�a i ∫ π

−π
dθi ρi(θi) = 1 . F¿æb` æb` å�M

� ¤ W����5J.W�L�¡6WYJ	��J"a_J8·5Z5J"���5J��E¡ ¤ W�O�J.W?L�¡Ia_J�X]¡3ª ρi N3Z5a Vad
N3Z5a Vbi

R
ρli ≡

∫ π

−π
dθi ρi(θi) cos(lθi)

F¿æb` æb`Qº8��M
V l

ad ≡
∫ π

−π
dθ Vad(θ) cos(lθ) F¿æb` æb`Qº�ºLM

V l
bi ≡

∫ π

−π
dθ Vbi(θ) cos(lθ) F¿æb` æb`Qº�æ�M

XY¡¨���EN3��®EN6XYX ¤ L­OQZ_¢ ρi ® Vad
® Vbi

�Y¡¨^(J"J.¥IJ.Z¬ª ¤ Z5 .��O�¡6Z5X�®_��J��EN�¥�J"���5J)�E¡ ¤ W�O�J.W]J8Åb§EN3Z5X�O�¡6Z5X
ρi(θi) =

1

π

∞∑

l=1

ρli cos(lθi)
F¿æb` æb`Qº�ê�M

Vad(θ) =
1

π

∞∑

l=1

V l
ad cos(lθ) F¿æb` æb`Qº.ñXM

Vbi(θ) =
1

π

∞∑

l=1

V l
bi cos(lθ) .

F¿æb` æb`Qº�í�M
ë��5J	 �¡6ZI��OQZ ¤_¤ L�PÂOQL­OQ�]OQX?¡6^_�iN3OQZ5J�ax^&«±L�N3S&OQZ_¢­�Y�5J"X ¤ ^5X���OQ� ¤ ��O�¡6ZV½

1

N

N∑

n=1

[
· · ·
]
−→

∫ π

−π
dθi ρi(θi)

[
· · ·
] F¿æb` æb`Qº8��M

XY¡¨���EN3�
1

N2

N∑

m,n=1

cos(lαmi − lαni ) −→ (ρli)
2 F¿æb` æb`Qº0ï�M

1

N2

N∑

m,n=1

cos(lαmi − lαni+1) −→ ρliρ
l
i+1 .

F¿æb` æb`Qº8��M
� ¤ W����5J.W�L�¡6WYJ¶��J	WYJ.§_PVN6 �Jµ���5Jµ§EN3���BOQZI�YJ.¢�WiN3P*L�J�N6X ¤ WYJ [Dαi] −→ [

Dλi
] `Eë�� ¤ X�®5OQZB���5Jµ �¡6Z&��OQZbK¤_¤ L�PQOÂL­OQ�]���5J�§EN3���xOQZ&�YJ.¢�WiN3Pf¡3ª*���5J"L�N3��W�OÂÅsL�¡Ia_J.Pm�iN3SIJ�Xy���5J~ª¿¡6W�L

ZMM =

∫ M∏

i=1

[
Dλi

]
exp

(
−SMM[ρ]

) F¿æb` æb`Qº�å�M
¿ � ^zfe^�v c�v b�v h�uPl v ^��~ced*oZc�cedP^�xHkJwpce^Hwpc�kr{¤cedP^�§Lfgorxeqm^zceb [

· · ·
] x�oZf]fev ^Hb�orw

i
l or§�^Hl|�



ñIæ ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
�y�5J.WYJ"���5JµN6 8�YOQ¡6Zxª¿¡6Wy���5J"J.OQ¢�J.Z&¥�N3P ¤ J	abO�X���W�OQ^ ¤ �YOQ¡6Zxª ¤ Z5 .��O�¡6Z5X ρ O�X

SMM[ρ] =
N2

π

M∑

i=1

∞∑

l=1

(
(ρli)

2V l
ad(T ;µ1, µ2) + ρliρ

l
i+1V

l
bi(T ;µ1, µ2)

)
. F¿æb` æb` æ���M

¸~J.WYJ V l
ad
N3Z5a V l

bi
a_J.Z5¡6�YJs���5J l ¾ ��� L�¡6L�J.Z&��¡3ª����5JHN6a6TÄ¡6OQZI�±N3Z5a ^_OÂª ¤ Z5a5N3L�J.ZI�8N3P]§\¡6�YJ.Z&��OVN3P�X�`½*Åb§_PQO� .OQ��PQ«�®

V l
ad(T ;µ1, µ2) =

π

l

(
1 − zBad(x

l; yl1, y
l
2) − (−1)l+1zFad(x

l; yl1, y
l
2)
) F¿æb` æb` æbºLM

V l
bi(T ;µ1, µ2) = −2π

l

(
zBbi(x

l; yl1, y
l
2) + (−1)l+1zFbi(x

l; yl1, y
l
2)
)
. F¿æb` æb` æ�æ�M

ëf¡�X ¤ L­L�N3W�OQ¹�J�®*���5J¬L�N3��W�OÂÅuL�¡Ia_J.P ¤ Z5a_J.W�X�� ¤ ab«;O�X­a_J8·5Z5J�au^&«o½ £ X�`�F¿æb` æb`Qº�å�MMKJF¿æb` æb` æ�æ�M­N3P�¡6Z_¢�yOQ���H½ £ X�`�F¿æb`Qº�` ï0ñXMMKJF¿æb`Qº�` ï�ï�M.`
n)Ù�� Ã ä£²_Û�äí­¨æ�ä3æÖ�ÓÛ�çRÛ�ä � ß~á×²_Û�«�ß0p@î�p_Û'�ÓÛ�p!çº­¨é_æ � Ûèç0ä3æ0p � ÝHçRÝZß0p

�J8ª¿¡6WYJ?§_WY¡I �J�J�abOQZ_¢¶�yOQ���±���5J~N3ZEN3PQ«bX�O�XF¡3ªm���5J?§_�EN6XYJ]X���W ¤  .� ¤ WYJ]¡3ªm���5J?L�N3��W�OÂÅ�L�¡Ia_J.P(J�X��iN3^_PQO�X��5J�aOQZ ² J� .��O�¡6Z5XFæb`Âº8KUæb` æ~��J��yOQPQP&·5WYX��*WYJ.¥&O�J.�uXY¡6L�J���J.PQPÂKMS&Z5¡��yZ�¡6WYa_J.W*§EN3WiN3L�J.�YJ.WYX*ª¿¡6W*a_J� �¡6Zb·5Z5J.L�J.Z&�OQZ�ñ6KqabOQL�J.Z5X�O�¡6ZEN3PF���5J.W�L�N3P ³ N3Z_¢6K ´ OQPQP�X"���5J�¡6W�O�J�X	a_J8·5Z5J�a�¡6Z#&\N3�	X�§EN6 �J S1 × R

3 `�FN�E¡6W	N±L�¡6WYJ���5¡6WY¡ ¤ ¢��xWYJ.¥&O�J.�	®5XYJ�J�G ê��PIq` M�COQWYX��*¡3ª(N3PQP&OQ�*O�Xf¥IJ.W�«	OQL­§\¡6W��iN3Z&���Y¡]Z5¡6�YJ����EN3��J8¥IJ.Z¶���5¡ ¤ ¢�� U(N) ¢IN ¤ ¢�J����5J�¡6W�«	ª¿¡6W N ·5Z_OQ�YJ �N3Zo¡6Z_PQ«;a_J.¥�J.P�¡6§o¢�J.Z ¤ OQZ5J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6ZoOQZo���5J�OQZb·5Z_OQ�YJ±¥�¡6P ¤ L�J�PQOQL­OQ��® N = ∞ ���5J�¡6W�O�J�XL�N�« �EN�¥IJs§_�EN6XYJx��WiN3Z5X�OQ��O�¡6Z5X±J.¥�J.Z÷OQZ ·5Z_OQ�YJx¥I¡6P ¤ L�Jx^\J� �N ¤ XYJx���5J N → ∞ PQOQL­OQ�¬N6 .�YX±N6X¬N���5J.W�L�¡Iab«&ZEN3L­O� BPQOQL­OQ��`yý]Z5Jx��J.PQPÂKMS&Z5¡��yZ J8Å5N3L­§_P�JB¡3ª	���_O�X��q«&§(JsO�X����5JT+~WY¡�XYXÄK ¦ OQ���YJ.Z÷§5�EN6XYJ��WiN3Z5X�OQ��O�¡6ZxOQZHæ0KqabOQL�J.Z5X�O�¡6ZEN3P U(N) ¢IN ¤ ¢�J"���5J�¡6W�O�J�X�G ê�ïLIq`� �]O�X"N�a_J8·5Z_OQZ_¢¬§_Wi¡6§\J.W��U«H¡3ª�N� �¡6Zb·5Z_OQZ_¢s���5J�¡6W�«�F2�yOQ����Z5¡�·EJ.P�a_X�OQZB���5J	ª ¤ Z5a5N3L�J.Z&�iN3P*WYJ.§bKWYJ�XYJ.ZI�iN3��O�¡6Z ¡3ª SU(N) M��Y�EN3�­NxX�OQZ_¢�P�J±J8Åb�YJ.W�ZEN3P�§EN3W���O� .P�J±OQZo���5J�ª ¤ Z5a5N3L�J.ZI�iN3P�WYJ.§_WYJ�XYJ.Z&�iN3��O�¡6ZF¿N_S £I¤ N3W�S�UHM� �N3Zx^(J"OQZ5XYJ.W��YJ�axOQZI�Y¡����_O�X?���5J�¡6W�«s¡6Z_PQ«xN3�~N3ZHOQZb·5Z_OQ�YJµ �¡�X��?OQZsª�WYJ�J	J.Z5J.W�¢�«�`E¸~J ¤ W�O�XÄK��O� �N3PQPQ«�®�X ¤  Y�÷N £I¤ N3W�S�ª¿¡6W�L�X­¡6Z5J¬J.Z5a ¡3ª"N¾
)�EDÊX���W�OQZ_¢��y�_O� i� O�X¨OÂZ_·5Z_OQ�YJ.PQ«oP�¡6Z_¢�^(J� �N ¤ XYJ¬OQ��EN6X?ZE¡��y�5J.WYJ¶J.P�XYJ	�Y¡�J.Z5a,` � Zx���5JµP�¡��°�YJ.L­§(J.WiN3� ¤ WYJ¨ �¡6Zb·5Z_OQZ_¢±§_�EN6XYJ	���_O�X]P�¡6Z_¢¬X���W�OQZ_¢¬N3P�XY¡��EN6XOQZb·5Z_OQ�YJ"§(¡�X�OQ��OQ¥�J�ª�WYJ�J"J.Z5J.W�¢�«I`5òmJ.� Fq(T ) a_J.Z5¡6�YJ	���5J	 Y�EN3Z_¢�Jµ¡3ª*���5J�ª�WYJ�J"J.Z5J.W�¢�«s¡3ª*���5J	X�«bX��YJ.LOQZ5a ¤  �J�aH^&«s���5Jµ§_WYJ�XYJ.Z5 �J¶¡3ª�N3Z�J8Åb�YJ.W�ZEN3P £I¤ N3W�S(` � �]ª�¡6PQP�¡0�?X?ª�WY¡6L©���5J	ª¿¡6W�L©¡3ªF���5Jµ �¡ ¤ §_PQOQZ_¢s¡3ªN3ZBJ8Åb�YJ.W�ZEN3P £I¤ N3W�Ss�Y¡����5J	¢IN ¤ ¢�J"·EJ.P�a_X~���EN3� e−Fq(T )/T = 〈P〉, �y�5J.WYJ P = 1
N TrP exp

( ∮
A
)

O�X	���5J�XY¡3Kq �N3PQP�J�a;ÃC¡6PQ«&N3SI¡�¥�P�¡I¡6§jG ê��_®fê�åLIq®m���5J���WiN6 �J�¡3ª]N ¦ OQP�XY¡6Z�P�¡&¡6§uN3WY¡ ¤ Z5a����5J� �¡6L­§EN6 .��OÂK·EJ�a�½ ¤  .PQO�a_J�N3Z����5J.W�L�N3P���OQL�J¨ .OQWY .P�J�`më��5J.WYJ8ª¿¡6WYJ�®,X�OQZ5 �J Fq(T ) O�X�OQZb·5Z_OQ�YJ¨OQZ;N± �¡6Zb·5Z5J�a�§_�EN6XYJ�®
〈P〉 = 0 OQZ����5J¶P�¡�� �YJ.L­§\J.WiN3� ¤ WYJ� �¡6Zb·5Z_OQZ_¢s§_�EN6XYJ�®\�y�5J.WYJ�N6X"OQZ�N±a_J� �¡6Zb·5Z5J�a�§_�EN6XYJ Fq(T ) O�X·5Z_OQ�YJµN3Z5a¬���EJ8WiJiª¿¡6WYJ 〈W (C)〉 6= 0 `ë�� ¤ X�® 〈P〉  �¡6Z5X���OQ� ¤ �YJ�XµN3Z�¡6WYa_J.W	§EN3WiN3L�J.�YJ.W	���EN3�	X��EN3W�§_PQ«�abO�X���OQZ_¢ ¤ O�X��5J�X"���5J¨P�¡0� �YJ.L­§\J.WÄKN3� ¤ WYJ¶ �¡6Zb·5Z_OQZ_¢¬§5�EN6XYJ	ª�WY¡6L©���5Jµ�_OQ¢��B�YJ.L­§(J.WiN3� ¤ WYJ­a_J� �¡6Zb·5Z5J�aB§_�EN6XYJ�`R�5WY¡6LðN�P�¡0� �YJ.L­§\J.WiN0K� ¤ WYJ­§(¡6OQZI�¶¡3ªy¥&O�J.�	®,���5J���WiN3Z5X�OQ��O�¡6Z;���EN3�µXYJ.§EN3WiN3�YJ�Xµ���5J�XYJ­�U��¡x§_�EN6XYJ�X	O�XµN6XYXY¡& .OVN3�YJ�a��yOQ�������5J �¡6Z5a_J.Z5XiN3��O�¡6Zu¡3ª�& ¤ Å�� ¤ ^\J�Xµ�y�5¡�XYJ�J8»,J� .��OQ¥�J­ª�WYJ�J�J.Z5J.W�¢�«�OQX¶abW�OQ¥�J.Z;Z5J.¢IN3��OQ¥IJ±N3�µ�_OQ¢��oJ.Z5¡ ¤ ¢��



k±õ ©¤õ¸lE�
P � z��'m#ñC�Cò!ð~z~��ò!� �K�Dl?�yzC�p��} ð~}�¹ ñCïtð)�X�Îz�ò!ð~})�&��zC�p��} ñIê
�YJ.L­§\J.WiN3� ¤ WYJ�X¨F2�y�5J.ZH���5J	J8ZEJ8WY¢�«¬¡3ª����5J�XYJ"X���W�OQZ_¢�X?O�X?¡�¥IJ.WY �¡6L�J"^&«±���5J	J.ZI�YWY¡6§I«s¡3ª*���5J.OQW?¥&OQ^_WiN0K��O�¡6Z5XJM8`� Z¬���5J~PVN3W�¢�J N PQOQL­OQ��F2�yOQ���¬·_Å_J�a�¾ �y¸~¡&¡3ª��y �¡ ¤ §_PQOQZ_¢5®_¡6W?J £I¤ OQ¥�N3P�J8Z&��PQ«�·_Å_J�a ΛQCD

M����5J�a_J8K �¡6Zb·5Z5J.L�J.ZI��§_�EN6XYJ¬��WiN3Z5X�OQ��O�¡6Z �EN6X¨«IJ.��N3Z5¡6���5J.W�¡6WYa_J.W�§EN3WiN3L�J.�YJ.W¥G ñ��LIq`�ë��5Js �¡6Zb·EZ5J�au§5�EN6XYJO�XHa_¡6L­OQZEN3�YJ�a°^I« ¢IN ¤ ¢�J8KMOQZ&¥�N3W�OVN3ZI�B^(¡ ¤ Z5a°X��iN3�YJ�XBN3Z5a°XY¡ OQ�YXsª�WYJ�J;J.Z5J.W�¢�« F (T ) XY �N3P�J�XxPQOQSIJ
N0 N3�¬PVN3W�¢�J N `?ý]Z ���5J�¡6���5J.Ws�EN3Z5a,®����5J�a_J� �¡6Zb·5Z5J�a §_�EN6XYJBO�Xsa_J�XY .W�OQ^(J�a ^I« ª�WYJ�JB¢�P ¤ ¡6Z5X�®N3Z5aú �¡6Z5XYJ £I¤ J.ZI��PQ«÷OQ�YX�ª�WYJ�JBJ.Z5J.W�¢�«÷XY �N3P�J�X¬N6X N2 N3�±PVN3W�¢�J N `�ë�� ¤ X�®FOQZú���5JHPVN3W�¢�J N PQOQL­OQ��®
limN→∞ F (T )/N2  �¡6Z5X���OQ� ¤ �YJ�XCN�XYJ� �¡6Z5a	¡6WYa_J.Wm§EN3WiN3L�J.�YJ.Wmª¿¡6Wma_J� �¡6Zb·5Z5J.L�J.Z&� ¦ PQOQSIJ*���5J�Ã*¡6PQ«IN3SI¡0¥P�¡I¡6§����_O�X�Z5J.�÷¡6WYa_J.W�§EN3WiN3L�J.�YJ.WF¥�N3Z_O�X��5J�X�OQZ­�Y�5Jy �¡6Zb·5Z5J�a�§_�EN6XYJ�^ ¤ ��O�X*·5Z_OQ�YJyOQZ­���5J?a_J� �¡6Zb·5Z5J�a§_�EN6XYJ�`
n)Ù3ª ± ßCÞ � çRÛ'�Û­�Û�ä3æ�ç ã ä3Û � ß0o ã çRÝZß0p æ0pz²ï­¨é_æ � ÛÆç0ä3æ0p � ÝHçRÝZß0p
ë��5J?�YJ.W�L − ln

∣∣sin
(
θ
2

)∣∣ OQZ����5J~N6a6TÄ¡6OQZI��§\¡6�YJ.Z&��OVN3P�F¿æb` æb` ��M�¡6W�OQ¢�OQZEN3��OQZ_¢µª�WY¡6L ���5J] i�EN3Z_¢�J~¡3ª,L�J�N0KX ¤ WYJµO�X"N��iJ8L­§(J.WiN3� ¤ WYJ8KMOQZEa_J.§(J.Z5a_J.Z&�	WYJ.§ ¤ P�X�OQ¥�J¶§\¡6�YJ.Z&��OVN3PM`fý]ZB���5J¨¡6���5J.W��EN3Z5a,®\���EJµWYJ.L�N3OQZ_OQZ_¢§EN3W��YXf¡3ªb���5J�N6a6TÄ¡6OQZI�*N3Z5a"^_OÂª ¤ Z5a5N3L�J.Z&�iN3PI§(¡6�YJ.ZI��OVN3P�X�F¿æb` æb` ��MMKJF¿æb` æb` ï�M(§5WY¡�¥&O�a_J�N3Z¶N3����WiN6 .��OQ¥�J�ª¿¡6WY �J^��y�_O� Y�x¢�WY¡0�?X�ª�WY¡6L ¹�J.WY¡­�Y¡¨OQZb·5Z_OQ�YJµX���WYJ.Z_¢����HN6Xy���5J"�YJ.L­§\J.WiN3� ¤ WYJ	O�XyWiN3O�XYJ�a¬ª�WY¡6L ¹�J.WY¡­�Y¡¨OQZb·5ZbKOQ�q«I`(ý]Z5Jµ��¡ ¤ P�aH���5J.WYJ8ª¿¡6WYJ¶J8Åb§(J� .�~���EN3�"N3�~P�¡�� �YJ.L­§\J.WiN3� ¤ WYJ�X�®\���5J¶X��iN3^_P�JµXiN6a_abP�Jµ§(¡6OQZI�YX�¡3ª����5JL�N3��W�OÂÅsL�¡Ia_J.PCN3WYJ	 i�EN3WiN6 .�YJ.W�OQ¹�J�ax^&«±���5J	J.OQ¢�J.ZI¥�N3P ¤ J�X]¡3ª*���5J"�5¡6P�¡6Z5¡6L¶«¬L�N3��W�O� �J�X Ui X�§_WYJ�N6abOQZ_¢¡ ¤ � ¤ Z_OÂª¿¡6W�L­PQ«�¡�¥IJ.W����5J ¤ Z_OQ�	 .OQWY .PQJ�®,�y�5J.WYJ�N6XµN3���_OQ¢����YJ.L­§\J.WiN3� ¤ WYJ�X	���5J�N3����WiN6 .��OQ¥�J¨§(¡6�YJ.ZI��OVN3P �N ¤ XYJ�Xy���5J.L��Y¡­P�¡I �N3PQOQ¹�J�` � Zx���_O�X?XYJ� .��O�¡6Z�N3Z5as���5J"Z5J8Åb�?��J"�yOQPQPCXYJ�J����EN3�?���5OQX?OQZ&� ¤ OQ��O�¡6ZHOQZ5a_J�J�aO�Xy��W ¤ J�`¦ J�Z5¡0�° �¡6Z5X�O�a_J.W?���5J	XiN6a_abP�J�§(¡6OQZI�YX]¡3ª*���5J"L�N3��W�OÂÅ¬L�¡&a_J.PCN6 .��O�¡6Z�F¿æb` æb` æ���M8®
0 =

∂SMM

∂ρli
=
N2

π

(
2ρliV

l
ad +

(
ρli−1 + ρli+1

)
V l

bi

)
. F¿æb` ñ5`QºLM

�5¡6W M ≥ 2 ®b���_O�X] �¡6Z5abOQ��O�¡6ZH��WiN3Z5X�PVN3�YJ�XyOQZ&�Y¡ M PQOQZ5J�N3W]J £I¤ N3��O�¡6Z5X?OQZ M ¤ Z_S&Z5¡��yZ5X�R
2ρliV

l
ad +

(
ρli−1 + ρli+1

)
V l

bi = 0 . F¿æb` ñ5` æ�M
ë��5J�a_J.�YJ.W�L­OQZEN3Z&�]¡3ªC���_O�XyX�«bX��YJ.L ¡3ª*J £I¤ N3��O�¡6Z5X�O�X�¢�J.Z5J.W�O� �N3PQPQ«¬Z5¡6ZbKM¹�J.WY¡_®_XY¡¶��J]·5Z5a¬���5J ¤ Z_O £I¤ JXY¡6P ¤ ��O�¡6Z ρli = 0,  �¡6W�WYJ�X�§\¡6Z5abOQZ_¢��Y¡¨���EJt&\N3�]abO�X���W�OQ^ ¤ ��O�¡6Z ρi = 1

2π
`_ë�� ¤ Xy��J" �¡6Z5 .P ¤ a_J	���EN3�y���5JJ.OQ¢�J.ZI¥�N3P ¤ J�X�¡3ª����5J	�5¡6P�¡6Z5¡6L¶«xL�N3��W�O� �J�X Ui N3WYJµabO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«x¡6ZBJ�N6 Y��¡3ª����5J M ¤ Z_OQ� .OQWY .P�J�X�`5ë��_O�X?a_J8·5Z5J�X?���5J�P�¡0��KM�YJ.L­§\J.WiN6� ¤ WYJµXY¡6P ¤ ��O�¡6ZH¡3ª*���5J"L�N3��W�OÂÅsL�¡Ia_J.PM`ë��5J­P�J�N6abOQZ_¢ O(N2)  �¡6Z&��W�OQ^ ¤ ��O�¡6Zo�Y¡s���5J¨ª�WYJ�J�J.Z5J.W�¢�«� �¡6L­§ ¤ �YJ�a�ª�WY¡6LÌ���5J­§EN3���;OQZ&�YJ.¢�WiN3PF¿æb` æb`Qº�å�M� �¡6L�J�XFª�WY¡6L ���5J�N6 .��O�¡6Z SMM[ρ] `&¸~¡���J.¥�J.W�®bN6X ρli = 0 ®I���5Jy·5WYX���Z5¡6ZbKM¹�J.WY¡¶ �¡6Z&��W�OQ^ ¤ ��O�¡6Z�Y¡"���5Jyª�WYJ�J?J.Z5J.W�¢�«­OQZ����_O�X�§_�EN6XYJ] �¡6L�J�X�ª�WY¡6L N�+"N ¤ XYX�OVN3Z�OQZ&�YJ.¢�WiN3P\¡�¥IJ.W����5J�& ¤  .� ¤ N3��O�¡6Z5X�N3^(¡ ¤ ����5J�XY¡6P ¤ ��O�¡6Z ρi = 1

2π
`0ë��5JFª�WYJ�JFJ.Z5J.W�¢�«	O�XC���5J.WYJ8ª¿¡6WYJ�¡3ª O(1) �yOQ���¶WYJ�X�§(J� .�C�Y¡ N ®3X ¤ ¢�¢�J�X���OQZ_¢~���EN3����5J����5J�¡6W�«µOÂZ¨���_O�X*§_�EN6XYJ�a_J�XY .W�OQ^\J�X�N]Z5¡6ZbKMOQZI�YJ.WiN6 .��OQZ5¢"¢IN6X*¡3ª( �¡6P�¡6W�X�OQZ_¢�P�J.��X��iN3�YJ�X�`P� ¤ W����5J.W�L�¡6WYJ�®��J�Z5¡6�YJy���EN3�����5JyÃ*¡6PQ«IN3SI¡�¥¶P�¡&¡6§ W (C) ≡ TrP exp

(
ig
∫ β
0 dx0A0

i

) �EN6X�¹�J.WY¡"J8Åb§\J� .�iN3��O�¡6Z�¥�N3P ¤ J�H©3dP^E{|orxzcCcedPorc�cedP^Efe^Hh~orv wPv wP}!u*oZf]ceb�kr{���¸p� ¸p� �m���g��¸p� ¸p� Om��oZfe^~oZc]c]fgorxzcev sm^�u�krce^Hwpcev orl bCx�orw_§�^Eb]dPk�y�w�{�kJl l k�y�v wP}cedP^�oZfe}J`Ph�^HwpcKv w_� �r���L{�kpkrcewPkrce^a�m¸p�



ñ�ñ ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
X�OQZ5 �J	���5Jµ��WiN6 �J¨N�¥�J.WiN3¢�J�X~�Y¡�¹�J.WY¡�OQZH���5J ¤ Z_OÂª¿¡6W�LÊJ.OQ¢�J.Z&¥�N3P ¤ J¶abO�X���WYOÂ^ ¤ ��O�¡6Zm` � ZH§EN3W���O�  ¤ PVN3W�®\���_O�XOQL­§_PQO�J�Xy���EN3�?���5J

ZN
 �J.ZI�YJ.W]X�«&L­L�J.��W�«±O�XyP�J8ª�� ¤ ZI^_WY¡6SIJ.ZsOQZx���_O�Xy§_�EN6XYJ�`_Ày � �¡6WYabOQZ_¢�PQ«I®_��J"PVN3^\J.P���_O�Xy§_�EN6XYJ'Sq �¡6Zb·5Z_OQZ_¢*Ui`�5¡6W M ≥ 2 ���5J"XY¡6P ¤ ��O�¡6Z ρi = 1

2π
�yOQPÂPm^\JµN¶L­OQZ_OQL ¤ L©¡3ªC���5JµN6 .��O�¡6Z ¤ ZI��OQPm��J"WYJ�N6 Y�x¥�N3P ¤ J�X¡3ª (T ;µ1, µ2)

ª¿¡6W?�y�_O� Y�
0 = detHij =

∣∣∣∣∣
∂2SMM

∂ρli ∂ρ
l
j

∣∣∣∣∣
F¿æb` ñ5` ê�M

ª¿¡6WµN3Z&«H·_Å_J�a l ` ¦ �5J.Z����5J­�YJ.L­§\J.WiN3� ¤ WYJ±¡6W	���5J� Y�5J.L­O� �N3PF§(¡6�YJ.ZI��OVN3P�X¨N3WYJ­WiN3O�XYJ�a;N3^(¡�¥IJ­���5J�XYJ .W�OQ��O� �N3P\¥�N3P ¤ J�X�®I���5J�&\N3��abO�X���W�OQ^ ¤ ��O�¡6Z¬^(J. �¡6L�J�X?N3Z ¤ Z5X��iN3^_P�J�XiN6a_abP�J?§(¡6OQZI�y¡3ªm���5J?L�N3��W�OÂÅ�L�¡&a_J.PM®N3Z5a¬���5J�L�¡Ia_J.Pm��� ¤ XyJ.Z&�YJ.WYX]N¶Z5J.� §_�EN6XYJ��y�_O� i�s��J��yOQPQPmabO�XY  ¤ XYX�OQZs���5J�Z5J8Åb�?XYJ� .��O�¡6Zm`±�E¡6WyZ5¡����J"Z5¡6�YJ"���EN3��F¿æb` ñ5` ê�Mya_J8·5Z5J�X~N¶§_�EN6XYJ"��WiN3Z5X�OQ��O�¡6ZH �¡6Z5abOQ��O�¡6ZB¡3ª*���5J�L�N3��W�OÂÅsL�¡&a_J.PM`� �y�yOQPQPm^\J	 �¡6Z&¥�J.Z_O�J.Z&�?�Y¡�J8Åb§_WYJ�XYXy���5J	¸~J�XYX�OVN3ZsL�N3��W�OÂÅsOQZx�YJ.W�L�X]¡3ª*���5J"¥�N3W�OVN3^_P�J�X ξl ≡ 2V l
adN3Z5a ηl ≡ V l

bi
`�K~¡6�YJ¬·5WYX��­���\N3�­OQZ ���5JxX�§\J� .OVN3P] �N6XYJ M = 2 ®�a ¤ Js�Y¡��Y�5J¬O�a_J.Z&��OÂ·E �N3��O�¡6Z i '

i+M = i+ 2, ���5J	¸~J�XYX�OVN3ZsL�N3��W�OÂÅx¡6^_�iN3OQZ5J�a¬ª�WY¡6L F¿æb` æb` æ���M��iN3SIJ�Xy���5J~ª¿¡6W�LF�
H =

(
ξl 2ηl
2ηl ξl

)
. F¿æb` ñ5` ñXM

ë��5J±a_J.�YJ.W�L­OQZEN3Z&�¨ªMN6 .�Y¡6W�OQ¹�J�X­N6X detH = −4
(
ηl − 1

2ξl
)(
ηl + 1

2ξl
) `��E¡6W M ≥ 3 ���5J±¸~J�XYX�OVN3ZL�N3��W�OÂÅ¬O�X]N¨��W�O�abOVN3¢�¡6ZEN3PM®5§\J.W�O�¡&abO� �N3PQPQ«x �¡6ZI��OQZ ¤ J�asL�N3��W�OÂÅ,R

Hij =

{
ξl for j = i

ηl for j = i± 1
F¿æb` ñ5` í�M

�y�5J.WYJ�®(N6X ¤ X ¤ N3PM®E��J	L�N3SIJ	���5JµO�a_J.Z&��OÂ·E �N3��O�¡6Z5X i ' i +M N3Z5a j ' j +M `\ë��5J¶a_J.�YJ.W�L­OQZEN3ZI�¡3ª H ªMN6 .�Y¡6W�OQ¹�J�X]N6X�ª¿¡6PQP�¡0�?X!®

det




ξ η η

η ξ
` ` `` ` ` ` ` `

η

η η ξ




=
M∏

j=1

(
ξ + 2 cos

(
2πj

M

)
η

)
. F¿æb` ñ5` ��M

ë�� ¤ X�®m���5J�a_J.�YJ.W�L­OQZEN3ZI�¨¡3ª H ¥�N3Z_O�X��5J�Xµ¡6ZoN3Z&«�¡3ªy���5J�PQOQZ5J�X ξl + 2 cos
(

2πj
M

)
ηl = 0 ª¿¡6W j =

1, . . . ,M `IëC¡¶X�OQZ_¢�P�J]¡ ¤ �����5J]§_�I«bX�O� �N3PQPQ«�WYJ.P�J8¥�N3Z&�� �¡6Z5abOQ��O�¡6Z±ª¿¡6WF���5J]¥�N3Z_O�X��_OQZ_¢¨¡3ª detH ��J]�yOQPQP·5WYX��� �¡6Z5X�O�a_J.WF���5J~ �N6XYJ M = 12 �Y¡	¢IN3OQZ�OQZ&� ¤ OQ��O�¡6Zm`X�E¡6W M = 12 ���5J]a_J.�YJ.W�L­OQZEN3Z&��OQZ±§EN3W���O�  ¤ PVN3WªMN6 .�Y¡6W�OQ¹�J�X]N6X
detH = −36 ξ2

l

(
η2
l − ξ2l

)2
(
η2
l −

ξ2l
4

)(
η2
l −

ξ2l
3

)2 F¿æb` ñ5` ï�M
�y�5J.WYJ l O�X�·_Å_J�a,` � Z;�COQ¢ ¤ WYJ�æb`Qº­��J­�EN�¥IJ­abOQ¥&O�a_J�a����5J (ξl, ηl)

§_PVN3Z5J­OQZI�Y¡sWYJ.¢�O�¡6Z5X	�y�5J.WYJ H O�X§\¡�X�OQ��OQ¥IJ8Kqa_J8·5Z_OQ�YJ�F�a_J.Z5¡6�YJ�as^&« + MyN3Z5as�y�5J.WYJ H O�XyOQZ5a_J8·5Z_OQ�YJ�F�a_J.Z5¡6�YJ�ax^&« − M8`
�z\_^�kJh�v c�dP^zfe^J�*orw*�!v wtcedP^�{�kJl l k�y�v wP}L�*cedP^�kZsm^zfgorl l�{�orxzcekrf�kr{

N2

π

v w)¯0�*����¸p� ¸p� ¸J¹m�3{�krf�wPkrcgoZcev kJw*orlXb]v h�uPl v xHv c�np�¯�©3dPv bK{�krfehE`Pl oEv b�oEb]u�^HxHv orlXx�orb]^Ckr{K���8� �J� �J�Z�g�



k±õ ©¤õ¸lE�
P � z��'m#ñC�Cò!ð~z~��ò!� �K�Dl?�yzC�p��} ð~}�¹ ñCïtð)�X�Îz�ò!ð~})�&��zC�p��} ñIí
ë�� ¤ X	WYJ.¢�O�¡6Z5X	L�N3W�S�J�a�^&« +  �¡6W�WYJ�X�§(¡6Z5a��Y¡HN±P�¡& �N3PFJ8Åb��WYJ.L ¤ L F2L­OQZ_OQL ¤ L�M"¡3ª SMM

®mN3Z5aWYJ.¢�O�¡6Z5XyL�N3W�SIJ�a¬^&« −  �¡6W�WYJ�X�§(¡6Z5as�Y¡ ¤ Z5X��iN3^_P�J	XiN6a_abP�J�§\¡6OQZ&�YX�` � Z6�COQ¢ ¤ WYJ	æb`Qº���J��EN�¥�J~ª ¤ W����5J.WÄKL�¡6WYJ	L�N3W�S�J�aH���5J"WYJ.¢�O�¡6Z�¡I �  ¤ §_O�J�aH^&«¬���5J N = 2 £I¤ OQ¥IJ.W?¢IN ¤ ¢�J	���EJ.¡6WY«¬L�N3��WYO ÅHL�¡Ia_J.PfOQZH���5JP�¡�� �YJ.L­§(J.WiN3� ¤ WYJ�§_�EN6XYJ~^I«�§_P�¡6����OQZ_¢ (ξ1, η1)
ª¿¡6W (T ;µ1, µ2) = (0.1; 0.8, 0.8) `¤�5¡6W�·_Å_J�a¬ Y�5J.L­OÂK �N3P,§\¡6�YJ.Z&��OVN3P�X�® zBad, zFad, zBbi, z

F
bi
N3PQP,OQZ5 .WYJ�N6XYJ"L�¡6Z5¡6�Y¡6Z_O� �N3PQPQ«¬�yOQ���x���5J��YJ.L­§(J.WiN3� ¤ WYJ�`Eë��5J.WYJ8ª¿¡6WYJ�®N6X­���5Js�YJ.L­§(J.WiN3� ¤ WYJHOQZ5 .WYJ�N6XYJ�X�®����5Jxa_¡6��OQZ �COQ¢ ¤ WYJBæb`Qºs�yOQPQP?L�¡0¥�JHN6X�OQZ5abO� �N3�YJ�aúN3Z5a �_OQ�����5JOQZ5X��iN3^_OQPQOQ�q«¬PQOQZ5J ηl = −1

2ξl
N3�?���5J�§_�EN6XYJ"��WiN3Z5X�OQ��O�¡6Zx�YJ.L­§(J.WiN3� ¤ WYJ�`

y

6

4

2
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x
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+

+

-

-

-

-

-
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-
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-
-
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+
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x
1

h
1

û�ü ý8þ�ÿ���ðZ�����jñ	�Ný8ü�#�����#�(�9�#;��ü���ü�
�� ¨ ���I�t��ü��&�!�5�,�$�
���5��ü��5���I�t��ü��&�!�5�,�$�Ö#�( H (,#pÿ0�����
"$�;�6�
M = 12

�Îñ	��ý8ü�#����
? ���Zÿ�� H üg�G9�#;��ü���ü�
�� ¨ ���I�t��ü��&��23"$#pÿ�ÿ4�,�89�#��5�pü��*ý@�&#��
 #="$�� Î�tü���ü��tþ��Æ#�( SMM

7��pÿ��0���pÿ41��4�@/!+
+ ò ÿ��Ný8ü�#����

? ���Zÿ�� H üg�tü��5���I�t��ü��&��23"$#pÿ�ÿ4�,�89�#��5�pü��*ýS�&#.����þ����,�&��/! �Ö�6�����Z �:9�#pü��%�D#�(
SMM

7.�pÿ4�
���pÿ41��$�S/!+ − �><5��� ü��5�,�Wÿ4�&9Xÿ4�,�6�!�%�
�����F #="ZþZ�â#�(
detH = 0.

<5���@9��Z+;��ü�"$�� � +���"4"$�,�$��ü�/! � ÿ4�Ný8ü�#��ì#�(.�����
(ξl, ηl)

9B ���L��üg�
/4#pþ��5���$�>(zÿ�#��Ô��/$#�
���/!+������

ξl
�6óLüg�����5�D(zÿ4#���/$�! # ? /!+������Ö ü��5�
#�(:�����0��þ����Zÿ�ü�"$�� � +��,���� � �,�,���5�Ný*����ü�
���, #$9��=�'<5�*üg�Eüg�Eü� � þZ�,��ÿ4���&�$��/!+������:��#�� ? �*ü�"$�."$#pÿ�ÿ4�,�89�#��5�;�>�&# (T ;µ1, µ2) = (0.1; 0.8, 0.8)

���5�
l = 1

��<5���
�pÿ�ÿ�# ? �4��# ? �>��# ? ��������#�� ? ü� � Î��#�
��
�;�:�����0�&�!�	9��Zÿ4����þ�ÿ4�~üg��ü��5"Zÿ��$�;�6�$�;HE1��4�&9Xü��*ý µ1

���5�
µ2
�jóZ�$���


�«����5J±XiN3L�J±N3ZEN3PQ«bX�O�X�®,ª¿¡6W¨N3ZI« M ≥ 2 ���5J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Zu¡& �  ¤ WYX¨N3�¶���5J�OQZ5X��iN3^_OQPQOQ�q«�PQOQZ5J
ηl = α(M)ξl

�y�5J.WYJ α(M) O�X����5J?Z ¤ L�J.W�O� �N3PQPQ«�X�L�N3PQP�J�X��FZ5J.¢IN3��OQ¥�J]X�P�¡6§(J]¡3ª,���5J?¹�J.WY¡	PQOQZ5J�X�¡3ª,���5J¸~J�XYX�OVN3Zsa_J.�YJ.W�L­OQZEN3Z&��`0�5¡6W]N3PQP M ≥ 3 ��J~·5Z5a±ª�WY¡6L F¿æb` ñ5` ��M����EN3� α(M) = −1
2
F� �¡6W�WYJ�X�§(¡6Z5abOQZ_¢�Y¡ j = M M8`V�E¡6W M = 2 ��JµN3P�XY¡­·5Z5a α(M) = − 1

2 .
� Z5a_J�J�a,®5Z5¡6�YJ	���EN3�?ª¿¡6W M ≥ 2 ���5J	L�N3��W�OÂÅ¡6^_�iN3OQZ5J�ax^&«sX ¤ ^5X���OQ� ¤ ��OQZ_¢ ηl = −1

2 ξl
OQZH½ £ X�`�F¿æb` ñ5` ñXM?N3Z5a�F¿æb` ñ5` í�M��yOQPQPf�EN�¥�J¶N¨¹�J.WY¡�J.OQ¢�J.Z&¥�N3P ¤ JF2�yOQ��� (1, 1, . . . , 1) N6X]N3ZHJ8OQ¢�J.Z&¥IJ. .�Y¡6WmMyN3Z5as�5J.Z5 �J"¹�J.WY¡�a_J.�YJ.W�L­OQZEN3Z&��`

�*t�ô�t � �J� > pM:(@�Èm>
M
p n � n �

À~X±N� �¡6Z5X�O�X��YJ.Z5 .«  i�5J� YS(®���JH �N3Zúa_J.W�OQ¥�Jx���\N3� limM→∞ α(M) = −1
2
^&« N�abOÂ»,J.WYJ.ZI�±WY¡ ¤ �YJ�`¦ J¬�iN3SIJ±���EJs �¡6ZI��OQZ ¤_¤ L PQOQL­OQ� M → ∞ OQZ ���5J £I¤ OQ¥IJ.W­abOQWYJ� .��O�¡6Zm`Fë��5J £I¤ OQ¥IJ.W­PVN3^\J.P i ��� ¤ X



ñ�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
^\J� �¡6L�J�X�N? �¡6Z&��OQZ ¤ ¡ ¤ X�N3Z_¢ ¤ PVN3WC§EN3WiN3L�J.�YJ.W ϑ �y�_O� Y�¨��JF�iN3S�J��Y¡]^\J 2π KM§(J.W�O�¡IabO�  ¦ OM` J�`Q®0��JFO�a_J.ZI��OÂª�«
ϑ ' ϑ+ 2π `_À? � .¡6WiabOQZ_¢�PQ«¬��J"L�N3S�J"���5J"X ¤ ^5X���OQ� ¤ ��O�¡6Z5X

(ρli)
2 −→ (ρl(ϑ))2 F¿æb` ñ5` ��M

(ρliρ
l
i+1) −→ −1

2

(
ρ̇l(ϑ)

)2
+ (ρl(ϑ))2 F¿æb` ñ5` å�M

�y�5J.WYJ ˙ a_J.Z5¡6�YJ�X d
dϑ
`_ë��5J"L�N3��W�OÂÅsL�¡Ia_J.P*N6 .��O�¡6Z�F¿æb` æb` æ���M���� ¤ Xy^(J� �¡6L�J�XmQ�µ

SMM[ρ] =
N2M

(2π)2

∞∑

l=1

∫ 2π

0
dϑ
[
(ξl + 2ηl)(ρ

l(ϑ))2 − ηl
(
ρ̇l(ϑ)

)2]
. F¿æb` ñ5`Qº8��M

ë��5Jy½ ¤ P�J.WÄKqòfN3¢�WiN3Z_¢IJ]J £I¤ N3��O�¡6Z5XF¡6^_�iN3OQZ5J�a¨ª�WY¡6L����_O�XFN6 .��O�¡6Z±N3WYJy���5¡�XYJ?¡3ªmN~�EN3W�L�¡6Z_O� ]¡�XY .OQPQPVN3�Y¡6W�®
ηlρ̈

l(ϑ) + (ξl + 2ηl) ρ
l(ϑ) = 0 F¿æb` ñ5`Qº�ºLM

�y�5J.WYJ l = 1, 2, . . . `�K~¡6�YJ¬�5J.WYJ±���EN3�­OQ�­O�X¶���5J¬^_OÂª ¤ Z5a5N3L�J.ZI�8N3P? �¡6Z&��W�OQ^ ¤ ��O�¡6Z OQZOF¿æb` æb` æ���Mµ���EN3�¢�OQ¥�J�X�W�O�XYJs�Y¡����5Jxa_J.W�OQ¥�N3��OQ¥IJs�YJ.W�L OQZÐF¿æb` ñ5`Qº8��M�N3Z5a OQZ � ¤ W�Z �Y¡����5JsL�N6XYX��YJ.W�L ª¿¡6W����5Js�EN3WÄKL�¡6Z_O� �¡�XY .OQPQPVN3�Y¡6W�`yë�� ¤ X�®����5JB�EN3W�L�¡6Z_O� �¡�XY .OQPQPVN3�Y¡6Wx½�ý ´ ¾ XsOQZ ���5JBPVN3W�¢�J M PQOQL­OQ�sO�XxN;§ ¤ WYJõ £I¤ OQ¥�J.Wy§_�5J.Z5¡6L�J.Z5¡6Zm¾�` ² ¡6P ¤ ��O�¡6Z5X?�Y¡¨���5J�XYJ"J £I¤ N3��O�¡6Z5X?�yOQPQP,^(J� �¡6L�J ¤ Z5X��iN3^_P�J"�y�5J.Zx���5J��YJ.Z5X�O�¡6Z
τ ≡ (ξl + 2ηl)

¢�¡IJ�X�ª�WY¡6L τ > 0 �Y¡ τ < 0 `&ë�� ¤ X�®�ª¿¡6W�PVN3W�¢�J M ®I���5J~§_�EN6XYJ~��WiN3Z5X�OQ��O�¡6Z¬�yOQPQP,¡& .  ¤ W�y�5J.Z ηl = −1
2ξl
®_ �¡6Z5X�O�X��YJ.ZI�?�yOQ���x�y�EN3�?��J~ª¿¡ ¤ Z5aHN3^\¡0¥IJ6`

¦ J­Z5¡0��WYJ.� ¤ W�Z;�Y¡s���5J�§_�EN6XYJ­��WiN3Z5X�OQ��O�¡6Zo �¡6Z5abOQ��O�¡6Z ηl = α(M)ξl
` ² OQZ5 �J zBad, zFad, zBbi, z

F
bi
N3WYJN3PQP�L�¡6Z5¡6�Y¡6Z_O� �N3PQPQ«�OQZ5 .WYJ�N6X�OQZ_¢BN6X�ª ¤ Z5 .��O�¡6Z5Xµ¡3ª x N3Z5a 0 ≤ x < 1 ®,���5J l = 1  �¡6Z5abOQ��O�¡6Z;O�X"���5JX���WY¡6Z_¢�J�X���`5ë��5J.WYJ8ª¿¡6WYJ�®_���5J"§_�EN6XYJ���WiN3Z5X�OQ��O�¡6ZB �¡6Z5abOQ��O�¡6Zsª¿¡6W M ≥ 2 O�X

for M ≥ 2 :
(
zBad(x; y1, y2) + zFad(x; y1, y2)

)
+ 2
(
zBbi(x; y1, y2) + zFbi(x; y1, y2)

)
= 1 . F¿æb` ñ5`Qº�æ�M

�COQZEN3PQPQ«�®EOQZB�Y�5J¶X�§\J� .OVN3P� �N6XYJ M = 1 ��JµOQL­L�J�abOVN3�YJ.PQ«B¡6^_�iN3OQZ V l
ad + V l

bi = 0 ª�WY¡6L=F¿æb` ñ5`QºLM]a ¤ J�Y¡µ���5J~O�a_J.Z&��OÂ·E �N3��O�¡6Z i ' i+M = i+ 1 `&Ã ¤ ����OQZ_¢ l = 1, ���_O�X�O�X�§_WYJ� .O�XYJ.PQ«����5J~§_�EN6XYJ~��WiN3Z5X�OQ��O�¡6Z �¡6Z5abOQ��O�¡6Z�F¿æb` ñ5`Qº�æ�M8` ¦ J���� ¤ X] �¡6Z5 .P ¤ a_J"���EN3�yª¿¡6W]N3Z&« M ���5J"§_�EN6XYJ��YWiN3Z5X�OQ��O�¡6ZH �¡6Z5abOQ��O�¡6ZHO�X
(
zBad(x; y1, y2) + zFad(x; y1, y2)

)
+ 2
(
zBbi(x; y1, y2) + zFbi(x; y1, y2)

)
= 1 . F¿æb` ñ5`Qº�ê�M

� Z �COQ¢ ¤ WYJBæb` æ�^\J.P�¡0����Js�EN�¥IJs§_P�¡6���YJ�a÷���5JH  ¤ W�¥�J�X�OÂZ÷���5J (T, µ) §_PVN3Z5JH¡6^_�iN3OQZ5J�a ª�WY¡6L ���_O�X �¡6Z5abOQ��O�¡6ZHª¿¡6W]���5J¶ �N6XYJ�X (µ1, µ2) = (µ, 0) ¦ (µ1, µ2) = (0, µ) N3Z5a (µ1, µ2) = (µ, µ) `R�5¡6W~J�N6 i�¡3ª5���5J�XYJF �N6XYJ�X�®����5JFWYJ.P�J.¥�N3Z&�*  ¤ W�¥�J�a_J8·5Z5J�XC���5J�§_�EN6XYJ�abOVN3¢�WiN3L ¡3ª N = 2 £I¤ OQ¥IJ.Wf¢IN ¤ ¢�JF���5J�¡6W�«¶N6XNµª ¤ Z5 .��O�¡6Zx¡3ª*^(¡6���s�YJ.L­§(J.WiN3� ¤ WYJ¶N3Z5as Y�5J.L­O� �N3Pf§\¡6�YJ.Z&��OVN3PM`ÎK~¡6�YJ����EN3��®EN6X?abO�XY  ¤ XYXYJ�a¬OQZ ² J� .��O�¡6Zº�` íb®3OÂª\¡6Z5Jy¡6W*^\¡6����¡3ªE���5J� i�5J.L­O� �N3P_§\¡6�iJ8Z&��OVN3P�XFN3WYJ�PVN3W�¢�J.W����EN3Z¨���5J�OQZ&¥�J.WYXYJ�WiN6abO ¤ X�¡3ªE���5J�X�§EN3��OVN3PL�N3Z_OÂª¿¡6P�a S3 ®5���5J	���5J�¡6W�«Ha_J.¥�J.P�¡6§5X~�iN6 Y�&«�¡6Z_O� µL�¡&a_J�X�N3Z5ax^(J� �¡6L�J�X~OQPQPÂKqa_J8·5Z5J�a,`\ë��5J.WYJ8ª¿¡6WYJµ���5JPQOQZ5J µ = 1/R a_J8·5Z5J�X~N¶^(¡ ¤ Z5a5N3W�«s¡3ª*���5J"§_�EN6XYJ"abOVN3¢�WiN3Lx`[�¶�©3dP^�^z�8c]fgoauLfe^z{|orxzcekrf
M
2π

xHkJh�^Hb3{ fekJh�xgd*orwP}Jv wP}EcedP^�xHkJ`Pwpcev wP}�h�^�orb]`Lfe^�kZsm^zf
i
cekEcedP^�h�^�orb]`Lfe^

dϑ
�



k±õ ©¤õ¸lE�
P � z��'m#ñC�Cò!ð~z~��ò!� �K�Dl?�yzC�p��} ð~}�¹ ñCïtð)�X�Îz�ò!ð~})�&��zC�p��} ñ&ï
ë��5J�§_�EN6XYJ*��WiN3Z5X�OQ��O�¡6Zµ �¡6Z5abOQ��O�¡6Z F¿æb` ñ5`Qº�ê�M,a_J8·5Z5J�XfN�§_�EN6XYJ*��WiN3Z5X�OQ��O�¡6Zµ�YJ.L­§\J.WiN3� ¤ WYJ TH(µ1, µ2)N6XyN	ª ¤ Z5 .��O�¡6Zx¡3ªC���5J� i�5J.L­O� �N3P,§(¡6�YJ.ZI��OVN3P�X�` ¦ J~�yOQPQP(WYJ8ª¿J.W��Y¡ TH(µ1, µ2)

N6X����5J�¸�N3¢�J�a_¡6W�Zs�YJ.L¨K§\J.WiN3� ¤ WYJ­¡3ª N = 2 £I¤ OQ¥�J.W�¢IN ¤ ¢�J¶���5J�¡6W�«I`(ë��_O�X��YJ.W�L­OQZ5¡6P�¡6¢�«B�yOQPQP*^\J~T ¤ X���OÂ·EJ�aBOQZ ² J� .��O�¡6Z;æb` íb`¦ J�WYJ.L�N3W�S¬���EN3�?���5J	¸�N3¢�J�a_¡6W�Zx�YJ.L­§\J.WiN3� ¤ WiJ¶N3�y¹�J.WY¡� i�5J.L­O� �N3Pm§(¡6�YJ.ZI��OVN3PfO�X
TH = − 1

ln(7− 4
√

3)
≈ 0.37966 F¿æb` ñ5`Qº.ñXM

OQZ ¤ Z_OQ�YX�¡3ª R−1 ®����5J?OQZ&¥�J.WYXYJ]WiN6abO ¤ X�¡3ªm���5J S3 `Ië��_O�XFO�X�J8Å5N6 .��PQ«­���5J~¸�N3¢�J�a_¡6W�Z±�YJ.L­§(J.WiN3� ¤ WYJ]ª¿¡6W
N = 4 ²�³"´ ���5J�¡6W�«;F� 8ª�`�G �b®\ï8INM8`5ë��5Jµ¡6W�OQ¢�OQZB¡3ª*���_O�XyªMN6 .�] �N3ZH^\J"��WiN6 �J�ax�Y¡­���5Jµ¡6^5XYJ.W�¥�N3��O�¡6ZxOQZG ê��LIm���EN3�yOQZs���5J�PVN3W�¢�J N PQOQL­OÂ�?���5J" �¡6W�WYJ.PVN3��O�¡6Zxª ¤ Z5 .��O�¡6Z5X?¡3ª N = 4 U(N) ²�³"´ ���5J�¡6W�«¬J £I¤ N3P���5J¶ �¡6W�WYJ�X�§(¡6Z5abOQZ_¢x �¡6W�WYJ.PVN3��O�¡6Z�ª ¤ Z5 .��O�¡6Z5X"¡3ªF���5J N = 2, 1, 0 £I¤ OQ¥�J.W�¢IN ¤ ¢�J¶���5J�¡6W�O�J�X"¡6^_�iN3OQZ5J�aª�WY¡6L ¡6W�^_OÂª¿¡6P�au§_Wi¡6TÄJ. .��O�¡6Z5X�` ² OQZ5 �Js¡ ¤ W� �¡6L­§ ¤ �iN3��O�¡6Z5X�WYJ.PQ«u¡6Zu§(J.W�� ¤ W�^EN3��O�¡6Z �Y�5J�¡6W�« F2ZEN3L�J.PQ«I®�iN3S&OQZ_¢����5J g → 0 PQOQL­OQ�­¡3ª~���5JsN6 .��O�¡6Z÷N3Z5ao���5J.Zu§(J.WÄª¿¡6W�L­OQZ_¢�+"N ¤ XYX�OVN3Zu§EN3���uOQZ&�YJ.¢�WiN3��O�¡6Z5XJM8®N3Z5a±��J"N3WYJ?ª ¤ W����5J.W�L�¡6WiJ~�iN3S&OQZ_¢¨���5J N →∞ PQOQL­OQ��®&��J~X��5¡ ¤ P�a¬J8Åb§(J� .�����EN3�����5J]L�N3��W�OÂÅ±L�¡&a_J.Pa_J8·5Z5J�au¡ ¤ �¨¡3ª?�Y�5J £I¤ N3ZI� ¤ L J8»,J� .��OQ¥�JsN6 .��O�¡6Zo�yOQPQP��EN�¥IJ����5J±XiN3L�J�^(J.�EN�¥&O�¡6W¶ª¿¡6W¶���5J N = 2£I¤ OQ¥�J.Wy¢IN ¤ ¢�J"���EJ.¡6WY«sN6X�ª¿¡6Wy���5J N = 4 ²�³"´ ���5J�¡6W�«�`� ¤ W����5J.W�L�¡6WYJ�®_ª¿¡6W]X�L�N3PQPm i�5J.L­O� �N3Pm§(¡6�YJ.ZI��OVN3P�X]���5J"¸�N3¢�J�a_¡6W�ZH�YJ.L­§\J.WiN3� ¤ WYJ	O�Xy¢�OQ¥IJ.Zs^&«

TH(µ1, µ2) =
1

β0
+ c
(
µ2

1 + 2µ2
2

)
+ c11µ

4
1 + c12µ

2
1µ

2
2 + c22µ

4
2 +O(µ6

i )
F¿æb` ñ5`Qº�í�M

�y�5J.WYJ"���5J	 .¡&J=ö� .O�J.ZI�YX�N3WYJ
β0 = − ln(7− 4

√
3) , c = −

√
3

18
, c11 = − β0

864

(
362β0−209

√
3β0+2896

√
3−5016

−627+362
√

3

) F¿æb` ñ5`Qº8��M
c12 = β0

216

(
1810β0−1045

√
3β0−2896

√
3+5016

−627+362
√

3

)
, c22 = β0

108

(
362β0−209

√
3β0−1448

√
3+2508

−627+362
√

3

) F¿æb` ñ5`Qº0ï�M



ñ�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�

T

µ

0,8

0
0,350,20

1

0,2

0,250,15 0,30,1

0,6

0,05

0,4

û�ü ý8þ�ÿ��'ðZ� ðZ�%÷E���;�6�>�pü��rý8ÿ����º#�( N = 2 ) þ�ü�
��Zÿ�ý*�pþLý*�'�����4#pÿ,+���<5���D#pþ��&�Zÿ,��#;�,�£"Zþ�ÿ,
���üg����������ÿ4������ü���ü�#��� ü��5�"4#pÿ�ÿ4�,�89�#��5�pü��*ý:�&#
(µ1, µ2) = (µ, 0)

�*ø,�B���;���, #$9��
0
ü��
�������5�Zü ý;��/4#pÿ4��#;#=�0#�(������j9�#pü��%�

(T, µ) = (0, 1)
�£<5���ü��5/4�!� ? �$�!�S"Zþ�ÿ,
��>"$#pÿ�ÿ4�,�89�#��5�;�D�&# (µ1, µ2) = (0, µ)

H ? ü������, #$9�� − ln 2
�5�$�pÿ

(0, 1)
��<5���Eü��%�5�Zÿ,��#;�,�E"Zþ�ÿ,
��"4#pÿ�ÿ4�,�89�#��5�;�Ö�&#

(µ1, µ2) = (µ, µ)
H ? ü������, #$9�� − ln 4

�5�$�pÿ
(0, 1)

�	<5���'9����;�6����ÿ����%�Hü���ü�#��J�&�!�	9��Zÿ�����þ�ÿ4�����
�=�Zÿ�#�"$���!�tü�"4�� �9�#��&�!�%��ü��� ±üg�:"4#�����#���(,#pÿD�����>���*ÿ4�$�0"Zþ�ÿ,
��,�:���5��� ) þ%�� � T = − 1

ln(7−4
√

3)
≈ 0.37966

�;�Eü��
����� N = 4 ùGúÎû "$�;�6�=�

n)Ù4° q ß0o ã çRÝZß0p æ:ü�ßaÜ~ÛÆçRé_Û´ýôæ~å~Û�²_ß�ä£p çRÛ'�þ­�Û�ä3æ�ç ã ä3Û
À~X����5Jx�YJ.L­§(J.WiN3� ¤ WYJHO�X�OQZ5 .WYJ�N6XYJ�a÷^\J.«I¡6Z5a T > TH

®����5JBN3����WiN6 .��OQ¥IJH�YJ.W�L�X�OQZ÷���5Jx§EN3OQW��yO�XYJ§\¡6�YJ.Z&��OVN3Pf .¡6Z&��OQZ ¤ J��Y¡¨OQZ5 .WYJ�N6XYJ�OQZxX���WYJ.Z_¢����m®5N3Z5asXY¡¶���5J"J.OQ¢�J.Z&¥�N3P ¤ J�Xy�yOQPQP,^\J� �¡6L�J"OQZ5 .WYJ�N6X�OQZ_¢�PQ«P�¡I �N3PQOQ¹�J�a,`\ë��5J	§_WYJ� .O�XYJ	a_OQX��YW�OQ^ ¤ ��O�¡6ZB �N3ZH^\Jµa_J.�YJ.W�L­OQZ5J�a,®5ª¿¡6PQP�¡��yOQZ_¢TG �LIq®_^&«¬���5J	 �¡6Z5a_OÂ�YOQ¡6ZB���EN3�NµX�OQZ_¢�P�J"N6a_abOQ��O�¡6ZEN3P,J.OQ¢�J.Z&¥�N3P ¤ J αi N6a_a_J�a¬¡6Z±���5J i ¾ ���s .OQWY .P�J�J8Åb§\J.W�O�J.Z5 �J�X�Z5¡¶Z5J.��ª¿¡6WY �J?ª�WY¡6L ���5J¡6���5J.W]J.OQ¢�J.ZI¥�N3P ¤ J�X]¡6Zx���5J	 .OQWY .PQJ�X i− 1, i N3Z5a i+ 1 R
0 =

∫ π

−π
dζ 2V ′

ad(αi − ζ)ρi(ζ) +

∫ π

−π
dζ V ′

bi(αi − ζ)
(
ρi−1(ζ) + ρi+1(ζ)

) F¿æb` íb`QºLM
�y�5J.WYJ Vad

N3Z5a Vbi
N3WiJ�¢�OQ¥IJ.ZsOQZ�F¿æb` æb` ��MyN3Z5aBF¿æb` æb` ï�M8®_WYJ�X�§(J� .��OQ¥�J.PQ«I` ² J8�Y��OQZ_¢

al = zBad(x
l; yl1, y

l
2) + (−1)l+1zFad(x

l; yl1, y
l
2)

F¿æb` íb` æ�M
bl = zBbi(x

l; yl1, y
l
2) + (−1)l+1zFbi(x

l; yl1, y
l
2)

F¿æb` íb` ê�M



k±õ ·Xõ �K�Dl?�yzC�p��}Ðð~���)÷�� z�ït� ïtð_ø��'¹W�Eò]} z��'m#ñC�Cò!ð~z~��ò!� ñIå
��J�·5Z5a

V ′
ad(αi − ζ) = −1

2
cot

(
αi − ζ

2

)
+

∞∑

l=1

al sin(lαi − lζ) F¿æb` íb` ñXM
V ′

bi(αi − ζ) = 2
∞∑

l=1

bl sin(lαi − lζ) . F¿æb` íb` í�M
´ ¡6WYJ�¡�¥IJ.W�® ¤ X�OQZ_¢����5JE�E¡ ¤ W�O�J.W�J8Åb§EN3Z5X�O�¡6Z­¡3ª ρi OQZ6F¿æb` æb`Qº�ê�M*N3Z5aµª ¤ W����5J.W�L�¡6WYJ ¤ X�OQZ_¢~���5J�¡6W����5¡6Z5¡6WÄKL�N3PQOQ�q«s¡3ª (1, 1√

π
cos(nζ), 1√

π
sin(nζ)

) ¡6Z [−π, π] ®_¡6Z5J~·EZ5a_X
∫ π

−π
dζ 2V ′

ad(αi − ζ)ρi(ζ) = −
∫ π

−π
dζ cot

(
αi − ζ

2

)
ρi(ζ) + 2

∞∑

l=1

alρ
l
i sin(lαi)

F¿æb` íb` ��M
∫ π

−π
dζ V ′

bi(αi − ζ)
(
ρi−1(ζ) + ρi+1(ζ)

)
= 2

∞∑

l=1

bl
(
ρli−1 + ρli+1

)
sin(lαi) .

F¿æb` íb` ï�M
ë�� ¤ X?���5J�Z5¡3K¿ª¿¡6WY �J	 �¡6Z5abOQ��O�¡6Z F¿æb` íb`QºLM� �N3Zx^(J��yW�OQ���YJ.Z
∫ π

−π
dζ cot

(
αi − ζ

2

)
ρi(ζ) = 2

∞∑

l=1

alρ
l
i sin(lαi) + 2

∞∑

l=1

bl sin(lαi)
(
ρli−1 + ρli+1

) F¿æb` íb` ��M
�y�_O� Y�x§_WY¡0¥&O�a_J�X M J £I¤ OQPQOQ^_W�O ¤ L� �¡6Z5abOQ��O�¡6Z5X

∂S(ζ)

∂ζi

∣∣∣∣
ζi=αi

+

∫ π

−π
dζi ρi(ζi) cot

(
αi − ζi

2

)
= 0 ∀ i = 1, . . . ,M F¿æb` íb` å�M

ª¿¡6Wy���5J�PVN3����O� �J¶N6 .��O�¡6Z
Slatt = N

M∑

i=1

∞∑

l=1

alρ
l
i + blρ

l
i−1 + blρ

l
i+1

l

(
TrU li + TrU−l

i

)
. F¿æb` íb`Qº8��M

¦ J­�yOQPQP�N6XYX ¤ L�J ¤ ZI^_WY¡6SIJ.Z £I¤ OQ¥�J.Wµ��WiN3Z5X�PVN3��O�¡6ZEN3P�OQZI¥�N3W�OVN3Z5 �J�ª¿¡6W	���5J�XY¡6P ¤ ��O�¡6Z ¦ OM` J�`Q®m���EN3� ρli =

ρli+1
ª¿¡6W¶N3ZI« i `Cý ¤ W	L�¡6��OQ¥�N3��O�¡6Z�ª�¡6W	���_O�X"O�X	���5J­Z5¡6ZbKM§\J.W�� ¤ W�^EN3�YOQ¥�J�J £I¤ OQ¥�N3P�J.Z5 �J�^\J.�U��J�J.Z;§EN3WÄKJ.ZI�8¯3a5N ¤ ¢��&�YJ.W"¢IN ¤ ¢�J¶���5J�¡6W�O�J�X�WYJ.PVN3�YJ�a�^I«H¡6W�^_OÂª¿¡6P�aB§_WY¡6TÄJ� .��O�¡6Z5X�G ñ5º�®EñIæb®\ñIêb®Eñ�ñ�Iq` ´ ¡6WYJ¨X�§\J� .OÂ·_K �N3PQPQ«�®bOQ���yN6XyX��5¡0�yZsOQZ¾G ñIæ_®&ñIêPI,���EN3�]N¶Z5J� �J�XYXiN3W�«¬N3Z5asX ¤ ö� .O�J.Z&�? �¡6Z5abOQ��O�¡6Zsª¿¡6W����5J"J £I¤ OQ¥�N3P�J.Z5 �JO�X ¤ ZI^_WY¡6SIJ.Z÷OQZ&¥�N3W�OVN3Z5 �J ¤ Z5a_J.W±���5Jx¡6W�^_OÂª¿¡6P�a÷¢�WY¡ ¤ §m` ² OQZ5 �JxOQ���yN6X�X��5¡0�yZ OQZÐG ê��PI]���EN3�����5J.WYJO�XµN¬§(J.W�� ¤ W�^EN3��OQ¥�J±J £I¤ OQ¥�N3P�J.Z5 �J­^(J.�q��J�J.Z N = 4 ²�³"´ ���5J�¡6W�«�N3Z5a N = 2, 1, 0 £I¤ OQ¥�J.W	¢IN ¤ ¢�J���5J�¡6W�O�J�X�¡6^_�iN3OQZ5J�aBª�WY¡6LÊ¡6W�^_OÂª¿¡6P�aB§_WY¡6TÄJ� .��O�¡6Z5X�OQZB���5Jµ§_PVN3ZEN3W�PQOQL­OQ��®\��J¶J8Åb§\J� .�����5J¨ �N6XYJ¶¡3ª ¤ ZbK^_WY¡6S�J.Z £I¤ OQ¥�J.W���WiN3Z5X�PVN3��O�¡6ZEN3P,OQZI¥�N3W�OVN3Z5 �J~�i¡µ^\J~���5J~¡6Z5J~¡3ªf§_�&«bX�O� �N3P\OQZ&�YJ.WYJ�X���`&¸~¡0��J.¥IJ.W�®I��J]Z5¡6�YJ���EN3��Z5¡6ZbKM§\J.W�� ¤ W�^EN3�YOQ¥�J"J8»,J� .�YX�L­OQ¢��&�ya_J�X���WY¡0«����5J�J £I¤ OQ¥�N3P�J.Z5 �J�J�X��iN3^_PQO�X��5J�a±OQZ¾G ê��LIq®&§\¡6�YJ.Z&��OVN3PQPQ«P�J�N6abOQZ_¢��Y¡ i Kqa_J.§\J.Z5a_J.Z&�~XiN6a_abP�J"§\¡6OQZ&�YX?¡3ª~F¿æb` æb` æ���M8`ëf¡¨·5Z5a¬���5J"XY¡6P ¤ �YOQ¡6ZEX ρi ��J"WYJ.�yW�OQ�YJPQ�Q?���5J	J £I¤ OQPQOQ^_W�O ¤ L� �¡6Z5abOQ��O�¡6Z5X_F¿æb` íb` å�M�OQZs�YJ.W�L�X]¡3ªC���5J �¡6L­§_P�J8Å�¥�N3W�OVN3^_P�J�X zi ≡ eiαi N3Z5a τ ≡ eiζ `�D�J8·5Z_OQZ_¢ K(zj) ≡ ∂S(ζ)

∂ζj
®����5J] �¡6Z5abOQ��O�¡6Z5X'F¿æb` íb` å�M� �N3Z^\J"�yW�OQ���YJ.Z

K(zj) + i = 2

∮

S1

ρj(τ) dτ

τ − zj
. F¿æb` íb`Qº�ºLM

[][3_�b]^�ced*oZc
cot
(

αi−ζ
2

)
= i zi+τ

zi−τ

orw*�!ced*oZc ∮
S1

dτ
τ
ρi(τ) = i

�



í�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
À~XYX ¤ L­OQZ_¢ ρli = ρli+1

®b���5J"J8Å5N6 .�yOQZI¥IJ.WYX�O�¡6Z¬ª¿¡6W�L ¤ PVN¨¡3ªC���_O�X?J £I¤ N3��O�¡6Zx��N6X�ª¿¡ ¤ Z5a¬OQZ;G ñIíLIq`_À~X���J�yOQPQPEZ5¡6��Z5J�J�a����5J~J8Å5N6 .��XY¡6P ¤ ��O�¡6Z�ª¿¡6W�¡ ¤ WF§ ¤ W�§(¡�XYJ�X�®���J?�yOQPQPEZ5¡6��¢�¡"ª ¤ W����5J.W�OQZI�Y¡µOQ�YX�a_J.W�OQ¥�N3��O�¡6Zm®N3Z5a¬��J	X�OÂL­§5PÂ«s .OQ�YJ"�5J.WYJ����EJ~ª¿¡6PQP�¡0�yOQZ_¢±N3§_§_WY¡�ÅbOQL�N3�YJµXY¡6P ¤ ��O�¡6ZmR
ρi(θ) =

1

πs2

√
s2 − sin2

(
θ

2

)
cos

(
θ

2

) F¿æb` íb`Qº�æ�M
�y�5J.WYJ

s2 ≡ sin2

(
θ0
2

)
= 1−

√
1− 1

a1 + 2b1
. F¿æb` íb`Qº�ê�M

ë��5J"X ¤ §_§\¡6W��?¡3ªC���5J"XY¡6P ¤ ��O�¡6Z�F¿æb` íb`Qº�æ�MFO�X [−θ0, θ0] ` � ��O�X�OQL­L�J�abOVN3�YJ.PQ«s .P�J�N3W�ª�WY¡6L F¿æb` íb`Qº�ê�MF���EN3�ª¿¡6W­�YJ.L­§(J.WiN3� ¤ WYJ�X¬N3^(¡�¥IJs���5Jx¸�N3¢�J�a_¡6W�Z÷�YJ.L­§\J.WiN3� ¤ WYJB¡6Z5Js�EN6X θ0 < π ¦ OM` J�`Q®����5JxJ.OQ¢�J.Z&¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6Zx^(J� �¡6L�J�X?¢IN3§_§\J�a,`
�*tIÿ*t � ��� n <0��>��°=F:(@�� n � n �fDí�,�FDF�&� n �fD
� ZoN3ZEN3P�¡6¢�«��?OÂ�Y�jG ñ��LI���J�Z5¡6�YJ����5J�§(¡�XYX�OQ^_OQPQOQ�q«����EN3�µ���5J £I¤ OQ¥�J.Wµ��WiN3Z5X�PVN3��O�¡6ZEN3P�OQZ&¥�N3W�OVN3Z5 �J� �N3Z^\J­^_WY¡6S�J.Z��?�5J.Z����5J­^\¡ ¤ Z5a5N3W�«� �¡6Z5abOQ��O�¡6Z5X"ª¿¡6W	���5J�X�§_OQZ5¡6W"·EJ.P�a_X	¡6Z����5J S1 N3WYJ­�iN3SIJ.Z��Y¡s^(J§\J.W�O�¡&abO� µWiN3���5J.W����EN3Z�N3ZI��OQ§(J.W�O�¡IabO� �`�QgY � ZH���_O�X~ �N6XYJµ���5J ´ N3�YX ¤ ^EN3WiN­ª�WYJ £I¤ J.Z5 .O�J.X]ª¿¡6W~���5JµX�§_OQZ5¡6W·EJ.P�a_X]�yOQPQPC^(J	���5J¶XiN3L�J¶N6X?ª¿¡6W~���5J	^(¡�XY¡6Z_O� 	·EJ.P�a_X�®(N3Z5ax���5Jµ�U�yO�X��YJ�ax§\N3W���OQ��O�¡6ZHª ¤ Z5 .��O�¡6Z3Qg¡ Z̃ =

Tr(−1)F e−βH = e−Γ̃[Ui] L�N�«x^\J¶¡6^_�iN3OQZ5J�a�abOQWYJ� .��PQ«xª�WY¡6L=F¿æb`Qº�` ï6ê�M?^I«xWYJ.§_PVN6 .OQZ_¢ (−1)l+1 −→
(−1) ` � Z�¡6WYa_J.W��Y¡"J8Åb�_OQ^_OQ�����5J ZM

X�«&L­L�J.��W�«­¡3ª(���5J�F��q�yO�X��YJ�a0MC§EN3W���OQ��O�¡6Z�ª ¤ Z5 .��O�¡6Z�L�¡6WYJ? .P�J�N3W�PQ«��J]WYJ.�yW�OQ�YJ~���5J"N6a6TÄ¡6OÂZ&�yN3ZEa�^_OÂª ¤ Z5a5N3L�J.ZI�iN3P,�5¡6P�¡6Z5¡6L¶«­ªMN6 .�Y¡6WYX�OQZ±�YJ.W�L�Xy¡3ªfJ.OQ¢�J.Z&¥�J� .�Y¡6WYX ¤ Z5a_J.W£I¤ OQ¥�J.WyZ5¡&a_J	abO�X�§_PVN6 �J.L�J.ZI�YX i→ i+ 1 ` � Z5a_J�J�a,®5a_J8·5Z5J�ª¿¡6W ω ≡ e2πi/M ®
Ωl
k ≡

M∑

j=1

ω−kj U lj .
F¿æb` íb`Qº.ñXM

� Z5a_J.Wy���5J £I¤ OQ¥IJ.WyZ5¡Ia_J	abO�X�§_PVN6 �J.L�J.Z&� U li −→ U li+1
��J~·5Z5a

Ωl
k −→

M∑

j=1

ω−kj U lj+1 = ωk
M∑

j=1

ω−k(j+1)U lj+1 = ωkΩl
k

F¿æb` íb`Qº�í�M
XY¡~���EN3� Ωl

k
O�XFN3Z�J.OQ¢�J.ZI¥IJ� .�Y¡6W ¤ Z5a_J.W����5Jya_OQX�§5P�N6 �J.L�J.Z&�F�yOQ����J.OQ¢�J.Z&¥�N3P ¤ J ωk `�ë��5J]N6a6TÄ¡6OQZI���5¡6P�¡6ZbK¡6Lµ«�ªMN6 .�Y¡6W] �N3Zx^\J"�yW�OQ���YJ.ZxOQZx�YJ.W�L�X?¡3ª Ωl

k
OQZs���5J�ª¿¡6W�L

M∑

i=1

TrU li TrU−l
i =

1

M

M∑

k=1

Tr Ωl
k Tr Ω−l

−k .
F¿æb` íb`Qº8��M

[��4`�krce^Kced*oZcVcedP^�xgdPkJv xH^HbRkr{�u�^zfev k8�Lv x�orw*��orwpcev u�^zfev k8�Lv x�§�kJ`Pw*�PoZf]nExHkJw*�Lv cev kJwPbR^z�Ld*or`PbNcVcedP^�u�kJb]b]v §Pl ^�xgdPkJv xH^HbRkJw
S1.
©3dPv b¤{�kJl l k�y�bVb]v wPxH^0cedP^Rb]uPv wCbNc]fe`Pxzce`Lfe^Hb¤kJw

S1
oZfe^3v w��z�e�RxHkrf]fe^Hb]u�kmwP�L^HwPxH^Ry�v cedCcedP^0^Hl ^Hh�^HwpcebXkr{

H1(S1; Z2) =

Z2

�8©3d8`PbH�mcedP^zfe^�oZfe^�¸�b]uPv w~bNc]fe`Pxgce`Lfe^HbH�pxHkrf]fe^Hb]u�kJw*�8v wP}CcekE¸��Lv bNcev wPxzc3xgdPkJv xH^HbRkr{X§�kJ`Pw*�PoZf]n�xHkJw*�Lv cev kJwPb0{�krfKb]uPv wPkrf�*^Hl �LbH�[�­�©3dP^�c�y�v bNce^���u*oZf]cev cev kJw�{�`PwPxzcev kJw~v b3orl b]kaq8wPk�y�w~orb0cedP^K\�v c]ce^Hw�v w*�L^z���p»�^zc]cev wP}�cedP^Kc]fgorxH^�fe`Pw�kZsJ^zfRcedP^�^Hwpcev fe^� v l §�^zf]c¤b]u*orxH^Rkr{*}mor`P}J^Rv w8sJoZfev orwpc±bNcgoZce^HbH��cedP^0\�v c]ce^HwCv w*�L^z�C�L^z�*wP^Hb¤oKcekJu�kJl kJ}Jv x�orlLv w8sJoZfev orwpc¤kr{�o�b]`Pu�^zfebNnLh�h�^zc]fev x�*^Hl �~cedP^Hkrf]np� ë wtu*oZf]cev xH`Pl oZf��*v c�h~oHn~§�^�b]dPk�y�wtcek�§�^�v w*�L^Hu�^Hw*�L^Hwmc�kr{¤cedP^�v wpsm^zfeb]^�ce^Hh�u�^zfgoZce`Lfe^
β
�



k±õ ·Xõ �K�Dl?�yzC�p��}Ðð~���)÷�� z�ït� ïtð_ø��'¹W�Eò]} z��'m#ñC�Cò!ð~z~��ò!� íbº
ò,OQS�J.�yO�XYJ�®_���5J"^_OÂª ¤ Z5a5N3L�J.ZI�iN3Pf�5¡6P�¡6Z5¡6L¶«±ªMN6 .�Y¡6W] �N3Zx^\J"�yW�OQ���YJ.Z

M∑

i=1

TrU li TrU−l
i+1 =

1

M

M∑

k=1

ω−k Tr Ωl
k Tr Ω−l

−k .
F¿æb` íb`Qº0ï�M

ë�� ¤ X�®_���5J��U�yO�X��YJ�a £I¤ N3ZI� ¤ L©J8»,J� 8�YOÂ¥IJµN6 .��O�¡6Zx�iN3S�J�Xy���5J�ª¿¡6W�L
Γ̃[Ui] = − 1

M

M∑

k=1

∞∑

l=1

[
1

l

(
6x2l − 2x3l

(1− xl)3
)

+
1

l

(
xl + x2l

(1− xl)3
)(

yl1 + y−l1

)

− 1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 + y

−l/2
1

)(
yl2 + y−l2

)
](

Tr Ωl
k Tr Ω−l

−k

)

− 1

M

M∑

k=1

∞∑

l=1

[
1

l

(
xl + x2l

(1− xl)3
)(

yl2 + y−l2

)
− 1

l

(
2x3l/2

(1− xl)3

)
(
y
l/2
1 + y

−l/2
1

)
]

× ω−k
(

Tr Ωl
k Tr Ω−l

−k + Tr Ω−l
k Tr Ωl

−k
)
. F¿æb` íb`Qº8��M

À~XyOQZBã]J8ªÄ`�G ñ��PIq®_��JµJ8Åb§\J� .�]���EN3�?ª¿¡6W?���5JµJ8»,J� .��OQ¥�J¶N6 .��O�¡6Z Γ̃[Ui]
���5J.WYJµJ8ÅbO�X��y§_�\N6XYJ.X]���EN3�?^5WYJ�N3S���5J±��WiN3Z5X�PVN3��O�¡6ZEN3PyOQZ&¥�N3W�OVN3Z5 �JsN3P�¡6Z_¢����5J £I¤ OQ¥IJ.W¨abOQWYJ� .��O�¡6Zm` � �¶��¡ ¤ P�ao^(J±OQZI�YJ.WYJ�X���OQZ_¢��Y¡�X�� ¤ ab«���_O�X�ª ¤ W����5J.W�`

�*tIÿ*tI� ��@�>5>o>EDF>5@�È�� <6p n È � ��p�� :(w:� � >o� � >	�;:£Èm>��'�m@ID ��>j�ú=y>5@�:\����@�>
� X�OQZ_¢H���5J±¸�N3¢�J�a_¡6W�Zu�YJ.L­§\J.WiN3� ¤ WYJ±ª¿¡6W¨X�L�N3PQP� i�5J.L­O� �N3P�§\¡6�iJ8Z&��OVN3P�X¨¢�OQ¥�J.ZoOQZ F¿æb` ñ5`Qº�í�MMKJF¿æb` ñ5`Qº3ï�M��J" �N3Zx �¡6L­§ ¤ �YJ"���5J~ª�WYJ�J"J.Z5J.W�¢�«¬X�PQOQ¢��&��PQ«sN3^\¡0¥�J����5J"¸�N3¢�J�a_¡6W�Zx�YJ.L­§\J.WiN3� ¤ WYJ	OQZHN3ZEN3P�¡6¢�«±�yOQ���GQº8�LIq`VD�J8·5Z_OQZ_¢ ∆T ≡ T − TH(µ1, µ2)

®_��J�·5Z5a±ª¿¡6W 0 < ∆T � 1 ���EJ�§(J.W�� ¤ W�^EN3��OQ¥�JµJ8Åb§EN3Z5X�O�¡6Z
F

N2M
= −β0

3

8

(
1− β0

2
√

3 + β0

36

(
µ2

1 + 2µ2
2

)
+O(µ4

i )

)
∆T

−β2
0

√
3

8

(
1− β0

4 +
√

3β0

24
√

3

(
µ2

1 + 2µ2
2

)
+O(µ4

i )

)
∆T 3/2 +O(∆T 2) . F¿æb` íb`Qº�å�M

�*tIÿ*tIæ � n È ��
 ��>j�ú=y>5@�:\����@�>;wy> � : ��n �m@×�E���Ä@�>5>u>ED�>5@�È��
òmJ.� ¤ X�J8Å5N3L­OQZ5J]���5J]ª�WYJ�J]J.Z5J.W�¢�«�OQZ±���5J]PQOQL­OQ� T →∞ �y�5J.WYJ~���5J~ i�5J.L­O� �N3P(§\¡6�YJ.Z&��OVN3P�X?N3WYJ]SIJ.§_�·_Å_J�a,` ¦ J­�yOQPQP�·5WYX��	��WYJ�N3�µ���5J µ1, µ2 = 0  �N6XYJ�`��COQWYX��	Z5¡6�YJ����EN3�	ª2Wi¡6L F¿æb` æb` æbºLM	N3Z5a F¿æb`Qº�` ï0ñXMMKF¿æb`Qº�` ï6í�M�¡6Z5J	¡6^_�iN3OQZ5X�®bª¿¡6WyPVN3W�¢�J T ®

V l
ad(T ; 0, 0) = −2πT 3

l4
(
4 + 4(−1)l+1

)
, F¿æb` íb` æ���M

�y�5J.WYJ�N6Xyª�WY¡6L F¿æb` æb` æ�æ�M?N3Z5a;F¿æb`Qº�` ï*��MMKJF¿æb`Qº�` ï�ï�My¡6Z5J	¡6^_�iN3OQZ5X�®bª¿¡6WyPVN3W�¢�J T ®
V l

bi(T ; 0, 0) = −2πT 3

l4
(
4 + 4(−1)l+1

)
. F¿æb` íb` æbºLM



í�æ ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
� Z	���5J T →∞ PQOQL­OQ�C���5J�§EN3OQW��yO�XYJ�N3����WiN6 .��OQ¥�JF§(¡6�YJ.ZI��OVN3P�XC¢�WY¡��;�Y¡?OQZb·5Z_OQ�YJ�X���WYJ.Z_¢����m®0XY¡?���5JFJ.OQ¢�J.ZbK¥�N3P ¤ J�XF¡3ª,���5J?�5¡6P�¡6Z5¡6Lµ«­L�N3��W�O� �J�X Ui P�¡I �N3PQOQ¹�J]�Y¡	J8Åb��WYJ.L�J.PQ«�X�L�N3PQPEOQZI�YJ.W�¥�N3P�X ¦ OM` J�`����EJ?J.OQ¢�J.Z&¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6Zxª ¤ Z5 .��O�¡6Z5X]�yOQPQPf^\J� �¡6L�Jµa5J8PQ�iN¨ª ¤ Z5 .��O�¡6Z5X�® ρi(θi)→ δ(θi)

`�F�ë��_O�X]O�X]N3P�XY¡� .P�J�N3W?ª�WY¡6LF¿æb` íb`Qº�ê�M?X�OÂZE .J"ª¿¡6W T → ∞ ¡6Z5J	�EN6X a1, b1 → ∞ N3Z5ax��� ¤ X θ0 → 0 `Eë��5J	Z5¡6W�L�N3PQOQ¹0N3��O�¡6Z� �¡6Z5abOÂK��O�¡6Z F¿æb` æb` å�M~���5J.Z�OQL­§_PQO�J�X ρi(θi) → δ(θi)
` M~ë��5J.WYJ8ª¿¡6WYJ ρli → 1 ®,N3Z5a�XY¡�ª�WY¡6L F¿æb` æb` æ���M~��J¶·5Z5a���EN3�y�Y�5J~ª�WYJ�J	J8ZEJ8WY¢�«±OQZx���5J T →∞ PÂOQL­OQ�]OQX

F = TSMM = −2N2MT 4
∞∑

l=1

1

l4
(
8 + 8(−1)l+1

)

= −2N2MT 4ζ(4)
(
8 +

(
1− 1

8

)
8
) F¿æb` íb` æ�æ�M

= −π
2

6
N2MT 4Vol(S3) F¿æb` íb` æ�ê�M

�y�5J.WYJµOQZ F¿æb` íb` æ�æ�M?��J ¤ XYJ�aH���EN3� ζ(4) = π4

90
N3Z5a Vol(S3) = 2π2 F2§ ¤ ����OQZ_¢ R = 1 M]N3Z5ax·5ZEN3PQPQ«���EN3�

∞∑

n=1

(−1)n+1

nd
= η(d) =

(
1− 1

2d−1

)
ζ(d) F¿æb` íb` æ3ñXM

�y�5J.WYJ η O�X����5J¥D~OQW�O� i�_P�J.�¬J.�iN�ª ¤ ZE 8�YOQ¡6Zf` ¦ JxZ5¡6�YJH���EN3�±���5Jsª�WYJ�JHJ.Z5J.W�¢�«÷XY �N3P�J�X¬N6X N2M N6X
N → ∞ `,ë��_O�X"O�X"�Y¡¬^\J­J8Åb§(J� .�YJ�a�ª�WY¡6Lð���5J­¡6W�^_OÂª¿¡6P�a�§_WY¡6TÄJ� .��O�¡6Z�OQZI¥�N3W�OVN3Z&��ª¿¡6W�LÌ¡3ª����5J¶·EJ.P�a_XFÄº�` æb`Qº�í�MMKJFÄº�` æb`Qº8��M"N3Z5a�FÄº�` æb` ê�ï�MMKJFÄº�` æb` ê���M8®,¢�OQ¥�J.Z����EN3�����5J¶ª�WYJ�J¨J.Z5J.W�¢�«�XY �N3P�J�X"N6X N2 ª¿¡6W N = 4

U(N) ²�³"´ ���5J�¡6W�«±ª¿¡6Wy�_OQ¢��x�YJ.L­§\J.WiN3� ¤ WYJ�X?OQZx���5J N →∞ PQOQL­OQ�_F� 8ª�`_½ £ `�F¿íb` ��æ�My¡3ª�G �LINM8`K~¡6�YJs���EN3�����5Js��J.OQ¢��I��ªMN6 .�Y¡6W­ª¿¡6W����5JsZ ¤ Lµ^(J.W±¡3ª�^(¡�XY¡6Z_O� xa_J.¢�WYJ�J�X�¡3ª�ª�WYJ�J�a_¡6L F2ZEN3L�J.PQ«�®
NDOF
B = 8 M�OQZBF¿æb` íb` æ�æ�MFO�X 1 ®&�y�5J.WYJ�N6Xy���5J���J.OQ¢��&��ªMN6 .�Y¡6W�ª¿¡6W����5J�Z ¤ L¶^\J.W]¡3ªfª¿J.W�L­O�¡6Z_O� "a_J.¢�WYJ�J�X¡3ª~ª�WYJ�J�a_¡6L F2ZEN3L�J.PQ«�® NDOF

F = 8 M¶O�X 7
8
`�ë��5Jx¡6W�OQ¢�OQZ÷¡3ª"���_O�X�abOÂ»,J.WYJ.Z5 �JxOÂZ ��J.OQ¢��I��ªMN6 .�Y¡6WYX­O�X���5J­N3ZI��OQ§(J.W�O�¡IabO� ¨^(¡ ¤ Z5a5N3W�«B �¡6Z5abOQ��O�¡6Z5X�ª¿¡6W~���5Jµª¿J.W�L­O�¡6Z_O� ¶·EJ.P�a_X�`\ë�� ¤ X���J¨J8Åb§_PQO� .OQ��PQ«BXYJ�Jµ���EN3�X ¤ §\J.WYX�«&L­L�J.��W�«±O�X�^_WY¡6S�J.ZHN6X?NµWYJ�X ¤ PQ�y¡3ªC���5J	N3ZI��OQ§(J.W�O�¡IabO� "^(¡ ¤ Z5a5N3W�«¬ �¡6Z5abOQ��O�¡6Z5X�ª¿¡6W�ª¿J.W�L­O�¡6Z5X�`

�5¡6W�·5Z_OQ�YJx¥�N3P ¤ J�X�¡3ª"���5Jx i�5J.L­O� �N3P]§(¡6�YJ.ZI�YO�N3P�X µ1, µ2
¡6Z5J¬·5Z5a_X�ª�WY¡6L F¿æb` æb` æbºLM�N3Z5aOF¿æb`Qº�` ï0ñXMMKF¿æb`Qº�` ï6í�MFª¿¡6WyPVN3W�¢�J T

V l
ad(T ;µ1, µ2) = −2πT 3

l4

(
2 +

(
yl1 + y−l1

)
+ (−1)l+1

(
y
l/2
1 + y

−l/2
1

)(
yl2 + y−l2

))
, F¿æb` íb` æ�í�M

�y�5J.WYJ�N6Xyª�WY¡6L F¿æb` æb` æ�æ�M?N3Z5a;F¿æb`Qº�` ï*��MMKJF¿æb`Qº�` ï�ï�My¡6Z5J	¡6^_�iN3OQZ5X�®bª¿¡6WyPVN3W�¢�J T ®

V l
bi(T ;µ1, µ2) = −2πT 3

l4

(
2
(
yl2 + y−l2

)
+ 2(−1)l+1

(
y
l/2
1 + y

−l/2
1

))
. F¿æb` íb` æ���M

ý]Z5 �J	N3¢IN3OQZm®5X�OQZ5 �J ρli → 1 OQZs���5J T →∞ PQOQL­OÂ�0®_¡6Z5J~·5Z5a_X�ª�WY¡6L F¿æb` æb` æ���M����EN3�y���5J~ª�WYJ�J"J.Z5J.W�¢�«



k±õ ·Xõ �K�Dl?�yzC�p��}Ðð~���)÷�� z�ït� ïtð_ø��'¹W�Eò]} z��'m#ñC�Cò!ð~z~��ò!� í�ê
OQZs���5J T →∞ PQOQL­OQ�?O�Xy¢�OQ¥�J.Zx^I«
F = TSMM = −2N2MT 4

∞∑

l=1

1

l4

(
2 +

(
yl1 + y−l1

)
+ (−1)l+1

(
y
l/2
1 + y

−l/2
1

)(
yl2 + y−l2

)

+ 2
(
yl2 + y−l2

)
+ 2(−1)l+1

(
y
l/2
1 + y

−l/2
1

)) F¿æb` íb` æ�ï�M
= −2N2MT 4

(
2ζ(4) + 2B4(βµ1)− 2F4

(
β
(µ1

2 + µ2

))
− 2F4

(
β
(µ1

2 − µ2

))

+ 4B4(βµ2)− 4F4

(
βµ1

2

)) F¿æb` íb` æ���M
= −N2M

(
π2T 4

6
+
T 2

4

(
µ2

1 + 2µ2
2

)
− 1

32π2

(
µ4

1 − 4µ2
1µ

2
2

))
Vol(S3) . F¿æb` íb` æ�å�M

¸~J.WYJ Bn(z) N3Z5a Fn(z) N3WiJx¢�OQ¥IJ.Zm®�WYJ�X�§(J� .��OQ¥�J.PQ«I®FOQZ F�½?` ��M±N3Z5aÐF�½?` ï�M�¡3ªµã]J8ª�`!G ñ&ïLIq®�N3ZEa ���5J§\¡6PQ«&P�¡6¢IN3W�OQ���_L WYJ.¢ ¤ PVN3W�OQ¹0N3��O�¡6Z¬§_WY¡I �J�a ¤ WYJ~a_J�XY .W�OQ^(J�a��Y�5J.WYJ?�EN6XF^\J�J.Z ¤ XYJ�a��Y¡µ¡6^_�iN3OQZ¾F¿æb` íb` æ�å�M8` Qe¢ë��5J�ªMN6 .�f���EN3�f�Y�5J�ª�WYJ�JFJ.Z5J.W�¢�O�J�X�F¿æb` íb`Qº�å�MfN3Z5a F¿æb` íb` æ�å�MfN3WYJ�^\¡6���¨¡3ª O(N2M) �yOQ���¶WYJ�X�§\J� .�C�Y¡
N X ¤ ¢�¢�J�X��YX����EN3�y���5J~¢IN ¤ ¢�J����5J�¡6W�«�OQZ¬���5J~§_�EN6XYJ	N3^\¡0¥�J~���5J"¸�N3¢�J�a_¡6W�Z¬�iJ8L­§(J.WiN3� ¤ WYJ	a_J�XY .W�OQ^\J�XN�Z5¡6ZbKMOQZI�YJ.WiN6 .��O�Z_¢x§_PVN6X�L�N±¡3ª� �¡6P�¡6W"Z5¡6ZbKqX�OQZ_¢�P�J.�	X��iN3�YJ�X�`3� ¤ WY���5J.W�L�¡6WYJ�®\ª�WY¡6LÊ���5J¶ªMN6 .�����EN3�����5JJ.OQ¢�J.ZI¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6ZjF¿æb` íb`Qº�æ�MMKJF¿æb` íb`Qº0ê�M�O�X�¢IN3§_§\J�a���J­ �N3Z�OQL­L�J�abOVN3�YJ.PQ«� �¡6Z5 .P ¤ a_J­���EN3�"���5JÃC¡6PQ«&N3S�¡0¥"P�¡&¡6§ W (C) �EN6XfZ5¡6ZbKM¹�J.WY¡�J8Åb§\J� .�iN3��O�¡6Z¨¥�N3P ¤ J�N6Xf���5JF��WiN6 �J�a_¡IJ�XCZ5¡6��N�¥IJ.WiN3¢�JF�Y¡?¹�J.WY¡]OQZ���_O�X� �N6XYJ�` � Z�§EN3W���O�  ¤ PVN3W�®b���_O�X�OQL­§_PQO�J�X����EN3�����5J ZN

 �J.Z&�YJ.WyX�«&L­L�J.��W�«�O�X�X�§(¡6ZI�iN3Z5J�¡ ¤ X�PQ«�^_WY¡6S�J.ZOQZ����_O�X	§_�EN6XYJ�`fÀy � �¡6WYabOQZ_¢�PQ«I®m��J�PVN3^\J.PF���_O�X	§_�EN6XYJ¨Sqa_J� �¡6Zb·5Z5J�aXUi`Cëy� ¤ X�®,��J� �¡6Z5 .P ¤ a_J����EN3�	���5J§_�EN6XYJ"��WiN3Z5X�OQ��O�¡6ZBa_J8·5Z5J�ax^I«s½ £ `�F¿æb` ñ5`Qº�ê�M�O�X~N­ �¡6Zb·5Z5J.L�J.ZI�.¯3a_J� �¡6Z_·5Z5J.L�J.Z&�]§_�EN6XYJ	��WiN3Z5X�OQ��O�¡6Zm`² OQZ5 �J~ª ¤ W����5J.W�L�¡6WYJ"���5J"a_J.W�OQ¥�N3��OQ¥�J"¡3ªC���5J~ª�WYJ�J"J.Z5J.W�¢�«±�yOQ���sWYJ�X�§\J� .�y�Y¡¨���5J��YJ.L­§\J.WiN3� ¤ WYJ	O�XyabO�XÄK �¡6ZI��OQZ ¤ ¡ ¤ XFN3�*���5J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z­�YJ.L­§(J.WiN3� ¤ WYJ TH(µ1, µ2)
®3��J� �¡6Z5 .P ¤ a_J����EN3�����5J���WiN3Z5X�OQ��O�¡6ZO�X	¡3ª�·5WYX��	¡6WYa_J.W�`�� ¤ W����5J.W�L�¡6WYJ�®f 8ª�`CG ï&®��PIq®(��J¨O�a_J.Z&��OÂª�«BOQ�	�yOQ���oN¬¸�N3¢�J�a_¡6WYZ�§_�EN6XYJ­��WiN3Z5X�OQ��O�¡6Zm®N3Z5a TH(µ1, µ2)

O�Xy��� ¤ Xy���5J	¸�N3¢�J�a_¡6W�Zx�YJ.L­§(J.WiN3� ¤ WYJµ¡3ª N = 2 £I¤ OQ¥IJ.Wy¢IN ¤ ¢�J"���5J�¡6W�«I`
�*tIÿ*t�ô vx@
��>5@��E�	� � >o= � :,<3>u��@�:,DF< n � n �fD

�J8ª¿¡6WYJ" 8P�¡�X�OQZ_¢����_O�XyXYJ� .��O�¡6Zx��J�WiN3O�XYJ����5J�O�XYX ¤ J�¡3ª*���5J"¡6WYa_J.W?¡3ªC���5J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Zx�y�5J.Zs���5J¾ �?¸~¡&¡3ª��? �¡ ¤ §_PQOQZ_¢ λ = g2

YMN
O�X�Z5¡6ZbKM¹�J.WY¡_`GQ`Q`Q` I
SMM =

N2

π

(
m2

1(ρ
1)2 + bλ2(ρ1)4

) F¿æb` íb` ê���M
�y�5J.WYJ b O�Xµ¡3ªy¡6WYa5J8W O(λ0) ®CN3Z5a��y�5J.WYJ m2

1 ≡ V 1
ad(T ;µ1, µ2) + V 1

bi(T ;µ1, µ2)
O�X"OQZ&�YJ.W�§_WYJ.�YJ�aN6Xµ���5J�L�N6XYX¨X £I¤ N3WYJ�ao¡3ª?���5J�L�¡&a_J ρ1 ` ² OQZ5 �J�ª¿¡6W	·_Å_J�ao i�5J.L­O� �N3P�§\¡6�YJ.Z&��OVN3P�X�® zBad, zFad, zBbi, z

F
biN3PQPFOQZ5 .WYJ�N6XYJ�L�¡6Z5¡6�Y¡6Z_O� �N3PQPQ«;�yOQ���o���5J��YJ.L­§(J.WiN3� ¤ WYJ�®COQ�µO�X¶ .P�J�N3W¶���EN3� m2

1
 i�EN3Z_¢�J�X¨X�OQ¢�ZuN6 .WY¡�XYX���5J¶§_�EN6XYJ¶��WiN3Z5X�OQ��O�¡6Z�F¿æb` ñ5`Qº�ê�M8R(OQ��O�X~WYJ�X�§(J� .��OQ¥�J.PQ«H§(¡�X�OQ��OQ¥�J�®\¥�N3Z_O�X��_OQZ_¢xN3Z5aBZ5J.¢IN3��OQ¥IJ¶�y�5J.Z����5J�YJ.L­§\J.WiN3� ¤ WYJ"O�X�^(J.P�¡��	®5J £I¤ N3P(�Y¡�N3Z5asN3^(¡�¥IJ TH `¤D�J.§(J.Z5abOQZ_¢�¡6Zs���5J"X�OQ¢�Zs¡3ª b ���5J.WYJ" �N3ZxJ.OQ���5J.W^\J��U��¡x§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z5X¨N6Xµ���5J��YJ.L­§\J.WiN3� ¤ WYJ±O�XµOQZ5 .WYJ�N6XYJ�a F¿NxXYJ� �¡6Z5ao¡6WYa_J.W¨a_J� �¡6Zb·5Z5J.L�J.Z&���WiN3Z5X�OQ��O�¡6Zsª¿¡6PQP�¡���J�as^&«sN¶���_OQWYax¡6WYa_J.W?��WiN3Z5X�OQ��O�¡6ZRMy¡6W]N¨X�OQZ_¢�P�J�·5WYX��?¡6WYa_J.W?��W8N3Z5X�OQ��O�¡6Zm`[ ´ `�krce^�ced*oZc�cedP^zfe^�v b�oEh�v w8`PbKb]v }Jw'h�v b]b]v wP}�kJw!cedP^�fev }Jdpc�d*orw*�!b]v �L^�kr{���¯K� íp�R{�krf�cedP^
n 6= 1

x�orb]^J�



í3ñ ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
�COQWYX���®f �¡6Z5X�O�a_J.W¶���5J± �N6XYJ b > 0 `��5¡6W¶�YJ.L­§\J.WiN3� ¤ WYJ�X¨^(J.P�¡�� TH

��J��EN�¥�J m2
1 > 0 ®CN3Z5aoXY¡

ρ1 = 0 ®� �¡6W�WiJ.X�§(¡6Z5abOQZ_¢ �Y¡o���5J ¤ Z_OÂª¿¡6W�L J.OQ¢�J.Z&¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Zm®�O�XsN;¢�P�¡6^EN3P"L­OÂZ5OÂL ¤ L�¡3ª���5JBN6 .��O�¡6Z F¿æb` íb` ê���M8`E�5¡6W T > TH
®��5¡0��J.¥IJ.W�® m2

1 < 0, N3Z5a÷XY¡ ρ1 = 0 ^\J� �¡6L�J�X ¤ Z5X��iN3^_P�J�®N3Z5a SMM
�EN6X¶N¬L­OQZ_OQL ¤ L N3� (ρ1)2 = |m1|2

2b
`mÀy�	���_O�X	L­OQZ_OQL ¤ L����5J±N6 .��O�¡6Z;�iN3SIJ�X	���5J�¥�N3P ¤ J

SMM = −N2|m1|4
4b

®EN3Z5axX�OQZ5 �J m2
1 ∼ K(TH − T ) ª¿¡6W?�YJ.L­§\J.WiN3� ¤ WYJ�X]OQZBN¨Z5J.OQ¢��&^\¡6W��5¡&¡Ia�¡3ª TH ®��J¬�EN�¥�J SMM ∼ (T − TH)2 ®�XY¡����5J¬§_�EN6XYJ¬��WiN3Z5X�OQ��O�¡6ZúN3� T = TH

O�X­¡3ª"XYJ. �¡6Z5a ¡6WYa_J.W�`�À~X���5J"�YJ.L­§(J.WiN3� ¤ WYJµO�X?OQZ5 .WYJ�N6XYJ.a�N3^\¡0¥�J TH ®_���5JµJ.OQ¢�J8Z&¥�N3P ¤ JµabO�X���W�OQ^ ¤ ��O�¡6ZB^\J� �¡6L�J�X]Z5¡6ZbK ¤ Z_OÂª¿¡6W�Lx®^ ¤ �"X���OQPQP�Z5¡6ZbKM¢IN3§_§\J�a,`më��5OQX	 �¡6ZI��OQZ ¤ J�X"�Y¡¬�5¡6P�a ¤ Z&��OQP m2
1 = −b/2 �y�5J.WYJ |ρ1| = 1/2 ®,N3Z5a����5JJ.OQ¢�J.ZI¥�N3P ¤ J¬abO�X���W�OQ^ ¤ ��O�¡6Z a_J.¥�J.P�¡6§5X­Ns¢IN3§m`*ë��_O�Xµ�EN3§_§(J.Z5X­N3�¶���5J��YJ.L­§(J.WiN3� ¤ WYJ T = TH + b

2K�y�_O� Y����� ¤ X�a_J8·5Z5J�XF���5Jy���_WYJ�X��5¡6P�a��YJ.L­§(J.WiN3� ¤ WYJ]¡3ªfN"XYJ� �¡6Z5a­§_�EN6XYJ?��WiN3Z5X�OQ��O�¡6Z��y�_O� Y��O�XF¡3ª(���_OQWYa¡6WYa_J.W�G �LIq`
K~¡��� �¡6Z5X�O�a_J.W	���5J­ �N6XYJ¨�y�5J.WYJ b O�X�Z5J.¢IN3��OQ¥IJ�`��5¡6W"�YJ.L­§\J.WiN3� ¤ WYJ�X	�y�5J.WYJ m2

1 < |b|/2 ���5J.WYJN3WYJµ�U��¡�L­OQZ_OQL�Nb®,¡6Z5J­N3� ρ1 = 0 N3Z5a�¡6Z5J­N3� |ρ1| = 1
2
` ¦ �5J.Z m2

1 > |b|/4 ���5Jµª�WYJ�J¶J.Z5J.W�¢�«�N3�
|ρ1| = 1

2
O�XF§\¡�X�OQ��OQ¥IJ�®&N3Z5a�XY¡ ρ1 = 0 O�X����5J.W�L�¡&ab«&ZEN3L­O� �N3PQPQ«�§_WYJ8ª¿J.W�WYJ�a,®I�EN�¥&OQZ_¢µ¹�J.WY¡"ª�WYJ�J]J.Z5J.W�¢�«�`¸~¡���J.¥�J.W�®f�y�5J.Zo���5J��YJ.L­§(J.WiN3� ¤ WYJ±O�X¶OQZ5 .WYJ�N6XYJ�a;�Y¡ m2

1 < |b|/4 ®f���5J�ª�WYJ�J�J.Z5J.W�¢�«oN3� |ρ1| = 1
2^\J� �¡6L�J�X�Z5J.¢IN3��OQ¥�J�®FN3Z5a XY¡B���_O�X­L­OQZ_OQL ¤ L�a_¡6L­OQZEN3�YJ�X­���5J¬���5J.W�L�N3P]J.Z5XYJ.L¶^_P�J�` ¦ J¬ �¡6Z5 .P ¤ a_J���EN3�"N3� T = TH − |b|

2K
® |ρ1| T ¤ L­§5X�abO�XY �¡6Z&��OQZ ¤ ¡ ¤ X�PQ«xª�WY¡6L 0 �Y¡ 1

2
®(N3Z5aB���5J¶���5J�¡6W�« ¤ Z5a_J.W�¢�¡&J�XN"·5WYX���¡6WYa_J.W�§_�EN6XYJ~��WiN3Z5X�OQ��O�¡6Zm`bÀ]^(¡�¥IJ]���_O�X��YJ.L­§\J.WiN3� ¤ WYJ��Y�5J~J.OQ¢�J.Z&¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Zs^\J� �¡6L�J�X¢IN3§_§\J�a,`�ë��_O�X¨^(J.�EN�¥&O�¡6W­O�X £I¤ N3PQOQ�iN3��OQ¥IJ.PQ«uX�OQL­OQPVN3W­�Y¡B���EN3��¡3ª~���5J±ª�WYJ�J±���5J�¡6W�«o�y�_O� Y� ��J¬�EN�¥IJN3ZEN3PQ«bXYJ�a�OQZ±���5J~§_WYJ.¥&O�¡ ¤ X�XYJ� .��O�¡6Z5X�®&�yOQ���±���5J�J8Å_ �J.§_��O�¡6Z¬���EN3�����5J]§_�EN6XYJ~��WiN3Z5X�OQ��O�¡6Z¬Z5¡�� ¡I �  ¤ WYX^\J.P�¡0� TH

`
² J.����PQOQZ_¢~���5J�O�XYX ¤ J�¡3ª_���5JF¡6WYa_J.W*N3Z5a	§EN3�Y�YJ.W�Z¶¡3ª_���5J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z5XC��� ¤ XfWYJ £I¤ OQWYJ�XfS&Z5¡��yOQZ_¢�y�5J.���5J.W b O�X�§(¡�X�OQ��OQ¥�J"¡6W�Z5J.¢IN3��OQ¥�J��y�_O� i�¬OQZs� ¤ W�Z¬WYJ £I¤ OQWYJ�X?N­ê0KMPQ¡&¡6§x �¡6L­§ ¤ �iN3��O�¡6Zm`5ë��_O�X��EN6XyXY¡ªMN3W�¡6Z_PQ«�^\J�J.Zs �N3W�W�O�J�as¡ ¤ �Fª¿¡6W�§ ¤ WYJ U(N) ³ N3Z_¢6K ´ OQPQP�X����5J�¡6W�«¥G �PI(�y�5J.WYJ~OQ���yN6XFª¿¡ ¤ Z5a����EN3�����5Ja_J� �¡6Zb·5Z5J.L�J.Z&�]§_�EN6XYJ���WiN3Z5X�OQ��O�¡6ZHO�X?¡3ªC·5WYX��?¡6WYa_J.W�`�COQZEN3PQPQ«x��JµWYJ.L�N3W�Sx�Y�EN3��®EOQZB���5J¶ �¡6ZI�YJ8Åb�"¡3ª N = 4 U(N) ²�³"´ ���5J�¡6W�«H¡6Z S1 × S3 ®5OQ�~O�XS&Z5¡��yZ¨���EN3�����5J�¸�N3¢�J�a_¡6W�Z�X�OQZ_¢ ¤ PVN3W�OQ�q«µ§(J.WYX�O�X��YXfª¿¡6W*Z5¡6ZbKM¹�J.WY¡­¾ ��¸~¡&¡3ª2�� �¡ ¤ §_PQOQZ_¢ λ N3Z5a¨ Y�5J.L­O� �N3P§\¡6�YJ.Z&��OVN3P�X�®EN3�?P�J�N6X���ª¿¡6W λ� 1 G ñ��_®,º8�LIq`

n)Ù�� � ßÖ�þ­¨æ�ä3Ý � ß0p çRßÔçRé_Ûùå�ä3æCÜ)ÝHç¤êï² ã æ0oâ­¨é_æ � Ûèç0ä3æ0p � ÝHçRÝZß0p
� Z ���5Js§_WYJ.¥&O�¡ ¤ X��U��¡�XYJ� .��O�¡6Z5X���Js�EN�¥�JxX�� ¤ abO�J�a ���5Js§_�EN6XYJs��WiN3Z5X�OQ��O�¡6Zú¡I �  ¤ W�OQZ_¢�ª¿¡6W N = 2£I¤ OQ¥�J.W¨¢IN ¤ ¢�J¬���5J�¡6W�«u¡6Z S1 × S3 N3�¨¹�J.WY¡�¢IN ¤ ¢�Js �¡ ¤ §5PÂOQZ_¢5`C�5WY¡6L ���5J¬§\¡6OQZ&��¡3ª~¥&O�J.� ¡3ª~���5JÀya ² ¯��E�*ë° �¡6W�WYJ�X�§\¡6Z5a_J.Z5 �J¶¡6Z5JµX��5¡ ¤ P�axJ8Åb§\J� .�]���EN3�?OQZx���5J	¢�WiN�¥&OQ�U«sa ¤ N3Pm���5J�¡6W�«s���5J.WYJ	X��5¡ ¤ P�a^\J�XY¡6L�JFN3ZEN3P�¡6¢�¡ ¤ Xf§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Z¶XYJ.§EN3WiN3��OQZ_¢]���5J�¢�WiN�¥&OQ�q«"XY¡6P ¤ ��O�¡6Z5Xm���EN3�f�EN�¥IJ����5J� �¡6Zbª¿¡6W�L�N3P^\¡ ¤ Z5a5N3W�« S1×S3 N3�yN"·5Z_OQ�YJ~�YJ.L­§(J.WiN3� ¤ WYJ�` � Z5a_J�J�a,®I���5OQXyJ8Åb§\J� .�iN3��O�¡6Z¬�5¡6P�a_X���W ¤ J�®bN6X��yN6XF·5WYX��WYJ�N3PQOQ¹�J�ao^I« ¦ OQ���YJ.ZoOQZ G ñ�Iq` � Z;���_O�X­N3W���O� .P�J�®*a_J�N3PQOQZ_¢��yOQ���u���5J.W�L�N3P N = 4 ²�³"´ ���5J�¡6W�«oN3Z5aOQ�YXya ¤ N3P,¢�WiN�¥&OQ�U«±a5J.XY .W�OQ§_�YOQ¡6ZH¡6Z AdS5 × S5 ® ¦ OQ���YJ.ZHN3W�¢ ¤ J�as���EN3�y���5JzÏ;R8V,uZ�ByZY �� �¡ ¤ §_P�J�as¢IN ¤ ¢�J���5J�¡6W�«sJ8Åb�_OQ^_OQ�YX�N­a_J� �¡6Zb·5Z5J.L�J.Z&�~§_�EN6XYJ	��WiN3Z5X�OQ��O�¡6Zm®(N3Z5as���EN3�]���_O�X?��W8N3Z5X�OQ��O�¡6ZHL�N3Z_OÂª¿J�X��YX?OQ�YXYJ.PÂªOQZ����5J]a ¤ N3P\^ ¤ PQS¨¢�WiN�¥&OQ�q«­���5J�¡6W�«�N6X����5J]¸�N��yS&OQZ_¢6KqÃ*N3¢�J]§_�EN6XYJ?��WiN3Z5X�OQ��O�¡6ZTG íLI(¡6W�OQ¢�OQZEN3PQPQ«�X�� ¤ abO�J�aOQZs���5J	 �¡6ZI�YJ8Åb�]¡3ª £I¤ N3Z&� ¤ L�¢�WiN�¥&OQ�U«¬¡6ZHÀya ² X�§EN6 �J�X�`



k±õ���õ°���Dm#ñRðtò]���K��} z���z�ït� ø�ò!ð!÷*��z~úC¹¬��ð�l;ñCïtð)�¤� z�ò!ð~})�&��zC�p��} í�í
� Z����_O�X¶XYJ� .��O�¡6Z;��J��yOQPQPF���5J.WYJ8ª¿¡6WYJ�^_W�O�JJ&5«�WYJ.¥&O�J.� ���5J�¸�N��yS&OQZ_¢6KqÃ�N3¢�J�§_�EN6XYJ���WiN3Z5X�OQ��O�¡6ZoOQZ���5J.W�L�N3P AdSn+1

` � Z�G íPIb¸�N��yS&OQZ_¢�N3Z5a¶Ã�N3¢�JFO�a_J.Z&��OÂ·EJ�a¶�q��¡]XY¡6P ¤ �YOQ¡6ZEXf�Y¡]���5J�½�OQZ5X��YJ.OQZ¨J £I¤ N3��O�¡6Z5X�y�5¡�XYJ�^\¡ ¤ Z5a5N3W�«�N3��OQZb·5Z_OQ�U«¶O�X S1×Sn−1 `�ë��5J�·5WYX���¡6Z5JyO�X*���5J�L�N3Z_OÂª¿¡6P�a X1
�y�_O� Y��O�X�¡6^5�iN3OQZ5J�aN6X	N £I¤ ¡6��O�J.Z&�µ¡3ª AdSn+1

^I«�N¬X�§(J� 8OÂ·E �X ¤ ^_¢�WY¡ ¤ §;¡3ª SO(1, n + 1) ���EN3�	O�X�O�XY¡6L�¡6W�§_�_O� ��Y¡ Z
`ë��5J�L�J.��W�O� �F2�yOQ���H½ ¤  .PQO�a_J�N3ZBX�OQ¢�ZEN3� ¤ WYJLM� �N3Zx^\J"�yW�OQ���YJ.Z

ds2 =

(
r2

b2
+ 1

)
dt2 +

b2

r2 + b2
dr2 + r2dΩ2 , F¿æb` �b`QºLM

�yOQ��� dΩ2 ���5J~L�J.��W�O� "¡3ª�NµWY¡ ¤ Z5a¬X�§_�EJ8WiJ Sn−1 ¡3ª ¤ Z_OQ��WiN6abO ¤ X�`_¸~J.WYJ t O�X?Nµ§(J.W�O�¡IabO� �¥�N3W�OVN3^_P�J"¡3ªN3W�^_OQ��WiN3W�«�§(J.W�O�¡Ia,`bë��5J~�Y¡6§\¡6P�¡6¢�«±¡3ª X1
O�X S1×Bn `I¸�J8WiJ_F¿æb` �b`QºLM��EN6X�^(J�J8Z¬Z5¡6W�L�N3PQOQ¹�J�asXY¡	���EN3����5J"½�OQZ5X��YJ.OQZBJ £I¤ N3��O�¡6Z5XyWYJ�N6a
Rij = −nb−2gij .

F¿æb` �b` æ�M
ë��5J"XYJ� �¡6Z5axXY¡6P ¤ ��O�¡6Zm® X2

®bO�Xy���5J ²  i�I�yN3W�¹�XY Y�_OQP�ax^_PVN6 iS±�5¡6P�J"OQZ AdSn+1
`_ë��5J"L�J.��W�O� "O�X

ds2 =

(
r2

b2
+ 1− wnM

rn−2

)
dt2 +

dr2

r2

b2
+ 1− wnM

rn−2

+ r2dΩ2 . F¿æb` �b` ê�M
¸~J.WYJ wn O�X?a_J8·5Z5J�aBN6Xy���5J" �¡6Z5X��iN3Z&�

wn ≡
16πGN

(n− 1)Vol(Sn−1)
. F¿æb` �b` ñXM

¸~J.WYJ GN O�X]���5J (n + 1)KqabOQL�J.Z5X�O�¡6ZEN3P'K~J.�y�Y¡6Zm¾ X� �¡6Z5X��iN3ZI�	N3Z5a Vol(Sn−1) O�X~���5Jµ¥�¡6P ¤ L�J¶¡3ª�N¤ Z_OQ� (n − 1)KqX�§_�5J.WYJ ¦ ���5J­ªMN6 .�Y¡6W wn �EN6Xµ^\J�J.ZoOQZ5 .P ¤ a_J�a;�5J.WYJ�XY¡x���EN3� M O�X	���5J�L�N6XYX¶¡3ªy���5J^_PVN6 YS��5¡6P�J#F¿N6Xµ��J��yOQPQP�¥�J.W�OÂª�«�^(J.P�¡��tM8`GK~¡6�YJ����EN3�µ���5J�X�§EN6 �J.��OQL�JTF¿æb` �b` ê�M�O�XµWYJ�X���W�O� .�YJ�a��i¡s���5JWYJ.¢�O�¡6Z r ≥ r+ �y�5J.WYJ r+ a_J.Z5¡6�YJ�X?���5J"PVN3W�¢�J�X��]XY¡6P ¤ ��O�¡6Zx�Y¡¨���5J	J £I¤ N3��O�¡6Z
r2

b2
+ 1− wnM

rn−2
= 0 . F¿æb` �b` í�M

ë��5J¨L�J.��W�O� ¥F¿æb` �b` ê�M]�yOQPQP��EN�¥IJ�N± �¡6Z_O� �N3PFX�OQZ_¢ ¤ PVN3W�OQ�U«�N3� r = r+ ¤ Z_P�J.XYX t O�X�§(J8WYOQ¡&abO� ­�yOQ�������5J§\J.W�O�¡&a
β0 =

4πb2r+
nr2+ + (n− 2)b2

. F¿æb` �b` ��M
ë��5J�OQZ&¥�J.WYXYJ β−1

0
OQXyWYJ8ª¿J.W�WYJ�as�Y¡�N6Xy���5J	¸�N��yS&OQZ_¢��YJ.L­§\J.WiN3� ¤ WYJµ¡3ª*���5J"^_PVN6 iS±�5¡6P�J�F¿æb` �b` ê�M8`

�*t��*t � Ç Df��@��m=��í�E�µr�������� ��� :(@��5<6� � n p�� w�pM:,��� � �fpM>E<
¦ OQ���s���5J"Z5¡6W�L�N3PQOQ¹0N3��O�¡6Z F¿æb` �b` æ�My¡3ª*���5J" �¡�X�L�¡6P�¡6¢�O� �N3PC �¡6Z5X��iN3Z&��®_���5J"^ ¤ PQS¬½�OQZ5X��YJ.OQZBN6 .��O�¡6ZxO�X

I = − 1

16πGN

∫
dn+1x

√
|g|
(
R+

n(n− 1)

b2

)
. F¿æb` �b` ï�M

�5¡6W�NBXY¡6P ¤ ��O�¡6Z �Y¡B���5J¬J £I¤ N3��O�¡6Z5X­¡3ª~L�¡6��O�¡6Z ¡6Z5J±�EN6X R = −1
2n(n + 1)/b2 ®�N3Z5au���5JsN6 .��O�¡6Z^\J� �¡6L�J�X

I =
n

8πGN

∫
dn+1x

√
|g| , F¿æb` �b` ��M



í�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
���EN3�¨O�X�®f���5J±¥�¡6P ¤ L�J¬¡3ª]���5J¬X�§EN6 �J.��OQL�J±��OQL�J�X n

8πGN

`Cë��5JsN6 .��O�¡6Z N6a_abOQ��O�¡6ZEN3PQPQ«o�EN6X­NBX ¤ WÄªMN6 �J�YJ.W�LÔG ñIåb®&í��LIq®�^ ¤ �F���5J?X ¤ WÄªMN6 �J?�YJ.W�L ¥�N3Z_O�X��5J�X�ª¿¡6W��Y�5J?À?a ²�²  i�I�yN3W�¹�XY Y�_OQP�a�^_PVN6 iS­�5¡6P�J�®&N6X�Z5¡6�YJ�aOQZTG íPIq®I^(J� �N ¤ XYJ~���5J~^_PVN6 YS��5¡6P�J� �¡6W�WYJ� .��O�¡6Zs�Y¡¶���5J�À?a ² L�J.��W�O� �¥6N3Z5OQX��EJ.X��Y¡I¡¶WiN3§_O�abPQ«¬N3��OQZb·5Z_OQ�U«�`Ày .� ¤ N3PQPQ«I®*^\¡6��� ���5JsÀya ² X�§EN6 �J.��OQL�J;F¿æb` �b`QºLM­N3Z5au���5J¬^_PVN6 YSo�5¡6P�JsX�§EN6 �J.��OQL�JBF¿æb` �b` ê�M¶�EN�¥IJOQZb·5Z_OQ�YJ"¥I¡6P ¤ L�J�`5À~XyOQZBG íLIq®5¡6Z5J	X ¤ ^_��WiN6 .�YX?�Y�5J"�q��¡­¥�¡6P ¤ L�J�X?�Y¡­¢�J.�~N¶·5Z_OQ�YJ"WYJ�X ¤ PQ��`5Ã ¤ ����OQZ_¢sN3Z¤ §_§\J.W]  ¤ �Y¡3» R ¡6Zs���5J"WiN6abOVN3PmOQZ&�YJ.¢�WiN3��O�¡6Z5X�®5���5J�WYJ.¢ ¤ PVN3W�OQ¹�J�ax¥I¡6P ¤ L�J	¡3ª*���5J"À?a ² X�§EN6 �J.��OQL�J	OQX
V1(R) =

∫ β′

0
dt

∫ R

0
dr

∫

Sn−1

dΩ rn−1 , F¿æb` �b` å�M
N3Z5a¬���5J"WYJ.¢ ¤ PVN3W�OQ¹�J�ax¥I¡6P ¤ L�J	¡3ª*���5J"À?a ² ^_PVN6 YS¬�5¡6P�J	X�§EN6 �J.��OQL�J"O�X

V2(R) =

∫ β0

0
dt

∫ R

r+

dr

∫

Sn−1

dΩ rn−1 . F¿æb` �b`Qº8��M
K~¡6�YJ¬�Y�EN3�����5JsWiN6abOVN3P?OQZ&�YJ.¢�WiN3��O�¡6Z ª¿¡6W����5JxÀ?a ² ^_PVN6 iSu�5¡6P�JxX��iN3W��YX±N3� r ≥ r+

®��y�_OQP�JxOQZ ���5JÀya ² X�§EN6 �J.��OQL�J r ≥ 0 `(À]Z5¡6���5J.W	abOÂ»,J.WYJ.Z5 �J¨^\J.�U��J�J8Z����5J¶�U��¡±OQZ&�YJ.¢�WiN3P�X"O�X~���\N3�"¡6Z5J¨L ¤ X�� ¤ XYJabOÂ»,J.WYJ.ZI�C§\J.W�O�¡&abO� .OQ��O�J�X β′ N3Z5a β0
ª¿¡6Wf���5J t OQZI�YJ.¢�WiN3P�XCOQZµ���5JF�q��¡] �N6XYJ�X�`0ë��5J�^_PVN6 iS"�5¡6P�J�X�§EN6 �J.��OQL�JO�X�X�L�¡I¡6���s¡6Z_PQ«­OÂª β0

�EN6X����5J]¥�N3P ¤ J?¢�OQ¥IJ.Z±OQZ¾F¿æb` �b` ��M8®&^ ¤ �Fª¿¡6WF���5J~À?a ² X�§EN6 �J.��OQL�J�®_N3Z&«­¥�N3P ¤ J~¡3ª
β′ O�X~§\¡�XYX�OQ^_P�J�`mý]Z5J¶L ¤ X��"N6a6T ¤ X�� β′ XY¡����EN3�~���5J¶¢�J�¡6L�J.��W�«B¡3ªF���5Jµ�&«&§\J.WYX ¤ WÄªMN6 �J r = R O�X]���5JXiN3L�J	OQZB���5Jµ�q��¡± �N6XYJ�X�` ´ ¡6WYJµ§_WYJ� .O�XYJ8PQ«I®E���5Jµ§_WY¡6§\J.W" .OQWY  ¤ L¨ª¿J.WYJ.Z5 �J¨¡3ª����5J S1 N3� r = R L ¤ X��^\J~���5J�XiN3L�J"N6X����5J~§_WY¡6§\J.WyP�J.Z_¢����s¡6Z X2

¡3ª�N3Z¬¡6W�^5OÂ�?¡3ªf���5J���OQPQPQOQZ_¢­¥�J� .�Y¡6W ∂
∂t
®_N3P�XY¡­N3� r = R `ë��_O�X]O�X~a_¡6Z5Jµ^I«xXYJ.����OQZ_¢ β′√r2/b2 + 1 = β0

√
r2/b2 + 1− wnM/rn−2 `EÀ?ª��YJ.W~a_¡6OQZ_¢¬XY¡_®E¡6Z5J·5Z5a_Xy���EN3�?���5JµN6 .��O�¡6ZHabOÂ»,J.WYJ.Z5 �J"O�X

I =
n

8πGN
lim
R→∞

(
V2(R)− V1(R)

)
=

Vol(Sn−1)(b2rn−1
+ − rn+1

+ )

4GN
(
nr2+ + (n− 2)b2

) . F¿æb` �b`Qº�ºLM
ë��_O�XCO�XC§(¡�X�OQ��OQ¥�JFª¿¡6W*X�L�N3PQP r+ N3Z5a¶Z5J.¢IN3��OQ¥�JFª¿¡6WCPVN3W�¢�J r+ ®3X��5¡��yOQZ_¢����EN3�*���5J����5J.W�L�¡&ab«&ZEN3L­O� �N3PQPQ«§_WYJ8ª¿J.W�WYJ�a;X�§EN6 �J8�YOÂL�J�ª�¡6W	P�¡0���YJ.L­§(J.WiN3� ¤ WYJ�XµO�X	���5J�À?a ² X�§EN6 �J.��OQL�J#F¿æb` �b`QºLM8®m�y�5J.WYJ�N6X"ª¿¡6W	�_OQ¢���YJ.L­§\J.WiN3� ¤ WYJ�X­���5J¬X�§EN6 �J.��OQL�J¬a_¡6L­OQZEN3��OQZ_¢����5J±���5J.W�L�N3P?J.Z5XYJ.Lµ^_P�J±O�X¶���EJ±À?a ²o²  i�I�yN3W�¹�XY Y�_OQP�a^_PVN6 YS­�5¡6P�J_F¿æb` �b` ê�M8`&ë��5J�XYJ?�q��¡	¢�J�¡6L�J.��W�O�J�X�N3WYJ]XYJ.§EN3WiN3�YJ�a�^I«�N�§_�EN6XYJ?��WiN3Z5X�OQ��O�¡6Z¬¡I �  ¤ W�W�OQZ_¢­N3��N�YJ.L­§\J.WiN3� ¤ WYJ β0

ª¿¡6W*�y�_O� i�­���5J?N6 .��O�¡6Z�abOÂ»,J.WYJ.Z5 �JyOQZ¥F¿æb` �b`Qº�ºLMfO�X*¹�J.WY¡_`�ë��_O�X*O�X*���5Jy¸�N��yS&OQZ_¢6KqÃ*N3¢�J§_�EN6XYJ���WiN3Z5X�OQ��O�¡6Zx·5WYX��yO�a_J.Z&��OÂ·EJ�asOQZBG íLIq`ý]Z5J"���5J.Zx �¡6L­§ ¤ �YJ�X?���5J�WiJ8¢ ¤ P�N3WYOÂ¹�J�aBJ.Z5J.W�¢�«
E =

∂I

∂β0
=

(n− 1)Vol(Sn−1)(rn+b
−2 + rn−2

+ )

16πGN
= M , F¿æb` �b`Âº�æ�M

�y�_O� Y��OQZ�§EN3W���O�  ¤ PVN3W	X��5¡0�?X����EN3�"���5J M N3§_§(J�N3W�OQZ_¢xOQZ�F¿æb` �b` ê�M]O�X����5J¨L�N6XYX"¡3ªF�Y�5J¶^_PVN6 iSH�5¡6P�J�®N3Z5a¬���5J"WYJ.¢ ¤ PVN3W�OQ¹�J�aHJ.Z&��WY¡6§I«
S = β0E − I =

rn−1
+ Vol(Sn−1)

4GN

F¿æb` �b`Qº�ê�M
¡3ª*���5J�^_PVN6 iS±�5¡6P�J�`5ë��5J	J.Z&��WY¡6§I«s �N3Zx^\J"�yW�OQ���YJ.Z

S =
A

4GN

F¿æb` �b`Qº.ñXM



k±õ��Lõ ö ��ð~}­z~�Gm m#�~��ïtð~}~����ð�l��X�~�yz��Eò'� í�ï
�y�5J.WYJ A a_J.Z5¡6�YJ�X?���5J"¥�¡6P ¤ L�J	¡3ª*���5J"�5¡6W�OQ¹�¡6Z ¦ OM` J�`Q®_���5J	X ¤ WÄªMN6 �J	N3� r = r+

`
K~¡��	®\�Y�5J¶^_PVN6 YSB�5¡6P�J¨J.Z&��WY¡6§I« F¿æb` �b`Qº�ê�M~X��5¡ ¤ P�aB^(J¨ �¡6L­§EN3WYJ�a��Y¡±���5J¶^(¡ ¤ Z5a5N3W�«� �¡6Zbª¿¡6W�L�N3P·EJ.P�aµ���5J�¡6W�«¶¡6Z S1×Sn−1 �y�5J.WYJF���5J S1 �EN6X* .OQWY  ¤ L¨ª¿J.WYJ.Z5 �J β0

¦ ���EN3�CO�XC�Y¡~XiN�«�®0���5JF�YJ.L­§(J.WiN3� ¤ WYJ¡3ªf���5J�^\¡ ¤ Z5a5N3W�«�·EJ.P�a¬���5J�¡6W�«�O�X�O�a_J.ZI��OÂ·EJ�as�yOQ���s���5J�¸�N��yS&OQZ_¢¨�YJ.L­§\J.WiN3� ¤ WYJ	¡3ªC���5J~^_PVN6 iS��5¡6P�J�`��¡6Zbª¿¡6W�L�N3P�OQZ&¥�N3W�OVN3Z5 �J�abO� .�iN3�YJ�Xµ���EN3�	���5J� �¡ ¤ §_PQOQZ_¢B .¡6ZEX��iN3ZI�	O�XµabOQL�J.Z5X�O�¡6Z_P�J�XYX�®fN3Z5a����5J.WYJ8ª¿¡6WYJ���5JµJ.ZI��WY¡6§&«xa_J.Z5X�OQ�q«x¡6Z Sn−1 XY �N3P�J�X�N6X β−(n−1)
0

N6X β0
O�X?�iN3SIJ.Zx�i¡­¹�J.WY¡_`R�_WY¡6L F¿æb` �b` ��M8®EOQZx���5JPQOQL­OQ� β0 → 0 ¡6Z5J	·5Z5a_X r+ → ∞ F2���5J r+ → 0 ^_WiN3Z5 i�BO�X]���5J.W�L�¡Iab«&ZEN3L­O� �N6PQPQ« ¤ ZbªMN�¥I¡6WYJ�aBG íLINM�yOQ��� β0 ∼ 1/r+

`(¸~J.Z5 �J¶���5J¶^\¡ ¤ Z5a5N3W�«� �¡6Zbª¿¡6W�L�N3P*·EJ.P�aB���5J�¡6W�«B§_WYJ�abO� .�YX����EN3�"���5J¨J.ZI��WY¡6§&«B¡3ª���_O�X­X�«bX��YJ.LéO�X­¡3ª~¡6WYa_J.W rn−1
+
®�N3Z5aoO�X¨��� ¤ X�N6X�«&L­§_�Y¡6��O� �N3PQPQ« Nx·_Å_J�aoL ¤ PÂ�YOÂ§5PQJx¡3ª]���5J¬�5¡6W�OQ¹�¡6Z¥�¡6P ¤ L�J~�y�_O� Y�xN3§_§(J�N3WYX�OQZ¾F¿æb` �b`Qº.ñXM8`LK~¡6�YJ]���EN3�����5J�abO�XY  ¤ XYX�O�¡6Z±�5J.WYJ"N6XYX ¤ L�J�X β0 � 1 ®IL�J�N3Z_OQZ_¢���EN3� r+ � b ¦ ���5J.WYJ8ª¿¡6WYJ�®�OQ�¬N3§_§_PQO�J�X�¡6Z_PQ« �Y¡�À?a ² ^_PVN6 YS �5¡6P�J�X��y�5¡�XYJ ²  i�&��N3W�¹�XY i�_OQP�a WiN6abO ¤ XO�X¨L ¤  Y� ¢�WYJ�N3�YJ.W����EN3Z ���5J¬WiN6abO ¤ X�¡3ª"  ¤ W�¥�N3� ¤ WYJx¡3ª�À?a ² X�§EN6 �J�`�¸~¡0��J.¥IJ.W�®*OQZ �Y�_O�X¨PQOQL­OQ��®�¡6Z5Ja_¡IJ�Xy¢�J.�]N¨X�OQL­§_P�J"J8Åb§_PVN3ZEN3��O�¡6ZH¡3ª*�y�I«±���5J�^_PVN6 YS±�E¡6PQJ	J.ZI��WY¡6§&«±O�X�§5WY¡6§\¡6W���O�¡6ZEN3Pf�Y¡¨���5J	N3WYJ�N¨¡3ªOQ�YX	�5¡6W�OQ¹�¡6Zo���EN3�µO�XµJ.Z&��OQWYJ.PQ« õ �5¡6P�¡6¢�WiN3§_�_O� �¾�`��COÂÅbOQZ_¢H���5J� �¡6Z5X��iN3Z&�¶¡3ªy§_WY¡6§(¡6W���O�¡6ZEN3PQOQ�U«�^(J.�q��J�J.ZJ.ZI��WY¡6§&«÷N3Z5a �5¡6W�OQ¹�¡6Z÷¥I¡6P ¤ L�Js§_WYJ�X ¤ L�N3^5PÂ« WYJ £I¤ OQWYJ�X�XY¡6L�JxL�¡6WYJHa_J.�iN3OQP�J�a S&Z5¡0�yP�J�ab¢�JH¡3ª"���5J^\¡ ¤ Z5a5N3W�« £I¤ N3Z&� ¤ L ·EJ.P�as���5J�¡6W�«I`

n)Ù! " ã æ0p!ç ã � �ÓÛ�«3é_æ0p_Ý!«�æ0o � Û�«�çRß�ä �
² OQZ5 �J N = 2 £I¤ OQ¥IJ.Wf¢IN ¤ ¢�JF���5J�¡6W�«	O�X*N? �¡6Zbª¿¡6W�L�N3PI·EJ.P�aµ���5J�¡6W�«I®���JF �N3Z¨J8Åb§_P�¡6OQ�C���5J�X��iN3�YJ0¯3¡6§\J.WiN0K�Y¡6Ws �¡6W�WYJ�X�§\¡6Z5a_J.Z5 �J;N3Z5aúL�N3§ ���5J�¸�N3L­OQPQ�Y¡6Z_OVN3Z H �Y¡o���5J�abOQPVN3�iN3��O�¡6ZÁ¡6§(J.WiN3�Y¡6W D ` Qg£BÀ~XsN �¡6Z5XYJ £I¤ J.Z5 �J�®m���5J�§EN3W���OQ��O�¡6Z;ª ¤ Z5 .��O�¡6Zu¡3ªy���5J.W�L�N3P N = 2 £I¤ OQ¥�J.Wµ¢IN ¤ ¢�J����5J�¡6W�«�OQZ;���5J�¢�WiN3Z5a �N3Z5¡6Z_O� �N3PfJ.Z5XYJ.L¶^_P�J"�iN3SIJ�Xy���5J~ª¿¡6W�L

Z(T ;µ1, µ2) = TrH
(
e−βD+βµiQi

)
. F¿æb` ï&`QºLM

¸~J.WYJ¶���5J¶��WiN6 �J¶O�X��iN3S�J.Z�¡0¥�J.W����5J¨J.Z&��OQWYJ­¸]OQPQ^\J.W��	X�§EN6 �J H ¡3ªF¢IN ¤ ¢�J¨OQZI¥�N3W�OVN3Z&�	¡6§\J.WiN3�Y¡6WYX�`K�E¡6W��J�N3Ss¾ �F¸~¡&¡3ª��� �¡ ¤ §_PQOQZ_¢ λ� 1 ®����5J?abOQPVN3�iN3��O�¡6Z¬¡6§\J.WiN3�Y¡6W D  �N3Z�^(J?J8Åb§EN3Z5a_J�a�§\J.W�� ¤ W�^EN3��OQ¥IJ.PQ«0Qg½
D = D0 +

∞∑

n=2

λn/2Dn .
F¿æb` ï&` æ�M

¦ J�P�J.� Q a_J.Z5¡6�YJ����5J��Y¡6�iN3P5 Y�EN3W�¢�J��yOQ���­WYJ�X�§(J� .���Y¡~���5J!��N3W��iN3Z­¢�J.Z5J.WiN3�Y¡6WYX�¡3ª SU(2)R×U(1)R
®

Q = Q1 + Q2
®E�yOQ��� µ N6X~���5J¨N6XYXY¡I .OVN3�YJ�aB i�5J.L­O� �N3P*§\¡6�YJ.Z&��OVN3PM` Q4�¶ëCN3S&OQZ_¢ λ = 0 ®5���5Jµ§EN3W���OQ��O�¡6Zª ¤ Z5 .��O�¡6Z�F¿æb` ï&`QºLM� �N3Zx^\J"WYJ.�yW�OQ���YJ.Z�N6X

Z(T ;µ) = TrH exp
(
− β(D0 −Q)− β(1− µ)Q

)
. F¿æb` ï&` ê�M

[�¶ ©�kt§�^ah�krfe^ab]u�^Hxzv �*xJ��cedP^axHkJwL{�krfeh~orlV�Lv h�^HwPb]v kJw�kr{3b]kJh�^akJu�^zfgoZcekrf
O
kJw

R
4
v b�h~oruPu�^��'cek�cedP^E^HwP^zfe}rn)kr{cedP^�orb]b]kpxHv oZce^��'bNcgoZce^

O|0〉
kJw

R × S3
��y�dP^zfe^

|0〉
�L^HwPkrce^Hb3cedP^�srorxH`P`Ph bNcgoZce^Z�g�[�¿�©3dPv bKyKorb�b]dPk�y�wt{�krf

N = 4 U(N)
· ª « cedP^Hkrf]ntv w�� �HíP��îp�H���[ � ��^Hx�orl lLced*oZcRv w~·8^Hxzcev kJw'�J� î�yR^��L^z�*wL^��acedP^K}J^HwP^zfgoZcekrf3kr{�cedP^GN3oZf]cgorw�b]`P§*orl }J^H§Lfgo�kr{

SU(2)R

cek�§�^
σz

fgoZcedP^zfced*orw
1
2
σz

b]kEced*oZcKy3^�d*o�sJ^�cedP^�orb]b]kpxHv oZce^��'xgd*oZfe}J^Hb
Q1, Q2

v h�uPl v xHv cel n~}Jv sm^Hw!cedLfekJ`P}Jd'¯0�pbH�X�N�J� îp� �Z���g�N�J� îp� ¬m�g� ë cKv bcedP^Hb]^�xgd*oZfe}J^Hb�y3^CoZfe^�fe^z{�^zf]fev wP}�cek�dP^zfe^J�LfgoZcedP^zfKced*orw!cedP^
R
��xgd*oZfe}J^Hb�}Jv sm^Hw'v w'©¤or§Pl ^��J�



í�� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
�5¡6PQP�¡0�yOQZ_¢�GQº8�LIq®I��J]Z5¡��  �¡6Z5X�O�a_J.W����5J]WYJ.¢�O�¡6Zs¡3ªCX�L�N3PÂP(�YJ.L­§\J.WiN3� ¤ WYJ	N3Z5a�Z5J�N3WÄKq .W�OQ��O� �N3Pm Y�5J.L­O� �N3P§\¡6�YJ.Z&��OVN3P

T � 1 , 1− µ� 1 . F¿æb` ï&` ñXM� Zú���_O�X¬WYJ.¢�O�¡6Zm®����5J�¸]OQPQ^\J.W��xX�§EN6 �J�¡3ª¶¢IN ¤ ¢�JBOQZ&¥�N3W�OVN3ZI�x¡6§(J.WiN3�Y¡6WYXx¡3ª N = 2 £I¤ OQ¥IJ.W¬¢IN ¤ ¢�J���5J�¡6W�«µ��W ¤ Z5 �N3�YJ�X��Y¡� �J.W��iN3OQZ�X ¤ ^5XYJ� .�Y¡6WYX�`�ëf¡"X��5¡0�u���_O�X�®0·5WYX���¡6^5XYJ.W�¥�J����EN3�*OQZ­���5J�WYJ.¢�OQ¡6Z#F¿æb` ï&` ñXM8®¡6§\J.WiN3�Y¡6WYX��yOQ��� D0 > Q N3§_§\J�N3W��yOQ��� N3Z÷J8Åb��WYJ.L�J.PQ« X�L�N3PQP]��J.OQ¢��&�­ªMN6 .�Y¡6W�OQZ ���5Js§EN3W���OQ��O�¡6Zª ¤ Z5 .��O�¡6Z�F¿æb` ï&` ê�M~X�OQZ5 �J β � 1 `mý]Z����5J­¡6���5J.W��EN3Z5a,®\ª¿¡6W"¡6§\J.WiN3�Y¡6WYX"�yOQ��� D0 = Q ®E���5J¨��J.OQ¢��&�ªMN6 .�Y¡6W±O�X�Z5¡6ZbKMZ5J.¢�PQOQ¢�OQ^_P�J�§_WYJ� .O�XYJ.PÂ« ^(J� �N ¤ XYJ 1 − µ � 1 `Fë��5J.WYJ8ª¿¡6WYJ�®����5JH§EN3W���OQ��O�¡6Zúª ¤ Z5 .��O�¡6ZF¿æb` ï&` ê�M�O�X?a_¡6L­OQZEN3�YJ�ax^I«¬ �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X?ª�WY¡6L�¡6§(J.WiN3�Y¡6WYX?^(J8P�¡6Z_¢�OQZ_¢��Y¡­���5J	X ¤ ^5XYJ� .�Y¡6W
H0 ≡

{
O ∈ H

∣∣ (D0 −Q)O = 0
}
. F¿æb` ï&` í�M

¦ J���� ¤ X? �¡6Z5 .P ¤ a_J	���EN3�?^I«±�iN3S&OQZ_¢����5J"Z5J�N3WÄKq .W�OQ��O� �N3PfPQOQL­OQ�
x −→ 0 , xy fixed , F¿æb` ï&` ��M

���5J?ª ¤ PQP,¸]OQPQ^\J.W��yX�§EN6 �J H ¡3ªf¢IN ¤ ¢�J8KMOQZ&¥�N3W�OVN3ZI�?¡6§(J.WiN3�Y¡6WYXyJ8»,J� .��OQ¥IJ.PQ«���W ¤ ZE �N3�iJ.Xy�Y¡µ���5J�X ¤ ^5XYJ� .�Y¡6W
H0
` ¦ J~�yOQPQPm �¡6Z5X�O�a_J.W?���_WYJ�J" �¡6Z5 .WYJ.�YJ	J8Å5N3L­§_P�J�X?¡3ªC���_O�Xy��W ¤ Z5 �N3��O�¡6Zx^\J.P�¡0�	®_¡6^_�iN3OQZ5J�as^&«±J.OQ���5J.W� ¤ W�Z_OQZ_¢s¡3»u¡6Z5J¨¡3ªF���5J R KqX�«&L­L�J.��W�«B Y�5J.L­O� �N3P�§(¡6�YJ.ZI��OVN3P�X�®,¡6W�^&«x§ ¤ ����OQZ_¢s���5J.LðJ £I¤ N3PM`(À~X~��JWYJ.L�N3W�S¬^\J.P�¡��µ®_���5J�WYJ�X ¤ PQ��OQZ_¢±X ¤ ^5XYJ� .�Y¡6WYX]N3WYJ"OQZHN­ �J8WY�iN3OQZHXYJ.Z5XYJ £I¤ N3Z&� ¤ L�L�J� Y�EN3Z_O� �N3PM`

�*t$#Ct � ç±:,<3> ��%:�J� > �'& �)(+*,�°<3>E�&���m@
¦ Jµ�iN3SIJ (µ1, µ2) = (µ, 0) ®(N3Z5aB��� ¤ X~���5J¶�Y¡6�iN3Pa��N3W��iN3Z� i�EN3W�¢�J¶O�X Q = Q1

`\ë*N3S&OÂZ5¢±���5J¶Z5J�N3WÄK .W�OQ��O� �N3PmPQOQL­OQ�_F¿æb` ï&` ��M�¡3ª*���5J"§EN3W���OQ��O�¡6Zxª ¤ Z5 .��O�¡6Z�F¿æb` æb`QºLM����5J.Zx«&O�J.P�a_X
Z(x; y) −→

∫ M∏

i=1

[
DUi

]
exp

(
M∑

i=1

∞∑

l=1

(xy)l

l
TrU li TrU−l

i

)
. F¿æb` ï&` ï�M

² OQZ5 �J	���5JµXY �N3PVN3Wy·EJ.P�a Φi
�EN6X D0 = Q = 1 ®5��J	���5J.WYJ8ª¿¡6WYJµ �¡6Z5 .P ¤ a_Jµ���EN3�]���5Jµ¸]OQPQ^\J.W��~X�§EN6 �Jµ¡3ª¢IN ¤ ¢�J�OQZ&¥�N3W�OVN3ZI�*¡6§(J.WiN3�Y¡6WYXC��W ¤ Z5 �N3�YJ�XC�Y¡?���5J]º0¯6æ~
�Ã ² XYJ� .�Y¡6WCX�§EN3Z_Z5J�aµ^I«"L ¤ PQ��OÂKM��WiN6 �J�¡6§(J.WiN3�Y¡6WYX¡3ª*���5J~ª¿¡6W�L

Tr
(
ΦJ1
i1

)
Tr
(
ΦJ2
i2

)
· · ·Tr

(
ΦJk
ik

)
. F¿æb` ï&` ��M� ��O�X? .P�J�N3W?���EN3�yOQZs���5J"Z5J�N3WÄKq .W�OQ��O� �N3PmPQOQL­OQ�_F¿æb` ï&` ��MyN3PQPm¡6§(J.WiN3�Y¡6WYX?�yOQ���x �¡0¥�N3W�OVN3ZI�]a_J.W�OQ¥�N3��OQ¥IJ�Xa_J� �¡ ¤ §_P�J�`6ë�� ¤ X�N3PQP&L�¡&a_J�X*¡6W�OQ¢�OQZEN3��OQZ_¢�ª�WY¡6LÎa_J8·5Z_OQZ_¢	Ny·EJ.P�a¶���5J�¡6W�«µ¡6Z¨���5J�X�§EN3��OVN3PbL�N3Z_OÂª¿¡6P�a S3N3WYJ�WYJ.L�¡0¥�J�a,®IN3Z5a¨���EJ�P�¡I �N3PQOQ�U«­¡3ª\���5J�·EJ.P�a¨���5J�¡6W�«¨O�X*P�¡�X���` � Z¨���_O�X�XYJ.Z5XYJ����5J�WYJ�X ¤ PQ��OQZ_¢µX ¤ ^5XYJ� .�Y¡6W¡3ª*���5J~·EJ.P�as���5J�¡6W�«¬O�X £I¤ N3Z&� ¤ L�L�J� Y�EN3Z_O� �N3PM`

�*t$#CtI� ç±:,<3>ì� %:�J� >
SU(2)

<3>E�&���m@
¦ Jµ�iN3SIJ (µ1, µ2) = (0, µ) ®(N3Z5aB��� ¤ X~���5J¶�Y¡6�iN3Pa��N3W��iN3Z� i�EN3W�¢�J¶O�X Q = Q2

`\ë*N3S&OÂZ5¢±���5J¶Z5J�N3WÄK .W�OQ��O� �N3PmPQOQL­OQ�_F¿æb` ï&` ��M�¡3ª*���5J"§EN3W���OQ��O�¡6Zxª ¤ Z5 .��O�¡6Z�F¿æb` æb`QºLM����5J.Zx«&O�J.P�a_X
Z(x; y) −→

∫ M∏

i=1

[
DUi

]
exp

(
M∑

i=1

∞∑

l=1

2(xy)l

l
TrU li TrU−l

i+1

)
. F¿æb` ï&` å�M



k±õ��Lõ ö ��ð~}­z~�Gm m#�~��ïtð~}~����ð�l��X�~�yz��Eò'� í�å
² OQZ5 �Jµ���EJ¶XY �N3PVN3W]·EJ.P�a_X Ai,(i+1)

N3Z5a B(i+1),i
^\¡6�����EN�¥IJ D0 = Q = 1 ®E��Jµ���5J.WYJ8ª¿¡6WYJ¨ �¡6Z5 .P ¤ a_J���EN3�����5J~¸]OQPQ^(J.W��yX�§EN6 �J~¡3ªf¢IN ¤ ¢�J~OQZ&¥�N3W�OVN3ZI�?¡6§\J.WiN3�Y¡6WYX���W ¤ Z5 �N3�YJ�X��Y¡µ���5J SU(2) XYJ� .�Y¡6WyX�§EN3Z_Z5J�a^I«±L ¤ PQ��OÂKM��WiN6 �Jµ¡6§\J.WiN3�Y¡6WYX~¡3ªC�Y�5J~ª¿¡6W�L

k∏

j=1

Tr
(
Z

(j)
1→

Z
(j)
2→
· · ·Z(j)

Jj→

) F¿æb` ï&`Qº8��M
�y�5J.WYJµN3Z&«±P�J.���YJ.W Z(j)

ij→

O�X?¡6Z5J	¡3ª*�Y�5J	XY �N3PVN3WYX Ai,(i+1)
¡6W B(i+1),i

`_ë��5JµX ¤ ^5XY .W�OQ§_�YX õ→ ¾5a_J.Z5¡6�YJ���EN3�?���5J £I¤ OQ¥IJ.W?PVN3^\J.P�X]¡6ZH���5J�·EJ.P�a_X?OQZ £I¤ J�X���O�¡6ZxL ¤ X��?��WiN6 �J	¡ ¤ �~N­ .P�¡�XYJ�asP�¡I¡6§B¡6Zx���5J £I¤ OQ¥IJ.WabOVN3¢�WiN3LÎOQZ��COQ¢ ¤ WYJ�º�`Qº�XY¡"N6XC�Y¡~J.Z5X ¤ WYJ�¢IN ¤ ¢�J�OQZI¥�N3W�OVN3Z5 �J�` � ` J�`Q®�N3Z¨J8Å5N3L­§_P�Jy¡3ª(N]¢IN ¤ ¢�J�OQZI¥�N3W�OVN3Z&�X�OQZ_¢�P�J8KM��WiN6 �J	¡6§(J.WiN3�Y¡6W?O�X Tr
(
Ai,(i+1)A(i+1),(i+2)B(i+2),(i+1)B(i+1),i

) `
�*t$#CtIæ ç±:,<3>ìæ %:�J� >

SU(2|3)/ZM
<3>E�&���m@

¦ J¶�8N3S�J (µ1, µ2) = (µ, µ) N3Z5a���� ¤ X����5J¨�Y¡6�iN3PE��N3W��iN3Z; Y�EN3W�¢�J­O�X Q = Q1 + Q2
`,ëCN3S&OQZ_¢s���5JZ5J�N3WÄKq .W�OQ��O� �N3PfPQOQL­OQ�_F¿æb` ï&` ��M�¡3ª*���5J"§EN3W���OQ��O�¡6Zxª ¤ Z5 .��O�¡6Z�F¿æb` æb`QºLM����5J.Zx«&O�J.P�a_X

Z(x; y) −→
∫ M∏

i=1

[
DUi

]
exp

[
M∑

i=1

∞∑

l=1

(
(xy)l + 2(−1)l+1(xy)3l/2

l

)
TrU li TrU−l

i

+
M∑

i=1

∞∑

l=1

2(xy)l

l
TrU li TrU−l

i+1

]
. F¿æb` ï&`Qº�ºLM

² OQZ5 �J	���5JµXY �N3PVN3W?·EJ.P�a_X Ai,(i+1), B(i+1),i,Φi
N3PQPf�EN�¥�J D0 = Q = 1 ®\N3Z5ax���5J ¦ J.«&PCX�§_OQZ5¡6W?·EJ.P�a

ψΦ,i
�EN6X D0 = Q = 3

2
®f��J±���5J.WYJ8ª¿¡6WYJs �¡6Z5 .P ¤ a_J¬���EN3�¨���5J¬¸]OQPQ^(J.W��­X�§EN6 �J¬¡3ª]¢IN ¤ ¢�J¬OQZI¥�N3W�OVN3Z&�¡6§\J.WiN3�Y¡6WYX?��W ¤ ZE �N3�iJ.X]�Y¡�N­X ¤ ^5XYJ� .�Y¡6W?X�§EN3Z_Z5J�as^&«±L ¤ PQ��OÂKM��WiN6 �Jµ¡6§(J.WiN3�Y¡6WYX]¡3ª*���5J�ª¿¡6W�L

k∏

j=1

Tr
(
W

(j)
1→

W
(j)
2→
· · ·W (j)

Jj→

) F¿æb` ï&`Qº�æ�M
�y�5J.WYJ¶N3ZI«¬P�J.���YJ.W W (j)

ij→

O�X]J.OQ���5J.W~¡6Z5J	¡3ª����5JµXY �N3PVN3WYX Ai,(i+1), B(i+1),i,Φi
®5¡6W]���5J ¦ J.«&PmX�§_OQZ5¡6W

ψΦ,i
`Eý]���5J.W��yO�XYJ�®_���5J"Z5¡6�iN3��O�¡6ZHO�X]N6X?J8Åb§_PVN3OQZ5J�as^\J.P�¡0�ôF¿æb` ï&`Qº8��M8`� �­��¡ ¤ P�a ^(J¬OQZ&�YJ.WYJ�X���OQZ_¢��Y¡�X�� ¤ ab«o���_O�X�X ¤ ^5XYJ� .�Y¡6W¨ª ¤ W��Y�5J.W�N3Z5a a_J.�YJ.W�L­OQZ5JxOQ�YX�X�«&L­L�J.��W�«¢�WY¡ ¤ §m`�ë��_O�X­¢�WY¡ ¤ § O�X¨§_WYJ�X ¤ L�N3^_PQ« N�X ¤ ^_¢�WY¡ ¤ §÷¡3ª~���5J SU(2|3) X�«&L­L�J.��W�«u¡6^5XYJ.W�¥�J�auOQZ ���5J

N = 4 ²�³"´  �N6XYJ!GQº8�PIM®3N3Z5a¶a_J.�YJ.W�L­OQZ5J�aµ^&«����5JF��N�«����5J ZM
¡6W�^_OÂª¿¡6P�abOQZ_¢~^_WYJ�N3SbXf���5JFJ.L¶^\J�a_abOQZ_¢¡3ª SU(2|3) OQZ&�Y¡­���5J~ª ¤ PQP N = 4 X ¤ §(J8Wi .¡6Z_ª�¡6WYL�N3Pm¢�WY¡ ¤ § PSU(2, 2|4) `� Z�GQº8�LIb���5J�N ¤ ���5¡6WYX* �¡6Z5X�O�a_J.WYJ�a¶��J�N3S&PQ«µ �¡ ¤ §_P�J�a N = 4 U(N) ²�³"´ ���5J�¡6W�«µ¡6Z S1×S3 �yOQ���

R KqX�«&L­L�J.��W�«; i�5J.L­O� �N3P�§\¡6�YJ.Z&��OVN3P�X¶OQZuX�OQL­OQPVN3W¶Z5J�N3WÄKq .W�OQ��O� �N3PyWYJ.¢�O�¡6Z5X¨¡3ª?���5J�§_�EN6XYJ±abOVN3¢�WiN3L N6XX�� ¤ abO�J�a��5J.WYJ�` � �F��N6XFª¿¡ ¤ Z5a����EN3�����5J]¸]OQPQ^(J.W���X�§EN6 �J~¡3ªm¢IN ¤ ¢�J]OQZI¥�N3W�OVN3Z&��¡6§(J.WiN3�Y¡6WYX���W ¤ Z5 �N3�YJ�X��Y¡X�OQL­OQPVN3W*X ¤ ^5XYJ� .�Y¡6WYX*N6XfO�a_J.Z&��OÂ·EJ�a¶�5J.WYJ�®0ZEN3L�J.PQ«	���5J~º0¯6æ!
�Ã ² XYJ� .�Y¡6W�®0���5J SU(2) X ¤ ^5XYJ� .�Y¡6WC¡6WC���5J
SU(2|3) X ¤ ^5XYJ� .�Y¡6W�®ma_J.§\J.Z5abOQZ_¢�¡6Z��y�_O� Y�o Y�5J.L­O� �N3PF§(¡6�YJ.ZI��OVN3P�X¨N3WYJ­� ¤ W�Z5J�a;¡6Zm`�� ¤ W����5J.W�L�¡6WYJ�®���5J	N3ZEN3PQ«bX�O�X�OQZ;GQº8�LIm�yN6X�¢�J.Z5J.WiN3PQOQ¹�J�ax�Y¡¨X�L�N3PQPM®b^ ¤ �yZE¡6ZbKM¹�J8Wi¡s¾ �?¸~¡&¡3ª��y �¡ ¤ §_PQOQZ_¢ λ ^I« ¤ ��OQPÂOQ¹�OQZ_¢���5J"º8KMP�¡I¡6§� �¡6W�WYJ� .��O�¡6Z D2

�Y¡����5JyabOQPVN3�iN3��O�¡6Z±¡6§\J.WiN3�Y¡6W'F� 8ª�`3���5Jy§\J.W�� ¤ W�^EN3��OQ¥IJ?J8Åb§EN3Z5X�O�¡6Z#F¿æb` ï&` æ�M�M8`



��� ��ïtðtñ~z��Cò»k±õ�m#ð~z�ò]��ÅÆm �D¹'�'lBð~}�¹ ñCïtð)�X�j�,z�ò­�y�yz~��ò!�
� Z;���5J�PVN3W�¢�J N PQOQL­OQ��® D2

WYJ�X���W�O� .�YJ�a;�Y¡H���5J SU(2) X ¤ ^5XYJ� .�Y¡6W¶^(J� �¡6L�J�X¶���5J±¸�N3L­OQPQ�Y¡6Z_OVN3Z ¡3ªN3Z SU(2) X�§_OQZx Y�EN3OQZ ¦ N3Z5a¬WiJ.X��YW�O� 8�iJ.ax�Y¡¨���5J SU(2|3) X ¤ ^5XYJ� .�Y¡6W?OQ�y^(J� .¡6L�J�X?���5J	¸�N3L­OQPQ�Y¡6Z_OVN3Z¡3ªFN3Z SU(2|3) X�§_OQZH i�EN3OQZm` ¦ �EN3�]O�X?WYJ.L�N3W�S�N3^_P�JµO�X?���EN3�]OQZH^(¡6���H���5J�XYJµ �N6XYJ.X�®5���5JµX�§_OQZB Y�EN3OQZ5XN3WYJ�OQZ&�YJ.¢�WiN3^_P�JTGQº�êb®�º.ñ5®*íbºJIq®CN3Z5a;���EN3�¶���5J���W ¤ Z5 �N3�YJ�au¸]OQPQ^\J.W��­X�§EN6 �J.X¨ �N3Zo^\J�O�a_J.ZI��OÂ·EJ�ao�yOQ���X ¤ ^5XYJ� .�Y¡6WYXs¡3ª¨���5J� .¡6L­§5PQJ.�YJ�abOQPVN3�iN3��O�¡6Z ¡6§\J.WiN3�Y¡6WH¡3ª N = 4 U(N) ²�³"´ ���5J�¡6W�«ú���EN3�HN3WYJJ8Åb§\J� .�YJ�as�Y¡­^\J	 .P�¡�XYJ�as�Y¡�N3Z&«¬¡6WYa_J.W?OQZs§(J.W�� ¤ W�^EN3��O�¡6ZH���5J�¡6W�«I`�5¡6W N = 2 £I¤ OQ¥IJ.W"¢IN ¤ ¢�J¨���5J�¡6W�«I®(���5J¶ª ¤ PQP�abOQPVN3�iN3��O�¡6Z;¡6§(J.WiN3�Y¡6W¶N3P�¡6Z_¢s�yOQ����§\¡�XYX�OQ^_P�J¨OQZ&�YJ8K¢�WiN3^_P�J�X ¤ ^5XYJ� .�Y¡6WYX*O�XCZ5¡6�*«IJ.�* �¡6L­§_P�J.�YJ.PQ«¨XYJ.����P�J�a,®6XY¡~��JyN3WYJ�Z5¡6��N3^_P�J��Y¡~OQL­L�J�abOVN3�YJ.PQ«¶¢�J.Z5J.WiN3PQOQ¹�J¡ ¤ WCWYJ�X ¤ PQ�YX*�Y¡~X�L�N3PQPM®3^ ¤ �CZ5¡6ZbKM¹�J.WY¡­¾ �*¸~¡&¡3ª��* �¡ ¤ §_PQOQZ_¢ λ `6¸~¡���J.¥�J.W�®3��J�Z5¡6�YJ����EN3�*L ¤  i�¨§_WY¡6¢�WYJ�XYX�EN6Xy^\J�J.ZxL�N6a_J"OÂZx���_O�X]N3WYJ�Nb` � Z¬§EN3W���O�  ¤ PVN3W�®\N3Z5¡6L�N3P�¡ ¤ X]abOQL�J.Z5X�O�¡6Z5X]¡3ª*¥�N3W�O�¡ ¤ X?¡6§\J.WiN3�Y¡6WYX�®_���5JN3Z5¡6L�N3P�¡ ¤ X"abOQL�J.Z5X�O�¡6Z�L�N3��W�OÂÅBWYJ�X���W�O� .�YJ�a��Y¡�¥�N3W�O�¡ ¤ X"X ¤ ^5XYJ� .�Y¡6WYX�®3
�J.���5J­N3Z5X.-3��¹�J­N3Z5aBOQZ&�YJ.¢�WiN0K^_OQPQOQ�q«¬�EN�¥IJ�^(J�J.ZxOQZI¥IJ�X���OQ¢IN3�YJ�asOQZ;G í�æ_®5í�êb®Eí3ñ5®5í�í_®5êbº�®Eí��b®5í�ïb®5í��b®Eí�åb®V���_®V�bº�®0��æLIq`
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� ZB���_O�X� i�EN3§_�YJ.W���J¶�yOQPQP�J8Åb�YJ.Z5aB���5J¶L�N3��W�OÂÅBL�¡Ia_J.PCª¿¡6W N = 2 £I¤ OQ¥IJ.W~¢IN ¤ ¢�J¶�Y�5J�¡6W�«B¡6Z S1 ×
S3 OQZ ² J� .��O�¡6Z5Xxæb`Qº8KUæb` æo�Y¡;OQZ5 .P ¤ a_J�Z5¡6ZbKM¹�J.WY¡u¼�½�¼¨¾ X�ª¿¡6W±���5J�XY �N3PVN3W±·EJ.P�a_X�`�ëC¡o���_O�X¬J.Z5aú��J �N3P�  ¤ PVN3�YJ¬���5J £I¤ N3ZI� ¤ L Ji»mJ. .��OQ¥IJsN6 .��O�¡6Z N3�¨��J�N3Sú¾ �­¸~¡&¡3ª��¨ �¡ ¤ §_PQOQZ_¢��Y¡uº�P�¡&¡6§uOQZ NHX�PQO� �J¬¡3ª���5J� �¡6Zb·5¢ ¤ WiN3��O�¡6ZHX�§EN6 �J�¡3ªC���5J~^EN6 iS&¢�WY¡ ¤ Z5a±·EJ.P�a_X�`_ëf¡¨X�OQL­§_PQOÂª�«����5J" �N3P�  ¤ PVN3��O�¡6Zx��J~WYJ�X���W�O� .�y�Y¡���5Jµ �N6XYJµ¡3ª�¹�J.WY¡ R KqX�«&L­L�J.��W�«x i�5J.L­O� �N3PC§\¡6�YJ.Z&��OVN3P�X�`\ë��5J	§(¡6�YJ.ZI��OVN3PC��Jµ �¡6L­§ ¤ �YJµ�yOQPQPf^(J	¥�N3PQO�a�yOQ���_OQZ����5J¶�YJ.L­§\J.WiN3� ¤ WYJ¨WiN3Z_¢�J 0 ≤ TR � λ−1/2 `(ë��5J¶¡6W�OQ¢�OQZ�¡3ªF���5Jµ^(¡ ¤ Z5a TR � λ−1/2 O�X���EN3�*���5J� �¡6P�¡6WÄKqJ.P�J� .��WYO� �D�J.^&«�J�XY .WYJ�J.Z_OQZ_¢�P�J.Z_¢���� (λ1/2T )−1 ¡3ª\���5J ³ N3Z_¢6K ´ OQPQP�X*§_PVN6X�L�N�Q*L ¤ X��*^(JL ¤  i�±P�J�XYX����EN3Z±���5J]WiN6abO ¤ X R ¡3ªf���5J S3 OQZ¬¡6WYa_J.W�ª¿¡6W����5J]§(J.W�� ¤ W�^EN3��OQ¥�J�XY i�5J.L�J]�Y¡µ^(J]WYJ.PQOVN3^_P�J�` Yë��5J~L�J.���5¡IasJ.L­§_P�¡0«�J�a±ª�¡6Wy �¡6L­§ ¤ ��OQZ_¢­���5J�J8»,J� .��OQ¥IJ]§(¡6�YJ.ZI��OVN3P,�yOQPQP(^(J~���5J�X��iN3Z5a5N3WYa±^EN6 iSIK¢�WY¡ ¤ Z5a�·EJ.P�a�ª¿¡6W�L�N3PQO�X�Lx`bë��EN3��O�X�®I��J�JiÅb§\N3Z5a����5J £I¤ N3ZI� ¤ L ·EJ.P�a_X?N3^\¡ ¤ �y .PVN6XYX�O� �N3P(^EN6 iS&¢�WY¡ ¤ Z5a·EJ.P�a_XµN3Z5a�§EN3����OÂZ&�YJ.¢�WiN3�YJ�¡�¥IJ.W"���5J_& ¤  .� ¤ N3��O�¡6Z5X�®fabO�XY �N3WYabOQZ_¢x�YJ.W�L�Xµ¡3ªy  ¤ ^_O� �¡6W"�_OQ¢��5J.Wµ¡6WYa_J.WOQZ±���5J~& ¤  .� ¤ N3��O�¡6Z5X�`_ë��5J]^EN6 iS&¢�WY¡ ¤ Z5a�·EJ.P�a_X��yOQPQP(^\J~�iN3S�J.Z±�Y¡¶^\J~X��iN3��O� "N3Z5a±X�§EN3��OVN3PQPQ«��5¡6L�¡6¢�J8KZ5J�¡ ¤ X ¦ ��� ¤ X�®����5JF§\¡6�iJ8Z&��OVN3P_¡6^_�iN3OQZ5J�a	ª�WY¡6L ���5JF �¡6L­§ ¤ �iN3��O�¡6Z­�yOQPQPI^(J�N]X��iN3��O� FJ8»,J� .��OQ¥IJ�§(¡6�YJ.ZI��OVN3PM`� ¤ W����5J.W�L�¡6WYJ�®f��J� �N3W�W�«�¡ ¤ �µ���5J� �¡6L­§ ¤ �iN3��O�¡6Zu¡6Z_PQ«�OQZoNxX�PQO� �J�¡3ª?���5J� �¡6Zb·5¢ ¤ WiN3��O�¡�ZuX�§EN6 �J�OQZ�y�_O� Y� ���5J±^EN6 iS&¢�WY¡ ¤ Z5ao·EJ.P�a_X�N3WYJ±L ¤ � ¤ N3PQPQ«;Sq �¡6L­L ¤ ��OQZ_¢*U¬OQZ NBXYJ.Z5XYJ±���EN3�­ �¡6Zbª¿¡6W�L�X¨�Y¡B���5J£I¤ OQ¥�J.W?X���W ¤  .� ¤ WYJ�`¦ J¶Z5¡0�Î§_WY¡& �J�J�a��yOQ���;N�L�¡6WYJ­a_J.�iN3OQP�J�a�a_J�XY .W�OQ§_��O�¡6Z�¡3ª����5J­ �N3P�  ¤ PVN3��O�¡6Zm`��5¡6W" �¡6Z&¥�J.Z_O�J.Z5 �J��J�·5WYX���WYJ�XY �N3P�J?N3PQP5���5J�·EJ.P�a_X�OQZ­���5J N = 2 £I¤ OQ¥�J.W�¢IN ¤ ¢�Jy���5J�¡6W�«­òfN3¢�WiN3Z_¢�OVN3Z±a_J.Z5X�OQ�U«�F¿N6X�¢�OQ¥�J.ZOQZx½ £ X�`�FÄº�` æb` ñ���M8®�FÄº�` æb`Qº0ï�M8®�FÄº�` æb`Qº8��M?N3Z5aBFÄº�` æb` ê�å�M�M��yOQ���BN¶ªMN6 .�Y¡6W?¡3ª gYM

N6X�ª¿¡6PQP�¡0�?X
φ −→ 1

gYM

φ . F¿êb` �b`QºLM
¦ JH���5J.Z J8Åb§EN3Z5aú���5J £I¤ N3Z&� ¤ L�·EJ.P�a_XsN3^\¡ ¤ �s .PVN6XYX�O� �N3P�^EN6 YS&¢�WY¡ ¤ Z5aú·EJ.P�a_X±^&«÷N3§_§_PQ«&OQZ_¢u���5J[ ìLkJf��L^zcgorv l b�or§�kJ`Lc3cedP^�xHkJh�uP`LcgoZcev kJw~kJ{�cedP^�;�^H§pnp^�b]xzfe^H^HwPv wP}El ^HwP}rced!kr{±orw

SU(N) ª orwP}r�]«!v l l b�uPl orb]h~o8�8b]^H^�|^J� }L� ��� �J�r�¤orw*�~cedP^�fe^z{�^zfe^HwPxH^HbKcedP^zfe^Hv w���HìLkJf�oEx�oZfe^z{�`Pl�^z�LuPl orw*oZcev kJw'kr{±cedPv bKu�kJv wpc��Pb]^H^�{�krf�^z�Porh�uPl ^C·p^Hxzcev kJw)�8� ��kr{3� ��µJ���
�bº



��æ ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
ª¿¡6PQP�¡��yOQZ_¢���WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X]�Y¡¨���5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«

Ai,(i+1) −→ Ai,(i+1) + ai,(i+1)
F¿êb` �b` æ�M

B(i+1),i −→ B(i+1),i + b(i+1),i
F¿êb` �b` ê�M

Φi −→ Φi + φi
F¿êb` �b` ñXM

Aµi −→ Aµi + δµ0αi .
F¿êb` �b` í�M

ë��5Jµ^EN6 YS&¢�WY¡ ¤ Z5aH·EJ.P�a_X ai,(i+1), b(i+1),i, φi
N3Z5a αi N3WYJ¨N6XYX ¤ L�J�aH�Y¡±XY¡6PQ¥�Jµ���5J¶½ ¤ P�J.WÄKqòfN3¢�WiN3Z5¢�J½�ý ´ ¾ X¨XY¡x���EN3�¶���5J.«oN3WYJ����5J�¼�½�¼¨¾ X¶¡3ª]���5J± �¡6W�WYJ�X�§\¡6Z5abOQZ_¢T& ¤  .� ¤ N3��OQZ_¢B·EJ.P�a_X�` ¦ J��iN3SIJ����5J^EN6 YS&¢�WY¡ ¤ Z5aB·EJ.P�a_X��Y¡±^(J¨X��iN3��O� ­N3Z5a�X�§EN3��OVN3PQPQ«H�5¡6L�¡6¢�J.Z5J�¡ ¤ X�®(OM` J�`( �¡6Z5X��iN3Z&�"¡6Z S1 × S3 `(ë��_O�XO�Xy�Y¡�§_WYJ�XYJ.W�¥�J	���5J SO(4) O�XY¡6L�J.��W�«s¡3ª S3 N6X?��J	�yOQPQPmZ5¡6�~J8Å5N3L­OQZ5J	���5J"L�¡6WYJµJ8Å_¡6��O� 	§_�EN6XYJ�X?OQZ�y�_O� Y�x���5J"¥�N6  ¤_¤ L�X�§\¡6Z&�iN3Z5J�¡ ¤ X�PQ«¬^_WYJ�N3SbXyWY¡6�iN3��O�¡6ZEN3PfOQZ&¥�N3W�OVN3Z5 �J�`ë��5J��YJ.W�L�X¶¡3ª?���5J�òfN3¢�WiN3Z_¢�OVN3Z a_J.Z5X�OQ�U«;N3W�O�X�OQZ_¢�N0ª��YJ.Wµ���5J���WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X FMêb` �b` æ�MMKJFMêb` �_` í�MN3WYJ]¢�WY¡ ¤ §(J�a±^&«����5J.OQWy¡6WYa_J.W�OQZ±���5J!& ¤  .� ¤ N3��OQZ_¢¨·EJ.P�a_X�`&ë��5J~�YJ.W�L�X�¡3ªf¹�J.WY¡6���s¡6Wia_J.WyN3WiJ]¢�WY¡ ¤ §(J�aOQZI�Y¡¬N­��WYJ�J8KMP�J.¥�J.P*òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«�`Eë��EJ	�YJ.W�L�X]PQOQZ5J�N3W~OQZH���5J�& ¤  .� ¤ N3��OQZ_¢±·EJ.P�a_X~ �¡6Lµ^_OQZ5J¶�Y¡¥�N3Z_O�X��uN6X	���5J�^EN6 YS&¢�WY¡ ¤ Z5a;·EJ.P�a_X¨N3WYJ�XY¡6P ¤ ��O�¡6Z5X¶�Y¡x���5J�½ ¤ P�J.WÄKqòfN3¢�WiN3Z_¢�J¬½�ý ´ ¾ X�` ¦ J�abO�XY �N3WYa�YJ.W�L�X~ �¡6Z&�iN3OQZ_OQZ_¢�& ¤  .� ¤ N3��OQZ_¢±·EJ.P�a_X]�Y¡±  ¤ ^_O� ¶¡6W~�_OQ¢��5J.W�¡6WYa_J.W�` ¡¶ë��5J £I¤ N3Z&� ¤ LÊ �¡6W�WYJ� .��O�¡6Z5X��Y¡���5JF��WYJ�J8KMP�J.¥�J.P_òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«	��� ¤ X�N3W�O�XYJ�ª�WY¡6L §EN3���¨OQZI�YJ.¢�WiN3��O�¡6Z5X�¡0¥�J.WC���5J��YJ.W�L�X £I¤ N6abWiN3��O� OQZs���5J'& ¤  .� ¤ N3��O�¡6Z5X�`Eë��5J�WYJ�X ¤ PQ�?�yOQPQPm��� ¤ X?^\J"¥�N3PQO�a¬�Y¡xº8KMP�¡I¡6§B¡6WYa_J.W?OQZs���5J"P�¡I¡6§HJ8Åb§EN3Z5X�O�¡6Zm`² OQZ5 �J¬���5J¬¹�J.WY¡�L�¡Ia_J�X ai,(i+1), b(i+1),i, φi
N3Z5a αi N3WYJs �¡6Z5X��iN3ZI��¡0¥�J.W S1 × S3 ®C���5J¬��WYJ�J8KP�J.¥�J.P�N6 .��O�¡6Z�O�X"¡6^_�iN3OQZ5J�aBª�WY¡6L©���5J¨��WYJ�J8KMPQJ.¥IJ.P�òfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«x^&«HX�OQL­§_PQ«HL ¤ PQ��OQ§_PQ«&OQZ_¢s���5J¥�¡6P ¤ L�Jm¢	¡3ª S1 × S3 ®_«&O�J.P�abOQZ_¢����5J�WYJ�X ¤ PQ�

S(0) =
2π2βR3

g2
YM

M∑

i=1

Tr

[
−
(
αiai,(i+1) − ai,(i+1)αi+1

)(
αi+1ai,(i+1) − ai,(i+1)αi

)

−
(
αi+1 b(i+1),i − b(i+1),iαi

)(
αi b(i+1),i − b(i+1),iαi+1

)

−
[
αi, φi

][
αi, φi

]
+R−2

(
ai,(i+1)ai,(i+1) + b(i+1),i b(i+1),i + φiφi

)

+
1

2

(
ai,(i+1)ai,(i+1) − a(i−1),ia(i−1),i + bi,(i−1) bi,(i−1)

− b(i+1),i b(i+1),i +
[
φi, φi

])2

− 2
((
ai,(i+1) b(i+1),i − bi,(i−1)a(i−1),i

)(
a(i−1),i bi,(i−1) − b(i+1),i ai,(i+1)

)

+
(
ai,(i+1)φi+1 − φiai,(i+1)

)(
ai,(i+1) φi − φi+1 ai,(i+1)

)

+
(
b(i+1),iφi − φi+1 b(i+1),i

)(
b(i+1),i φi+1 − φi b(i+1),i

))
]
. F¿êb` �b` ��M

­$`�krce^�ced*oZcCy�v ced�cedP^�fe^��L^z�*wPv cev kJw�kr{��*^Hl �Lbav w����8� ¹8� �Z�g�V�Lv b]x�oZfg�Lv wP})ce^zfeh�bCkr{�xH`P§Pv x~krfEdPv }JdP^zfEkrfg�L^zfEv w¨cedP^¼*`Pxzce`*oZcev kJwPbKv bKcedP^Corw*orl kJ}�kr{¤cgorq8v wP}EcedP^
gYM −→ 0

l v h�v c�v w�·8^Hxzcev kJw�¸p� �J�´ ©�k�§�^�b]u�^HxHv �*xJ�¤kJwP^~kJ§Lcgorv wPb
S(0) =

∫
S1×S3 d

4x
√

|g| L(0) = Vol(S1)Vol(S3)L(0) = 2π2βR3L(0)
y�dL^zfe^

Vol(Sk)
v b�cek~§�^av wmce^zfeuLfe^zce^���orb�cedP^

k
���Lv h�^HwPb]v kJw*orlXsmkJl `Ph�^Ckr{Ro

k
��b]uPdP^zfe^Ckr{Rb]kJh�^�fgoJ�Lv `PbH��¯±�LuPl v xHv cel np��l ^zc]cev wP}

r
�L^HwPkrce^�cedP^�fgoJ�Lv `PbH�LcedP^

k
���Lv h�^HwPb]v kJw*orl�smkJl `Ph�^�v b�}Jv sm^Hw'§pn

Vol(Sk) = 2π(k+1)/2

Γ( k+1
2 )

rk
�



��ê
� ��O�X��YJ� i�_Z_O� �N3PQPQ«¬abOgö�  ¤ PQ�?�Y¡­ �¡6L­§ ¤ �YJ"���5J £I¤ N3ZI� ¤ L� �¡6W�WYJ� .��O�¡6Z5Xy�Y¡¨���5J"J8»,J� .��OQ¥IJ~§(¡6�YJ.ZI��OVN3Pª¿¡6W�N3W�^_OQ��WiN3W�«¶^EN6 iS&¢�WY¡ ¤ Z5a¨·EJ.P�a_X�` ¦ J��yOQPQP_���5J.WYJ8ª¿¡6WYJyOQL­§\¡�XYJ����5Jy �¡6Z5X���WiN3OQZ&�YX�¢�OQ¥�J.Z­^(J.P�¡�� �y�_O� i�N3WYJ±N3ZEN3P�¡6¢�¡ ¤ X¨�Y¡xWYJ £I¤ OQW�OQZ_¢����EN3�µ�Y�5J�^EN6 iS&¢�WY¡ ¤ Z5a�·EJ.P�a_X¨ �¡6L­L ¤ �YJ�®f�y�_OQP�J¬N3�¶���5J±XiN3L�J���OQL�J���5J.«±WYJ�X�§(J� .�y���5J £I¤ OQ¥IJ.W?X���W ¤  .� ¤ WYJ	¡3ª*���5J"���5J�¡6W�«�`�COQWYX���®b���5J	ÃC¡6PQ«&N3S�¡0¥±P�¡&¡6§5XyL ¤ X���Sq �¡6L­L ¤ �YJJU"�yOQ���x���5J	XY �N3PVN3W?¼�½�¼¨¾ X�R

αi ai,(i+1) − ai,(i+1)αi+1 = 0 , αi+1 ai,(i+1) − ai,(i+1)αi = 0

αi+1 b(i+1),i − b(i+1),iαi = 0 , αi b(i+1),i − b(i+1),iαi+1 = 0 F¿êb` �b` ï�M
[
αi, φi

]
= 0 ,

[
αi, φi

]
= 0 .

² J� �¡6Z5a,®_���5J	XY �N3PVN3Wy¼�½�¼¨¾ XyL ¤ X���Sq �¡6L­L ¤ �YJJUµN3L�¡6Z_¢����5J.L�XYJ.PQ¥�J�X�R
ai,(i+1) ai,(i+1) − a(i−1),i a(i−1),i = 0 , bi,(i−1) bi,(i−1) − b(i+1),i b(i+1),i = 0

[
φi, φi

]
= 0 , a(i−1),i b(i+1),i − bi,(i−1) ai,(i+1) = 0

ai,(i+1) bi,(i−1) − b(i+1),i a(i−1),i = 0 , ai,(i+1) φi+1 − φi ai,(i+1) = 0

ai,(i+1) φi − φi+1 ai,(i+1) = 0 , b(i+1),i φi − φi+1 b(i+1),i = 0 F¿êb` �b` ��M
b(i+1),i φi+1 − φi b(i+1),i = 0 , ai,(i+1) b(i+1),i − bi,(i−1) a(i−1),i = 0

a(i−1),i bi,(i−1) − b(i+1),i ai,(i+1) = 0 , ai,(i+1) φi+1 − φi ai,(i+1) = 0

ai,(i+1) φi − φi+1 ai,(i+1) = 0 , b(i+1),i φi − φi+1 b(i+1),i = 0

b(i+1),i φi+1 − φi b(i+1),i = 0 .

À?ª��YJ.WyOQL­§\¡�X�OQZ_¢����5J	 �¡6Z5X���WiN3OQZ&�YX_F¿êb` �b` ï�MMKJF¿êb` �b` ��M����5J"��WYJ�J8KMP�J.¥�J.P*N6 .��O�¡6ZxWYJ�a ¤  �J�X?�Y¡
S(0) =

2π2βR

g2
YM

M∑

i=1

Tr
(
ai,(i+1) ai,(i+1) + b(i+1),i b(i+1),i + φiφi

)
. F¿êb` �b` å�M

¦ J" i�5¡I¡�XYJµN3Z Rξ ¢IN ¤ ¢�J	a_J8·5Z5J�as^&«sN6a_abOQZ_¢����5J"¢IN ¤ ¢�J�·_ÅbOQZ_¢±N6 8�YOQ¡6Z
Sg.f. =

1

g2
YM

1

2ξ

M∑

i=1

∫
d4x
√
|g| Tr

[
∂µAµi + i[αi, A0i] + iξ

((
a(i−1),iA(i−1),i−Ai,(i+1)ai,(i+1)

)

+
(
ai,(i+1)Ai,(i+1) −A(i−1),i a(i−1),i

)
+
(
b(i+1),iB(i+1),i −Bi,(i−1) bi,(i−1)

)

+
(
bi,(i−1)Bi,(i−1) −B(i+1),i b(i+1),i

)
+
[
φi,Φi

]
+
[
φi,Φi

]
)]2

. F¿êb` �b`Qº8��M
¦ JB�yOQPQP~ª ¤ W����5J.W�L�¡6WYJ� i�5¡I¡�XYJ����5JT�5J.«&Z_L�N3Z ¢IN ¤ ¢�J ξ = 1 ª¿¡6Ws �¡6Z&¥�J.Z_O�J.Z5 �J�`yë��EJB¥&OQW�� ¤ J�¡3ª���_O�X�¢IN ¤ ¢�Js·_ÅbOQZ_¢uN6 .��O�¡6ZúO�X����EN3��® ¤ X�OQZ_¢ F¿êb` �b` ï�MMKJF¿êb` �b` ��M8®�OQ�� �N3Z5 �J.P�X��YJ.W�L�X¬N3§_§(J�N3W�OQZ_¢oOQZ ���5JòfN3¢�WiN3Z_¢�OVN3Z�a_J.Z5X�OQ�U«HN0ª��YJ.W]���5J	��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X�F¿êb` �b` æ�MMKJF¿êb` �b` í�M?���EN3�~ �¡6Z&�iN3OQZB^\¡6���B¢IN ¤ ¢�J"·EJ.P�aN3Z5a�XY �N3PVN3W�·EJ.P�a¥& ¤  .� ¤ N3�YOQ¡6ZEX�`,ë�� ¤ X�®(¡6Z5J¨ �N3Z�a_¡±���5J¨§EN3����OQZI�YJ.¢�WiN3��O�¡6Z5Xµ¡�¥IJ.W����5J¶¢IN ¤ ¢�J¶·EJ.P�a& ¤  .� ¤ N3��O�¡6Z5X~N3Z5ax¡0¥�J.Wy�Y�5J"XY �N3PVN3Wy·EJ.P�a & ¤  .� ¤ N3��O�¡6Z5X]XYJ.§EN3W8N3�YJ.PÂ«I`



�3ñ ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
�*=y>E� n�> �b:\� n �fDí�E�	� � > � :,�L�	�	�
¦ J¶�yOQPQP�WYJ�X���W�O� .�"�Y¡¬���5J­ �N6XYJ¶�y�5J.WYJ�N3PQP*���5J¨¹�J.WY¡¬L�¡&a_J�X ai,(i+1), b(i+1),i, φi

N3Z5a αi N3WYJ¨�iN3SIJ.Z�Y¡H^\J±abOVN3¢�¡6ZEN3P N × N L�N3��W�O� �J�X�` £±ë��5J�L�¡�X��¶¢�J.Z5J.WiN3P?N3Z5XiN3��¹¬XiN3��O�XÄª�«&OQZ_¢�N3PQP����5J¬ �¡6Z5X���WiN3OQZI�YXF¿êb` �b` ï�MMKJF¿êb` �b` ��M�O�Xy¢�OQ¥IJ.Zs^&«
ai,(i+1) = diag

(
eiθ

i
1 , . . . , eiθ

i
N
)
a(i−1),i

F¿êb` �b`Qº8��M
b(i+1),i = diag

(
e−iθ

i
1 , . . . , e−iθ

i
N
)
bi,(i−1)

F¿êb` �b`Qº0ï�M
φi = φi+1

F¿êb` �b`Qº8��M
αi = αi+1 .

F¿êb` �b`Qº�å�M
¸~¡���J.¥�J.W�®����5J�¢IN ¤ ¢�JyOQZ&¥�N3W�OVN3Z5 �J]N3Z5a £I¤ OQ¥�J.W���WiN3Z5X�PVN3��O�¡6Z�OQZI¥�N3W�OVN3Z5 �J?¡3ª(���5J]N6 .��O�¡6Z�§_PVN6 �J�X�X���WY¡6Z_¢ �¡6Z5X���WiN3OQZI�YX]¡6Zx���5J�L�¡&a ¤ PQO θij N6Xy��J"�yOQPQP,ZE¡��° �¡6Z5X�O�a_J.W�` � Z5a_J.W~N¶¢IN ¤ ¢�J"��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z

ai,(i+1) −→ U ai,(i+1)U
† ∀ i = 1, . . . ,M , F¿êb` �b` æ���M

½ £ `�F¿êb` �b`Qº8��M�^\J� �¡6L�J�X
U ai,(i+1)U

† = diag
(
eiθ

i
1 , . . . , eiθ

i
N
)
U a(i−1),iU

† F¿êb` �b` æbºLM
N3Z5a N3ZEN3P�¡6¢�¡ ¤ X�PQ« ª¿¡6WTFMêb` �b`Qº0ï�M8`�ë�� ¤ X�®FOQZ ¡6WYa_J.W�ª¿¡6WTF¿êb` �b`Qº8��MMKJF¿êb` �b`�º0ï�M��i¡�^(JxOQZ&¥�N3W�OVN3Z&� ¤ Z5a_J.W¢IN ¤ ¢�J"��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Z5X�®_��J�L ¤ X��y�EN�¥�J

U diag
(
eiθ

i
1 , . . . , eiθ

i
N
)
U † = diag

(
eiθ

i
1 , . . . , eiθ

i
N
)
. F¿êb` �b` æ�æ�M

ë��_O�X�O�XyJ £I¤ OQ¥�N3P�J8Z&���Y¡¶WYJ £I¤ OQW�OQZ_¢ θi1 = · · · = θiN
` ² OQL­OQPVN3W�PQ«�®_X�OQZ5 �J~���5J"N6 .��O�¡6Z¬O�X�OQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W£I¤ OQ¥�J.W���WiN3Z5X�PVN3��O�¡6Z5X ai,(i+1) −→ a(i+1),(i+2)
®����5JsL�¡Ia ¤ PÂO θij L ¤ X��±N3P�XY¡�^(JsOQZ5a_J.§(J.Z5a_J.ZI�¬¡3ª¶ \�dP^Hw�cedP^�®�¯V®a° baoZfe^~orl l k�y3^��_cekt§�^�kr³����Lv or}JkmwPoJl|�XbeoZcev bN{ nLv wP}'cedP^�xHkJwPbNc]fgorv wpceb~���8� ¹8� OJ���g���8� ¹8� ¬m�Corl kJwP}'y�v cedcedP^��p`Pv sm^zf

M
��u�^zfev k8�Lv xHv c�n��|v|� ^J� �

a(i+M),(i+M+1) = ai,(i+1)

^zcexJ� �R`Pl cev h~oZce^Hl n!l ^�oJ�Lb3cekEfe^Hl oZcev kJwPb�§�^zc�y3^H^Hw
N
orw*�

M
�*orbKcedP^�{�kJl l k�y�v wP}�^z�PoJh�uPl ^�v l l `PbNc]fgoZce^HbH�;�^z�*wP^�cedP^�?�fgorv b]v wP}.@Corw*�A?�l k�y3^zfev wP}.@�kJu�^zfgoZcekrfeb

(J+)kl =

{
1 if l = k + 1

0 otherwise
, (J−)kl =

{
1 if l = k − 1

0 otherwise
.

���8� ¹8� �J�Z�
� b]b]`Ph�^Vced*oZc

αi

orw*�
φi

oZfe^��Lv or}JkJw*orlPorw*��ced*oZc
ai,(i+1)

orw*�
b(i+1),i

oZfe^Kor§�k�sm^Korw*�a§�^Hl k�y��Lv or}JkJw*orl|�Jfe^Hb]u�^Hxzcev sm^Hl n�|v|� ^J� �
(ai,(i+1))kl = 0

`PwPl ^Hb]b
l = k + 1

orw*�
(b(i+1),i)kl = 0

`PwPl ^Hb]b
l = k − 1

�g��©3dP^Hw)cedP^axHkJwPbNc]fgorv wmceb����8� ¹8� OJ������8� ¹8� ¬m��oZfe^�beoZcev bN�*^��t§pn!v h�u�kJb]v wP}acedP^�{�kJl l k�y�v wP}�fe^Hl oZcev kJwPbH�
ai,(i+1) = J−a(i−1),iJ

+ , ai,(i+1) = J−a(i−1),iJ
+

���8� ¹8� �Z¸J�
b(i+1),i = J−bi,(i−1)J

+ , b(i+1),i = J−bi,(i−1)J
+

���8� ¹8� ���m�
φi+1 = J−φiJ

+ , φi+1 = J−φiJ
+ .

���8� ¹8� �Híp�
B n~cedP^��p`Pv sm^zf

M
��u�^zfev k8�Lv xHv c�n!y3^�hE`PbNcKd*o�sm^

(J+)M = (J−)M = 1N

���8� ¹8� �ZîJ�
y�dPv xed'v b�c]fe`L^�v {���orw*�!kJwPl n!v {��

N |M
�|b]v wPxH^

J± cedPkJ`P}Jdpc�kr{0orb�}rfekJ`Pu'^Hl ^Hh�^HwpcebKd*o�sm^�krfg�L^zf N �g�



�Xõ�ó�õ ö ��ð~}­z~�Gm ���Eò!ò!�~�yzC�p��})�âQ�ò��Dmé�����K��}~����Q�l?�y�yz~��ð]zC�p��})� ��í
i `��COQZEN3PQPQ«I®,^(J� �N ¤ XYJ�¡3ªy���5J�O�a_J.ZI��OÂ·E �N3��O�¡6Z ai,(i+1) = a(i+M),(i+M+1)

®,���5J�L�¡Ia ¤ PQO θij L ¤ X��	^(JOQZI�YJ.¢�J.W?L ¤ PQ��OQ§_P�J�X]¡3ª 2π
M
`

¦ J­ �¡6Z5 .P ¤ a_J­���EN3� ¤ §(¡6Z�WiJ.X��YW�O� 8�YOÂZ5¢s�Y¡sabOVN3¢�¡6ZEN3PF¼�½�¼¨¾ X ai,(i+1), b(i+1),i, φi, αi
®\���5J­L�¡�X��¢�J.Z5J.WiN3PF¥�N6  ¤_¤ LéXiN3��O�XÄª�«&OQZ_¢BF¿êb` �b` ï�MMKJF¿êb` �b` ��MµN3Z5a�WYJ�X�§\J� .��OQZ_¢H���5J�¢IN ¤ ¢�J�OQZI¥�N3W�OVN3Z5 �J¬N3Z5a £I¤ OQ¥IJ.W��WiN3Z5X�PVN3��O�¡6ZEN3PfOÂZ&¥�N3W�OVN3Z5 �J	¡3ª*���5JµN6 .��O�¡6ZBN3P�¡6Z_¢��yOQ���x���5J £I¤ OQ¥IJ8W M KM§\J.W�O�¡&abO� .OQ�q«sO�X

ai,(i+1) = ωk a(i−1),i
F¿êb` �b` æ�ê�M

b(i+1),i = ω−k bi,(i−1)
F¿êb` �b` æ3ñXM

φi = φi+1
F¿êb` �b` æ�í�M

αi = αi+1
F¿êb` �b` æ���M

�y�5J.WYJ ω = e2πi/M N3Z5a k ∈ Z
`(ë��_O�X�O�X����5J¶¥�N6  ¤_¤ Lð��J¶�yOQPQP�N6ab�5J.WYJ¨�Y¡±OQZ����5J¨ �¡6L­§ ¤ �iN3��O�¡6Z5X���_WY¡ ¤ ¢��5¡ ¤ �]���_O�X]XYJ� .��O�¡6Zm` ¦ J"�yOQPQPm·5Z5as���EN3�?���5JµJ8Åb§_WYJ�XYX�O�¡6Zsª¿¡6W?���5J £I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJµN6 .��O�¡6ZO�XyOQZ5a_J.§\J.Z5a_J.Z&�~¡3ª*���5J�¥�N3P ¤ J	¡3ª k OQZ�F¿êb` �b` æ�ê�MMKJF¿êb` �b` æ3ñ¤M8`

��ÙrØ " ã æ0p!ç ã � «�ß�äRä3Û�«�çRÝZß0p � ámä3ßÖ� ü�ß � ß0p_Ý!«DC ã «�ç ã æ�çRÝZß0p �
ë��5J.WYJ�N3WYJ�WiN6abOVN3��OQ¥�J� �¡6W�WYJ� .��O�¡6Z5Xµ�Y¡s���5J���WYJ�J8KMP�J.¥�J.PF§\¡6�YJ.Z&��OVN3P� �¡6L­OQZ_¢xª�WY¡6LÌ§EN3���;OQZI�YJ.¢�WiN3��O�¡6Z5X¡�¥IJ.W����5J�§EN3W��?¡3ª*���5J	N6 .��O�¡6Zs���EN3�yO�X £I¤ N6abWiN3��O� �OQZs���5J�^\¡�XY¡6Z_O� '& ¤  .� ¤ N3��O�¡6Z5X�`V
�J.P�¡�� ��J�§_WYJ�XYJ.ZI�OQZxNµ^_OQPQOQZ5J�N3W�ª¿¡6W�L ���5J~§EN3W��y¡3ªC���5J"N6 .��O�¡6Zs���EN3��O�X £I¤ N6abWiN3��O� ~OQZ¬�Y�5J~^\¡�XY¡6Z_O� t& ¤  .� ¤ N3��O�¡6Z5X�®5N6X�OQ�N3§_§\J�N3WYX]N0ª��YJ.Wy^\J.OQZ_¢�N6a_a_J�a¬�Y¡¨���5J~¢IN ¤ ¢�J~·_ÅbOQZ_¢�N6 .��O�¡6ZBF¿êb` �b`Qº8��MyN3Z5a±���5J)�\N6a_J�J.¥IKqÃC¡6§(¡�¥¬¢��5¡�X��N6 .��O�¡6Zm®_N3Z5a����5J� �¡6Z5X���WiN3OQZI�YX�F¿êb` �b` ï�MMKJF¿êb` �b` ��MF�EN�¥�J]^(J�J.Z¬OQL­§\¡�XYJ�a,`bë��5J~§EN3���±OQZ&�YJ.¢�WiN3P�X��yOQPQP\���5J.Z^\J_+"N ¤ XYX�OVN3ZHN3Z5ax �N3Zs^(J	J.¥�N3P ¤ N3�YJ�axJ�N6X�OQPQ«�`�COQWYX��y��J�OQZ&��WY¡Ia ¤  �JµXY¡6L�J�Z5¡6�iN3��O�¡6Zm`0D�J8·5Z5J

Aµmn ≡




(Aµ1)mn```
(AµM )mn


 , Amn ≡




(A1,2)mn```
(AM,1)mn


 , F¿êb`Qº�`QºLM

Bmn ≡




(B1,M )mn```
(BM,(M−1))mn


 , Φmn ≡




(Φ1)mn```
(ΦM )mn


 F¿êb`Qº�` æ�M

XY¡¨���EN3��®5J�` ¢5`Q®

(AT )mn =
(
(A1,2)mn, . . . , (AM,1)mn

)
and A

∗
mn =




(A1,2)nm```
(AM,1)nm


 . F¿êb`Qº�` ê�M

� ¤ W����5J.W�L�¡6WYJ�®fa_J8·5Z5J¨ª¿¡6W�·_Å_J�a m,n ���5J_& ¤  .� ¤ N3��O�¡6Zo¡6§\J.WiN3�Y¡6WiX 2
mn
g ,2mn

A
,2mn

B

N3Z5a
2
mn
Φ

N6X



��� ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
���5J~ª¿¡6PQP�¡0�yOQZ_¢ M ×M L�N3��W�O� �J�X¨F2PVN3^\J.PQP�J�ax^I« i, j = 1, . . . ,M M

(2mn
g )ij =





−2
(
(a(i−1),i)nn (a(i−1),i)mm + (bi,(i−1))nn (bi,(i−1))mm

)
for j = i− 1

−∂2 − 2i(αn
i − αm

i )∂0 + (αn
i − αm

i )2

+2
(
(ai,(i+1))nn (ai,(i+1))nn + (a(i−1),i)mm (a(i−1),i)mm

+(bi,(i−1))nn (bi,(i−1))nn + (b(i+1),i)mm (b(i+1),i)mm

+
(
(φi)nn − (φi)mm

) (
(φi)nn − (φi)mm

))
for j = i

−2
(
(ai,(i+1))nn (ai,(i+1))mm + (b(i+1),i)nn (b(i+1),i)mm

)
for j = i+ 1F¿êb`Qº�` ñXM

N3Z5a

(2mn
A )ij =





−2
(
(ai,(i+1))nn (a(i−1),i)mm + (b(i+1),i)nn (bi,(i−1))mm

)
for j = i− 1

−∂2 − 2i(αn
i+1 − αm

i )∂0 + (αn
i+1 − αm

i )2 +R−2

+ 2
(
(ai,(i+1))nn (ai,(i+1))nn + (ai,(i+1))mm (ai,(i+1))mm

+(b(i+1),i)nn (b(i+1),i)nn + (b(i+1),i)mm (b(i+1),i)mm

+
(
(φi+1)nn − (φi)mm

) (
(φi+1)nn − (φi)mm

))
for j = i

−2
(
(a(i+1),(i+2))nn (ai,(i+1))mm + (b(i+2),(i+1))nn (b(i+1),i)mm

)
for j = i+ 1F¿êb`Qº�` í�M

N3Z5a

(2mn
B )ij =





−2
(
(a(i−1),i)nn (ai,(i+1))mm + (bi,(i−1))nn (b(i+1),i)mm

)
for j = i− 1

−∂2 − 2i(αn
i − αm

i+1)∂0 + (αn
i − αm

i+1)
2 +R−2

+ 2
(
(ai,(i+1))nn (ai,(i+1))nn + (ai,(i+1))mm (ai,(i+1))mm

+(b(i+1),i)nn (b(i+1),i)nn + (b(i+1),i)mm (b(i+1),i)mm

+
(
(φi)nn − (φi+1)mm

) (
(φi)nn − (φi+1)mm

))
for j = i

−2
(
(ai,(i+1))nn (a(i+1),(i+2))mm + (b(i+1),i)nn (b(i+2),(i+1))mm

)
for j = i+ 1F¿êb`Qº�` ��M



�Xõ�ó�õ ö ��ð~}­z~�Gm ���Eò!ò!�~�yzC�p��})�âQ�ò��Dmé�����K��}~����Q�l?�y�yz~��ð]zC�p��})� ��ï
N3Z5a

(2mn
Φ )ij =





−2
(
(a(i−1),i)nn (a(i−1),i)mm + (bi,(i−1))nn (bi,(i−1))mm

)
for j = i− 1

−∂2 − 2i(αn
i − αm

i )∂0 + (αn
i − αm

i )2 +R−2

+ 2
(
(ai,(i+1))nn (ai,(i+1))nn + (a(i−1),i)mm (a(i−1),i)mm

+(bi,(i−1))nn (bi,(i−1))nn + (b(i+1),i)mm (b(i+1),i)mm

+
(
(φi)nn − (φi)mm

) (
(φi)nn − (φi)mm

))
for j = i

−2
(
(ai,(i+1))nn (ai,(i+1))mm + (b(i+1),i)nn (b(i+1),i)mm

)
for j = i+ 1F¿êb`Qº�` ï�M

ë��5J.Zo���5J�§EN3W��¨¡3ª]���5J¬N6 .��O�¡6Zu���EN3�¶O�X £I¤ N6abWiN3��O� ±OQZo���5J�^(¡�XY¡6Z_O� W& ¤  .� ¤ N3��O�¡6Z5X6F2OQZ5 .P ¤ abOQZ_¢����5J�EN6a_J�J.¥IKqÃ*¡6§\¡0¥¬¢��5¡�X��YX ci, ci M� �N3Zx^\J"�yW�OQ���YJ.ZxOQZx���5J~ª¿¡6W�L F k = 1, 2, 3 M
Sb =

1

g2
YM

N∑

m,n=1

∫
d4x
√
|g|
(

1
2(A⊥T

k )mn2
mn
g (A⊥

k )nm + 1
2(∂kF

T )mn2
mn
g (∂kF)nm

+1
2 (AT

0 )mn 2
mn
g A0nm + (cT )mn 2

mn
g c

∗
mn

+ (AT )mn 2
mn
A A

∗
mn + (BT )mn 2

mn
B B

∗
mn + (ΦT )mn 2

mn
Φ Φ

∗
mn

) F¿êb`Qº�` ��M
�y�5J.WYJ�®EN6XyOQZ ² J� .��O�¡6ZBæb`Qº�®_���5J	X�§EN3��OVN3Pm �¡6L­§(¡6Z5J.ZI�YX~¡3ª*���5J"¢IN ¤ ¢�J�·EJ.P�as�EN�¥�J�^(J�J.ZHa_J� �¡6L­§\¡�XYJ�aOQZI�Y¡	N~��WiN3Z5X�¥IJ.WYXiN3P�F2OM` J�`Q®�abOQ¥IJ.W�¢�J.Z5 �J.P�J�XYXJMf§EN3W�� (A⊥

i )k N3Z5a�N~P�¡6Z_¢�OQ� ¤ abOQZEN3PE§EN3W�� (∇Fi)k `�ë��5J.WYJ.^I«N3PQPm���5J�·EJ.P�a_X?�EN�¥IJ�^(J�J.Zx�yW�OQ���YJ.ZHOQZx�YJ.W�L�X]¡3ª S3 X�§_�5J.W�O� �N3Pf�EN3W�L�¡6Z_O� �X�`5ë��5J	§EN3���xOQZI�YJ.¢�WiN3��O�¡6Z5X¡�¥IJ.W¨���5J¬^(¡�XY¡6Z_O� �& ¤  .� ¤ N3��O�¡6Z5X Ai,(i+1), B(i+1),i,Φi
N3Z5a Aµi  �N3Z Z5¡�� WYJ�N6abOQPQ«o^(J¬a_¡6Z5JxN3Z5a«&O�J.P�a¬���5J�ª¿¡6W�L�N3PfJ8Åb§_WYJ�XYX�O�¡6ZV½

Γbos

[
αi, ai,(i+1), b(i+1),i, φi

]
=

1

2

N∑

m,n=1

Tr ln det 2
mn
g +

N∑

m,n=1

Tr ln det 2
mn
A

+
N∑

m,n=1

Tr ln det 2
mn
B +

N∑

m,n=1

Tr ln det 2
mn
Φ . F¿êb`Qº�` å�M

¸~J.WYJ����5J���WiN6 �J�X�N3WYJ��iN3SIJ.Z¶¡0¥�J.Wf���5J ´ N3�YX ¤ ^EN3WiNyª�WYJ £I¤ J.Z5 .O�J�X*N3Z5a¶¡�¥IJ.Wf���5J S3 X�§_�5J.W�O� �N3P&�EN3W�L�¡6ZbKO� �X�®,N3Z5a����5J¨a_J.�YJ.W�L­OQZEN3Z&�YX¶N3WYJ¶�iN3SIJ.Z�¡0¥IJ8W"���5J i, j OQZ5abO� �J�X	¡3ª����5J¨¡6§(J.WiN3�Y¡6WYX 2
mn
g ,2mn

A
,2mn

BN3Z5a
2
mn
Φ

` � Z¬���5J~¢�J.Z5J.WiN3P,¥�N6  ¤_¤ L F¿êb` �b`Qº8��MMKJF¿êb` �b`�º�å�M����5J�XYJ�¡6§(J.WiN3�Y¡6WYX]N3WYJ���W�O�abOVN3¢�¡6ZEN3PM®_§\J.W�O�¡&abOÂK �N3PQPQ«� �¡6Z&��OQZ ¤ J�a¬L�N3��W�O� �J�X�F¿N6XYX ¤ L­OQZ_¢ M ≥ 3 M8`&ë��EJ~a_J.�YJ.W�L­OQZEN3Z&�?¡3ªf���_O�Xy .PVN6XYX�¡3ªfL�N3��W�O� �J�X��yN6X¿z\_^'oZfe^'`Pb]v wP}_o)fgoZcedP^zf�b]l kJuPupn�wPkrcgoZcev kJw�dP^zfe^'orb�cedP^~ce^zfehÐv w8smkJl s8v wP}
2

mn
g

v bEcek�§�^tv wpce^zfeu8fe^zce^���orbEcedP^cekrcgorlKxHkJwpc]fev §P`Lcev kJw�{ fekJhOcedP^!u*oZcedWv wpce^H}rfgoZcev kJwPb�kZsm^zf�cedP^~c]fgorwPb]sm^gfebeoJl�orw*��l kJwP}Jv ce`*�Lv w*orlKu*oZf]ceb�kr{�cedP^!b]u*oZcev orlxHkJh�u�kJwP^Hwpceb�kr{VcedP^C}mor`P}J^C�*^Hl ���*cedP^�cev h�^�xHkJh�u�kJwP^Hwpc�kr{0cedP^�}por`P}J^C�*^Hl �)orw*�tcedP^aìPoJ�L^H^Hsp��i¤kJu�kZst}JdPkJbNcebH��©3dP^v w*�Lv s8v �L`*orl�xHkJwpc]fev §P`Lcev kJwPb�oZfe^�^z�LuPl v xHv cel n!yKfev c]ce^Hw'kJ`Lc�v w¨���8� �J� ���m�K§�^Hl k�y��



��� ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
 �¡6Z5X�O�a_J.WYJ�asOQZHã]J8ª�`3G �3ñ�IEF�À]§_§(J.Z5abOÂÅ�
~M��y�5¡¶ª¿¡ ¤ ZEa¬���5J�ª¿¡6PQP�¡��yOQZ_¢�WYJ�X ¤ PQ��®b¥�N3PQO�a¬ª¿¡6W M ≥ 3 R

det 2
mn = tr

1∏

i=M

(
(2mn)ii −(2mn)i,(i−1)(2

mn)(i−1),i

1 0

)

+ (−1)M+1 tr
1∏

i=M

(
(2mn)i,(i−1) 0

0 (2mn)(i−1),i

)
. F¿êb`Qº�`Qº8��M

ë��5J"OÂZ&¥IJ.WYXYJ"¡6WYa_J.W]¡3ª*���5J"OQZ_OQ��OVN3PCN3Z5a¬·5ZEN3PmOQZ5abO� �J�X]¡6Zs���5J"§_WY¡Ia ¤  .�~X�«&Lµ^(¡6P,OQZ5abO� �N3�YJ�X]���EN3�y���5JL�N3��W�OÂÅ¬�yOQ���x���5J"�_OQ¢��5J�X��?OQZ5a_J8Å i O�X?¡6Zs���5J"P�J8ª��?¡3ª*���5J"§_WY¡Ia ¤  .��`�5¡6W�� ¤ ZEN3�YJ.PQ«I®_OQZs���5J�¥�N6  ¤_¤ L F¿êb` �b` æ�ê�MMKJF¿êb` �b` æ���M����5Jt& ¤  .� ¤ N3��O�¡6ZBa_J.�YJ.W�L­OQZEN3ZI�YX]�iN3S�J	N¶L ¤  Y�X�OQL­§_P�J.Wfª¿¡6W�Lx`ZK�N3L�J.PQ«�® ¤ X�OQZ_¢�F¿êb` �b` æ�ê�MMKJF¿êb` �_` æ���M8®����5J�¡6§(J.WiN3�Y¡6WYX 2
mn
g ,2mn

A
,2mn

B
,2mn

Φ

FVª¿¡6WC·_Å_J�a
m,n M� �N3Zs^(J��yW�OQ���YJ.ZxOQZx���5J�§EN3W���O�  ¤ PVN3W?ª¿¡6W�L ^(J.P�¡��	®\N3Z5a¬���5J.WYJ"O�X]N¨X�OQL­§_P�J	 .P�¡�XYJ�axJ8Åb§_WYJ�XYX�O�¡6Zª¿¡6Wy���5J"a_J.�YJ.W�L­OQZEN3Z&��` �	ë��EN3�?O�X�®_a_J8·5Z_OQZ_¢ ω ≡ e2πi/M ®_��J"�EN�¥IJ����5J	a_J.�YJ.W�L­OQZEN3ZI�?ª¿¡6W�L ¤ PVN

det




ξ −η −ω−k(M−1)η

−η ξ −ωkη
−ω−kη ξ

` ` `` ` ` ` ` ` −ωk(M−2)η

−ωk(M−1)η −ω−k(M−2)η ξ




=
M∏

i=1

(
ξ − ωiη − ω−iη

)
. F¿êb`Qº�`Qº�ºLM

K~¡6�YJxOQZú§EN3W���O�  ¤ PVN3W¬���EN3�¬���5JH§_�EN6XYJ�X ωk ¡6Zú���5JHP�J8ª��±�EN3Z5aúX�O�a_JH �N3Z5 �J.P"¡ ¤ ��`�ë��5J.WYJ8ª¿¡6WYJ�®Fª¿¡6WN3ZI«o¥�N3P ¤ Js¡3ª k ∈ Z
OQZOF¿êb` �b` æ�ê�MMKJF¿êb` �b` æ3ñXM8®F¡6Z5Js¡6^_�iN3OQZ5X­���5JxXiN3L�J±WYJ�X ¤ PQ�¨ª¿¡6W­���5J�& ¤  .� ¤ N3��O�¡6Za_J.�YJ.W�L­OQZEN3ZI�YX�`

òmJ.� ¤ X?a_J8·5Z5J"�5J.WYJ�ª¿¡6W? �¡6ZI¥IJ.Z_O�J.Z5 �J

vi,j; n,m ≡ 2
((

(ai,(i+1))nn − ω−j (ai,(i+1))mm
)(

(ai,(i+1))nn − ωj (ai,(i+1))mm
)

+
(
(b(i+1),i)nn − ωj (b(i+1),i)mm

)(
(b(i+1),i)nn − ω−j (b(i+1),i)mm

)

+
(
(φi)nn − (φi)mm

)(
(φi)nn − (φi)mm

))
. F¿êb`Qº�`Qº�æ�M

K~¡�� ��J¨N3§_§_PQ«s���5J¶a_J.�YJ.W�L­OQZEN3Z&�~ª¿¡6W�L ¤ PVN#F¿êb`Qº�`Qº�ºLMy�Y¡����5J	ª¿¡6W�L�N3PCJ8Åb§_WYJ�XYX�O�¡6Z F¿êb`Qº�` å�M�ª¿¡6W Γbos
`ë��5J.Z���Jy�iN3S�Jy���5J���WiN6 �J�XF¡0¥�J.W����5J ´ N3�YX ¤ ^EN3WiN~ª�WYJ £I¤ J.Z5 .O�J�X�N3Z5a�¡�¥IJ.W����5J S3 X�§_�5J.W�O� �N3PE�EN3W�L�¡6ZbK

� ©�k�uLfekZsm^VcedP^V{�krfehE`Pl o8�ZwPkrce^0�PfebNc¤ced*oZcXcedP^0u�k�y3^zfeb±kr{
ωk
oruPu�^�oZfev wP}�v wCcedP^0b]`Pu�^zf]��orw*��b]`P§��Lv or}JkJw*orlphE`Lce`*orl l nx�orwPxH^HlLorxHxHkrfg�Lv wP}�cekE���8� �J� ��¹p�g�mb]k�cedP^K�L^zce^zfeh�v w*orwpc¤v bVv w*�L^Hu�^Hw*�L^Hwmc±kr{*cedP^RsJorl `P^3kr{

k
�JiV`Lc]cev wP}

k = 0
�ZcedP^R{�krfehE`Ll o���8� �J� ��¹m�Kv b�oEb]u�^HxHv orlXx�orb]^Ckr{V¯0�*�X� � � �Z�3v w���^z{���� �mîZ���



�Xõ�ó�õ ö ��ð~}­z~�Gm ���Eò!ò!�~�yzC�p��})�âQ�ò��Dmé�����K��}~����Q�l?�y�yz~��ð]zC�p��})� ��å
O� �X�®bPVN3^\J.PQP�J�ax^I«±���5JµN3Z_¢ ¤ PVN3W]L�¡6L�J.ZI� ¤ L h F�XYJ�J"ëCN3^_P�Jµæ�M8`5ë��_O�X?«&OQJ.P�a_X?���5J~ª¿¡6PQP�¡0�yOQZ_¢�WYJ�X ¤ PQ�

Γbos =
1

2M

M∑

i,j=1

N∑

m,n=1

∞∑

k=−∞
Trh≥0 ln

[(
ωk + (αnni − αmmi )

)2
+ ∆2

g + vi,j; n,m

]

+
1

2M

M∑

i,j=1

N∑

m,n=1

∞∑

k=−∞
Trh>0 ln

[(
ωk + (αnni − αmmi )

)2
+ ∆2

s + vi,j; n,m

]

+

(
1

2
− 1

)
1

M

M∑

i,j=1

N∑

m,n=1

∞∑

k=−∞
Trh≥0 ln

[(
ωk + (αnni − αmmi )

)2
+ ∆2

s + vi,j; n,m

]

+
3

M

M∑

i,j=1

N∑

m,n=1

∞∑

k=−∞
Trh≥0 ln

[(
ωk + (αnni − αmmi )

)2
+ ∆2

s +R−2 + vi,j; n,m

]
.

F¿êb`Qº�`Qº�ê�M
¸~J.WYJ~���5J]·5WYX��yPÂOQZ5J" �¡6L�J�X�ª2Wi¡6L ���5J~§EN3���sOQZI�iJ8¢�W8N3��O�¡6Z5X?¡0¥�J.W����5J���WiN3Z5X�¥�J.WYXYJ~§EN3W��?¡3ªC���5J�X�§EN3��OVN3P¢IN ¤ ¢�Jy·\J8P�a,®bN3Z5a����5J]XYJ� �¡6Z5a�PQOQZ5Jyª�WY¡6L ���5J]OQZI�YJ.¢�WiN3��O�¡6Z5X�¡0¥�J.W����5J?P�¡6Z_¢�OQ� ¤ abOQZEN3P(§EN3W���`&ë��5J?���_OQWYaPQOQZ5J� �¡6L�J�Xmª�WY¡6L OQZ&�YJ.¢�WiN3��OQZ_¢"¡�¥IJ.Wf���5JF�YJ.L­§(¡6WiN3P_ �¡6L­§\¡6Z5J.Z&��¡3ª5���5JF¢IN ¤ ¢�J�·EJ.P�a¨N3Z5aµ���5JE�EN6a_J�J.¥IKÃC¡6§(¡�¥¶¢��5¡�X��iX�®6 �¡6Z&��W�OQ^ ¤ ��OQZ_¢	�yOQ�������5J���J.OQ¢��&�YX 1

2
N3Z5a −1 ®6WYJ�X�§\J� .��OQ¥IJ.PQ«�`��COQZEN3PQPQ«I®6���5J�ª¿¡ ¤ W����­PQOQZ5J �¡6L�J�X"ª�WY¡6LÌ§EN3����OQZ&�YJ.¢�WiN3��OQZ_¢�¡�¥IJ.W"�Y�5J� �¡6Zbª¿¡6W�L�N3PQPQ«� .¡ ¤ §_P�J.aoXY �N3PVN3W)& ¤  .� ¤ N3��O�¡6Z5X�`�K~¡6�YJ­���EN3����5J.WYJ¶O�X"N3Z�J8Å5N6 .�" �N3Z5 �J.PQPVN3��O�¡6Z�^(J.�q��J�J.Z����5J¶ �¡6Z&��W�OQ^ ¤ ��O�¡6Z5X	¡3ª�N3PQP h > 0 X�§_�5J.W�O� �N3P*�\N3W�L�¡6Z_O� �XOQZ±���5J�XYJ� �¡6Z5asN3Z5a±���_OQWYa±PQOQZ5J�`bÀ~X���J~�yOQPQP,XYJ�J]OQZ ² J� .��O�¡6Zsñ5` æb®I���EJ~X ¤ W�¥&OQ¥&OQZ_¢­ �¡6ZI��W�OQ^ ¤ ��O�¡6Zsª�WY¡6L���5J h = 0 XY �N3PVN3W�X�§_�5J.W�O� �N3P?�EN3W�L�¡6Z_O� s�yOQPQP?^(J¬���5Jxa_¡6L­OQZEN3��OQZ_¢�W8N6abOVN3��OQ¥�Jx �¡6W�WYJ� .��O�¡6Z÷OQZ ���5JP�¡���KM�YJ.L­§(J.WiN3� ¤ WYJµWYJ.¢�OQL�J�`ë��5J~X ¤ L­L�N3��O�¡6Z5Xy¡�¥IJ.WF���5J¨F2^(¡�XY¡6Z_O� LM ´ N3�YX ¤ ^EN3WiN"ª�WYJ £I¤ J.Z5 .O�J�X ωk ≡ 2πk

β
 �N3Z±^\J]§(J.WÄª¿¡6W�L�J�aJ8Åb§_PQO� .OQ��PQ«H^&«BN3§_§_PQ«&OQZ_¢s���5Jµª¿¡6PQP�¡0�yOQZ_¢¬O�a_J.Z&��OQ�U«H�y�_O� i���5¡6P�a_X ¤ §��Y¡sN3Z�N6a_abOQ��OQ¥�J­ �¡6Z5X��iN3Z&�����EN3�a_¡IJ�X?Z5¡6�?a_J.§(J.Z5ax¡6Z ∆

∞∑

k=−∞
ln
[
(ωk + α)2 + ∆2

]
= ln

[(
1− e−β(∆+iα)

)(
1− e−β(∆−iα)

)]
+ β∆ F¿êb`Qº�`Qº.ñXM

= 2 ln

∣∣∣∣2 sinh
β∆ + iβα

2

∣∣∣∣
F¿êb`Qº�`Qº�í�M

= β∆− 2
∞∑

l=1

1

l
e−βl∆ cos(βlα) . F¿êb`Qº�`Qº8��M

¸~J.WYJ#F¿êb`Qº�`Qº.ñXM	O�Xµ���5J ´ N3�YX ¤ ^EN3WiNsª�WYJ £I¤ J.Z5 .«;X ¤ LÕF¿æb`Qº�` ñIæ�M¶N3Z5a F¿êb`Qº�`Qº8��M"O�X¶§_WY¡�¥IJ.Zo^I«�ë*N�«&P�¡6WJ8Åb§EN3Z5abOQZ_¢ ln OQZjF¿êb`Qº�`Qº�í�M"N3Z5a ¤ X�OQZ_¢x���5J�a_J8·5Z_OQ��O�¡6Zo¡3ª sinh N3P�¡6Z_¢H�yOQ�������5J¨O�a_J.Z&��OQ�U« ln |z| =
Re ln z `À?ª��YJ.WC§\J.WÄª¿¡6W�L­OQZ_¢"���5J�X ¤ L­L�N3��O�¡6Z5X�¡�¥IJ.WC���5J ´ N3�YX ¤ ^EN3WiN?ª�WYJ £I¤ J.Z5 .O�J�X*^I« ¤ XYJ�¡3ª�F¿êb`Qº�`Qº8��MCN3Z5a�yW�OQ��OQZ_¢­¡ ¤ �����5J~��WiN6 �J�Xy¡�¥IJ.W����5J S3 X�§_�5J.W�O� �N3P(�EN3W�L�¡6Z_O� �X��yOQ���¬���5J"N3§_§_WY¡6§_W�OVN3�YJ"J.OQ¢�J.Z&¥�N3P ¤ J�Xy¡3ª



ï*� ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
∇2 N3Z5as���5J.OQW]a_J.¢�J.Z5J.WiN6 .O�J�X¨F� 8ª�`_ëCN3^_P�Jµæ�M���J�·5Z5a
Γbos =

1

2M

M∑

i,j=1

N∑

m,n=1

[
− β

(
vi,j; n,m

)1/2
+ 2

∞∑

l=1

1

l
e−βl(vi,j; n,m)1/2

cos
(
βl(αnni − αmmi )

)

+
∞∑

h=0

2h(h+ 2)

(
β
(
(h+ 1)2R−2 + vi,j; n,m

)1/2

− 2
∞∑

l=1

1

l
e−βl((h+1)2R−2+vi,j; n,m)1/2

cos
(
βl(αnni − αmmi )

)
)

+ 6
∞∑

h=0

(h+ 1)2

(
β
(
(h+ 1)2R−2 + vi,j; n,m

)1/2

− 2

∞∑

l=1

1

l
e−βl((h+1)2R−2+vi,j; n,m)1/2

cos
(
βl(αnni − αmmi )

)
)]

F¿êb`Qº�`Qº0ï�M
�y�5J.WYJ vi,j; n,m O�X�a_J8·5Z5J�a¬OQZ¾F¿êb`Qº�`Qº�æ�M8`_ë��_O�X�O�X����5J~ �¡6L­§_P�J.�YJ�WYJ�X ¤ PQ��ª¿¡6W����5J� �¡6ZI�YW�OQ^ ¤ ��O�¡6Zs�Y¡µ���5J£I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJ	N6 .��O�¡6ZB �¡6L­OQZ_¢­ª�WY¡6L ^(¡�XY¡6Z_O� '& ¤  .� ¤ N3��O�¡6Z5X�`
��Ù4n " ã æ0p!ç ã � «�ß�äRä3Û�«�çRÝZß0p � ámä3ßÖ� ápÛ�ät�ÓÝZß0p_Ý!«EC ã «�ç ã æ�çRÝZß0p �
ë��5J¥& ¤  .� ¤ N3��OQZ_¢uª¿J.W�L­O�¡6Z_O� H·EJ.P�a_X¬�yOQPQP	N3P�XY¡;¢�OQ¥IJHW�O�XYJB�Y¡oWiN6abOVN3��OQ¥�J� �¡6W�WYJ� .��O�¡6Z5Xs���EN3�s �N3Z ^(J �¡6L­§ ¤ �YJ�a�L ¤  Y�sN3P�¡6Z_¢¶���5J?PQOQZ5J�X�¡3ªm���5J?^(¡�XY¡6Z_O� ] �¡6W�WYJ� .��O�¡6Z5X�` � ��O�X� �¡6ZI¥IJ.Z_O�J.ZI���Y¡µ �N3W�W�«�¡ ¤ �F���5J �N3P�  ¤ PVN3��O�¡6Z ¤ X�OQZ_¢ N = 4 ²�³"´ Z5¡6�iN3��O�¡6Zsª¿¡6W?���5J ¦ J.«&PmX�§_OQZ5¡6Wy·EJ.P�a_X�`5ë��5J £I¤ OQ¥�J.W]X���W ¤  .� ¤ WYJ	¡3ª���5J	N6 .��O�¡6ZHO�X��iN3SIJ.ZxOQZI�Y¡�N6 � �¡ ¤ ZI�]^I«±���5J Ωc

ªMN6 .�Y¡6WYX]N6X?J8Åb§_PVN3OQZ5J�as^(J.P�¡��	`ý]Z5 �J­N3¢IN3OQZm®\��J¶�yOQPQP*Z5J�J�aB�Y¡±OQZI��WY¡&a ¤  �J­XY¡6L�JµZ5¡6�iN3��O�¡6Z�OQZ�¡6WYa_J.W��Y¡±�yW�OQ�YJ ¤ §����5J¶§EN3W��"¡3ª���5J	N6 .��O�¡6ZH���EN3�yO�X £I¤ N6abWiN3��O� 	OQZs���5J�ª¿J.W�L­O�¡6Z_O� '& ¤  .� ¤ N3��O�¡6Z5X�`0D�J8·5Z5J

J+
k (ω) ≡




0 1

0 ωk

0 F F FF F F ωk(M−2)

ωk(M−1) 0



, J−

k (ω) ≡




0 ωk(M−1)

1 0

ωk 0

F F F F F F
ωk(M−2) 0




F¿êb` æb`QºLMN3Z5a
w1 ≡ a = 〈A〉 , Ω1 ≡ J+

k (ω) F¿êb` æb` æ�M
w2 ≡ b = 〈B〉 , Ω2 ≡ J−

k (ω−1) F¿êb` æb` ê�M
w3 ≡ φ = 〈Φ〉 , Ω3 ≡ 1M

F¿êb` æb` ñXM
�y�5J.WYJ	OQ�?O�X?OQL­§_PQO�J�ax���EN3� A,B,Φ �iN3SIJ"���5J ZM

§_WY¡6TÄJ� .��O�¡6ZHOQZI¥�N3W�OVN3Z&�?ª¿¡6W�L�X?¢�OQ¥IJ.ZxOQZ�FÄº�` æb`Qº�í�MMKFÄº�` æb`Qº8��M8`Fë��5J¬ª¿J.W�L­O�¡6Z_O� x§EN3W���¡3ª����5JHòfN3¢�WiN3Z_¢�OVN3Zúa_J.Z5X�OQ�U«  �N3Z ^\Js�yW�OQ���YJ.Z÷OQZ N = 4 ²�³"´



�Xõ k±õ ö ��ð~}­z~�Gm ���Eò!ò!�~�yzC�p��})�âQ�ò��Dm Q��CòÖmB�p��}~���ÑQ�l?�y�yz~��ð]zC�p��})� ï&º
Z5¡6�iN3��O�¡6Z�F� 8ª�`�F�º�` æb` æ�í�M�M�OQZx���5J~ª¿¡6PQP�¡0�yOQZ_¢�^_OQPQOQZ5J�N3W?ª¿¡6W�L

Lferm =
1

g2
YM

M∑

i,j=1

N∑

m,n=1

(
(λp)i;mn, (λp)i;mn

)
D
mn
ij

(
(λq)j;nm
(λq)j;nm

) F¿êb` æb` í�M
�y�5J.WYJ�F c, d = 1, 2, 3 M

D
mn
ij ≡




i
2
δpqτµ

(
∂µ + δµ0(α

n
i − αm

i )
)
δij

− 1√
2
αc

pq

[(
(wc)nn + (wc)nn

)
−
(
(wc)mmΩc + (wc)mmΩ−1

c

)]
ij

+ 1√
2
βc

pq

[(
(wc)nn − (wc)nn

)
−
(
(wc)mmΩc − (wc)mmΩ−1

c

)]
ij

− 1√
2
αd

pq

[(
(wd)nn + (wd)nn

)
−
(
(wd)mmΩd + (wd)mmΩ−1

d

)]
ij

− 1√
2
βd

pq

[(
(wd)nn − (wd)nn

)
−
(
(wd)mmΩd − (wd)mmΩ−1

d

)]
ij

i
2
δpqτν

(
∂ν + δν0(α

n
i − αm

i )
)
δij




F¿êb` æb` ��M
ë��5J?WYJ�N6XY¡6Z±�y�&«­���5J wc J.ZI��W�O�J�X�PVN3^\J.PQP�J�a±^&«­���5J?¢IN ¤ ¢�J]OQZ5a_J8Å m �EN�¥IJ~N6a_abOQ��O�¡6ZEN3P\ªMN6 .�Y¡6WYX�¡3ª Ωc �¡6L­§EN3WYJ�a��Y¡"���5J?J.Z&��W�O�J�X�PVN3^\J.PQP�J�a�^&« n  �¡6L�J�X�ª�WY¡6L����5J? �¡6L­L ¤ �iN3�Y¡6W�X���W ¤  .� ¤ WYJ]¡3ª(���5J ³F¤ S�N��yN �¡ ¤ §_PQOQZ_¢WF�XYJ�JtFÄº�` æb` ê�í�M�M8`ZK�N3L�J.PQ«I®��y�5J.Z¨�iN3S&OQZ_¢~���5J���WiN6 �J�¡�¥IJ.Wf���5JF¢IN ¤ ¢�J�OÂZEabO� .J�X�®3���5J wc J.ZI��W�O�J�XPVN3^\J.PQP�J�a¶^I« n  �¡6W�WYJ�X�§\¡6Z5a¶�Y¡?���5JF�YJ.W�L�XC�y�5J.WYJ�N?XY �N3PVN3Wf·EJ.P�a¶N3§_§(J�N3WYXC^\J.�U��J.J.Z¨�U��¡~X�§_OQZ5¡6Wm·EJ.P�a_X�®�y�5J.WYJ�N6X����5¡�XYJ¨PVN3^\J.PQP�J�a��yOQ��� m  �¡6W�WYJ�X�§\¡6Z5a��Y¡±���5J¶�YJ.W�L�X"�y�5J.WYJ¨���5J¨XY �N3PVN3W�·EJ.P�a�N3§_§(J�N3WYX"�Y¡���5J­W�OQ¢��&�µ¡3ªy^\¡6���oX�§_OQZ5¡6W"·EJ.P�a_X�`fÀ?ª��YJ.W	X ¤ ^5X���OQ� ¤ ��OQZ_¢H���5J�¡6W�^5O ª¿¡6P�a�§_WY¡6TÄJ� .��O�¡6Z;OQZ&¥�N3W�OVN3ZI�	ª¿¡6W�L�X¢�OQ¥�J.Z�OQZ�½ £ X�`�FÄº�` æb`Qº�í�MMKJFÄº�` æb`�º8��M"N3Z5a FÄº�` æb` ê�ï�MMKJFÄº�` æb` ê���M8®,���5J¶^_OÂª ¤ Z5a5N3L�J.Z&�iN3P�XY �N3PVN3W"¼�½�¼¨¾ X~�yOQPQP �¡ ¤ §_P�J�abOÂ»,J.WYJ.Z&��§EN3OQWYXy¡3ª*X�§_OQZ5¡6W�·EJ.P�a_Xya_J.§\J.Z5abOQZ_¢�¡6Z¬�y�5J.���5J.W����5J�¼�½�¼ N3§_§(J�N3WYX�^\J.�U��J.J.Zs���5JX�§_OQZ5¡6W�·EJ.P�a_X	¡6W"�Y¡¬���5J¨W�OQ¢��&�	¡3ª����5J.LðOQZ����5J ³F¤ S�N��yN¬ �¡ ¤ §_PQOQZ_¢5` ² OQZ5 �J­���5J­XY �N3PVN3W"¼�½�¼¨¾ X	N3WYJL ¤ � ¤ N3PQPQ«uWYJ.PVN3�YJ�au���_WY¡ ¤ ¢�� ���5J¬¥�N6  ¤_¤ L F¿êb` �b` æ�ê�MMKJF¿êb` �b` æ���M8®����_O�X­ �N3Z ^(Js .¡6L­§(J.Z5XiN3�YJ�auª¿¡6W­^I«N3§_§_WY¡6§_W�OVN3�YJ.PQ«sL ¤ PQ��OQ§_PQ«&OQZ_¢�ªMN6 .�Y¡6WYX?¡3ª Ωc.ëf¡­ �¡6L­§ ¤ �YJ"���5J�WYJ�X ¤ PQ�?¡3ªC���5J�§EN3���sOQZ&�YJ.¢�WiN3��O�¡6Z5X?OQ�yO�Xy �¡6ZI¥IJ.Z_O�J.ZI�?�Y¡­a_J8·5Z5JWF2ª�¡6W]Nµ·_Å_J�a c M

Fc ≡
(
(wc)nn + (wc)nn

)
−
(
(wc)mmΩc + (wc)mmΩ−1

c

) F¿êb` æb` ï�M
Gc ≡

(
(wc)nn − (wc)nn

)
−
(
(wc)mmΩc − (wc)mmΩ−1

c

)
. F¿êb` æb` ��M

K~¡6��OQZ_¢­���\N3�
[
Fc, Fd

]
= 0 ,

[
Fc, Gd

]
= 0 ,

[
Gc, Gd

]
= 0 F¿êb` æb` å�M

¡6Z5J"·5Z5a5X�®5^&« ¤ X�OQZ_¢����5J F¿N3Z&��O�MU �¡6L­L ¤ �8N3��O�¡6Z�WYJ.PVN3��O�¡6Z5X�FÄº�` æb` ��M�ª¿¡6W αc N3Z5a βd ®E���EN3�~���5J	WiJ.X ¤ PÂ�¡3ª*���5J�§EN3���xOQZ&�YJ.¢�WiN3��O�¡6Z5X]¡0¥IJ8W?���5J�ª�J.W�L­O�¡6Z_O� )& ¤  .� ¤ N3��O�¡6Z5X (λp)i, (λp)i
O�X

det(Dmn
ij ) = det

(
−
(
∂µ + iδµ0(α

n
i − αmi )

)2

− 1
2

(
1
2{αc, αd}prFcFd + [αc, βd]prFcGd − 1

2{βc, βd}prGcGd
))F¿êb` æb`Qº8��M

= det
((
i∂µ − δµ0(α

n
i − αmi )

)2
+ 1

2(FcFd −GcGd) δcdδpr
) F¿êb` æb`Qº�ºLM

= det ∆ij .
F¿êb` æb`Qº�æ�M



ï6æ ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
¸~J.WYJ���J��EN�¥�J	a_J8·5Z5J�as���5J M ×M L�N3��W�OÂÅBF2PVN3^\J.PQP�J�ax^I« i, j = 1, . . . ,M M

∆ij =





−2
(
(a1,2)nn (a1,2)mm + (b2,1)nn (b2,1)mm

)
ω−(i−2)k for j = i− 1

−∂2 − 2i(αn
1 − αm

1 )∂0 + (αn
1 − αm

1 )2

+ 2
(
(a1,2)nn (a1,2)nn + (a1,2)mm (a1,2)mm

+(b2,1)nn (b2,1)nn + (b2,1)mm (b2,1)mm

+
(
(φ1)nn − (φ1)mm

) (
(φ1)nn − (φ1)mm

))
for j = i

−2
(
(a1,2)nn (a1,2)mm + (b2,1)nn (b2,1)mm

)
ω(i−1)k for j = i+ 1

F¿êb` æb`Qº�ê�M

�y�5J.WYJ­��J­�EN�¥IJ ¤ XYJ�a F¿êb` �b` æ�ê�MMKJF¿êb` �b` æ���M"�Y¡xN3W�W�OQ¥IJ�N3�	���5J�J £I¤ N3PQOQ�q«�F¿êb` æb`Qº�æ�M8`fÀ]§_§_PQ«&OQZ_¢x���5J�a_J8K�YJ.W�L­OQZEN3ZI��ª¿¡6W�L ¤ PVN F¿êb`Qº�`Qº�ºLM�N3Z5a ¤ X�OQZ_¢ F¿êb` �b` æ�ê�MMKJF¿êb` �b` æ���M�N3¢IN3OQZú¡6Z5Js·5Z5a_X�®FN0ª��YJ.W��iN3S&OQZ_¢����5J��WiN6 �J�Xµ¡0¥�J.Wµ���5J¨ª¿J.W�L­O�¡6Z_O�  ´ N3�YX ¤ ^EN3WiN¬ª�WYJ £I¤ J.Z5 .OQJ�X ωk ≡ (2k+1)π
β

N3Z5a�¡0¥�J.Wµ���5J S3 X�§_�5J.W�O� �N3P�EN3W�L�¡6Z_O� �X�®
Γferm = − 4

M

M∑

i,j=1

N∑

m,n=1

∞∑

k=−∞
Trh≥0 ln

[(
ωk + (αnni − αmmi )

)2
+ ∆2

f + vi,j; n,m

]
. F¿êb` æb`Qº.ñXM

ë��5J?ªMN6 .�Y¡6W�ñ¨ �¡6L�J�XFª�WY¡6L ���5J~ñ¶§EN3���±OQZ&�YJ.¢�WiN3��O�¡6Z5X�`bÀ?ª��YJ.W� �N3W�W�«&OQZ_¢¨¡ ¤ �����EJ~X ¤ L­L�N3��O�¡6Zs¡�¥IJ.W k^I« ¤ XYJ"¡3ª*���5J"O�a_J.Z&��OQ�q«5�
∞∑

k=−∞
ln
[
(ωk + α)2 + ∆2

]
= β∆ + 2

∞∑

l=1

(−1)l+1

l
e−βl∆ cos(βlα) F¿êb` æb`Qº�í�M

N3Z5a­�yW�OQ��OQZ_¢µ¡ ¤ �����5Jy��WiN6 �J?¡0¥IJ.W����5J S3 X�§_�5J.W�O� �N3P5�EN3W�L�¡6Z_O� �XF�yOQ�������5J]N3§_§_WY¡6§_W�OVN3�YJ]J.OQ¢�J.Z&¥�N3P ¤ J�X¡3ª ∇2 N3Z5as���5J.OQW]a_J.¢�J.Z5J.WiN6 .O�J�X~¡6Z5J~·5Z5a_X?���5J�WYJ�X ¤ PQ�
Γferm = − 4

M

M∑

i,j=1

N∑

m,n=1

∞∑

h=0

h(h+ 1)

(
β
((
h+ 1

2

)2
R−2 + vi,j; n,m

)1/2

+ 2

∞∑

l=1

(−1)l+1

l
e
−βl

(
(h+ 1

2)
2
R−2 + vi,j; n,m

)1/2

cos
(
βl(αnni − αmmi )

)
) F¿êb` æb`Qº8��M

�y�5J.WYJ vi,j; n,m O�X�a_J8·5Z5J�a¬OQZ¾F¿êb`Qº�`Qº�æ�M8`_ë��_O�X�O�X����5J~ �¡6L­§_P�J.�YJ�WYJ�X ¤ PQ��ª¿¡6W����5J� �¡6ZI�YW�OQ^ ¤ ��O�¡6Zs�Y¡µ���5J£I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJ	N6 .��O�¡6ZB �¡6L­OQZ_¢­ª�WY¡6L ª¿J.W�L­O�¡6Z_O� )& ¤  .� ¤ N3��O�¡6Z5X�`
¦ J� �¡6Z5 .P ¤ a_Jy���EN3�����5J £I¤ N3Z&� ¤ L�J8»,J� .��OQ¥�J?N6 .��O�¡6Z�¡3ª N = 2 £I¤ OQ¥IJ.W*¢IN ¤ ¢�J����5J�¡6W�«µ�yOQ���� �¡6Z5X��iN3Z&�XY �N3PVN3W�·EJ.P�as¼�½�¼¨¾ X?XiN3��O�XÄª�«&OQZ_¢¥F¿êb` �b` ï�MMKJF¿êb` �b` ��MyO�X�¢�OQ¥IJ.Zx^I«

Γeff = S(0) + Γbos + Γferm
F¿êb` æb`Qº0ï�M

� ²�wPxH^�or}morv w��*cedP^�v �L^Hwpcev c�n����8� ¸p� �ZîJ��v b�kJwPl ntsJorl v �t`Pu!cek�orw)oJ�P�Lv cev sm^�xHkJwPbNcgorwpc�ced*oZc��Lkp^Hb�wPkrc��L^Hu�^Hw*�!kJw
∆
�ë c�v b�v h�h�^��Lv oZce^Hl n~kJ§Lcgorv wP^��!{ fekJh ���8� �J� ���p�K§pn!b]`P§PbNcev ce`8cev wP}

α→ α+ π
β

�



�Xõ �XõOø���}t�Cò!ð�lm�HGRð]zC�p��} z��è�"z�ït�Cò
ZM

�Eò]���4Q��DlE¹»Q*�z�'lE¹�z�ït�t�Eò]�z�E� ï6ê
�y�5J.WYJ S(0) O�Xy���5J"��WYJ�J8KMP�J.¥�J.P*N6 .��O�¡6Z

S(0) =
2π2βR

g2
YM

M∑

i=1

N∑

n=1

(
(ai,(i+1))nn(ai,(i+1))nn + (b(i+1),i)nn(b(i+1),i)nn + (φi)nn(φi)nn

)
.

F¿êb` æb`Qº8��MN3Z5a Γbos
N3Z5a Γferm

N3WYJ­¢�OQ¥�J.Z�OQZjF¿êb`Qº�`Qº0ï�M"N3Z5a�F¿êb` æb`Qº8��M8®mWYJ�X�§\J� .��OQ¥IJ.PQ«�®,�yOQ��� vi,j; n,m ¢�OQ¥�J.Z�OQZF¿êb`Qº�`Qº�æ�M8`
K~¡6�YJ����EN3�¶���5J���WYJ�J8KMP�J.¥�J.P�§(¡6�YJ.ZI��OVN3P�F¿êb` æb`Qº8��M	O�X¨N3�Y��WiN6 .��OQ¥�J�®C�y�5J.WYJ�N6X¶���5JBº8KMP�¡&¡6§ £I¤ N3Z&� ¤ L �¡6W�WYJ� .��O�¡6Z5X­OQZ F¿êb`Qº�`Qº0ï�M¨N3Z5a F¿êb` æb`Qº8��M¨N3WYJ¬WYJ.§ ¤ P�X�OQ¥�J�`�À~X¶��J¬�yOQPQPyXYJ�J±OQZu���5J ² J� .��O�¡6Z ñ5` æb®C���5J �¡6L­§\J.��OQ��O�¡6Z ^(J.�q��J�J.Z N3Z N3����WiN6 .��OQ¥�J�N3Z5a N�WYJ.§ ¤ P�X�OQ¥IJx§EN3W��¬¡3ª	���5JH§\¡6�YJ.Z&��OVN3P~�yOQPQP� �N ¤ XYJx���5JJ £I¤ OQPQOQ^_W�O ¤ L� �¡6Zb·5¢ ¤ WiN3��O�¡6ZEX]¡3ª*���5J	J.OQ¢�J.ZI¥�N3P ¤ J�X~¡3ª*���5J"XY �N3PVN3W?¼�½�¼¨¾ Xy�Y¡¨^(J��&«&§\J.WYX ¤ WÄªMN6 .J�X�`

��Ù�� IÉÛ�p_Û�ä3æ0oZÝKJ�æ�çRÝZß0p çRßÓß�çRé_Û�ä
ZM

ß�äÐü¨ÝZápß0o!²ëî¨Û�o!² çRé_Û�ß�ä3ÝZÛ �
ë��5J? �¡6L­§ ¤ �iN3��O�¡6Z5XFOQZ����5Jy§_WYJ� �J�abOQZ_¢¨XYJ� .��O�¡6Z5XF¡3ª(���_O�XF Y�EN3§_�YJ.W� �N3Z�OQL­L�J�abOVN3�YJ.PQ«�^\Jy¢�J.Z5J.WiN3PQOQ¹�J�a�Y¡H·EJ.P�ao���5J�¡6W�O�J�X�¡6^_�iN3OQZ5J�a N6X

ZM
§_WY¡6TÄJ� .��O�¡6Z5X­¡3ª N = 4 U(NM) ²�³"´ ���5J�¡6W�«;�y�5J.WYJ¬���5JN6 .��O�¡6Z ¡3ª

ZM
O�X±���EN3�±OQZ FÄº�` æb`QºLM��yOQ��� ω WYJ.§_PVN6 �J�aú^&« ωp ª¿¡6W p ∈ Z

`a�E¡6W±���5J�XYJx���5J�¡6W�O�J�X6®�®���5J £I¤ N3Z&� ¤ L�·\J8P�a_X~L ¤ X���XiN3��O�XÄª�«¬���5J ZM
OQZI¥�N3W�OVN3Z5 �J¶ �¡6Z5abOQ��O�¡6Z5X�¡6^5�iN3OQZ5J�axª�WY¡6L FÄº�` æb`Qº.ñXM]N3Z5aFÄº�` æb` ê���M?^&«xWYJ.§_PVN6 .OQZ_¢ ω → ωp ` � Z�� ¤ W�Zm®\���5Jµ·EJ.P�a_X��yOQPQP*�iN3S�J ZM

§_WY¡6TÄJ� .��O�¡6Z�OQZI¥�N3W�OVN3Z&�~ª¿¡6W�L�XN3ZEN3P�¡6¢�¡ ¤ Xµ�Y¡�FÄº�` æb`Âº�í�MqKJFÄº�` æb`Qº8��M¶N3Z5a FÄº�` æb` ê�ï�MMKJFÄº�` æ_` ê���M8®*JiÅ_ �J.§_�µ���EN3�µ���5J�^_OÂª ¤ Z5a5N3L�J.ZI�8N3PF·EJ.PQa5X�yOQPQPC�EN�¥IJ	Z5¡6ZbKM¹�J.WY¡¬J.ZI��W�O�J�X�¡6ZB���5J p ¾ ���BX ¤ §(J.WÄKy¡6W~X ¤ ^bKqabOVN3¢�¡6ZEN3PM`(ë��EN3�~O�X�® A N3Z5a B �yOQPQPC�EN�¥IJ���5J¶Z5¡6ZbKM¹�J.WY¡sJ.Z&��W�O�J�X Ai,(i+p) N3Z5a B(i+p),i
®\WYJ�X�§(J� .��OQ¥�J.PQ«I®,N3Z5a�N3Z\N3PQ¡6¢�¡ ¤ X�PÂ«Hª¿¡6W����5J¶WYJ�X�§(J� .��OQ¥�JX ¤ §\J.W�§EN3W���Z5J.WYX χA N3Z5a χB `bÀ~X?NµWYJ�X ¤ PQ��®&���EJ!& ¤  .� ¤ N3��O�¡6ZH¡6§\J.WiN3�Y¡6WYX 2

mn
g ,2mn

A
,2mn

B

N3Z5a
2
mn
ΦOQZ F¿êb`Qº�` ñXMMKJF¿êb`Qº�` ï�M±N3Z5a ∆ij

OQZ F¿êb` æb`Qº�ê�M­�yOQPQP]�EN�¥IJsZE¡6ZbKM¹�J8Wi¡oJ.ZI��W�O�J�X¬¡6Z÷���5J p ¾ ���úX ¤ §(J.WÄK­N3Z5aX ¤ ^bKqabOVN3¢�¡6ZEN3P�X�`&ëy�5J.WYJ8ª�¡6WiJ6® ¤ X�OQZ_¢¶���5J]¢�J.Z5J.WiN3PQOQ¹�J�a¬a_J.�YJ.W�L­OQZEN3Z&��ª¿¡6W�L ¤ PVN�Q�µ_F2�y�5J.WYJ ω ≡ e2πi/M M

det




z1 z2 z3 · · · zM
zM z1 z2 · · · zM−1

zM−1 zM z1 · · · zM−2``` ``` ``` ` ` ` ```
z2 z3 z4 · · · z1




=
M∏

j=1

(
z1 +ωjz2 +ω2jz3 + · · ·+ω(M−1)jzM

) F¿êb` êb`QºLM

��J]XYJ.Jy�Y�EN3�����5J�& ¤  .� ¤ N3��O�¡6Z±a_J.�YJ.W�L­OQZEN3Z&�YXFªMN6 .�Y¡6W�OQ¹�J~N6X�OQZTF¿êb`Qº�`Qº�ºLM8®��yOQ��� ωpj WYJ.§_PVN6 .OÂZ5¢ ωj ` ¦ J �¡6Z5 .P ¤ a_J?���EN3�����5J £I¤ N3Z&� ¤ L J8»,J� .��OQ¥�J]N6 .��O�¡6Z±¡3ª(���5J�XYJyL�¡6WYJ?¢�J.Z5J.WiN3P ZM ¡6W�^_OÂª¿¡6P�a­·EJ.P�a­���5J�¡6W�O�J�XO�X~¢�OQ¥IJ.Z�^&«x���5J­J8Åb§_WYJ�XYX�O�¡6Z�F¿êb` æb`Qº0ï�M]�y�5J.WYJ S(0) O�X�¢�OQ¥�J.Z�OQZ�F¿êb` æb`Qº8��M�N3Z5a Γbos
N3Z5a Γferm

N3WYJ¢�OQ¥�J.ZsOQZ�F¿êb`Qº�`Qº0ï�MyN3Z5aBF¿êb` æb`Qº8��M8®_WYJ�X�§(J. .��OQ¥IJ.PQ«�`5ë��5J	¡6Z_PQ«¬ Y�EN3Z_¢�J"O�Xy���EN3� vi,j; n,m Z5¡0� �iN3SIJ�X����5J
¯�©3dP^Hb]^�cedP^Hkrfev ^Hb�d*oHsm^Corl b]k�§�^H^HwtxHkJwPb]v �L^zfe^��tv w��P^J� }L� �Z��^z{�bH��� ¸r�L��¸rµL�*�J¹L��îr¬Z���[�¶z\_^�^Hh�uPd*orb]v �H^�ced*oZc�cedP^�^Hwpc]fev ^Hb�kr{¤cedP^

M ×M
h~oZc]fev �!v w¨���8� �8� �Z��oZfe^Corl l k�y3^��tcek�§�^�xHkJh�uPl ^z�!w8`PhE§�^zfebH�



ï0ñ ��ïtðtñ~z��Còì�Xõ#��}t� � lE�)�Eñ ö ��ð~}­z~�Gmô�'Q�Q��~�yzC�L÷��¥ð¶�yzC�p��}íP���z�ï �,��ð�l�ð'ò ÷��)÷=< �
ª¿¡6W�L

vi,j; n,m ≡ 2
((

(ai,(i+p))nn − ω−pj (ai,(i+p))mm
)(

(ai,(i+p))nn − ωpj (ai,(i+p))mm
)

+
(
(b(i+p),i)nn − ωpj (b(i+p),i)mm

)(
(b(i+p),i)nn − ω−pj (b(i+p),i)mm

)

+
(
(φi)nn − (φi)mm

)(
(φi)nn − (φi)mm

))
. F¿êb` êb` æ�M
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N ÇþÂ ÇÛÁ*ÇÔÑ × Ë;:�Ò©É Ï¾AfËBA*ÇÊÉ Ò©É?< Í À Í :;Ñ©ÍÎÉÌË
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ë��5JµabO�XY �¡�¥IJ.W�«¬���EN3�~���5JµJ.OQ¢�J.ZI¥�N3P ¤ J�X�¡3ª�XY �N3PVN3W]¼�½�¼¨¾ X?WYJ� �¡6Z5X���W ¤  .�~���5Jµa ¤ N3PCX�§EN6 �J.��OQL�Jµ¢�J�¡6L¨KJ.��W�«x��N6X"¡6W�OQ¢�OQZEN3PQPÂ«BL�N6a_J¶^I«¥
�J.WYJ.Z5X��YJ.OQZÝU;RÖXZY�]\OQZ G ���LIq®�G ��ï8Iq®�G ���PIq®E§_WY¡0¥&O�abOQZ_¢xN�¥IJ.W�«x �¡6Z5 .WYJ.�YJWYJ�N3PQOQ¹0N3��O�¡6Zo¡3ª?J.L�J.W�¢�J.ZI�µ¢�J�¡6L�J.��W�«��yOQ���_OQZoÀya ² ¯��E�*ë"`fë��5J­¢�J.Z5J.WiN3P�N3§_§_WY¡�N6 i�;��N6X	�Y¡xXYJ.� ¤ §L�N3��W�OÂÅ¬L�¡&a_J.P�Xyª¿¡6Wy���5J	abOÂ»,J.WYJ.ZI�]XYJ� .�Y¡6WYX]¡3ª�
�Ã ² ¡6§(J.WiN3�Y¡6WYX?OQZx���5J" i�_OQWiN3PmW�OQZ_¢5`� Z ² J� .��O�¡6Zxñ5`Qº"��J"WYJ.¥&O�J.� `Q`Q`� Z ² J� .��O�¡6Zxñ5` æs`Q`Q`Q`Q`Q`
ª�ÙrØ è é_Û p_ß�çRÝZß0p ß~áTÛ'�ÓÛ�ä3å~Û�p!ç � ­¨æ0«�Û�çRÝ6�ÓÛ
� Zú���_O�XsXYJ� .��O�¡6Z ��JBWYJ.¥&O�J.�ðXY¡6L�JB§EN3W��YXs¡3ª_
�J.WYJ.Z5X��YJ.OQZm¾ XHN3W���O� .P�J¥SqòfN3W�¢�J N 
�Ã ² X��iN3�YJ�XsN3Z5aJ.L�J.W�¢�J.ZI� £I¤ N3Z&� ¤ L ¢�WiN�¥&OQ�U«�U�G ���LIq®�OQZ §EN3W���O�  ¤ PVN3W¬�Y�5JHL�N3��W�OÂÅúL�¡&a_J.P�Xs¡3ª±º0¯0ñ 
�Ã ² N3Z5a º0¯*�
�Ã ² X��iN3�YJ�X­OQZ N = 4 ²�³"´ ���5J�¡6W�«�®����5JsXY¡6P ¤ ��O�¡6Z5X�¡3ª~���5J�XYJ¬L�N3��W�OÂÅ L�¡Ia_J.P�X�®FN3Z5au���5Jsa ¤ N3PX�§EN6 �J.��OQL�JyOQZ&�YJ.W�§_WYJ.�iN3��O�¡6Z±¡3ª(���5J�XYJ?XY¡6P ¤ ��O�¡6Z5X�`�ë��5J�§ ¤ W�§\¡�XYJ?¡3ª(���_O�X�WYJ.¥&O�J.� O�X��Y¡yT ¤ X���OÂª�«µ�5¡0� ���5JabO�X���W�OQ^ ¤ ��O�¡6Z;¡3ª�J.OQ¢�J.ZI¥�N3P ¤ J�X	¡3ª��Y�5J¨XY �N3PVN3W�·EJ.P�a�¼�½�¼¨¾ X" �N3Z�^(J¶OQZ&�YJ.W�§_WYJ.�YJ�a;N6X����5J­J.L�J.W�¢�J.Z5 �J¡3ª*���5J" �¡6L­§EN6 .�]§EN3W��]¡3ª*���5J"a ¤ N3PfÀ?a ² X�§EN6 �J.��OQL�J�`�COQWYX���®\OQZ����5J­ �¡6ZI¥IJ.ZI��O�¡6Z5Xµ¡3ª'G ���LIq®(���5Jsº0¯6æ 
�Ã ² ¡6§\J.WiN3�Y¡6WYX¶N3WYJ¨���5¡�XYJ¶�y�_O� i��XiN3� ¤ WiN3�YJ¨���5J
�Ã ² ^\¡ ¤ Z5a ∆ ≥ J �yOQ��� J = J1

N3Z5a J2 = J3 = 0 �y�5J.WYJ Ji a_J.Z5¡6�YJ¶���5J¨J.OQ¢�J.Z&¥�N3P ¤ J�X ¤ Z5a_J.W���5J)��N3W��iN3Z±¢�J.Z5J.WiN3�Y¡6WYXy¡3ªm���5J R KqX�«&L­L�J.��W�«�¢�WY¡ ¤ § SU(4)R
`Ië��5J¶º0¯0ñ¨
�Ã ² ¡6§(J.WiN3�Y¡6WYX�XiN3� ¤ WiN3�YJ���5J�^(¡ ¤ Z5a¬�yOQ��� J = J1 + J2

N3Z5a J3 = 0. ë��5J­º0¯*�¨
�Ã ² ¡6§(J.WiN3�Y¡6WYX]XiN3� ¤ WiN3�YJ����5J"^\¡ ¤ Z5as�yOQ���
J = J1 + J2 + J3.ë��5J?L�N3��W�OÂÅ�L�¡&a_J.P�X�¡3ª�º0¯0ñ¨N3Z5aBº0¯*��
�Ã ² ¡6§\J.WiN3�i¡6WYXFOQZ#G ���PI(N3WYJ?^EN6XYJ�a�¡6Z�§_WYJ.¥&O�¡ ¤ XF��¡6W�S­OQZG ���LIq`LK�N3L�J.PQ«�®bOQ���yN6Xy¡6^5XYJ.W�¥IJ�a±OQZ;G ���LIm���EN3�?N3PQP�º0¯*�¨
�Ã ² X��iN3�YJ�X?N3WYJ�^ ¤ OQPQ�?¡ ¤ �?¡3ªC���5J s KM��N�¥�J"¡3ª���_WYJ�J¨ �¡6L­§_P�J8Å�XY �N3PVN3W]·EJ.P�a_X"¡6Z S3 ®E§_P ¤ X"N±X�OQZ_¢�P�Jµ§EN3W���OVN3P���N�¥�Jµª¿¡6W]ª¿J.W�L­O�¡6Z5X�F2���5J�XYJ¨ �N3Z��EN�¥IJ���5J?�U��¡¶abOÂ»,J.WYJ.ZI��§(¡6PVN3W�OQ¹0N3��O�¡6Z5Xy¡3ªfX�§_OQZ ¤ §±¡6W�a_¡��yZRM8®I§_P ¤ X����5J s KM��N�¥�J~¡3ªm���5J?��OQL�J~ �¡6L­§(¡6Z5J.ZI�¡3ªf���5J~¢IN ¤ ¢�J]·EJ.P�a¾F2�y�_O� i�¬OQL­§(¡�XYJ�X����5J�+"N ¤ XYX� �¡6Z5X���WiN3OQZI�y���EN3�?N3PQP(���5J�¡6§\J.WiN3�Y¡6WYXyOQZ±�Y�5J]L�¡&a_J.PN3WYJ�¢IN ¤ ¢�J�OQZ&¥�N3W�OVN3ZI�JM8`Cë�� ¤ Xµ���5J�L�¡Ia_J.P�¡3ª	º0¯*�6
�Ã ² X��iN3�YJ�Xµ �¡6Z5X�O�X��YX¶¡3ªy���5J����_WYJ�J±¸~J.W�L­OQ��OVN3Z

ï6í



ï*� ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
L�N3��W�O� �J�X Z,X, Y ®f§_P ¤ X¶�q��¡xª¿J.W�L­O�¡6Z_O� ±L�N3��W�O� �J�X Wα

`Cë��_O�Xµª¿¡6W�L�X¨NH .P�¡�XYJ�auX ¤ ^5XYJ� .�Y¡6W¨¡3ª?���5J¸]OQPQ^\J.W��±X�§EN6 �Jx¡3ª N = 4 ²�³"´ ¡6§(J.WiN3�Y¡6WYX��yOQ��� SU(2|3) X�«&L­L�J.��W�«uOQZ ���5JHXYJ.Z5XYJs���EN3�����5JN6 .��O�¡6Zx¡3ªC���5J"abOQPVN3��O�¡6ZH¡6§\J.WiN3�Y¡6W D  .P�¡�XYJ�Xy¡6Zs���_O�XyX ¤ ^5X�§EN6 �J�` ² OÂL­OQPVN3W�PQ«I®b���5J�L�¡&a_J.Pm¡3ª�º0¯0ñW
�Ã ²X��iN3�YJ�X� �¡6Z5X�O�X��YX�¡3ªf���5J]�U��¡¨¸~J.W�L­OQ��OVN3Z¬L�N3��W�O� �J�X Z,X N3Z5a±Z5¡	ª¿J.W�L­O�¡6Z_O� ~L�N3��W�O� �J�X�®Iª¿¡6W�L­OQZ_¢¨���5J .P�¡�XYJ�a SU(2) X ¤ ^5XYJ� .�Y¡6W�`� Zx �¡6L­§_P�J8ÅsZ5¡6�iN3��O�¡6Zx���5J	òfN3¢�WiN3Z_¢�OVN3ZBa_J.Z5X�OQ�U«¬¡3ª*���5J	XY �N3PVN3Wy·EJ.P�a_XyWYJ�N6a_X
L =

∑

i

Tr(DtφiDtφi − φiφi)−
1

2

∑

i

Tr[φi, φi][φi, φi]−
1

2
Tr

(
∑

i

[φi, φi]

)2 F2ñ5`Qº�`QºLM
�y�5J.WYJ (φ1, φ2, φ3) = (Z,X, Y ) N3Z5a ���EJxX ¤ L­L�N3��O�¡6Z÷W ¤ Z5X�¡0¥�J.W i = 1, 2 ª¿¡6W����5J�º0¯0ñ�
�Ã ²L�¡Ia_J.P�N3Z5a�¡�¥IJ.W i = 1, 2, 3 ª¿¡6W"���5Jxº0¯*��
�Ã ² L�¡&a_J.PM`më��5J�a_J� �¡6L­§\¡�X�OQ��O�¡6Z;OQZjF2ñ5`Qº�`QºLM�L­OQW�WY¡6WYX���5J F KM�iJ8WYL�X"N3ZEa D KM�YJ.W�L�X"¡3ªF���5J N = 4 ²�³"´ ���5J�¡6W�«�`3
�«BN±òmJ.¢�J.Z5abWYJ¨��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Zm®(���5J �¡6W�WYJ�X�§\¡6Z5abOQZ_¢±¸�N3L­OQPQ�Y¡6Z_OVN3ZBa_J.Z5X�OQ�U«±O�X

H =
∑

i

Tr(pφip
−
φi

+ φiφi) +
1

2

∑

i

Tr[φi, φi][φi, φi] +
1

2
Tr

(
∑

i

[φi, φi]

)2

. F2ñ5`Qº�` æ�M
ë��5J U(1)R

 i�EN3W�¢�J"O�Xy¢�OQ¥IJ.Zs^&«±���5J�¢�J.Z5J.WiN3�Y¡6W
R = (−i)

∑

i

Tr(φiφ̇i − φiφ̇i) F2ñ5`Qº�` ê�M
XY¡����EN3�~ª¿¡6W�J8Å5N3L­§_P�J Z �EN6X� Y�EN3W�¢�J¬º¨N3Z5a Z �EN6X� i�EN3W�¢�J (−1) ` ¦ J	Z5¡0� �yN3ZI���Y¡ ¤ Z5a_J.WYX��iN3Z5a�5¡�� ���5Jµ .PVN6XYX�O� �N3P�
�Ã ² ^(¡ ¤ Z5a ∆ ≥ J  �N3ZH^(JµXiN3� ¤ WiN3�YJ�a,`\¸~J.WYJ ∆ O�X]���5JµJ.Z5J.W�¢�«H¡3ª����5JµX��iN3�YJ�®�y�_OQP�J J O�Xy���EJ R Kq i�EN3W�¢�J�`EëmWiJ�N3�YOÂZ5¢����5J	 �¡6L­L ¤ �iN3�Y¡6WYX~OQZ�F2ñ5`Qº�` æ�MyN6X~N­X�L�N3PQPm§\J.W�� ¤ W�^EN3��O�¡6Z�N3Z5aOQ¢�Z5¡6W�OQZ_¢¬���5J.L©ª¿¡6W~���5J¶L�¡6L�J.ZI��®(��J¶¢�J.�"N�X ¤ LÊ¡3ªF�EN3W�L�¡6Z_O� ¨¡�XY .OQPQPVN3�Y¡6WYX��yOQ��� ω = 1 ®(N3Z5aB��J �N3Zxa_J� �¡6L­§(¡�XYJ"���5J"L�¡&a_J�X]N6X�ª¿¡6PQP�¡0�?X

Z(t) = Z+e
it + Z−e−it

F2ñ5`Qº�` ñXM
N3Z5a÷X�OQL­OQPVN3W�PQ«uª¿¡6W X,Y �y�_OQP�J Z,X, Y N3WYJH¡6^_�iN3OQZ5J�a÷^&« ¸~J.W�L­OQ��OVN3Z  �¡6Z�T ¤ ¢IN3��O�¡6Zm` � Z5XYJ.W���OQZ_¢F2ñ5`Qº�` ñXM�OQZI�Y¡¥F2ñ5`Qº�` æ�M8®E¡6Z5J~·5ZEa_Xy���5J	J.Z5J.W�¢�«

H =
∑

i

Tr
(
|(φi)−|2 + |(φi)+|2

) F2ñ5`Qº�` í�M
�y�_OQP�J"���5J R Kq i�EN3W�¢�J"O�X�ª¿¡ ¤ Z5as�Y¡¨^(J

J =
∑

i

Tr
(
|(φi)−|2 − |(φi)+|2

) F2ñ5`Qº�` ��M
XY¡µ���EN3����J~Z5J�J�a Z+ = X+ = Y+ = 0 OÂªf��J~��N3Z&� H = J ` � ªf��J~Z5¡�� OQZ5 .P ¤ a_J~���5J� �¡6L­L ¤ �iN3�Y¡6W�YJ.W�L�XyN6X�N	§\J.W�� ¤ WY^EN3��O�¡6Zs¡3ªf���5J~ab«&ZEN3L­O� �X�®I���5J~J.Z5J.W�¢�«�OQZ5 .WYJ�N6XYJ�X�OÂªm���5J~ �¡6L­L ¤ �iN3�Y¡6WYX�^(J.�q��J�J.Z
Z−, X−, Y−

a_¡6Zm¾ ��¥�N3Z_O�X��m®��?�5J.WYJ�N6X����5JH¥�N3P ¤ JH¡3ª J X��iN�«bX�OQZ&¥�N3W�OVN3Z&��`�ë�� ¤ X��Y¡oXiN3� ¤ WiN3�YJx���5J



©¤õ�ó�õ°z�ït� }��"zC�p��} �DQ �'m#�Cò�ø���}­z��Xñ3ðµ���~zC�4m#� ï�ï
 .PVN6XYX�O� �N3P�
�Ã ² ^\¡ ¤ Z5a���JµZ5J�J�a��Y¡±WYJ £I¤ OQWYJ¶���EN3� Z−, X−

N3ZEa Y−  �¡6L­L ¤ �YJ�`ÖÕET%\�Ï@\�Ï.X�[;V={L[;\&XZYw�U,X�R8{BV6Uzu,w�RITLU�WSu^x%U=Y%w;uZVzÚ.OQPáXZ�ÐxâÚ.O'RTS ãVU Ï;R3X�R�U6Ï^]Àya_abOQZ_¢¬���5Jµª¿J.W�L­O�¡6Z5X��Y¡¬¡6^_�iN3OQZ�N3PQP*���5J¬º0¯*��
�Ã ² X��iN3�YJ�X~O�X�X���WiN3OQ¢��&�Äª¿¡6W���N3WYa,®(P�J�N6abOQZ_¢s�Y¡sN
(2|3) abOQL�J.Z5X�O�¡6ZEN3Pf�EN3W�L�¡6Z_O� µ¡�XY .OQPQPVN3�Y¡6W?§(J.W?J.OQ¢�J.Z&¥�N3P ¤ J�`
¦ J�Z5¡0� � ¤ W�Zx�Y¡­ �¡6Z5X�O�a_J.W?���5J"XY¡6P ¤ ��O�¡6Z5X]¡3ªC���5J�º0¯0ñW
�Ã ² N3Z5a�º0¯*��
�Ã ² L�N3��W�OÂÅsL�¡Ia_J.P�X�` ² OQZ5 �J
Z,X, Y N3WYJ? �¡6L­L ¤ ��OQZ_¢¨¸~J.W�L­OQ��OVN3Z�L�N3��W�O� �J�X�®����5J.«­ �N3Z�^(J?X�OQL ¤ PQ�iN3Z5J�¡ ¤ X�PQ«­abOVN3¢�¡6ZEN3PQOQ¹�J�am`&ë��_O�X�yOQPQP�WYJ�a ¤  �J����5J�ab«&ZEN3L­O� �X	�Y¡s���EN3�¶¡3ª N J.OQ¢�J.ZI¥�N3P ¤ J�X	ª¿¡6W	J�N6 i�;¡3ªy���5J­L�N3��W�O� �J�X Z,X N3ZEa Y `ÃCJ.WÄª¿¡6W�L­OQZ_¢����5J"��WiN3Z5XÄª¿¡6W�L�N3��O�¡6Zsª�WY¡6L� �¡6L­L ¤ ��OQZ_¢±¸~J.W�L­OQ��OVN3Zx�Y¡�abOVN3¢�¡6ZEN3PmL�N3��W�O� �J�X?¢�OQ¥IJ�XyW�O�XYJ�Y¡�N¨L�J�N6X ¤ WYJ~ªMN6 .�Y¡6W

µ2 =
∏

i<j

|~φi − ~φj |2 F2ñ5`Qº�` ï�M
OQZ����5J?§EN3����OQZI�YJ.¢�WiN3P\L�J�N6X ¤ WYJ�` � Z5 .P ¤ abOQZ_¢µ���_O�X £I¤ N3Z&� ¤ L  �¡6W�WYJ� .��O�¡6Z¾F2OQZ¬N3ZEN3P�¡6¢�«��yOQ�������5J]X��YJ.§5XF¿æb` æb`QºLMMKJF¿æb` æb` í�M�OQZ ² J� 8�YOQ¡6Z�æb` æ�M8®_���5J�L�N3��W�OÂÅsL�¡Ia_J.P�Xyª¿¡6Wy���5J�º0¯0ñW
�Ã ² N3Z5a�º0¯*��
�Ã ² X��iN3�YJ�X]N3WYJ¢�OQ¥�J.Zx^I«±���5J	¸�N3L­OQPQ�Y¡6Z_OVN3Z

H = −
N∑

i=1

1

2µ2
∇iµ2∇i +

1

2

(
~φi

)2
. F2ñ5`Qº�` ��M

ë��5J�N3W�WY¡�� a_J.Z5¡6�iJ.X����5J]abOQWYJ� .��O�¡6Z¬OQZ
C

2 ¡6W
C

3 ª¿¡6WF���5J¶º0¯0ñ¨
�Ã ² N3Z5aBº0¯*��
�Ã ² L�N3��W�OÂÅ�L�¡Ia_J.P�X�®WYJ�X�§\J� .��OQ¥IJ.PQ«�` � X�OQZ_¢B���EN3� Z,X, Y N3WYJ±abOVN3¢�¡6ZEN3PM®*�Y¡BJ�N6 i� abOVN3¢�¡6ZEN3PyJ.P�J.L�J.Z&�­¡3ª]���5J±��W�OQ§_P�J.�­¡3ªL�N3��W�O� �J�XF��J] �N3Z±N6XYX�OQ¢�Z±N�§(¡6OQZI�FOQZ
C

3 `�ë��5J.WYJ8ª¿¡6WYJ_F2ñ5`Qº�` ��M� �N3Z�^\J?OQZI�YJ.W�§5WYJ.�YJ�a±N6X�N"¸"N3L­OÂ�i¡6Z_OVN3Zª¿¡6W N Z5¡6ZbKMWYJ.PVN3��OQ¥&O�X���O� �§EN3W���O� .P�J�X�`�ë��5JBL�J�N6X ¤ WYJHªMN6 .�Y¡6W µ2 ¢�J.Z5J.WiN3�YJ�XxN3Z J8»,J� .��OQ¥�JBWYJ.§ ¤ P�X�OQ¥�J§\¡6�YJ.Z&��OVN3Pm^(J.�q��J�J.Zx���5J	J.OQ¢�J.Z&¥�N3P ¤ J�X]XY¡¨���EN3�?���5J N ^(¡�XY¡6Z5X]N3WYJ	X���WY¡6Z_¢�PQ«±OQZ&�YJ.WiN6 .��OQZ_¢5`ý]Z5J¬Z5¡0��a_¡&J�X�N� �¡�N3WYXYJ¬¢�W8N3OÂZ5OÂZ5¢;¡3ª~���5Jxa_J.¢�WYJ�J�X�¡3ª~ª�WYJ�J�a_¡6L ¡3ª����5J¬L�N3��W�OÂÅuL�¡&a_J.P�X�^I«¢�¡6OQZ_¢s�Y¡sa_J.Z5X�OQ��O�J�X ρ(~z) ¡3ª�§EN3W���O� .P�J�X"OQZ C
2 ¡6W

C
3 `,ë��5J¶ª ¤ Z5 .��O�¡6Z ρ L ¤ X��"^\J¨§(¡�X�OQ��OQ¥�J8Kqa_J8·5Z_OQ�YJN3Z5asXiN3��O�XÄª�« ∫ dDz ρ(z) = N �y�5J.WYJ D = 2, 3 ª¿¡6Wy���5J�º0¯0ñ�N3Z5a�º0¯*��
�Ã ² L�¡Ia_J.P�X�®_WYJ�X�§(J� .��OQ¥�J.PQ«I`À?ª��YJ.W? �¡�N3WYXYJ�¢�WiN3OQZ_OQZ_¢5®5���5J	½�ý ´ ¾ X?¡6^_�iN3OQZ5J�asª�WY¡6L ���5J	¸�N3L­OQPQ�Y¡6Z_OVN3Z F2ñ5`Qº�` ��M��iN3SIJ����5J�ª¿¡6W�L

x2 + C − 2

∫
d2Dy ρ(~y) ln(|~x− ~y|) = 0 F2ñ5`Qº�` å�M

�y�5J.WYJ	��J	�EN�¥IJ"§ ¤ � z1 = x1 + iy1, z2 = x2 + iy2 N3Z5a z3 = x3 + iy3 N3Z5ax���5J¶N3W�WY¡0�?X~a_J.Z5¡6�YJ���5J"abOQWYJ� .��O�¡6ZHOQZ
R

4 ¡6W
R

6 `_¸~J.WYJ C O�X?N­òfN3¢�WiN3Z_¢�J"L ¤ PQ��OQ§_PQO�J.W~J.Zbª¿¡6WY .OQZ_¢����5J" �¡6Z5X���WiN3OQZ&�?���EN3� ρOQZI�YJ.¢�WiN3�YJ�X]�Y¡ N `LK~¡0�	®_OÂª ρ O�X?X�L�¡I¡6����N3� x ®b���5J.ZH��J	 �N3Zx�iN3SIJ"a_J.W�OQ¥�N3��OQ¥IJ�X]¡3ª~F2ñ5`Qº�` å�M8` � Z5a_J�J�a,®ª¿¡6Wy���5J­º0¯0ñ�
�Ã ² L�N3��W�OÂÅsL�¡Ia_J.P
(∇2

x)
2 ln(|~x− ~y|) ∼ δ(4)(~x− ~y) F2ñ5`Qº�`Qº8��M

XY¡	���EN3� ρ(~x) = 0 N3�yX ¤  Y�±§(¡6OQZI�YX�`¤�5¡6W����5J¨º0¯*��
�Ã ² L�¡&a_J.P(��J ¤ XYJ?���5J]ªMN6 .�����EN3� (∇2
x)

3 ln(|~x−
~y|) ∼ δ(6)(~x − ~y) �Y¡�WYJ�N6 i� ���5JxXiN3L�Js �¡6Z5 .P ¤ X�O�¡6Zm`a�_WY¡6L ���_O�X� �N3P�  ¤ PVN3��O�¡6Z÷��J¬·5Z5au���EN3�����5JabO�X���W�OQ^ ¤ ��O�¡6Z ¡3ª?§EN3W���O� .P�J�X¨¡6Z R

4 ¡6W
R

6 O�X¨X�OQZ_¢ ¤ PVN3W�`Cë��5J±X�OQL­§_P�J�X��¨X�OQZ_¢ ¤ PVN3W¶^(J.�EN�¥&O�¡6W¨��J� �N3ZOQL�N3¢�OQZ5J]O�X����EN3�F���5J]abO�X���W�OQ^ ¤ ��O�¡6Z5X ρ(~z) N3WiJ]X ¤ §_§\¡6W��YJ�a±¡6Z��I«&§(J.WYX ¤ WÄªMN6 �J�XFOQZ R
4 ¡6W

R
6 `�
�J� �N ¤ XYJ



ï*� ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
¡3ªE�Y�5J�WY¡6�iN3��O�¡6ZEN3P5OQZI¥�N3W�OVN3Z5 �J?¡3ª�F2ñ5`Qº�` ��MC¡6Z5J�L ¤ X���N6XYX ¤ L�J����EN3�*���5J�XYJ��I«&§(J.WYX ¤ WÄªMN6 �J�X�N3WYJyX�§_�5J.WYJ�XN3Z5a����EN3� ρ O�X� �¡6Z5X��iN3ZI�y¡�¥IJ.WFOQ�YX�X ¤ §_§(¡6W�� ¦ OM` J�`Q®I���5J~J.OQ¢�J.ZI¥�N3P ¤ J�X?N3WYJ ¤ Z5O ª¿¡6W�L­PQ«�abO�X���W�OQ^ ¤ �YJ�a,`&ë��5JWiN6abO ¤ X r0 ¡3ª����5J	X�§_�5J.WYJ	 �N3ZH^\J	J�X���OQL�N3�YJ�ax^&«±^EN3PVN3Z5 .OQZ_¢±���5J"L ¤ � ¤ N3PfWYJ.§ ¤ P�X�OQ¥IJ�ª¿¡6WY �J"^(J.�q��J�J.Z���5J]§EN3W���O� .P�J�X�®&�y�_O� i�¬O�X�¡3ªC¡6WYa_J.W Nr−1

0
®_N3Z5a����5J� �¡6Zb·5Z_OQZ_¢¨�EN3W�L�¡6Z_O� "¡�XY .OQPQPVN3�Y¡6W�ª¿¡6WY �J�®&�y�_O� Y�¬O�X¡3ª�¡6WYa_J.W r0 `_ë�� ¤ X�®EN3� r0 ∼ √N ®_���5J" �¡6Zb·5¢ ¤ WiN3��O�¡6ZB�yOQPQP,^(J"OQZxJ £I¤ OQPQOQ^_W�O ¤ Lx`ëf¡BX ¤ L­L�N3W�OQ¹�J�®mª¿¡6Wµ���5JBº0¯0ñ#
�Ã ² L�N3��W�OÂÅ�L�¡&a_J.P����5J�J.OQ¢�J.Z&¥�N3P ¤ J�X¨¡3ª Z,X N3WYJ ¤ Z_OÂª¿¡6W�L­PQ«abO�X���W�OQ^ ¤ �YJ�a±¡�¥IJ.W�N�WY¡ ¤ Z5a S3 ®��y�5J.WYJ�N6XFª¿¡6W����5J¶º0¯*��
�Ã ² L�¡&a_J.PE���5J~J8OQ¢�J.Z&¥�N3P ¤ J�X�¡3ª Z,X, Y N3WYJ¤ Z_OÂª¿¡6W�L­PQ«BabO�X���W�OQ^ ¤ �YJ�a�¡�¥IJ.W	N�WY¡ ¤ Z5a S5 `(À~X���J¶�yOQPQP�abO�XY  ¤ XYX�OQZ�a_J.�iN3OQP�OQL­L�J�abOVN3�YJ.PQ«�®m¡6Z5J¨ �N3Z���_OQZ_S­¡3ª,���5J�XYJ?J.OQ¢�J.Z&¥�N3P ¤ J]abO�X���W�OQ^ ¤ ��O�¡6Z5X�N6X�& ¤ O�a_X�L�N6a_J ¤ §±¡3ªm Y�EN3W�¢�J�a�§EN3W���O� .P�J�XC&E¡0�yOQZ_¢¨N3�����5JX�§\J�J�ax¡3ª�XY¡ ¤ Z5axN3P�¡6Z_¢� �J.W��iN3OQZx·5^_WiN3��O�¡6Z5X]¡6Zx���5J"X�§_�5J.WYJ�X?OQZHN3ZHJ8Åb�YJ.W�ZEN3PmL�N3¢�Z5J.��O� "·EJ.P�a,`�5¡6W~���5J±º0¯*�W
�Ã ²  �N6XYJµOQ�]O�X]�iN3Z&�iN3PQOQ¹�OQZ_¢¬�Y¡�O�a_J.ZI��OÂª�«x���5J S5 abO�X���W�OQ^ ¤ ��O�¡6Z�¡3ª�§EN3W���O� .P�J�X~�yOQ������5J S5 ªMN6 .�Y¡6W~¡3ª����5J	a ¤ N3P AdS5 × S5 ¢�J�¡6L�J.��W�«I` � Z5a_J�J�a,®5���5J.WYJ¶N3WYJ	ñ�abOQWYJ� .��O�¡6Z5X�¡3ª����5J AdS5���EN3��N3WYJ�N3PQWYJ�N6ab«­§EN3W���¡3ªm���5Jy·EJ.P�a����5J�¡6W�«�a_J�XY .W�OQ§_��O�¡6Zm`bë��5J�XYJ~N3WYJ]���5J~N3Z_¢�P�J�X�¡3ª,���5J S3 ^(¡ ¤ Z5a&KN3W�«�N3�	OQZb·5Z_OQ�q«I®mN3Z5a����5J¨��OQL�J�abOQWYJ� .��O�¡6Zm`Cý ¤ Wµ .P�N3OQLÌZ5¡0� O�X"���EN3�"���5J S5 O�X�WYJ.§_WY¡&a ¤  �J�a�ª�WY¡6L���5J�ab«&ZEN3L­O� �X¶¡3ªy���5JHº0¯*��
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exp(αnmNnm Tr((z1)n(z2)m))ψ0 .
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��� ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
� Zu �¡6Z5 .P ¤ X�O�¡6Zm®C��J�ª¿¡ ¤ Z5ao���EN3�¶�Y�5J±J.OQ¢�J.Z&¥�N3P ¤ J¬abO�X���W�OQ^ ¤ ��O�¡6Z5X¨�y�_O� i� N3WY¡�XYJ¬N6X¶���5J±¢�WY¡ ¤ Z5aX��iN3�YJ	XY¡6P ¤ ��O�¡6Z5X~¡3ª����5J�º0¯0ñ�
�Ã ² N3Z5a;º0¯*�W
�Ã ² L�N3��W�OÂÅxL�¡Ia_J.P�X~ �¡ ¤ P�ax^(J	OQZI�YJ.W�§_WYJ.�YJ�a�N6X�& ¤ OQa5XL�N6a_J ¤ §H¡3ª*§EN3W���O� .P�J�X~&E¡��yOQZ_¢¬N3�?���5J	X�§\J�J�ax¡3ª�XY¡ ¤ Z5aHN3P�¡6Z_¢± �J8WY�iN3OQZs·5^_WiN3��O�¡6Z5X~¡6Zx���5J	X�§_�5J.WYJ�XOQZ X ¤  i� N;��N�« ���EN3�¬���5JBL�¡6��O�¡6Z ¡& �  ¤ WYXxN3P�¡6Z_¢ 
�Ã ² ��WiN3TÄJ� .�Y¡6W�O�J�X¬§_WYJ�XYJ.W�¥&OQZ_¢ XY¡6L�J�X�§\J� .OÂ·E X ¤ §\J.WY i�EN3W�¢�J�X�`mý]ZB���5J¨Àya ² X�O�a_J�®E���5J�XYJ¶ �¡6Zb·5¢ ¤ WiN3��O�¡6ZEX" �¡6W�WYJ�X�§(¡6Z5aB�Y¡�¢�WiN�¥&OÂ�i¡6Z5X~§_WY¡6§EN3¢IN3��OQZ_¢OQZ AdS5 × S5 N3P�¡6Z_¢xX�§\J� .OÂ·E �
�Ã ² ��WiN3TÄJ� .�Y¡6W�O�J�X	N3�"���5J¨¡6W�OQ¢�OQZ�¡3ª AdS5

N3�"���5J¨X�§\J�J�a�¡3ªFPQOQ¢��&��`
´ ¡6WYJ�¡�¥IJ.W�®E��J	ª¿¡ ¤ Z5aB���EN3�	N3P�XY¡�ª¿¡6W~���5J¶J8Å_ .OQ�YJ�a�X��iN3�YJ�X�¡3ªF���5J±º0¯0ñ�
�Ã ² N3Z5aoº0¯*��
�Ã ² L�¡Ia_J.P�X���5J.WYJ­O�X¶N¬§_WYJ� .O�XYJ­L�N3§_§_OQZ_¢B^\J.�U��J�J.Z;���5J�L�¡6��O�¡6Zo¡3ª����5J�§EN3W���O� .P�J�Xµ¡6Z;���5J�½*KM^_WiN3Z5J�X¨N3Z5a����5JL�¡6��O�¡6Z�¡3ª�¢�WiN�¥&OQ�Y¡6Z5X"N3�~���5Jµ¡6W�OQ¢�OQZ�¡3ª AdS5

`Eë��5J.WYJ8ª¿¡6WYJ�®\��J¶ �¡6Z5 .P ¤ a_Jµ���EN3�~���5J S5 J.OQ¢�J.Z&¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6Z�ª¿¡ ¤ ZEa�OQZ±���5J]¢�WY¡ ¤ Z5a±X��iN3�YJ~¡3ªm���5Jµº0¯*��
�Ã ² L�N3��W�OÂÅ�L�¡&a_J.P( �N3Z±^\J]O�a_J.ZI��OÂ·EJ�a±�yOQ������5J S5 ªMN6 .�Y¡6WC¡3ª_���EJ��5¡6P�¡6¢�WiN3§_�_O� �N3PQPQ«µa ¤ N3PbX�§EN6 �J.��OQL�J AdS5×S5 ` � Z¶¡6���5J.Wf��¡6WYa_X�®����5JFab«&ZEN3L­O� �X¡3ªC���5J­º0¯*�¨
�Ã ² X��iN3�YJ�XyWYJ.§_WY¡Ia ¤  �J�X?���5J S5 ªMN6 .�Y¡6W?¡3ªC���5J"a ¤ N3Pm¢�J�¡6L�J.��W�«�`5ë��_O�Xy§_�5J.Z5¡6L�J.Z5¡6ZxO�XWYJ8ª¿J.W�WYJ�as�Y¡¨OQZBG ���LICN6X õ J.L�J.W�¢�J.Z&�~X�§EN6 �J.��OQL�J�¾Q`

ª�Ù4n ± ßCÞ � çRÛ'�Û­�Û�ä3æ�ç ã ä3ÛôÛ�ÝZå~Û�ptÜEæ0o ã Û ²_Ý � ç0ä3Ý,ü ã çRÝrß0p
� Z����_O�X¨XYJ. .��O�¡6Zo��J��yOQPQPF·5Z5a����5J±XY¡6P ¤ ��O�¡6Z5XµL­OQZ_OQL­OQ¹�OQZ_¢����5J±J8»,J� .��OQ¥�J�§(¡6�YJ.Z&��OVN3P� �¡6L­§ ¤ �YJ�aoOQZ�F�EN3§_�YJ.W�ê�F2¢�OQ¥IJ.ZxOQZ�F¿êb` æb`Qº0ï�M8®�F¿êb` æb`Qº8��M8®�F¿êb`Qº�`Qº0ï�M8®�F¿êb` æb`Qº8��M?N3Z5aBF¿êb`Qº�`Qº�æ�M�M��yOQ���_OQZH���5J"�YJ.L­§\J.WiN0K� ¤ WYJ"WiN3Z_¢�J 0 ≤ TR� λ−1/2 ` ¦ J	X���WYJ�XYX?���EN3��®5X�OQZ5 �J"���5JµJ8»,J� .��OQ¥�JµN6 .��O�¡6ZB¡3ª ² J� .��O�¡6Z�í¨O�X]¡6Z_PQ«¥�N3PQO�a��yOQ���_OQZ NsXYJ� .�Y¡6W¶¡3ª? �¡6Z5X��iN3Z&�µ^EN6 YS&¢�Wi¡ ¤ Z5a�·EJ.P�a_X¶XiN3��O�XÄª�«&OQZ_¢�F¿êb` �b` ï�MMKJF¿êb` �b` ��M8®C���5J�L­OQZ_OQL�N��J�·5Z5a;OQZu���_O�X¨XYJ� .��O�¡6Z N3WYJ�Z5¡6�¨���5J¬N3^5XY¡6P ¤ �YJ±L­OQZ_OQL�N�¡3ª?���5J±¢IN ¤ ¢�J±���5J�¡6W�«I®*N3Z5ao���5J�§5�EN6XYJ��WiN3Z5X�OQ��O�¡6Z5X��yOQ���_OQZ¬���_O�X�XYJ� .�Y¡6W�¡3ªf^EN6 YS&¢�WY¡ ¤ Z5a�·EJ.P�a_X�a_¡µZ5¡6��Z5J� �J�XYXiN3W�OQPQ«�J8Åb�YJ.Z5a��Y¡µ§_�EN6XYJ]��WiN3ZbKX�OQ��O�¡6Z5XFOQZ±���5J?ª ¤ PQPE¢IN ¤ ¢�J]���5J�¡6W�«#F� 8ª�`RG ï6êLINM8`BK~¡6Z5J.���5J.P�J�XYX�®I��J]�yOQPQP(XYJ�J?���EN3���Y�5J?L�N3��W�OÂÅ�L�¡&a_J.P(¡3ª² J� .��O�¡6ZBí¨J8Åb�_OQ^_OQ�YX]XY¡6L�J�OQZ&�YJ.WYJ�X���OQZ_¢�ab«&ZEN3L­O� �X�`ë��5JFWYJ�X ¤ PQ��OQZ_¢"abO�X���W�OQ^ ¤ ��O�¡6Z5X*¡3ª\J.OQ¢�J.ZI¥�N3P ¤ J�X*�yOQPQP&§_WYJ�XYJ.W�¥�JF���5J SU(2)×U(1) R KqX�«&L­L�J.��W�«µ¡3ª
N = 2 £I¤ OQ¥IJ.W,¢IN ¤ ¢�J����5J�¡6W�«I`�À~X(OQZµã]J8ª�`�G æbºJII��J�^\J.PQO�J.¥IJ����EN3�fa ¤ J*�Y¡y���5J�§_WYJ�XYJ.W�¥�J�a R KqX�«&L­L�J.��W�«�®���5J�L­OQZ_OQL�Nxª¿¡ ¤ Z5a;�5J.WYJ¬N3WYJ±OQZ5a_J�J�a;���5J±¢�P�¡6^EN3P�L­OQZ_OQL�NB¡3ª]���5J±J8»,J� .��OQ¥IJ¬N6 .��O�¡6Z F��yOQ���_OQZo���5JXYJ� .�Y¡6W±¡3ªµ �¡6Z5X��iN3Z&��Sq �¡6L­L ¤ ��OQZ_¢*UH¼�½�¼¨¾ XJM8`�ë��5JHS�J.« ¡6^5XYJ.W�¥�N3��O�¡6ZúZ5J�J�a_J�a ª¿¡6W¬¡6^_�iN3OQZ_OQZ_¢o���5JXY¡6P ¤ ��O�¡6Z5X�O�XF���EN3�F^\¡6����OQZ����5J?PQ¡0��KM�YJ.L­§(J.WiN3� ¤ WYJ~WYJ.¢�OQL�J~N3Z5a±N3^\¡0¥�J?���5J]¸�N3¢�J�a_¡6W�Z��YJ.L­§(J.WiN3� ¤ WYJ
TH
®I���5J~J.OQ¢�J.Z&¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z5X�ª¿¡6W����5J~XY �N3PVN3W�¼�½�¼¨¾ X�N3Z5a±���5J~Ã*¡6PQ«IN3SI¡�¥�P�¡&¡6§¬ �N3Z¬^\J~XY¡6PQ¥IJ�aª¿¡6W]XYJ.§EN3WiN3�YJ.PQ«�`EÀ~X?��J	�yOQPQPCXYJ�J�®_���5J	¸"N3¢�J.a5¡6W�ZH��WiN3Z5X�OQ��O�¡6ZB �N ¤ XYJ�X~N� Y�EN3Z_¢�J	OQZH���5J	�Y¡6§\¡6P�¡6¢�«x¡3ª���5J�TÄ¡6OQZ&�?J.OQ¢�J.Z&¥�N3P ¤ J	abO�X���W�OQ^ ¤ ��O�¡6ZH�y�5J.Zx���5J"�YJ.L­§\J.WiN3� ¤ WYJ	O�XyWiN3O�XYJ�aHN3^(¡�¥IJ TH `�5¡6W¨�YJ.L­§\J.WiN3� ¤ WYJ�X­PQ¡0�  �¡6L­§EN3WYJ�au�Y¡B���5J�OQZ&¥IJ.WYXYJ�WiN6abO ¤ X­¡3ª]���5J S3 F2OM` J�`Q® TR � 1 M8®C¡6Z5J �N3Z� �¡6Z5X�O�X��YJ.ZI��PQ«�abO�XY �N3WYa��YJ.W�L�X"OQZ����5J £I¤ N3Z&� ¤ LÌJ8»,J� .��OQ¥IJ¨§\¡6�YJ.Z&��OVN3P����EN3�µN3WYJ­X ¤ §_§_WYJ�XYXYJ�a�^I«
�¡6PQ��¹�L�N3Z_Z�ªMN6 .�Y¡6WYXZ¡6®IN3Z5a�XY¡	¡6Z5J?¡6^_�iN3OQZ5X����5J�ª¿¡6PQP�¡0�yOQZ_¢µP�¡���KM�YJ.L­§(J.WiN3� ¤ WYJ]PQOQL­OQ�F¡3ª,���5J?J8»,J� .��OQ¥�J
­ \_^Cy�v l l±sJ^zfev { n�o�u�kJbNce^zfev krfevXced*oZc�cedPv b�uLfekpxH^��L`Lfe^Cv b�sJorl v �t{�krfCorl lXce^Hh�u�^zfgoZce`Lfe^Hb�§�^Hl k�y#cedP^ � or}J^��Lkrfew'ce^Hh��u�^zfgoZce`Lfe^J�
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P � z��'m#ñC�Cò!ð~z~��ò!� ���pø���}�÷¤ð�l?���Ý¹����,z�ò]�U�¨�yzC�p��} �bº
§\¡6�YJ.Z&��OVN3P
ΓTR�1 =

2π2βR

g2
YM

M∑

i=1

N∑

n=1

(
(ai,(i+1))nn(ai,(i+1))nn + (b(i+1),i)nn(b(i+1),i)nn + (φi)nn(φi)nn

)

− β

2M

M∑

i,j=1

N∑

m,n=1

[
2
((

(ai,(i+1))nn − ω−j (ai,(i+1))mm
)(

(ai,(i+1))nn − ωj (ai,(i+1))mm
)

+
(
(b(i+1),i)nn − ωj (b(i+1),i)mm

)(
(b(i+1),i)nn − ω−j (b(i+1),i)mm

)

+
(
(φi)nn − (φi)mm

)(
(φi)nn − (φi)mm

))]1/2
. F2ñ5` æb`QºLM

¦ J]¡6^5XYJ.W�¥IJ?���EN3�����5J~J.OQ¢�J.ZI¥�N3P ¤ J�X�¡3ªm���5J~ÃC¡6PQ«&N3S�¡0¥­P�¡&¡6§sN3WYJ?Z5¡6�� �¡ ¤ §_P�J�a��Y¡µ���5J~J.OQ¢�J.ZI¥�N3P ¤ J�X�¡3ª���5J¨XY �N3PVN3W"¼�½�¼¨¾ X�`(ë��5J.WYJ8ª¿¡6WYJ�®\ª¿¡6W�P�¡�� �YJ.L­§\J.WiN3� ¤ WYJ�X�®,���5J­abO�X���W�OQ^ ¤ ��O�¡6Z�¡3ª����5J¨Ã*¡6PQ«IN3SI¡0¥HP�¡I¡6§J.OQ¢�J.ZI¥�N3P ¤ J�X��yOQPQP?^\Js���5JxXiN3L�JHN6X�OQZ ���5Jx �N6XYJ¬�yOQ���÷¹�J.WY¡�XY �N3PVN3W�¼�½�¼¨¾ X­��WYJ�N3�YJ�a OQZ ² J� .��O�¡6Z5Xæb` ñ6KUæb` íb`5ë�� ¤ X�®_��J"OQL­L�J�abOVN3�YJ.PQ«x �¡6Z5 .P ¤ a_J"ª�WY¡6L ² J� .��O�¡6ZBæb` ñ����EN3�?���5J	J.OQ¢�J.Z&¥�N3P ¤ J�X eiαnn
i
¡3ª*���5JÃC¡6PQ«&N3S�¡0¥µP�¡&¡6§¥FVª¿¡6W i ·_Å_J�a0M*N3WYJ ¤ Z_OÂª¿¡6W�L­PQ«¨abO�X���W�OQ^ ¤ �YJ�a­¡0¥�J.W S1 ª¿¡6WFN3ZI«µ�YJ.L­§(J.WiN3� ¤ WYJy^(J.P�¡�� ���5J¸�N3¢�J�a_¡6W�ZB�YJ.L­§\J.WiN3� ¤ WYJ�`£K~¡6�iJ	���EN3�?ª¿¡6W�N ¤ Z_OÂª�¡6WYL©abO�X���W�OQ^ ¤ ��O�¡6Z�¡3ª����5J¶N3Z_¢�P�J�X αnni ®5���5J	�iJ8WYL�XL ¤ PQ��OQ§_PQO�J�ax^&« 
�¡6PQ��¹�L�N3Z_ZxªMN6 .�Y¡6WYX?OQZBF¿êb`Qº�`Qº0ï�M?N3Z5aBF¿êb` æb`Qº8��M�¥�N3Z_O�X��xJ8Å5N6 .��PQ«I`5ë��5J.WYJ8ª¿¡6WYJ"��J" �N3Z �¡6Z5X�O�X��YJ.ZI��PQ«sabO�XY �N3WYas���5J�XYJ��YJ.W�L�X~N6XyP�¡6Z_¢±N6Xy���5J��YJ.L­§(J.WiN3� ¤ WYJ	O�Xy^(J.P�¡�� TH

`� Z�¡6WYa_J.W"�Y¡�·5Z5aB���5J­XiN6a_abP�J¶§\¡6OQZ&�YX"¡3ª)F2ñ5` æb`QºLM]��J¶L�N3SIJ¶���5J¨¡6^5XYJ.W�¥�N3��O�¡6Z����EN3��^&«xL�N3S&OQZ_¢���5J�O�a_J.Z&��OÂ·E �N3��O�¡6Z5X
ai,(i+1)

∼= ω−1ai,(i+1)
F2ñ5` æb` æ�M

b(i+1),i
∼= ω b(i+1),i

F2ñ5` æb` ê�M
φi ∼= φi

F2ñ5` æb` ñXM
N3Z5a�N3§_§_PQ«&OQZ_¢s���5J.LðWYJ�  ¤ WYX�OQ¥IJ.PQ«H�Y¡;F2ñ5` æb`QºLM8®(���5J¨P�¡���KM�YJ.L­§(J.WiN3� ¤ WYJ�J8»,J� 8�YOÂ¥IJ¨§\¡6�YJ.Z&��OVN3P�WYJ�a ¤  �J�X�Y¡
ΓTR�1 =

2π2βR

g2
YM

M∑

i=1

N∑

n=1

(
(ai,(i+1))nn(ai,(i+1))nn + (b(i+1),i)nn(b(i+1),i)nn + (φi)nn(φi)nn

)

−β
2

M∑

i=1

N∑

m,n=1

[
2
((

(ai,(i+1))nn − (ai,(i+1))mm
)(

(ai,(i+1))nn − (ai,(i+1))mm
)

+
(
(b(i+1),i)nn − (b(i+1),i)mm

)(
(b(i+1),i)nn − (b(i+1),i)mm

)

+
(
(φi)nn − (φi)mm

)(
(φi)nn − (φi)mm

))]1/2
. F2ñ5` æb` í�M

� ��O�X�OQL­§\¡6W��iN3Z&�	�Y¡±Z5¡6�YJ¨���EN3�"���5J¨O�a_J.ZI��OÂ·E �N3��O�¡6ZEX�F2ñ5` æb` æ�MMKJF2ñ5` æb` ñXM� �¡6W�WYJ�X�§(¡6Z5a ¤ Z_O £I¤ J.PQ«B�Y¡±���5JJ8»,J� .��OQ¥�J	§\¡6�YJ.Z&��OVN3PM`\ë��EN3�]O�X�®_OÂª�¡6Z5J"WYJ.§_PVN6 �J�X ω ^&« ωq OQZ F2ñ5` æb` æ�MMKJF2ñ5` æb` ê�M8®E���5J	§(¡6�YJ.ZI��OVN3P�F2ñ5` æb`QºLM�yOQPQP�Z5¡6�	WYJ�a ¤  �J­�Y¡;F2ñ5` æb` í�M]ª¿¡6W"¢�J.Z5J.WiN3P M `,ëC¡sXYJ�J¨���_O�X�®(Z5¡6�YJ­���EN3��®mX�OQZ5 �J�N3PQP M §(¡���J.WYX	¡3ª ωN3§_§\J�N3W�OQZ¾F�ñ5` æb`QºLM8®b���5J~¡6WYa_J.Wy¡3ª ωq L ¤ X���^(J M `&ë�� ¤ X���J~L ¤ X����EN�¥IJ gcd(q,M) = 1 ª¿¡6WyN3PQP M�y�_O� Y�xOQL­§_PQO�J�X q = 1 `



��æ ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
¦ J	Z5¡0�°§_WY¡& �J�J�aH�yOQ���H·5Z5abOQZ_¢±���5JµXiN6a_abP�Jµ§\¡6OQZ&�YX~¡3ªtF2ñ5` æb` í�M8`\ë��5J�XYJµ�yOQPQPf^(JµXiN6a_abP�J	§(¡6OQZI�YX¡3ª6F2ñ5` æb`QºLM±�y�5J.WYJ����5J�O�a_J.ZI��OÂ·E �N3��O�¡6ZEX�F2ñ5` æb` æ�MMKJF2ñ5` æb` ñ¤M¬�EN�¥IJ�^(J�J.ZÁL�N6a_J�` � �sO�Xx �¡6ZI¥IJ.Z_O�J.ZI�H�Y¡OQZI��WY¡&a ¤  �J"���5J	abOQL�J.Z5X�O�¡6Z_P�J�XYX?¥�N3W�OVN3^_P�J�X

(θi)n ≡ β(αi)nn ,
F2ñ5` æb` ��M

(zi)n,1 ≡ β(φi)nn , (zi)n,2 ≡ β(ai,(i+1))nn , (zi)n,3 ≡ β(b(i+1),i)nn
F2ñ5` æb` ï�M

N3Z5a
(zi)n ≡

(
(zi)n,1, (zi)n,2, (zi)n,3

) F2ñ5` æb` ��M
XY¡¨���EN3� (zi)n ∈ C

3 ª¿¡6W�·_Å_J�a i N3Z5a n `V� ¤ W����5J.W�L�¡6WYJ	��J�OQZ&��WY¡Ia ¤  �J¶N¶Z5¡6W�L�¡6Z C
3 a_J8·5Z5J�ax^I«

‖w − z‖ ≡
(

3∑

c=1

∣∣(wc)− (zc)
∣∣2
)1/2 F2ñ5` æb` å�M

�y�5J.WYJ | · | a_J.Z5¡6�YJ�X?���5J"L�¡Ia ¤ P ¤ X�` ¦ W�OQ���YJ.ZxOQZs���_O�X?Z5¡6�iN3��O�¡6Zm®�F2ñ5` æb` í�M��iN3S�J�Xy���5J�ª¿¡6W�L
ΓTR�1 =

2π2R

g2
YMβ

M∑

i=1

N∑

n=1

∥∥(zi)n
∥∥2 − 1√

2

M∑

i=1

N∑

m,n=1

∥∥(zi)n − (zi)m
∥∥ . F2ñ5` æb`Qº8��M

¦ J¬�yOQPQPyZ5¡�� �iN3SIJ±���5Js �¡6Z&��OQZ ¤_¤ L PQOQL­OQ� N → ∞ N3Z5a a_J�XY .W�OQ^\J¬���5JsJ.OQ¢�J.Z&¥�N3P ¤ J�X�¡3ª~���5JÃC¡6PQ«&N3S�¡0¥�P�¡I¡6§¨N3Z5a"���5J�XY �N3PVN3Wf¼�½�¼¨¾ X,^&«"N*TÄ¡6OQZ&�fJ.OQ¢�J.ZI¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z ρi(θi, zi) §_WY¡6§(¡6W���O�¡6ZEN3P�Y¡����5JHa_J.Z5X�OQ�q« ¡3ª	J.OÂ¢�J.Z&¥�N3P ¤ J�X¬N3�����5Js§(¡6OQZI� (θi, zi)
FVª¿¡6W�XY¡6L�J¬·_Å_J�a i M­N3Z5a Z5¡6W�L�N3PQOQ¹�J�a N6X∫

dθid
3zi ρi(θi, zi) = 1 `5ë��5J	 .¡6Z&��OQZ ¤_¤ L�PÂOQL­OQ�?O�X?¡6^_�iN3OQZ5J�ax^&«sN3§_§_PQ«&OQZ_¢����5J"X ¤ ^5X��YOÂ� ¤ ��O�¡6Z

1

N

N∑

n=1

[
· · ·
]
−→

∫
dθi d

3zi ρi(θi, zi)
[
· · ·
] F2ñ5` æb`Qº�ºLM

OQZ�N3ZEN3P�¡6¢�«x�yOQ����F¿æb` æb`Qº8��M8`(¸~J.WYJµOQ�~O�X~OQL­§_PQO�J�aB���EN3�����5J¶ �¡6Z&�YJ.ZI�"¡3ªF���5Jµ^_WiN6 iS�J.�YX [ · · · ]  �N3W�W�O�J�XN3Z i PVN3^\J.PM` � Z����5J� �¡6Z&��OQZ ¤_¤ LéPQOQL­OQ��®,���EJ�J £I¤ N3��O�¡6Zo¡3ª�L�¡6��O�¡6Z�ª¿¡6W zi
¡6^_�iN3OQZ5J�a�ª�WY¡6L F2ñ5` æb`Qº8��MWYJ�N6a_X √

2πR

λβ
zi =

∫

Di

d3z′
i ρi(z

′
i)

zi − z′
i

‖zi − z′
i‖
. F2ñ5` æb`Qº�æ�M

¸~J.WYJ ρi(·) O�Xµa_J8·5Z5J�auN6X	�Y�5J±N�¥IJ.WiN3¢�J ρi(zi) ≡ ∫ π−π dθi ρi(θi, zi) ®CN3Z5a Di ⊆ C
3 a_J.Z5¡6�YJ�Xµ���5JX ¤ §_§\¡6W��yª¿¡6W ρi `5ë��5J	XY¡6P ¤ ��O�¡6Zx�Y¡6F2ñ5` æb`Qº�æ�M�O�X�¢�OQ¥IJ.Zs^&«±���5J	J.OQ¢�J.ZI¥�N3P ¤ JµabO�X���W�OQ^ ¤ ��O�¡6Z

ρi(zi) =
δ(‖zi‖ − ri)

2π4r5i

F2ñ5` æb`Qº�ê�M
�y�5J.WYJ"���5J"WiN6abO ¤ X ri O�X�¢�OQ¥IJ.Zx^I«

ri =
λβ√
2π3R

1024

945
F2ñ5` æb`Qº.ñXM

N6X¬ �N3Z ^\J� i�5J� YSIJ�a X���WiN3OQ¢��&�Äª¿¡6W��yN3WYabPQ«�`yë��EN3�sO�X�®)F2ñ5` æb`Qº�æ�M�O�X¬XiN3��O�XÄ·EJ�a÷ª¿¡6WxN3Z&« zi
�y�5J.Z ���5JJ.OQ¢�J.ZI¥�N3P ¤ J�X¨N3WYJ�abO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«�¡�¥IJ.W¶N3Z S5 �yOQ���;���5J�WiN6abO ¤ X F2ñ5` æb`Qº.ñXM8` ² OQZ5 �JTF2ñ5` æb`Qº8��M



©¤õ �Xõ ���pø���}�÷¤ð�l?���ì¹����,z�ò]�U�¨�yzC�p��}Oð~���)÷�� z�ït� ïtð�ø���¹W�Eò]} z��'m#ñC�Cò!ð]z���ò!� ��ê
��N6X�¡6^_�iN3OQZ5J�aHª�WY¡6LÊ���5JµP�¡0��KM�YJ.L­§\J.WiN3� ¤ WYJ­J8»,J� .��OQ¥�Jµ§(¡6�YJ.Z&��OVN3P~F2ñ5` æb`QºLM?^I«xL�N3S&OQZ_¢¬���5J¶¡6W�^_OÂª¿¡6P�aO�a_J.ZI��OÂ·E �N3��O�¡6ZEXtF2ñ5` æb` æ�MMKJF2ñ5` æb` ñXM.®���Jy��� ¤ X� �¡6Z5 .P ¤ a_J?���EN3�����5J?XiN6a_abP�J�§(¡6OQZI�F¡3ªCF2ñ5` æb`QºLMCO�XFN ¤ Z_OÂª¿¡6W�LabO�X���W�OQ^ ¤ ��O�¡6Zo¡3ªy���5J�J.OQ¢�J.Z&¥�N3P ¤ J�X¶¡3ªy���5J�XY �N3PVN3Wµ¼�½�¼¨¾ X	¡0¥�J.W S5/ZM

�y�5J.WYJ����5J±N6 8�YOQ¡6Zu¡3ª
ZMO�X�§5WYJ� 8O�XYJ.PQ«úN6X�OQZÉFÄº�` æb`QºLM8`�ë��_O�X�O�X± �¡6Z5X�O�X��YJ.Z&�±�yOQ���ÐG ï0ñ�Iq®�N6X±¡6Z5JBX��5¡ ¤ P�aúJ8Åb§\J� .�±OQZ÷���5JHP�¡���YJ.L­§\J.WiN3� ¤ WYJxPQOQL­OQ���y�5J.WYJs���5J.W�L�N3P]J8»,J� .�YX�N3WYJsX�L�N3PQPM` ² OQZ5 �J¬��J±ª¿¡ ¤ Z5a ���EN3�­���5JsJ.OQ¢�J.Z&¥�N3P ¤ J�X¡3ª	���5JHÃ*¡6PQ«IN3SI¡�¥ P�¡I¡6§ N3WYJBabO�X���W�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«÷¡0¥�J.WsN3Z S1 ª¿¡6W��YJ.L­§\J.WiN3� ¤ WYJ�X¬^(J.P�¡��©���5J¸�N3¢�J�a_¡6W�Z��YJ.L­§\J.WiN3� ¤ WYJ�®(��J¨ �¡6Z5 .P ¤ a_Jµª ¤ W����5J.W�L�¡6WYJ¨���EN3�����5J~TÄ¡6OQZI�"J.OÂ¢�J.Z&¥�N3P ¤ J¨abO�X���WYOÂ^ ¤ ��O�¡6Z�¡3ª���5J"XY �N3PVN3W?¼�½�¼¨¾ X]N3Z5as���5J"Ã*¡6PQ«IN3SI¡�¥¬P�¡I¡6§xO�X S5/ZM × S1 OQZx���_O�Xy�YJ.L­§(J.WiN3� ¤ WYJ	WiN3Z_¢�J�`� �¨O�X­WYJ.L�N3W�S�N3^_P�Js���EN3�­���5JsJ.OQ¢�J.Z&¥�N3P ¤ J�X�¡3ª~���5JsXY �N3PVN3W­¼�½�¼¨¾ X­P�¡I �N3PQOQ¹�Js�Y¡�NB�&«&§\J.WYX ¤ WÄªMN6 �JOQZ

C
3 WiN3���5J.W	���EN3Z;X�§_WYJ�N6abOQZ_¢H¡ ¤ �µ¡0¥�J.W	���5J� �¡6Zb·5¢ ¤ WiN3��O�¡6ZoX�§EN6 �J�`më��5J­§_�I«bX�O� �N3PF¡6W�OQ¢�OQZ;¡3ª����5JP�¡I �N3PQOQ¹0N3��O�¡6Z÷O�X­J�XYXYJ.ZI��OVN3PQPQ«u �¡6L­L�¡6Z ª¿¡6W¨���5J¬L�N3��W�OÂÅuL�¡&a_J.P?a_J.¥IJ.P�¡6§\J�a �5J.WYJxN3Z5au���5J¬L�N3��W�OÂÅL�¡Ia_J.P,¡3ªaG ï0ñ*Iq®IZEN3L�J.PQ«����5J~ �¡6L­§(J.��OQ��O�¡6Z¬^(J.�q��J�J.ZxN3Z¬N3�Y��WiN6 .��OQ¥�J~§EN3W���¡3ªm���5J £I¤ N3Z&� ¤ L J8»,J� .��OQ¥�J§\¡6�YJ.Z&��OVN3PM®\N3Z5aHN¨WYJ.§ ¤ P�X�OQ¥IJ"§EN3W��]�y�5J.WYJ"���EJ"PVN3���YJ.W]OQX?¢�J.Z5J.WiN3�YJ�aH^I«¬���5J"§EN3���HOQZI�YJ.¢�WiN3��O�¡6Z5X�` ¦ JOQZI�YJ.W�§_WYJ.�"���5J¶J.OQ¢�J.Z&¥�N3P ¤ J¨abO�X���W�OQ^ ¤ ��O�¡6Z�¡3ªF���5J¶XY �N3PVN3W�¼�½�¼¨¾ X"N6X~���5J¶J.L�J.W�¢�J.Z5 �J­¡3ªF���5J S5/ZMªMN6 .�Y¡6W?¡3ªC���5J"�5¡6P�¡6¢�WiN3§_�_O� �N3PQPQ«xa ¤ N3P AdS5 × S5/ZM

X���W�OQZ_¢����5J�¡6W�«±¢�J�¡6L�J.��W�«�`V�COQZEN3PQPQ«¬��J�Z5¡6�YJ���EN3�f���5JF�I«&§(J.WYX ¤ WÄªMN6 �J S5/ZM
�EN6Xf���5JFO�XY¡6L�J.��W�«"¢�WY¡ ¤ § SU(2)×U(1) ®�WYJ�X ¤ PQ��OQZ_¢]ª�WY¡6L°^_WYJ�N3S&OQZ_¢���5J SU(4) O�XY¡6L�J.��W�«¬¥&OVN¨���5J	¡6W�^_OÂª¿¡6P�asO�a_J.Z&��OÂ·E �N3��O�¡6Z5X¨F2ñ5` æb` æ�MMKJF2ñ5` æb` ñXM8` ² OQZ5 �J	���_O�X?O�Xy���5J�ª ¤ PQP R KX�«&L­L�J.��W�«±¢�WY¡ ¤ § SU(2)R × U(1)R

¡3ª N = 2 £I¤ OQ¥IJ.Wy¢IN ¤ ¢�J	���5J�¡6W�«¬��J"^\J.PQO�J.¥�J�F� 8ª�`�G æbºJINM����EN3����5J	L­OQZ_OQL ¤ L�ª¿¡ ¤ Z5aH�5J.WYJµO�X]OQZ5a_J�J�aH���5Jµ¢�P�¡6^EN3PCL­OQZ_OQL ¤ Lð¡3ª����5JµJ8»,J� .��OQ¥IJ¨N6 8�YOQ¡6Z�¡3ª��F�EN3§_�YJ.Wêb`
ª�Ù�� W;ÝZå~Û�ptÜEæ0o ã Û ²_Ý � ç0ä3Ý,ü ã çRÝrß0pÔæ:ü�ßCÜ~Û�çRé_Û ýôæ~å~Û�²_ß�ä£pùçRÛ'�þ­�Û�ä3æ�ç ã ä3Û
� ZB���5JµL�N3��W�OÂÅBL�¡&a_J.P*��WYJ�N3�YJ�aBOQZB�F�EN3§_�YJ.W	æ��y�5J.WYJ¶�Y�5Jµ¼�½�¼¨¾ X�¡3ªF���5J¨XY �N3PVN3W]·EJ.P�a_X���J.WYJ¶¹�J.WY¡��JB¡6^5XYJ.W�¥�J�a÷���EN3�sN6X����5JH�YJ.L­§\J.WiN3� ¤ WYJBO�X�OQZ5 .WYJ�N6XYJ�a N3^(¡�¥IJ TH ≈ 0.38R−1 ®F���5JBÃC¡6PQ«&N3S�¡0¥P�¡I¡6§�J.OQ¢�J.Z&¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z5X	¡6§(J.Z;N�¢IN3§f` � Z����_O�X"XYJ� .��O�¡6Z���J¨�yOQPQP�J8Å5N3L­OQZ5J¨�5¡0� ���_O�X�§5�EN6XYJ��WiN3Z5X�OQ��O�¡6ZxL�N3Z_OÂª¿J�X��YXyOQ�YXYJ.PÂª*OQZx���5J�¢�J.Z5J.WiN3PC �N6XYJ��yOQ���xZ5¡6ZbKM¹�J.WY¡�XY �N3PVN3Wy¼�½�¼¨¾ X�`�_WY¡6Lð���5J¨WiN6abO ¤ XWF2ñ5` æb`Qº.ñXM�¡6Z5J¨OÂZ�§EN3W���O�  ¤ PVN3W"·5Z5a_X����EN3��ª¿¡6W�P�¡0�Î�YJ.L­§(J.WiN3� ¤ WYJ�X ‖zi‖ � λ ®XY¡	���EN3�����5J~��WYJ�J8KMP�J8¥IJ.P(�YJ.W�L a_¡6L­OQZEN3�YJ�Xy¡�¥IJ.W����5J £I¤ N3ZI� ¤ L  �¡6W�WYJ� .��O�¡6Z¬^&«�N"ªMN6 .�Y¡6W ∼ ‖zi‖

λ � 1 `ý]Zo���5J±¡6�Y�5J.W¶�EN3Z5a,®�N3WY¡ ¤ Z5ao���5J¬¸�N3¢�J�a_¡6W�Zu�YJ.L­§\J.WiN3� ¤ WYJ TH ¡6Z5J�·5Z5a_X ‖zi‖ ∼ λ ®*N3Z5a;���5J��WYJ�J8KMP�J.¥�J.Pm�YJ.W�L©N3Z5a¬���5J £I¤ N3ZI� ¤ L� �¡6W�WYJ� .��O�¡6Z5X] �¡6L�J"�yOQ���_OQZx���5J	XiN3L�J"¡6WYa_J.W]¡3ªCL�N3¢�Z_OQ� ¤ a_J�` � �O�Xy���5J.WYJ8ª¿¡6WYJ"ZEN3� ¤ WiN3Pm�Y¡­WYJ8KqJ8Åb§_WYJ�XYXy���5J	J8»,J� .��OQ¥�J"§\¡6�YJ.Z&��OVN3PfOQZs�YJ.W�L�X]¡3ª*���5J�Z5J.�Á¥�N3W�OVN3^_P�J�X
(ζi)n,1 ≡ λ−1(zi)n,1 , (ζi)n,2 ≡ λ−1(zi)n,2 , (ζi)n,3 ≡ λ−1(zi)n,3 .

F2ñ5` êb`QºLM
ë��5J­ �¡6L­§ ¤ �iN3��O�¡6Z5XµOQZ����_O�X	XYJ� .��O�¡6Z��yOQPÂP�^\J­¥�N3PQO�aBª¿¡6W"�YJ.L­§\J.WiN3� ¤ WYJ�XµOQZ����5J¨WiN3Z_¢�J 0 ≤ TR �
λ−1/2 ` ² OQZ5 �J���J� �N3Z¬ZE¡¶P�¡6Z_¢�J.W�Z5J.¢�P�J� .�y���5J~�YJ.W�L�X�L ¤ PQ��OQ§_PQO�J�a¬^&«�
�¡6PQ��¹�L�N3Z_Z¬ªMN6 .�Y¡6WYX�®&��J~�EN�¥IJ�Y¡­ �¡6Z5X�O�a_J.W?���5J�ª ¤ PQP £I¤ N3ZI� ¤ L�J8»,J� .��OQ¥IJµN6 .��O�¡6ZBN6X? �¡6L­§ ¤ �YJ�axOQZ#���EN3§_�YJ.W~ê6F2¢�OQ¥�J.ZxOQZBFMêb` æb`Qº0ï�M8®F¿êb` æb`Qº8��M8®�F¿êb`Qº�`Qº0ï�M8®�F¿êb` æb`Qº8��M]N3Z5aBFMêb`Âº�`Qº�æ�M�M.`(ý]Z5 �J¶N3¢IN3OQZm®E��J¶N3§_§_PQ«s���5J	¡6W�^_OÂª¿¡6P�axO�a_J.Z&��OÂ·E �N3��O�¡6Z5XF2ñ5` æb` æ�MMKJF2ñ5` æb` ñXM8®IN3ZEa¨J8Åb§_WYJ�XYX*���5J�WYJ�X ¤ PQ��OQZ­�YJ.W�L�X�¡3ª\���5J�¥�N3W�OVN3^_P�J�X θi, ζi `�¸~¡���J.¥�J.W�®6���5J�WYJ�XY �N3PQOQZ_¢�yOQ�������5Jx¾ �µ¸~¡I¡3ª��µ �¡ ¤ §_PQOQZ_¢ λ OQZjF2ñ5` êb`QºLM~�yOQPQP�WiJ.¡6WY¢IN3Z_OQ¹�J����5J­§\J.W�� ¤ W�^EN3��OQ¥IJ�J8Åb§EN3Z5X�O�¡6Z;¡3ª����5J



�3ñ ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
J8»,J� .��OQ¥�J"§\¡6�YJ.Z&��OVN3PmOQZ&�Y¡

Γeff = Γ(0)[θi] + λΓ(1)[θi, ζi] +O(λ2) . F2ñ5` êb` æ�M
¸~J.WYJ����5J��0KMP�¡I¡6§x�iJ8WYL O�X
Γ(0)[θi] =

M∑

i=1

N∑

m,n=1

∞∑

l=1

1

l

[
1−

(
zBad(e

−βlR−1
; 1, 1) + 2zBbi(e

−βlR−1
; 1, 1)

)

− (−1)l+1
(
zFad(e

−βlR−1
; 1, 1) + 2zFbi(e

−βlR−1
; 1, 1)

)]
cos
(
l(θi)n − l(θi)m

) F2ñ5` êb` ê�M
�y�5J.WYJ zBad, zFad, zBbi, z

F
bi
N3WYJ�¢�OQ¥IJ.ZoOQZu½ £ X�`�F¿æb`Qº�` ï0ñXM8®~F¿æb`Qº�` ï6í�M8®�F¿æb`Qº�` ï*��M8®�F¿æb`Qº�` ï�ï�M8®*WYJ�X�§\J� .��OQ¥IJ.PQ«�®N3Z5a y1 = y2 = 1 OQZx���_O�X? �N6XYJ"X�OQZ5 �J"��JµN3WYJ"�iN3S&OQZ_¢ µ1 = µ2 = 0 �5J.WYJ�`ë��5J�º8KMP�¡I¡6§x�YJ.W�L�OQZ�F2ñ5` êb` æ�M�O�Xy¢�OQ¥�J.Zx^&«

Γ(1)[θi, ζi] =
2π2RN

β

M∑

i=1

N∑

n=1

∥∥(ζi)n
∥∥2

− 1√
2

M∑

i=1

N∑

m,n=1

∥∥(ζi)n − (ζi)m
∥∥
(

1 + 2
∞∑

l=1

cos
(
l(θi)n − l(θi)m

)
)
. F2ñ5` êb` ñXM

�_WY¡6L����5J	J8Åb§EN3Z5X�O�¡6Z�F2ñ5` êb` æ�M�OQ�?O�XyOQL­L�J�abOVN3�YJ.PQ«x¡6^I¥&O�¡ ¤ X?���EN3�?�Y¡¨P�J�N6abOQZ_¢±¡6WYa_J.W?OQZ λ ���5J θi N3WYJ¤ ZEN0»,J� .�YJ�a ^&«;�Y�5J ζi
`�ë��5J.WYJ8ª¿¡6WYJ�®��Y¡�P�J�N6abOQZ_¢o¡6WYa_J.W�®����5JsJ.OQ¢�J.Z&¥�N3P ¤ JxabO�X���W�OQ^ ¤ ��O�¡6Z5X±¡3ª~�Y�5J θiN3WYJµ���5J¶XiN3L�J¨N6X]���5J.«x��J.WYJ¶OQZB���5J¶ �N6XYJµ�yOQ���B¹�J.WY¡±XY �N3PVN3W~¼�½�¼¨¾ X~��WYJ�N3�YJ�aHOQZ ² J� .��O�¡6Z5X	æb` ñ6KUæb` íb`ë��5JsJ.OQ¢�J.ZI¥�N3P ¤ JxabO�X���W�OQ^ ¤ ��O�¡6Z5X�¡3ª~���5JsXY �N3PVN3W­¼�½�¼¨¾ X­ �N3Z ���5J.WYJ8ª¿¡6WYJ¬^(J±ª¿¡ ¤ Z5ao^&«;L­OQZ_OQL­OQ¹�OQZ_¢

Γ(1)[θi, ζi]
`_ëCN3S&OQZ_¢����5J"PVN3W�¢�J N PQOQL­OQ�]¡3ª~F2ñ5` êb` ñXMyN6 � �¡6WYabOQZ_¢��Y¡6F2ñ5` æb`Qº�ºLMy¡6Z5J�·5Z5a_X

1

N2
Γ(1) =

2π2R

β

M∑

i=1

∫
dθi d

3ζi ρi(θi, ζi)‖ζi‖2

−
√

2π
M∑

i=1

∫
dθi d

3ζi d
3ζ′
i ρi(θi, ζi)ρi(θi, ζ

′
i) ‖ζi − ζ ′

i‖ . F2ñ5` êb` í�M
¸~J.WYJ?��J]�EN�¥IJ ¤ XYJ�a����5J]O�a_J.ZI��OQ�U« 1+2

∑∞
l=1 cos

(
l(θi)n− l(θi)m

)
= 2πδ

(
(θi)n− (θi)m

) �y�_O� i�O�X?X�OQL­§_PQ«±���5J��5¡ ¤ W�O�J.W]J8Åb§EN3Z5X�O�¡6ZH¡3ª*���5J	a_J.PQ�iN¶ª ¤ Z5 .��O�¡6Zm`K~¡�� ��Jµ§_WY¡& �J�J�aB�Y¡�L­OQZ_OQL­OQ¹�J¨���5J¨N6 .��O�¡6Z�F2ñ5` êb` í�M8` ² OQZ5 �J¶���5J¶J.OQ¢�J.Z&¥6N3P ¤ J­abO�X���W�OQ^ ¤ ��O�¡6Z5X~ª¿¡6W���5J	Ã*¡6PQ«IN3SI¡�¥sP�¡I¡6§�N3Z5ax���5J	XY �N3PVN3W]¼�½�¼¨¾ X] �N3Zx^(J	XY¡6PQ¥IJ�a¬ª¿¡6W]XYJ.§EN3WiN3�YJ.PQ«I®5���5JyTÄ¡6OQZ&�]J.OQ¢�J.Z&¥�N3P ¤ JabO�X���W�OQ^ ¤ ��O�¡6ZsªMN6 .�Y¡6W�OQ¹�J�X�R
ρi(θi, ζi) =

ρi(θi)δ
(
‖ζi‖ − ri(θi)

)

‖ζi‖5(1 + (dri/dθi)2)1/2Vol(S5)
. F2ñ5` êb` ��M

� Z5XYJ.W���OQZ_¢¥F2ñ5` êb` ��M�OQZI�Y¡­���5J�º8KMP�¡I¡6§x�YJ.W�L F2ñ5` êb` í�My¡6Z5J~·5Z5a_X
1

N2
Γ(1) =

2π2R

β

M∑

i=1

∫
dθi ρi(θi)ri(θi)

2 − 2πC
M∑

i=1

∫
dθi ρi(θi)

2ri(θi)

=
2π2R

β

M∑

i=1

∫
dθi

[
ρi(θi)

(
ri(θi)−

Cβ

2πR
ρi(θi)

)2

− C2β2

4π2R2
ρi(θi)

3

] F2ñ5` êb` ï�M



©¤õ �Xõ ���pø���}�÷¤ð�l?���ì¹����,z�ò]�U�¨�yzC�p��}Oð~���)÷�� z�ït� ïtð�ø���¹W�Eò]} z��'m#ñC�Cò!ð]z���ò!� ��í
�y�5J.WYJ C = 2048

√
2

945π
`�ë��5Js·5ZEN3P?�YJ.W�L�¡6Z_PQ«  �¡6Z&��W�OQ^ ¤ �YJ�X��Y¡����5JHæ0KMP�¡&¡6§ú¡6WYa_J.W±abO�X���W�OQ^ ¤ ��O�¡6Zú¡3ª���5JxÃ*¡6PQ«IN3SI¡�¥ P�¡I¡6§úJ.OQ¢�J.Z&¥�N3P ¤ J�X¬N3Z5a÷ �N3Z÷���5J.WYJ8ª¿¡6WYJx^\JxOQ¢�Z5¡6WYJ�aú iª�`!G æbºJIq`F¸~¡���J.¥�J.W�®�OQ��L­OQ¢��&�§\¡6�YJ.Z&��OVN3PQPQ«H§_PVN�«BN�WY¡6P�JµOQZ����5J¶�_OQ¢��5J.W�P�¡I¡6§� �¡6L­§ ¤ �iN3�YOQ¡6ZEX�Z5J�J�a_J�aBª¿¡6W�a_J.�YJ.W�L­OQZ_OQZ_¢s���5J¨¡6WYa_J.W¡3ª����5J	§_�EN6XYJµ��WiN3Z5X�OQ��O�¡6Z�N3�]·5Z_OQ�YJ¶ �¡ ¤ §_PQOQZ_¢¾F� 8ª�`E���5JµabO�XY  ¤ XYX�O�¡6ZBOQZ ² J� .��O�¡6Z�æb` íb` ñXM8`\¸~J.Z5 �J	ª¿¡6W�NL­OQZ_OQL ¤ L���J"�EN�¥�J

ri(θi) =
Cβ

2πR
ρi(θi) .

F2ñ5` êb` ��M
À~Xf��J�S&Z5¡��oª�WY¡6L ² J� .��O�¡6Z�æb` íb®6�y�5J.Z¨���5J��YJ.L­§\J.WiN3� ¤ WYJyO�XCWiN3O�XYJ�a­N3^(¡�¥IJF���5J�¸�N3¢�J�a_¡6W�Z­�YJ.L­§\J.WiN0K� ¤ WYJ TH ®����5J]ÃC¡6PQ«&N3S�¡0¥¨P�¡&¡6§±J.OQ¢�J.Z&¥�N3P ¤ J]abO�X���W�OQ^ ¤ ��O�¡6Z±^(J� �¡6L�J�XF¢IN3§_§(J�a±N3Z5a�O�XF��� ¤ X�N3Z�OQZI�YJ.W�¥�N3P
[−θ0, θ0] `0ë��5J�XY �N3PVN3WC¼�½�¼÷J.OQ¢�J.ZI¥�N3P ¤ J�X�N3WYJFZ5¡��ua_OQX��YW�OQ^ ¤ �YJ�a ¤ Z_OÂª¿¡6W�L­PQ«¶¡�¥IJ.W*N3Z S5/ZM

·5^(J.WYJ�a¡�¥IJ.Wy���_O�X?OQZI�YJ.W�¥�N3PM®5�yOQ���x���5J"WiN6abO ¤ X]¡3ª*���5J S5/ZM
N3�]N3Z&«±§(¡6OQZI� θi OQZx���5J"OQZI�YJ.W�¥�N3Pm^(J.OQZ_¢�§_WY¡3K§\¡6W���O�¡6ZEN3PE�Y¡����5J?a_J.Z5X�OQ�q«¨¡3ª,Ã*¡6PQ«IN3SI¡�¥¶P�¡&¡6§�J.OQ¢�J.Z&¥�N3P ¤ J�X�N3� θi FVª¿¡6W*·_Å_J�a TR M8`�ë��5J S5/ZM

��� ¤ XX��_W�OQZ_SbXF�Y¡µ¹�J.WY¡µW8N6abO ¤ XyN3�����5J~J.Z5ab§(¡6OQZI�YX ±θ0 ¡3ªf���5J]OQZ&�YJ.W�¥�N3PMRI���5J~�Y¡6§\¡6P�¡6¢�«±¡3ªm���5JFTÄ¡6OQZ&��J.OQ¢�J.ZbK¥�N3P ¤ J]abO�X���W�OQ^ ¤ ��O�¡6Z¬O�X�N3Z S6/ZM
�y�5J.WYJ]���5J

ZM
O�X ¤ Z5a_J.WYX��Y¡&¡Ia±�Y¡¨N6 .��¡6Z±���5J S5 ��WiN3Z5X�¥�J.WYXYJ]�Y¡N3Z S1 abOVN3L�J.�YJ.W�`më�� ¤ X�®\���5J¨¸�N3¢�J�a_¡6W�Z�§_�EN6XYJ¨��WiN3Z5X�OQ��O�¡6Z�L�N3Z_OÂª¿J�X��YX�OQ�YXYJ.PÂª�OQZ����5J¨¢�J.Z5J.WiN3P� �N6XYJ¡3ªFZ5¡6ZbKM¹�J.WY¡sXY �N3PVN3W�¼�½�¼¨¾ X"N6X	N� i�EN3Z_¢�J¨OQZB���5J¶�Y¡6§(¡6P�¡6¢�«B¡3ª����5J~TÄ¡6OQZI�"J.OQ¢�J.Z&¥�N3P ¤ J¨abO�X���W�OQ^ ¤ ��O�¡6Z

S5/ZM × S1 −→ S6/ZM
`� Z ¡6WYa_J.W¬�i¡ ¤ Z5a_J.WYX��iN3Z5a �5¡0�Ê���5J S6/ZM

J.OQ¢�J.ZI¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z L�N�« ^(JBWYJ�N3PQOQ¹�J�a OQZ���5J�a ¤ N3P	Àya ² X�§EN6 �J.��OQL�J���JH·5WYX��¬Z5J�J�a �Y¡u �¡6Z5X�O�a_J.Ws���5J S1 §EN3W��x¡3ª¶���5JBP�¡0��KM�YJ.L­§\J.WiN3� ¤ WYJabO�X���W�OQ^ ¤ ��O�¡6Z S1 × S5/ZM
`(ë��5J­J.OQ¢�J.Z&¥�N3P ¤ J�X	¡3ª����5J ¦ OQP�XY¡6Z�PÂOQZ5J­��¡ ¤ Z5a;N3WY¡ ¤ Z5a����5J¨���5J.W�L�N3P .OQWY .P�Jy¢�OQ¥�Jy���5J�§(¡�X�OQ��O�¡6Z5XF¡3ªKD"æ0KM^_WiN3Z5J�X�¢?¡6Z����5Jyë�Kqa ¤ N3PE¡3ª(���5Jy���5J.W�L�N3PE .OQWY .P�JyOQZ����5J.W�L�N3P AdS5

`À~X����5J��YJ.L­§\J.WiN3� ¤ WYJ	O�X�WiN3O�XYJ�a¬�_OQ¢��5J.W~N3Z5a¬�_OQ¢��5J.W?^\J.«I¡6Z5a TH ®b���5J"ÃC¡6PQ«&N3S�¡0¥±P�¡I¡6§xJ.OQ¢�J.Z&¥�N3P ¤ J�X^\J� �¡6L�J­P�¡I �N3PQOQ¹�J�a��Y¡sX�L�N3PQP�J.WµN3Z5a�X�L�N3PQP�J.W	OQZI�YJ.W�¥�N3P�X�`fý]Z����5J­Àya ² X�O�a_J­¡6Z5J¨���5J.WYJ8ª¿¡6WYJ¨·5Z5a_XµNP�¡I �N3PQOQ¹�J�a D"æ0KM^_WiN3ZEJs �¡6Zb·5¢ ¤ WiN3��O�¡6Zm` � �¶�yN6X¨Z5¡6�YJ�aoOQZ G æbºmIy���EN3��NBX�OQL­OQPVN3W­P�¡I �N3PQOQ¹0N3��O�¡6Z÷¡3ª'D"æ0K^_WiN3Z5J�X¬¡6Z N¸Ï�|LX�R8\&X*Yµ .OQWY .P�J�®�N3�±·5Z_OQ�YJH�YJ.L­§(J.WiN3� ¤ WYJ�®���N6X±OQZ&¥�J�X���OQ¢IN3�YJ�aúOQZ G ï*�PI��y�5J.WYJHOQ�±�yN6X¡6^5XYJ.W�¥�J�a¬�Y¡¨§_WY¡Ia ¤  �JµNµZ5J�N3WÄKM�E¡6W�OQ¹�¡6ZH¢�J�¡6L�J.��W�«¬ �¡6Z&�iN3OQZ_OQZ_¢±N¶Z5¡6ZbKq �¡6ZI��WiN6 .��O�^_P�J S6 ` ´ ¡6WYJ�¡0¥�J.W�®OQ�y��N6X?§_WYJ�abO� .�YJ�asOQZ;G ï*�PI,ª�WY¡6L�X ¤ §(J.W�¢�WiN�¥&OQ�U«±���\N3�]N S1 × S5 → S6 �Y¡6§(¡6P�¡6¢�O� �N3Pf��WiN3Z5X�OQ��O�¡6ZH¡3ª�N+~WYJ.¢�¡6W�«IKqòfNL&\N3L­L�J¨�q«&§(J¶X��5¡ ¤ P�aH�iN3S�Jµ§_PVN6 �J�` � ZH���5Jµ§_WYJ�XYJ.Z&�� �N6XYJ�®E�y�5J.WYJµ���5J¶a ¤ N3P*X�§EN6 �J.��OQL�JO�X AdS5 × S5/ZM
®\��J¨J8Åb§\J� .�"���5J­N3§_§(J�N3WiN3Z5 �J­¡3ªyN3Z S6/ZM

OÂZ����5J¶Z5J�N3WÄKM�5¡6W�OQ¹�¡6Z�¢�J�¡6L�J.��W�«¡3ª*���5J�P�¡& �N3PQOQ¹�J�ax �¡6Zb·E¢ ¤ WiN3��O�¡6ZB¡3ª�D"æ0KM^_WiN3Z5J�X]¡6Zx���5J"ë�Kqa ¤ N3PC¡3ª*���5J����5J.W�L�N3PC .OQWY .P�J�`
ô�tIæ*t � X >ED�>5@�:,p n �_:\� n �fDÁ���Ê�,� � >5@

ZM

�f@�w n �$�fp�� > >Ep��°� � >Î�m@ n >E<
ë��5J" �¡6L­§ ¤ �iN3��O�¡6Z5X?OQZs���_O�X?XYJ� .��O�¡6ZsOQL­L�J�abOVN3�YJ.PQ«s �N3W�W�«¬¡0¥�J.Wy�Y¡¨���5J�L�¡6WYJ�¢�J.Z5J.WiN3P ZM

¡6W�^_OÂª¿¡6P�a·EJ.P�a����5J�¡6W�O�J�Xy �¡6Z5X�O�a_J.WYJ�a±OQZ ² J� .��O�¡6Zxêb` êb` � Z±���_O�X�§EN3WiN3¢�WiN3§_�¬��J]WYJ.L�N3W�S�¡6Z±���5J]���5J�¡6W�«±a_J8·5Z5J�a^I«±P�J.����OQZ_¢­���5JµN6 .��O�¡6Zx¡3ª
ZM

^\J����EN3�]¡3ª�FÄº�` æb`QºLM��yOQ��� ω WYJ.§_PVN6 �J�as^I« ωp ª¿¡6WyXY¡6L�J~·_Å_J�a p ∈ Z
`ë��5J £I¤ N3ZI� ¤ LèJ8»,J� .��OQ¥IJ±N6 .��O�¡6Z ¡3ª?���5J� �¡6W�WiJ.X�§(¡6Z5abOQZ_¢B·EJ.P�a;���5J�¡6W�«�O�X¶¡6^_�iN3OQZ5J�a;ª�WY¡6L����EN3�¨¡3ª

N = 2 £I¤ OQ¥�J.W�¢IN ¤ ¢�J]���5J�¡6W�«�^&«�a_J8·5Z_OQZ_¢ vi,j; n,m �Y¡µ^(J�N6XF¢�OQ¥�J.Z±OQZ¾F¿êb` êb` æ�M8`bë��5J~XiN6a_abP�J]§(¡6OQZI�YX¡3ª*���_O�X?J8»,J� .��OQ¥�JµN6 .��O�¡6ZBN3WYJ�ª¿¡ ¤ Z5as^I«±L�N3S&OQZ_¢����5J	¡6W�^_OÂª¿¡6P�asO�a_J.ZI��OÂ·E �N3��O�¡6ZEX
ai,(i+1)

∼= ω−pai,(i+1) , b(i+1),i
∼= ωp b(i+1),i , φi ∼= φi .

F2ñ5` êb` å�M
´�©3dP^�;C¸���§LfgorwP^Hb¤dL^zfe^3oZfe^3©R���L`*orlJcek�cedP^0krfev }Jv w*orlY;��Z��§LfgorwP^HbH�r·8^H^�� OJîZ���ZuPu��r¸r�J�Z�N¸=Or¹8�Z{�krfVo�x�oZfe^z{�`Pl8^z�LuPl orw*oZcev kJwkr{¤cedPv b�u�kJv wpc��



��� ��ïtðtñ~z��Cò ©¤õÁz��Eñt�DlE��ø�ú z�ò!ð~})�&��zC�p��}Ðð~}�¹Ð�'m#�Cò�ø���}­z��XñRð¶���~zC�4m#�
ë��5J¶WYJ�X ¤ PQ��OQZ_¢xJ8Åb§_WYJ�XYX�O�¡6ZBª¿¡6W����5J¨J8»,J� .��OQ¥�J­N6 .��O�¡6Z�O�X����5J.Z�§_WYJ� .O�XYJ.PQ«B���5J¨XiN3L�J­N6X~OQZ��Y�5J¨ �N6XYJ¡3ª N = 2 £I¤ OQ¥�J.W	¢IN ¤ ¢�J­���5J�¡6W�«���WYJ�N3�YJ�a�OQZ����_O�XµXYJ� .��O�¡6Zm®fN3Z5a����5J� �¡6Z5 .P ¤ X�O�¡6Z5Xµ �N3W�W�«�abOQWYJ� .��PQ«¡�¥IJ.W�` � Zú§EN3W���O�  ¤ PVN3W�®��EN�¥&OQZ_¢uL�N6a_JB���5J�¡6W�^_OÂª¿¡6PQaúO�a_J.Z&��OÂ·E �N3��O�¡6Z5XBF2ñ5` êb` å�M8®�¡6Z5JH·5Z5a_X±���5JBP�¡���K�YJ.L­§\J.WiN3� ¤ WYJCTÄ¡6OQZI�CJ.OQ¢�J.ZI¥�N3P ¤ J�abO�X���W�OQ^ ¤ ��O�¡6Z S5×S1 N3Z5a	���5J��_OQ¢��bKM�YJ.L­§\J.WiN3� ¤ WYJ�abO�X���W�OQ^ ¤ ��O�¡6Z S6 `À]PQ�YJ.W�ZEN3��OQ¥�J.PQ«I®&���5J�TÄ¡6OQZI�yJ.OQ¢�J.ZI¥�N3P ¤ J"abO�X���W�OQ^ ¤ ��O�¡6Z5X]N3WYJ S5/ZM ×S1 N3Z5a S6/ZM

®&WYJ�X�§\J� .��OQ¥IJ.PQ«�®�y�5J.WYJ����5J±N6 .��O�¡6Zu¡3ª
ZM

O�X	§_WYJ� .O�XYJ.PQ«����EJ�¡6W�^5O ª¿¡6P�auN6 .��O�¡6Zoa_J8·5Z_OQZ_¢B���5J
ZM

¡6W�^_OÂª¿¡6P�a;���5J�¡6W�«�`� �yO�XyOQL­§\¡6W��iN3Z&�]�Y¡¨Z5¡6�YJ"���EN3�?���5J	¡6W�^_OÂª¿¡6P�asO�a_J.ZI��OÂ·E �N3��O�¡�Z5X¨F2ñ5` êb` å�M� �¡6W�WYJ�X�§(¡6Z5a ¤ Z_O £I¤ J.PQ«¬�Y¡¨���5J£I¤ N3ZI� ¤ L J8»,J� .��OQ¥IJFN6 .��O�¡6Z¨¡3ª_���5J*·EJ.P�a	���5J�¡6W�«I` � Z5a_J�J�a,®0N6XYX ¤ L�J����EN3�f��J�L�N3S�J����5J�O�a_J.Z&��OÂ·E �N3��O�¡6Z5XF2ñ5` êb` å�Mf�yOQ����XY¡6L�J ωq WYJ.§_PVN6 .OQZ_¢ ωp ` � Z­¡6WYa_J.W�ª¿¡6W*���5J £I¤ N3Z&� ¤ L�J8»,J� .��OQ¥�J?N6 .��O�¡6Z��Y¡~WYJ�a ¤  �Jy�Y¡	N3ZJ8Åb§_WYJ�XYX�O�¡6ZsOQZ&¥�¡6PQ¥&OQZ_¢�Z5¡6W�L�X]¡6Z
C

3 ��J"L ¤ X��?WYJ £I¤ OQWYJ ωq �Y¡¨�EN�¥�J"���5J	XiN3L�J"¡6WYa_J.W~N6X ωp `_ë��EN3�O�X�®(��J­L ¤ X��"�EN�¥�J ∀M ∈ N : gcd(q,M) = gcd(p,M) �y�_O� i��OQL­§_PQO�J�X q = p ` � a_J.Z&��OÂª�«&OQZ_¢s���5JN3^\¡0¥�J S5/ZM
abO�X���W�OQ^ ¤ ��O�¡6Z��yOQ���­���5J S5/ZM

§EN3W���¡3ª\���5J��5¡6P�¡6¢�WiN3§_�_O� �N3P�PQ«¨a ¤ N3P AdS5×S5/ZMX�§EN6 �J.��OQL�J�®I���_O�X�X��5¡��]XFOQZ±§EN3W���O�  ¤ PVN3W����EN3��®I�yOQ���_OQZ¬���_O�X� .PVN6XYX�¡3ª ZM
¡6W�^_OÂª¿¡6P�a�·EJ.P�a����5J�¡6W�O�J�X�®I���5J¢�J�¡6L�J.��W�«s¡3ª����5J	a ¤ N3PfÀ?a ² X�§EN6 �J.��OQL�J	O�X?L­OQW�WY¡6WYJ�axOQZx���5J	X���W ¤  .� ¤ WYJ	¡3ª����5J £I¤ N3Z&� ¤ L�J8»,J� .��OQ¥�JN6 .��O�¡6ZxOQZHN¨§_WYJ� .O�XYJ"��N�«�`



ÂÄÃÆÅ ÇÉÈ_Ê¥Ë[Z

N Ö Í
SO(6)

Ï�Í @úË�ÇÔ: Ç]\ N = 4 SU(N)
^`_ ¾ ËBÖ Í ÇÔ:¾×

� Zo���_O�X¨ i�EN3§_�YJ.W¨��J±§_WYJ�XYJ.ZI��NBa_J.�iN3OQP�J�aua_J.W�OQ¥�N3��O�¡6Z ¡3ª]���5JsN3Z5¡6L�N3P�¡ ¤ X­a_OÂL�J.Z5X�O�¡6Z L�N3��W�OÂÅ;ª¿¡6W
N = 4 SU(N) ²�³"´ ���5J�¡6W�«;X�OQZ_¢�P�J8KM��WiN6 �J±XY �N3PVN3W¶¡6§(J.WiN3�Y¡6WYX¶�Y¡;º8KMP�¡I¡6§u¡6WYa_J.W¶OQZ;���5J�PVN3W�¢�J NPQOQL­OQ��` � Z ���5Jx§_PVN3ZEN3W±PQOQL­OQ����JH¡6Z_PQ« Z5J�J�a �Y¡; �¡6Z5X�O�a_J.W±X�OQZ_¢�P�J8KM��WiN6 �JB¡6§\J.WiN3�Y¡6WiX�^\J� �N ¤ XYJH���5J.« �¡6L­§_P�J.�YJ.PQ«úa_J� �¡ ¤ §_P�JHª�WY¡6L�L ¤ PQ��OÂKM��WiN6 �J�¡6§\J.WiN3�Y¡6WYXsa ¤ JB�Y¡;PVN3W�¢�J N ªMN6 .�Y¡6W�OQ¹0N3��O�¡6ZÆF� 8ª�`tG ï�ï8INM8`ý ¤ W"L�¡6��OQ¥�N3��O�¡6Z�ª¿¡6W	 �N3W�W�«&OQZ_¢x¡ ¤ �	���5J­ �¡6L­§ ¤ �8N3��O�¡6Z;OQZ����5J¨PVN3W�¢�J N PQOQL­OQ�	O�XµN¬abOÂ»,J.WYJ.ZI�µ¡6Z5J�®�5¡���J.¥�J.W�R_N6XF·5WYX���Z5¡6�YJ�a±^I« ´ OQZEN3�EN3ZxN3Z5a,a(N3WYJ.L¶^\¡¨OQZTGQº�êLIq®&���5J�N3Z5¡6L�N3P�¡ ¤ XyabOQL�J.Z5X�O�¡6Z¬L�N3��W�OÂÅª¿¡6W����_O�X�XYJ� .�Y¡6Wy¡3ªC¡6§(J.WiN3�Y¡6WYXy �N3Zm® ¤ §¬�Y¡­Nµ �¡6Z5X��iN3Z&��®&^(J]O�a_J.Z&��OÂ·EJ�a¬�yOQ���¬���5J�¸�N3L­OQPÂ�i¡6Z_OVN3Zs¡3ª�N3Z\I�jR�U&yZV!X%v=Y�U SO(6) X�§_OQZH Y�EN3OQZm`E¸~¡���J.¥�J.W�®bª¿¡6W�·5Z_OQ�YJ N ���5J"OQZI�YJ.¢�WiN3^_OQPQOQ�U«sO�XyP�¡�X���` ¦ J"�yOQPQPmWYJ.� ¤ W�Z�Y¡¨���5J"OQL­§\¡6W��iN3Z5 �Jµ¡3ª*OQZ&�YJ.¢�WiN3^_OQPQOQ�q«sPVN3�YJ.W?OQZx���_O�X?XYJ� .��O�¡6Zm`
¦ Jµ�yOQPQP*WYJ�X���W�O� .�	N3���YJ.Z&��O�¡6Z��Y¡����5J¨X�OQZ_¢�P�J8KM��WiN6 �J­XY �N3P�N3W"¡6§(J.WiN3�Y¡6WYX"¡3ª N = 4 SU(N) ²�³"´���5J�¡6W�«¬a_J8·5Z5J�aBN6X

O(x) ≡ Tr(Φi1(x) · · ·ΦiJ (x)) . F¿íb` �b`QºLM
� Z5a_J.W�WYJ.Z5¡6W�L�N3PQOQ¹0N3��O�¡6Z±���5J�XYJ?¡6§(J.WiN3�Y¡6WYX��yOQPQP�W�\�Ù�`�ë��EN3�FO�X�®6���5JyWYJ.PVN3��O�¡6Z�^(J.�q��J�J.Z����5Jy^EN3WYJ]N3Z5aWYJ.Z5¡6W�L�N3PQOQ¹�J�aH¡6§(J.WiN3�Y¡6WYX?O�Xy¢�OQ¥�J.Zx^I«

(Φi1(x) · · ·ΦiJ (x))B = Z
···jljl+1···
···ilil+1··· (Φj1(x) · · ·ΦjJ (x)) . F¿íb` �b` æ�M

ë��_O�XyOQL­§_PQO�J�X?���5J"WYJ.PVN3��O�¡6Zx^(J.�q��J�J.Zx^EN3WYJµN3Z5asWYJ.Z5¡6W�L�N3PQOQ¹�J�a;º�Ã �  �¡6W�WYJ.PVN3��O�¡6Zxª ¤ Z5 .��O�¡6Z5X
Γ

(2)
i1···iJ = Z

···jljl+1···
···ilil+1··· (Γ

(2)
j1···jJ )B

F¿íb` �b` ê�M
�y�_O� Y�H �N3Zx^(J ¤ XYJ�a¬�i¡­a_J.�YJ.W�L­OQZ5J	���5JµN3Z5¡6L�N3P�¡ ¤ X]abOQL�J.Z5X�O�¡6ZxL�N3��W�OÂÅ,`
°)ÙrØ b�Û�ê�p��Óæ0p=ä ã oZÛ � æ0pz²cb�Û�ê�p��Óæ0p Ý!ptçRÛ�å�ä3æ0o �
ë��5J��EJ.«&Z_L�N3ZHW ¤ P�J�Xyª¿¡6W N = 4 SU(N) ²�³"´ ���5J�¡6W�«sOQZxñ6KqabOQL�J.Z5X�O�¡6ZEN3P*½ ¤  .PQO�a_J�N3Z�X�§EN6 �J.��OQL�JF2OQZx �¡0¥�N3W�OVN3ZI�]¢IN ¤ ¢�JLMyN3WYJ"PÂO�X��YJ�as^(J.P�¡��	`

��ï



��� ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

Ú ßed	Ó3ÔEùCß_ÞEßbÒ�ÔEÓ3û
XY �N3PVN3W?§_WY¡6§EN3¢IN3�Y¡6W�R ∆ab

ij (p) = f p
a , i b , j = δab

δij
p2

¢IN ¤ ¢�J"^(¡�XY¡6Zs§_Wi¡6§EN3¢IN3�Y¡6W�R Dab
µν(p) = g p

a , µ b , ν = δab
δµν

p2

ª¿J.W�L­O�¡6Zx§_WY¡6§EN3¢IN3�Y¡6W�R (Sab(p))βα = h p
a , α b , β = −δab pµ(Γµ)βα

p2

ó ß �"ÝIÓ0Ò0Ø2×�ÝIû
ñ6KqXY �N3PVN3W?¥�J.W��YJ8Å,R

b , j

a , i

d , l

c , k

= −g2
[
feabfecd

(
δikδjl − δilδjk

)
+ f eacfedb

(
δilδkj − δijδkl

)

+ f eadfebc
(
δijδkl − δikδjl

) ]

XY �N3PVN3WÄKqXY �N3PVN3WÄKM¢IN ¤ ¢�J	^(¡�XY¡6Zs¥IJ.W��YJ8Å,R

p q

a , i b , j

c , µ

= −igfabcδij(p+ q)µ

ª¿J.W�L­O�¡6ZbK¿ª¿J.W�L­O�¡6ZbKqXY �N3PVN3W]¥IJ.W��YJ8Å,R

b , β a , α

c , i

= −igfabc(Γi+4)αβ

¦ J"Z5¡6�YJ¶N3P�XY¡­���5J"ª¿¡6PQP�¡��yOQZ_¢��EJ.«&Z_L�N3ZxOQZ&�YJ.¢�WiN3P�X]�y�_O� Y�H�5¡6P�axOQZ D = 2ω ½ ¤  .PQO�a_J�N3Z�X�§EN6 �J8K��OQL�J�ª¿¡6W m ≥ 1 R
∫

d2ωq

(2π)2ω
1

q2n
1

(q − p)2m =
(−1)m+n

(4π)ω
Γ(m+ n− ω)B(ω − n, ω −m)

Γ(m) Γ(n)
(p2)ω−m−n F¿íb`Qº�`QºLM

∫
d2ωq

(2π)2ω
qµ

1

q2n
1

(q − p)2m =
(−1)m+n

(4π)ω
Γ(m+ n− ω)B(ω − n+ 1, ω −m)

Γ(m) Γ(n)
(p2)ω−m−npµF¿íb`Qº�` æ�M



·Xõ�ó�õ¸Q��'ú�}�m#ð~}Oò­�Gl��E��ð~}�¹»Q��'ú�}�m#ð~}°�U}­z��tø�ò!ð�l�� ��å
∫

d2ωq

(2π)2ω
qµqν

1

q2n
1

(q − p)2m =
(−1)m+n

(4π)ω
(p2)ω−m−n

Γ(m) Γ(n)

×
(
pµpνΓ(m+ n− ω)B(ω −m,ω − n+ 2)

+
1

2
δµνp

2 Γ(m+ n− ω − 1)B(ω −m+ 1, ω − n+ 1)

) F¿íb`Qº�` ê�M
�y�5J.WYJ	½ ¤ P�J.W�¾ X?^\J.�iN¶ª ¤ Z5 .��O�¡6Z B O�Xy¢�OQ¥�J.Zx^&«

B(x, y) =
Γ(x) Γ(y)

Γ(x+ y)
. F¿íb`Qº�` ñXM



å�� ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

°)Ù4n è é_Û � «�æ0oZæ�ä � Û�oZá � Û�p_Û�ä3å�ê¬²_ÝZæ~å�ä3æÖ� �
ëf¡xº8KMP�¡I¡6§H¡6WYa5J8W?��J"�EN�¥IJ	N¶§_W�O�¡6W�Om�Y�5J~ª¿¡6PQP�¡0�yOQZ_¢� �¡6W�WYJ� .��O�¡6Z5X?�Y¡­���5J	XY �N3PVN3Wy§_WY¡6§EN3¢IN3�Y¡6W�R

i j j

j

ºLM�ë��5J�¢IN ¤ ¢�J	^\¡�XY¡6ZxP�¡I¡6§H �¡6W�WYJ� .��O�¡6ZmR
p p− q

q

p
a , i b , j

= (−ig)2
∫

d2ωq

(2π)2ω
∆aa′
ii′ (p)fa

′a′′c (2p− q)µDµν
cc′(q)∆a′′b′′

i′′j′′ (p− q)f b
′′b′c′(2p− q)ν∆b′b

j′j(p)

= (−ig)2δij (−Nδab)
(

1

p2

)2 ∫ d2ωq

(2π)2ω
(2p− q)2
q2 (p− q)2

= 2g2Nδabδij
Γ(2− ω) Γ(ω − 1)2

(4π)ω Γ(2ω − 2)
(p2)ω−3 F¿íb` æb`QºLM

�y�5J.WYJ"OQZs���5J	XYJ� �¡6Z5axJ £I¤ N3PQOQ�q«¬��JµN3P�XY¡¨L�N6a_J ¤ XYJ"¡3ª*���5J"O�a_J.Z&��OQ�q« facdf bcd = Nδab `

æ�M�ë��5J"¡6Z5J8K¿ª¿J.W�L­O�¡6ZHP�¡&¡6§H �¡6W�WYJ� .��O�¡6ZmR
p

q

p

q − p

a , i b , j

= (−ig)2(−1)

(
1

2

)∫
d2ωq

(2π)2ω

(
∆aa′
ii′ (p)f cda

′(
Γi

′+4
)
αβ

(
Scc

′
(q)
)
α′α

(
Sd

′d(q − p)
)
ββ′

× fd′c′b′
(
Γj

′+4
)
β′α′∆

b′b
j′j(p)

)

= −1

2
g2Nδab

(
1

p2

)2 ((
Γµ
)
α′α

(
Γi+4

)
αβ

(
Γν
)
ββ′
(
Γj+4

)
β′α′

)∫ d2ωq

(2π)2ω
qµ(qν − pν)
q2(q − p)2

= −4g2Nδabδij
Γ(2− ω) Γ(ω − 1)2

(4π)ω Γ(2ω − 2)

(
p2
)ω−3

. F¿íb` æb` æ�M
� ZH���5J"·5WYX��~J £I¤ N3PQOQ�U«s��J	OQZ5XYJ.W��YJ�a�N3ZBJ8Åb��WiN­ªMN6 .�Y¡6W (−1) ^\J� �N ¤ XYJ¶¡3ª����5J"ª¿J.W�L­O�¡6ZBP�¡I¡6§�N3Z5a���5Jµª¿N6 .�Y¡6W 1

2
�y�_O� Y��O�X~���5J¶��J.OQ¢��&�~ªMN6 .�Y¡6W"¡3ªF���5J¨abOVN3¢�WiN3Lx` � ZB���5J¶���_OQWYa�J £I¤ N3PQOQ�U«H��J ¤ XYJ�aH���5Jª¿¡6PQP�¡��yOQZ_¢�O�a_J.Z&��OQ�q«±ª¿¡6Wy¢IN3L­L�N­L�N3��W�O� �J�X]¡3ª�X�OQ¹�J ∆×∆

Tr ΓµΓν ΓρΓσ = ∆ ·
(
gµνgρσ − gµρgνσ + gµσgνρ

)
. F¿íb` æb` ê�M



·Xõ �Xõ°z�ït�ìQ��¶��ò � ñt���U}­z ���Eò!ò!�'l�ð]z*�p�F}»Q��C}­�yzC�p��})� åbº
� Zx¡ ¤ W? �N6XYJ ∆ = 16 ®EN3Z5asXY¡¨OQZx§EN3W���O�  ¤ PVN3W

((
Γµ
)
α′α

(
Γi+4

)
αβ

(
Γν
)
ββ′
(
Γj+4

)
β′α′

)
= Tr

(
ΓµΓi+4 Γν Γj+4

)
= −16δµνδij .

F¿íb` æb` ñXM

ê�M�ë��5J"XY �N3PVN3W?�iN6ab§(¡6P�J�R ∝
∫

d2ωq

(2π)2ω
1

q2

òmJ.����OQZ_¢ D = 2ω = 4− 2ε ®&ª�WY¡6L�½ £ `�FN
�`Qº8��M�OQZBG ��êLIf¡6ZEJ~·5Z5a_X
∫

d2ωq

(2π)2ω
1

q2 +m2
=

Γ(−1 + ε)

(4π)ω
(m2)1−ε . F¿íb` æb` í�M

Ã ¤ ����OQZ_¢ m = 0 ª¿¡6W ε > 0 ®\��Jµ·5Z5a����EN3�"���5J�N3^\¡0¥�J­abOVN3¢�WiN3LÌ¥�N3Z_O�X��5J�X~ª¿¡6W	N3Z&« ε > 0 `,¸~J.Z5 �J���5JH�iN6ab§(¡6P�J�a_¡IJ�X±Z5¡6�±¢�OQ¥IJ�N3Z&«  �¡6Z&��W�OQ^ ¤ ��O�¡6Z OQZ abOQL�J.Z5X�O�¡6ZEN3P�WYJ.¢ ¤ PVN3W�OQ¹0N3��O�¡�Zm`yÀ]ZEN3P�¡6¢�¡ ¤ X�PQ«�®
���5J"abOVN3¢�WiN3L a_¡IJ�X?Z5¡6�y¢�OQ¥IJ	N3Z&«¬ �¡6ZI��W�OQ^ ¤ ��O�¡6Zm`

°)Ù�� è é_Ûùápß ã ä � ­�ß~Ý!p!çÆ«�ß�äRä3Û�oZæ�çRÝZß0p á ã pz«�çRÝZß0p �
� Z¬���5J]ª¿¡6PQP�¡0�yOQZ_¢­��J~�yOQPQP,Z5J�J�asXY¡6L�J�¡3ªC���5J)�EJ.«&Z_L�N3ZsW ¤ P�J�Xy¡3ª N = 4 SU(N) ²�³"´ ���5J�¡6W�«±OQZ
2ω KqabOQL�J.Z5X�O�¡6ZEN3P~F�½ ¤  .PQO�a_J�N3ZRM~ �¡I¡6WYabOQZEN3�YJ­X�§EN6 �J�` ¦ JµPQO�X��]���5J_�EJ.«&Z_L�N3ZBW ¤ P�J�X~��JµZ5J�J.aHª¿¡6W~¡ ¤ W �N3P�  ¤ PVN3��O�¡6Z5X?^(J.P�¡��	`
XY �N3PVN3W?§_WY¡6§EN3¢IN3�Y¡6W�R ∆ab

ij (x) = kx; a , i 0; b , j = δabδij
Γ(ω−1)

4πω(x2)ω−1

¢IN ¤ ¢�J"^(¡�XY¡6Zs§_Wi¡6§EN3¢IN3�Y¡6W�R Dab
µν(x) = lx; a , µ 0; b , ν = δabδµν

Γ(ω−1)
4πω(x2)ω−1

XY �N3PVN3WÄKqXY �N3PVN3WÄKM¢IN ¤ ¢�J	^(¡�XY¡6Zs¥IJ.W��YJ8Å,R
x; a , i 0; b , j

c , µ

yµ

= −igfabcδij ∂
∂yµ

¸~J.WYJ����5Jya_J.W�OQ¥�N3��OQ¥�J ∂
∂yµ

OQZ­���5Jy¥�J.W��YJ8Å¨O�X ¤ Z5a5J8WiX��Y¡I¡Ia��Y¡	N6 .��¡6Z­���5JyJ.Z&��OQWYJyJ8Åb§_WYJ�XYX�O�¡6Z�¡6^5�iN3OQZ5J�aª�WY¡6L�N3§_§_PQ«&OQZ_¢����5J¥�5J.«&Z_L�N3Z÷W ¤ P�J�X��Y¡;N�abOVN3¢�WiN3L ¦ OM` J�`Q®F¡6Z ���5Js§_WY¡&a ¤  .�±¡3ª	N3PQP?§_WY¡6§EN3¢IN3�i¡6WYX �¡6ZI�iN3OQZ_OQZ_¢����5J"§\¡6OQZ&� y `



å�æ ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

ÿ*tIæ*t � ������@ 
 <6�b:,pM:(@ n Df��>5@�:,�&� n �fD

x; b , j

x; a , i

0; d , l

0; c , k

y

À?ª��YJ.Wy �¡6Z&��WiN6 .��OQZ_¢����5J�OQZ5abO� �J�X]¡6Zs���5J~ª¿¡ ¤ WÄKqXY �N3PVN3W?¥�J.W��YJ8Å¬�yOQ���x���5J�OQZ5abO� �J�X]¡3ªC���5J	XY �N3PVN3Wy§_WY¡6§bKN3¢IN3�Y¡6WYX]¡6Z5J~·5Z5a_X?���5J~ª¿¡6PQP�¡0�yOQZ_¢�OQZ5a_J8ÅxX���W ¤  .� ¤ WYJ	¡3ª*���5J	abOVN3¢�WiN3L
−g2

[
feabfecd

(
δikδjl − δilδjk

)
+ f eacfedb

(
δilδkj − δijδkl

)
+ f eadfebc

(
δijδkl − δikδjl

) ]
.F¿íb` êb`QºLM� ¢�Z5¡6W�OQZ_¢����5J�OQZ5a_J8ÅxX���W ¤  .� ¤ WYJ�®_���5J	abOVN3¢�WiN3L©J.¥�N3P ¤ N3�YJ�Xy�Y¡

∫
d2ωy ∆2(x− y) ∆2(y) =

(
Γ(ω − 1)

4πω

)4 ∫
d2ωy

1

(y2)2ω−2

1

(x− y)2(2ω−2)

=

(
Γ(ω − 1)

4πω

)4 (2π)2ω

(4π)ω
Γ(3ω − 4) Γ(2− ω)2

Γ(2ω − 2)2 Γ(4− 2ω)
(x2)4−3ω

=
Γ(2− ω)2 Γ(ω − 1)2 Γ(3ω − 4)

16πω Γ(2ω − 2)2 Γ(4− 2ω)
(x2)2−ω∆2(x) . F¿íb` êb` æ�M

ë�� ¤ X�®_���5J~·5Z\N3P,WYJ�X ¤ PQ�yª¿¡6Wy���5J	abOVN3¢�WiN3L�O�X
−g2

[
feabfecd

(
δikδjl − δilδjk

)
+ f eacfedb

(
δilδkj − δijδkl

)
+ f eadfebc

(
δijδkl − δikδjl

) ]

× Γ(2− ω)2 Γ(ω − 1)2 Γ(3ω − 4)

16πω Γ(2ω − 2)2 Γ(4− 2ω)
(x2)2−ω∆2(x) . F¿íb` êb` ê�M



·Xõ �Xõ°z�ït�ìQ��¶��ò � ñt���U}­z ���Eò!ò!�'l�ð]z*�p�F}»Q��C}­�yzC�p��})� å�ê
ÿ*tIæ*tI� X :t�'Èm>uw:�C<*�fDÎ>nm�� � :,D'Èf>

x; b , j

x; a , i

0; d , l

0; c , k

y2

y1

=

∫
d2ωy1

∫
d2ωy2

∂

∂yν2

∂

∂yµ1

(
∆aa′
ii′ (x− y1)

(
− igfa′c′e′δi′k′

)
∆c′c
k′k(y1)D

µν
e′f ′(y1 − y2)

×∆bb′
jj′(x− y2)

(
− igf b′d′f ′δj′l′

)
∆d′d
l′l (y2)

)

= (−ig)2δikδjlfacef bde
(

Γ(ω − 1)

4πω

)5 ∫
d2ωy1

∫
d2ωy2

∂

∂yµ2

∂

∂yµ1

1

(y2
1)
ω−1(x− y1)2(ω−1)

× 1

(y2
2)
ω−1(x− y2)2(ω−1)

1

(y1 − y2)2(ω−1)

= (−ig)2δikδjlfacef bde
(

Γ(ω − 1)

4πω

)5

×
[∫

d2ωy1

∫
d2ωy2

(
8

[
(x− y1)

4(ω−1)
y

2(ω−1)
1

][
y

4(ω−1)
2 (y1 − y2)

2(ω−1)]

+
8

[
(x− y1)

4(ω−1)
y

2(ω−1)
1

][
y

2(ω−1)
2 (y1 − y2)

4(ω−1)]

− 4x
2(ω−1)

y
4(ω−1)
1 (x− y1)

2(ω−1)
y

2(ω−1)
2 (x− y2)

4(ω−1)
(y1 − y2)

2(ω−1)

− 8

y
2(ω−1)
1 (x− y1)

2(ω−1)
y

2(ω−1)
2 (x− y2)

2(ω−1)
(y1 − y2)

4(ω−1)

)]

= g2δikδjlf
acef bde

Γ(ω − 1)

4πω (2− ω)(2ω − 3)
(x2)2−ω

(
Γ(ω − 1)

4πωx2(ω−1)

)2

. F¿íb` êb` ñXM
� Z §\J.WÄª¿¡6W�L­OQZ_¢����5J y1, y2

abOÂ»,J.WYJ.Z&��OVN3��O�¡6Z5X ¤ Z5a_J.W����5J¬OQZ&�YJ.¢�WiN3P]X�OQ¢�Z5X­��Js�EN�¥IJsX�OQL­§_PQOÂ·EJ�a ���5JWYJ�X ¤ PQ� ¤ X�OQZ_¢s���EN3�"���5J¶OQZ&�YJ.¢�WiN3P�XµN3WYJ¶OQZ&¥�N3W�OVN3ZI� ¤ Z5a_J.W"���5J¶OQZ&�YJ.WY Y�EN3Z_¢�J�¡3ª y1
�yOQ��� y2

N3Z5aBª ¤ WÄK���5J.W�L�¡6WYJ ¤ Z5a_J.W?�Y�5J" �¡6L¶^_OQZ5J�as��WiN3ZEXÄª�¡6WYL�N3��O�¡6Z y1 → y′1 ≡ x− y1
N3Z5a y2 → y′2 ≡ x− y2

`ë��5J¬·5WYX����q��¡�OQZI�YJ.¢�WiN3P�X�OQZ5X�O�a_J [ · · · ]  �N3Z ^\Jxa_¡6Z5Jx^I« N3§_§&«&OQZ_¢jF¿íb`Qº�`QºLM¨�q��¡���OQL�J�X�®*·5WYX��§\J.WÄª¿¡6W�L­OQZ_¢s���5JµOQZ&�YJ.¢�WiN3��O�¡6Z�¡0¥�J.W y2
N3Z5aH���5J.Z�¡0¥�J.W y1.

ë��5J¶WYJ.L�N3OQZ_OQZ_¢s�q��¡±OQZI�YJ.¢�WiN3P�X" �N3Z�^(Jª¿¡ ¤ Z5a¬OQZHã]J8ª�`3G ��æPIq`



å3ñ ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

ÿ*tIæ*tIæ r�DFD n � n pM:\� n �fD
� ��O�X"J�N6X�O�J�X��"�Y¡¬J.¥�N3P ¤ N3�YJ­���_O�X"abOVN3¢�WiN3LÌOQZ�L�¡6L�J.ZI� ¤ LéX�§EN6 �J�`,ëf¡sa_¡¬���_O�X�®(��J¨L ¤ X��µN6XYX�OQ¢�Z�ñ6KL�¡6L�J.ZI�iN± �¡6W�WYJ� .��PQ«x�Y¡����5J¶abOVN3¢�WiN3Lx` ¦ Jµ �¡6Z5X�O�a_J.W~���5Jµñ6KqXY �N3PVN3W~OQZ&�YJ.WiN6 .��O�¡6Z�N3Z5aBJ.¥�N3P ¤ N3�YJµ���5J�5¡ ¤ W�O�J.W?��WiN3Z5XÄª¿¡6W�L�¡3ª*���5J"WYJ�X ¤ PQ�?¡6^_�iN3OQZ5J�axOQZH �¡I¡6WYabOQZEN3�YJµX�§EN6 �J�R

∫
d2ωx e−ip·x

(∫
d2ωy ∆2(x− y) ∆2(y)

)

=

(
Γ(2− ω)2 Γ(ω − 1)4

(4π)2ω Γ(2ω − 2)2

)
1

(p2)4−2ω

=

∫
d2ωq

(2π)2ω

∫
d2ωr

(2π)2ω
∆(q) ∆(p− q) ∆(r) ∆(p− r) . F¿íb` êb` í�M

ë��5J�J8Åb�YJ.W�ZEN3P�P�J.¢�X¶¡3ª~N3ZI«� �¡6Z_Z5J� .�YJ�aoñ6KM§\¡6OQZ&�¨abOVN3¢�WiN3LéL ¤ X��¶J8Å5N6 .��PQ«�L�N3�Y Y�o���5¡�XYJ�¡3ª?���5J�ñ6KXY �N3PVN3WµOQZ&�YJ.WiN6 .��O�¡6Z abOVN3¢�WiN3L X�OQZ5 �J���J¬N3WYJ±N6a_abOQZ_¢����5J± �¡6ZI��W�OQ^ ¤ ��O�¡6Z5X­¡3ª?���5J�XYJ��q��¡BabOVN3¢�WiN3L�X�`ë��5J.WYJ8ª¿¡6WYJ"��J	 �¡6Z5 .P ¤ a_J	���EN3�?���5J	N3Z_Z_OQ�_OQPVN3��O�¡6ZBa_O�N3¢�W8N3L�OQZxL�¡6L�J.ZI� ¤ L©X�§EN6 �J"O�X

p− q

q

p− r

r

b , j

a , i

d , l

c , k

=

∫
d2ωq

(2π)2ω

∫
d2ωr

(2π)2ω

(
∆aa′
ii′ (q) ∆bb′

jj′(p− q) (−igfa′b′e) δi′j′ (2q − p)µDµν
ee′(p)

(−igfd′c′e′) δl′k′ (2r − p)ν ∆c′c
k′k(r) ∆d′d

l′l (p− r)
)

= (−ig)2feabfedcδµνδijδkl
(

1

p2

)(∫
d2ωq

(2π)2ω
(2q − p)µ
q2(q − p)2

)(∫
d2ωr

(2π)2ω
(2r − p)ν
r2(r − p)2

)

= 0 F¿íb` êb` ��M
�y�5J.WYJ"���5J"P�N6X��]J £I¤ N3PQOQ�q«±ª¿¡6PQP�¡��?Xyª�WY¡6L

∫
d2ωq

(2π)2ω
(2q − p)µ
q2 (q − p)2 = 0 . F¿íb` êb` ï�M

°)Ù3ª ÚÐÛ�p_ß�ät�Óæ0oZÝKJ�æ�çRÝZß0p
¦ J?�yOQPQP\ �N3W�W�«�¡ ¤ �F���5J?WYJ.Z5¡6W�L�N3PQOQ¹0N3�YO�¡6Z¬OQZ����5J MS XY i�5J.L�J�® ¤ X�OQZ_¢¶abOQL�J.Z5X�O�¡6ZEN3P\WYJ.¢ ¤ PVN3W�OQ¹0N3��O�¡�Zm`ë��EN3��O�X�®I��J~�yOQPÂP,XYJ.�����5J~X�§EN6 �J.��OQL�J�abOQL�J.Z5X�O�¡6Z¬�Y¡ D = 2ω = 4− 2ε.

� Z±¡6WYa_J.W��Y¡µ§_WY¡& �J.J�a¬�yOQ���·5Z5abOQZ_¢����5J"��N�¥�J8ª ¤ Z5 .��O�¡6ZHWYJ.Z5¡6W�L�N3PQOQ¹0N3��O�¡6ZxªMN6 .�Y¡6WYX?��J	X��EN3PQP,Z5J�J�a,R



·Xõ ©¤õ ò!��}��EòÖm#ð�lm�HGRð]zC�p��} å�í
• o ß5ÖfÓ3Ý&Ñ\ÒuÝ�õmùCß5Ñfû0Ø2Ô\Ñ Ô0/ Γ

Ì ë��5JxL�J.WY¡6L�¡6W�§_�_O� �J8Åb�YJ.Z5X�O�¡6Zú¡3ª"���5J Γ ª ¤ Z5 .��O�¡6Z÷�Y¡����5J �¡6L­§_P�J8Åx§_PVN3Z5J	�EN6X~X�OQL­§_P�J	§\¡6P�J�X]OQZ −n �y�5J.WYJ n = 0, 1, 2, . . . `5ë��5JµòfN ¤ WYJ.Z&��J8Åb§EN3Z5X�O�¡6ZN3WY¡ ¤ Z5as���5J�XYJ"§\¡6P�J�X?O�X
Γ(−n+ ε) =

(−1)n

n!

(
1

ε
+ ψ(n+ 1) +

ε

2

(
π2

3
+ ψ(n+ 1)2 − ψ′(n+ 1)

)
+O(ε2)

)
.F¿íb` ñ5`QºLM¸~J.WYJ����5JFxZ\�y�XZW�WSXÖw6{B�Ð[�R8\&uZ� ψ N3Z5a¬OQ�YX?a_J.W�OQ¥�N3��OQ¥IJµN3WYJ�¢�OQ¥IJ.Zs^&«

ψ(z) ≡ 1

Γ(z)

dΓ(z)

dz
F¿íb` ñ5` æ�M

ψ(n+ 1) = 1 +
1

2
+ · · ·+ 1

n
− γ F¿íb` ñ5` ê�M

ψ′(n+ 1) =
π2

6
−

n∑

k=1

1

k2
F¿íb` ñ5` ñXM

�y�5J.WYJ γ = 0.57721 . . . a_J.Z5¡6�YJ�X?���5J	½ ¤ P�J.WÄK ´ N6XY Y�5J.WY¡6Z_O* �¡6Z5X��iN3ZI��`
• - Ó3ß_×�Ý°Ø2ÕCÝ&Ñ\Ò0ØVÒ0Ø2ÝIû Ì òmJ.� A,B,C,D ^\JBN3WY^_OQ��WiN3W�« N × N L�N3��W�O� �J�XsN3Z5a÷P�J.� T a, a =

1, . . . , N2 − 1 ^(J¬���5J¬¢�J.Z5J.WiN3�Y¡6WYX�¡3ª su(N) OQZ ���5J±ª ¤ Z5a5N3L�J.ZI�iN3P]WYJ.§_WYJ�XYJ.ZI�iN3��O�¡6Zm`Fë��5J �¡6ZI¥IJ.ZI�YOQ¡6ZEXyª¿¡6Wy���5J�¢�J.Z5J.WiN3�Y¡6WYX�N3Z5axX���W ¤  .� ¤ WYJ	 �¡6Z5X��iN3ZI�YX~N3WYJPQ
[T a, T b] = ifabcT c , Tr(T aT b) =

1

2
δab , (T a)αβ(T

a)γδ =
1

2
δαδδ

γ
β .

F¿íb` ñ5` í�M
ë��5J.Zx���5J�ª¿¡6PQP�¡��yOQZ_¢�O�a_J.Z&��OQ��O�J�X?�5¡6P�a
Tr(T aAT bB) Tr(T cCT dD)f eadfebc =

1

8

(
TrATrC TrBD + TrB TrDTrAC

−Tr(ACBD)− Tr(ADBC)
) F¿íb` ñ5` ��M

Tr(T aAT bB) Tr(T cCT dD)f eacfebd =
1

8

(
TrATrDTrBC + TrB TrC TrAD

)

−Tr(ADBC)− Tr(ACBD)
) F¿íb` ñ5` ï�M

Tr(T aAT bB) Tr(T cCT dD)f eabfecd =
1

8

(
TrATrDTrBC + TrB TrC TrAD

− TrATrC TrBD − TrB TrDTrAC
)
. F¿íb` ñ5` ��M

ë��5J�§_WY¡&¡3ª,¡3ª\���5J�·5WYX���O�a_J.Z&��OQ�q«¨O�X*¢�OQ¥IJ.Z­^\J.P�¡0�	`�ëy�5JyXYJ� �¡6Z5a¨O�a_J.Z&��OQ�q«¶ª¿¡6PQPQ¡0�?X*ª�WY¡6L�X ¤ ^5X���OÂK� ¤ ��OQZ_¢ C ←→ D N3Z5a c←→ d N3Z5a ¤ X�OQZ_¢­���5J" .«b .PQO� .OQ�U«¬¡3ªC���5J���WiN6 �J�`_ë��5J����_OQWYasO�a_J.ZI��OQ�U«ª¿¡6PQP�¡��?Xyª�WY¡6L ���5J�·5WYX��y�U��¡­¥&OVN¶���5J=pIN6 �¡6^_OmO�a_J.Z&��OQ�q«I`
À~X�N� �¡6Z5X�O�X��YJ.Z5 .«x i�5J� YS(®EZ5¡6�YJµ���EN3�~OQZ5XYJ.W���OQZ_¢ A = B = C = D = I OÂZ�½ £ `�FMíb` ñ5` ��M]¡6Z5J·5Z5a_X

1

4
feacfeac =

1

4
N(N2 − 1) . F¿íb` ñ5` å�M

[ `�krce^aced*oZc�cedP^Hb]^�oZfe^EcedP^Ebeorh�^ExHkJw8sm^Hwpcev kJwPb�orb�v wW� Or¬r�0b]k!ced*oZc���îp� íL� �m��or§�kZsm^�xHkJv wPxzv �L^Hb�y�v ced���îp� �m��cedP^zfe^J�ìLkrf�{�`Lf]cedP^zf�v wL{�krfeh~oZcev kJw'kJw!c]fgoJxz^Cv �L^Hwmcev cev ^Hb�{�krf
su(N)

}J^HwP^zfgoZcekrfebH��orl b]k�b]^H^�� Orµr�¤orw*��� ¬J¹J���



å�� ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

� Z5a_J�J�a,®,���_O�X	O�XµN±�YW ¤ J­O�a_J.ZI��OQ�U«�®fN6X	OQL­L�J�abOVN3�YJ.PQ«�ª¿¡6PQP�¡��?X"ª�WY¡6LÌ���5J­O�a_J.ZI��OQ�U« facdf bcd =

Nδab X�OQZ5 �J e = 1, . . . , N2 − 1 `
F�À]P�XY¡±Z5¡6�YJ¨���EN3�����EJ¨ã]¸ ² ¡3ª�½ £ `CF¿íb` ñ5` ��M~ �N3Z�^\J¨�yW�OQ���YJ.Z;N6X	N�§_WY¡&a ¤  .�	¡3ª��U��¡±ªMN6 .�Y¡6WYX�®¡6Z5Jµ �¡6Z&�iN3OQZ_OQZ_¢¬¡6Z_PQ« T e, A,B ®\N3Z5ax���5Jµ¡6���5J.W]ªMN6 .�Y¡6W~ �¡6ZI�iN3OQZ_OQZ_¢s¡6Z_PQ« T e, C,D `Eë��_O�X]O�XJ�N6X�OQPQ«¬XYJ�J.Zs^&«sN3§_§_PQ«&OQZ_¢�½ £ `�F¿íb` ñ5` æ�ï�M8` M

ã V,u�u,w�u,w Í } ]�qsr%] PÐ]�t.u�] � X�OQZ_¢o���EN3� fabc = −2iTr([T a, T b]T c) N3Z5aú���5JBZ5¡6W�L�N3PQOQ¹�N3�YO�¡6Z
(T a)αβ(T

a)γδ = 1
2δ
α
δδ
γ
β
��J�·5Z5a

Tr(T aAT bB) Tr(T cCT dD)f eadfebc

= (−2i)2 Tr(T aAT bB) Tr(T cCT dD) Tr([T a, T d]T e) Tr([T b, T c]T e)

= (−4)
(
(T a)αβA

β
γ(T

b)γδB
δ
α

)(
(T c)κλC

λ
µ(T

d)µνD
ν
κ

)

×
(
(T a)εη(T

d)ηπ(T
e)πε − (T d)εη(T

a)ηπ(T
e)πε

)

×
(
(T b)ρσ(T

c)στ (T
e)τρ − (T c)ρσ(T

b)στ (T
e)τρ

)

= (−4)
(
(T a)αβ(T

a)εη(T
b)γδ(T

b)ρσ(T
c)κλ(T

c)στ

× (T d)µν(T
d)ηπ(T

e)πε(T
e)τρA

β
γB

δ
αC

λ
µD

ν
κ

− (T a)αβ(T
a)εη(T

b)γδ(T
b)στ (T

c)κλ(T
c)ρσ

× (T d)µν(T
d)ηπ(T

e)πε(T
e)τρA

β
γB

δ
αC

λ
µD

ν
κ

− (T a)αβ(T
a)ηπ(T

b)γδ(T
b)ρσ(T

c)κλ(T
c)στ

× (T d)µν(T
d)εη(T

e)πε(T
e)τρA

β
γB

δ
αC

λ
µD

ν
κ

+ (T a)αβ(T
a)ηπ(T

b)γδ(T
b)στ (T

c)κλ(T
c)ρσ

× (T d)µν(T
d)εη(T

e)πε(T
e)τρA

β
γB

δ
αC

λ
µD

ν
κ

)

= (−4)
( 1

25
(δαηδ

ε
β) (δγσδ

ρ
δ) (δκτδ

σ
λ) (δµπδ

η
ν) (δπρδ

τ
ε)A

β
γB

δ
αC

λ
µD

ν
κ

− 1

25
(δαηδ

ε
β) (δγτδ

σ
δ) (δκσδ

ρ
λ) (δµπδ

η
ν) (δπρδ

τ
ε)A

β
γB

δ
αC

λ
µD

ν
κ

− 1

25
(δαπδ

η
β) (δγσδ

ρ
δ) (δκτδ

σ
λ) (δµηδ

ε
ν) (δπρδ

τ
ε)A

β
γB

δ
αC

λ
µD

ν
κ

+
1

25
(δαπδ

η
β)(δ

γ
τδ
σ
δ) (δκσδ

ρ
λ) (δµηδ

ε
ν) (δπρδ

τ
ε)A

β
γB

δ
αC

λ
µD

ν
κ

)

=
1

8

(
− Tr(ACBD) + TrATrC Tr(BD) + Tr(AC) TrB TrD − Tr(ADBC)

)
.
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• å Ô\ÖfÓ6Ø2ÝIÓ�Ò�Ó3ß5Ñfû8/qÔEÓ6ö�û

∫
d2ωp

(2π)2ω
eip·x

(p2)α
=

Γ(ω − α)

4απωΓ(α)

1

(x2)ω−α
F¿íb` ñ5`Qº8��M

∫
d2ωx e−ip·x

1

(x2)α
=

4ω−απωΓ(ω − α)

Γ(α)

1

(p2)ω−α
F¿íb` ñ5`Qº�ºLM

¦ J�Z5¡0�° �¡6Z5X�O�a_J.W?���5J�WYJ.Z5¡6W�L�N3PQOQ¹0N3�YO�¡6ZB¡3ª*���5J	XY �N3PVN3W]¡6§\J.WiN3�Y¡6WYX
O(x) ≡ Tr

(
Φi1(x) · · ·ΦiJ (x)

)
. F¿íb` ñ5`Qº�æ�M

ë��5J��U��¡3KM§\¡6OQZ&�] �¡6W�WYJ.PVN3��O�¡6Zxª ¤ Z5 .��O�¡6ZxO�Xy¢�OQ¥IJ.Zs^&«
〈O(x)O(0)〉 = 〈φa1

i1
(x) · · ·φaJ

iJ
(x) φb1j1(0) · · ·φ

bJ
jJ

(0)〉 Tr
(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)
.F¿íb` ñ5`Qº�ê�Më��5JF��WYJ�J8KMP�J.¥�J.P_ �¡6ZI��W�OQ^ ¤ ��O�¡6Z¨�Y¡ 〈φa1

i1
(x) · · ·φaJ

iJ
(x)φb1j1(0) · · ·φ

bJ
jJ

(0)〉  �¡6L�J�Xfª�WY¡6L J XY �N3PVN3WC§_WY¡6§bKN3¢IN3�Y¡6WYX] �¡6Z_Z5J� .��OQZ_¢ x N3Z5a 0 R
(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

)( 1

4πωx2

)J
. F¿íb` ñ5`Qº.ñXM

ÿ*t�ô�t � v DF<3>5@�� n �fDí�E�¶<3>Ep3� 
 >ED�>5@�È��w� n :£Èm@�:t�
K~¡��  �¡6Z5X�O�a_J.W]���5JµabOVN3¢�WiN3LÊ¡6^_�iN3OQZ5J�axª�WY¡6L����EJµN3^(¡�¥IJ	��WYJ�J	P�J.¥�J.PCabOVN3¢�WiN3L©^I«sWYJ.§_PVN6 .OQZ_¢±���5J il�Y¡ jl §_WY¡6§EN3¢IN3�Y¡6W'F2�y�5J.WYJ l = 1, . . . , J Mf^&«¶���5J]XYJ.P ª2KqJ.Z5J.W�¢�«� �¡6W�WYJ� .��O�¡6Z±a_J�XY .W�OQ^\J�a�OQZ ² J� .��O�¡6Z¬íb` æb`ëf¡	 �¡6L­§ ¤ �YJ]���_O�XFabOVN3¢�WiN3L ��JyZ5¡0� ��WiN3Z5X�PVN3�YJ?���5J?XYJ.PÂª2KqJ.Z5J.W�¢�«�abOVN3¢�WiN3L WYJ�X ¤ PQ�YXF½ £ X�`VF¿íb` æb`QºLM�N3Z5aF¿íb` æb` æ�My¡6^_�iN3OQZ5J�axOQZxL�¡6L�J.ZI� ¤ LÊX�§EN6 �J"�Y¡� �¡&¡6WYabOQZEN3�YJµX�§EN6 �J�`EÀya_abOQZ_¢±½ £ X�`�FMíb` æb`QºLM?N3Z5a�F¿íb` æb` æ�MN3Z5a ¤ X�OQZ_¢#F¿íb` ñ5`Qº8��M���J�·5Z5a

∫
d2ωp

(2π)2ω
eip·x

(
−2g2Nδalblδiljl

Γ(2− ω) Γ(ω − 1)2

(4π)ω Γ(2ω − 2)
(p2)ω−3

)

= −g2Nδalblδiljl
Γ(ω − 1)2

32π2ω (2− ω) (2ω − 3)

1

(x2)2ω−3
. F¿íb` ñ5`Qº�í�M

ë��5J.WYJ8ª¿¡6WYJ]���5J?ª ¤ PQP(abOVN3¢�WiN3L �yOQ��� J − 1 §_WY¡6§EN3¢IN3�Y¡6WYXy �¡6Z_Z5J� .��OQZ_¢ x N3Z5a 0 �yOQ���±���5J~XYJ.PÂª2KqJ.Z5J.W�¢�«abOVN3¢�WiN3L�OQZ5XYJ.W��YJ�ax¡6Zx���5J l ¾ ���HX�§\¡6�]J.¥�N3P ¤ N3�YJ�X?�Y¡
−g2N

(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

) Γ(ω − 1)2

8πω(2− ω)(2ω − 3)

(
1

4πωx2

)J
. F¿íb` ñ5`Qº8��M

ë��5J"abOQ¥IJ.W�¢�J.ZI�]§EN3W��]¡3ª*���_O�XyO�X
−g2N

(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

) 1

8π2ε

(
1

4πωx2

)J
. F¿íb` ñ5`Qº0ï�M

ë��5J.WYJ8ª¿¡6WYJ�®_���5J"WYJ.Z5¡6W�L�N3PQOQ¹�J�a;º�Ã � +~WYJ�J.Zm¾ X�ª ¤ Z5 .��O�¡6Z Γ
(2)
i1···iJ

O�Xy¢�OQ¥�J.Zx^I«
(

1 +
g2N

8π2ε

)(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

)( 1

4πωx2

)J F¿íb` ñ5`Qº8��M



å�� ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

OM` J�`����5J?X ¤ L�¡3ª,���5Jy��WYJ�J8KMP�J.¥�J.PEWYJ�X ¤ PQ��N3Z5a­���5J? �¡ ¤ ZI�YJ.W��iJ8WYL N6XYXY¡I .OVN3�YJ�a��yOQ�������5J?¡6Z5J8KMP�¡I¡6§�WiJ.X ¤ PÂ�¡6^_�iN3OQZ5J�a¶ª�WY¡6L OQZ5XYJ.W���OQZ_¢"���5J�XYJ.PÂª2KqJ.Z5J.W�¢�«¨abOVN3¢�WiN3Lx`���¡6L­§EN3W�OQZ_¢	���_O�X*�Y¡"½ £ `±F¿íb` �b` ê�Mf��J� �¡6Z5 .P ¤ a_J���EN3�
Z

···jljl+1···
···ilil+1··· =

(
1 +

g2N

8π2ε

)
δiljlδil+1jl+1

F¿íb` ñ5`Qº�å�M
�y�5J.WYJ���J��EN�¥IJ�J8Åb§_PQO� 8OQ��PQ«;X��5¡��yZ;���5J il, il+1, jl, jl+1

 �¡6L­§(¡6Z5J.ZI�YX�`Cë��_O�XµZ5¡6�iN3��O�¡6Zo�yOQPQP�§_WY¡�¥IJ
¤ XYJ8ª ¤ P(ª¿¡6Wy���5J"ñ6KM§\¡6OQZ&�]¡6Z5J8KMP�¡I¡6§HWYJ.Z5¡6W�L�N3PQOQ¹0N3��OV¡6Z5X�`
ÿ*t�ô�tI� v DF<3>5@�� n �fDí�E�	� � >Cô 
 <6�b:,pM:(@ n Df��>5@�:,�&� n �fD5� n :£Èm@�:t�
ë��5J]abOVN3¢�WiN3L ¡6^_�iN3OQZ5J�a�ª�WY¡6L ���5J]��WYJ�J8KMP�J.¥�J.P(abOVN3¢�WiN3L ^&«­WYJ.L�¡�¥&OQZ_¢¶���5J il �Y¡ jl §_WY¡6§EN3¢IN3�Y¡6WyN3Z5a���5J il+1

�Y¡ jl+1
§_WY¡6§EN3¢IN3�Y¡6W?N3Z5a�OQZ5XYJ.W���OQZ_¢¶���5J?ª¿¡ ¤ WÄKqXY �N3PVN3W�OQZ&�YJ.WiN6 .��O�¡6ZsabOVN3¢�WiN3LWY~J.¥�N3P ¤ N3�YJ�X��Y¡_R

−g2 Γ(2− ω)2 Γ(ω − 1)2 Γ(3ω − 4)

16πω Γ(2ω − 2)2 Γ(4− 2ω)

(
fealal+1feblbl+1

(
δiljlδil+1jl+1

− δiljl+1
δil+1jl

)

+ f ealblfebl+1al+1
(
δiljl+1

δjlil+1
− δilil+1

δjljl+1

)

+ f ealbl+1feal+1bl
(
δilil+1

δjljl+1
− δiljlδil+1jl+1

)
)

×
(
δa1b1 · · · δal−1bl−1δal+2bl+2 · · · δaJbJ

)(
δi1j1 · · · δil−1jl−1

δil+2jl+2
· · · δiJ jJ

)

× Tr(T a1 · · ·T aJ ) Tr(T b1 · · ·T bJ )

(
1

4πωx2

)J F¿íb` ñ5` æ���M
= −g2 Γ(2− ω)2 Γ(ω − 1)2 Γ(3ω − 4)

16πω Γ(2ω − 2)2 Γ(4− 2ω)

(
(
fealblfebl+1al+1 − f ealal+1feblbl+1

)
δiljl+1

δil+1jl

+
(
fealal+1feblbl+1 − f ealbl+1feal+1bl

)
δiljlδil+1jl+1

+
(
fealbl+1feal+1bl − f ealblfebl+1al+1

)
δilil+1

δjljl+1

)

×
(
δa1b1 · · · δal−1bl−1δal+2bl+2 · · · δaJbJ

)(
δi1j1 · · · δil−1jl−1

δil+2jl+2
· · · δiJ jJ

)

× Tr(T a1 · · ·T aJ ) Tr(T b1 · · ·T bJ )

(
1

4πωx2

)J F¿íb` ñ5` æbºLM
� X�OQZ_¢­���5J���W8N6 .J"O�a_J.Z&��OQ��O�J�X_F¿íb` ñ5` ��MMKJF¿íb` ñ5` ��M���J�·5Z5as���5J~ª¿¡6PQP�¡0�yOQZ_¢�WYJ.PVN3��O�¡6Z5X�R
(
fealblfebl+1al+1 − f ealal+1feblbl+1

)

× Tr
(
T alIT al+1(T al+2 · · ·T al−1)

)
Tr
(
T blIT bl+1(T bl+2 · · ·T bl−1)

)

=
1

8

(
(N2 + 2) Tr

(
T al+2 · · ·T al−1T bl+2 · · ·T bl−1

)

− 3N Tr
(
T al+2 · · ·T al−1

)
Tr
(
T bl+2 · · ·T bl−1

)) F¿íb` ñ5` æ�æ�M
�H©3dP^�fe^�orb]kJw~y�dpn�y3^�fe^HbNc]fev xgc�kJ`Lfeb]^Hl sm^HbRcekav wpce^zfgorxzcev kJwPb3cgorq8v wP}CuPl orxH^�kJwPl n�§�^zc�y3^H^Hw!wP^Hv }Jd8§�krfev wP}ab]v ce^Hb

l
orw*�

l+1
v bRced*oZc0y3^�xHkJwPb]v �L^zfKkJwPl nyx{z h6i�h6cC�Lv or}rfgorh�b!|p}J^HwP^zfgorl��Lv or}rfgorh�b0y�v ced~v wpce^zfgorxzcev kJwPb3§�^zc�y3^H^Hw~b]v ce^Hb

l
orw*�

l+py�v l lX§�^�wPkJwL��uPl orw*oZf�orw*�!dP^HwPxH^�b]`P§Pl ^�oJ�Lv wP}�v wtcedP^
1/N

^z�Lu*orwPb]v kJw��



·Xõ ©¤õ ò!��}��EòÖm#ð�lm�HGRð]zC�p��} å�å
(
fealal+1feblbl+1 − f ealbl+1feal+1bl

)

× Tr
(
T alIT al+1(T al+2 · · ·T al−1)

)
Tr
(
T blIT bl+1(T bl+2 · · ·T bl−1)

)

= −1

4

((
N2 − 1

)
Tr
(
T al+2 · · ·T al−1T bl+2 · · ·T bl−1

)) F¿íb` ñ5` æ�ê�M
(
fealbl+1feal+1bl − f ealblfebl+1al+1

)

× Tr
(
T alIT al+1(T al+2 · · ·T al−1)

)
Tr
(
T blIT bl+1(T bl+2 · · ·T bl−1)

)

=
1

8

((
N2 − 4

)
Tr
(
T al+2 · · ·T al−1T bl+2 · · ·T bl−1

)

+ 3N Tr
(
T al+2 · · ·T al−1

)
Tr
(
T bl+2 · · ·T bl−1

))
. F¿íb` ñ5` æ3ñXM

ëf¡­§_WY¡I �J�J�asª ¤ W����5J.W�®_��J"Z5¡6�YJ"���5J~ª¿¡6PQP�¡0�yOQZ_¢����5J�¡6WYJ.Lx`- àfÝIÔEÓ3Ý&ö!Ù Ì|,EÌ�ÚjÌ Ò�U;R T a, T b, T c XZ�Ðx T d v!U�y%U=�£U=V,X�R3uZV6Ï.u,w su(N) XZ�ÐxJY�U;R C,D v!U.XZV^v=\8R8V,XZV=�
N ×N WSX�R8V=\&[6U6Ï^]:ÕETLU=�áRITLU'w;uZYIY�u Ø \I�ByS\&x%U=�jR8\8R8\3U6Ï
T5uZY�x%]

δabδcd Tr(T aT cC) Tr(T bT dD) =
1

4
TrC TrD F¿íb` ñ5` æ�í�M

δabδcd Tr(T aT cCT bT dD) =
1

4
Tr(CD) F¿íb` ñ5` æ���M

ã V,u^u,w�]!�COQWYX��yZ5¡6�YJ"���5J~ª ¤ X�O�¡6ZBN3Z5a±·EXYX�O�¡6ZxW ¤ P�J�X
TrT aATrT aB =

1

2
TrAB F¿íb` ñ5` æ�ï�M

TrT aAT aB =
1

2
TrATrB . F¿íb` ñ5` æ���M


�¡6����¡3ª(���5J�XYJ?J £I¤ N3��O�¡6Z5X�N3WYJ?J�N6X�OQPQ«­¡6^_�iN3OQZ5J�a­ª�WY¡6L����5JyZ5¡6W�L�N3PQOQ¹0N3��O�¡6Z¬ .¡6ZEabOQ��O�¡6Z±¡6Z����5J su(N)¢�J.Z5J.WiN3�Y¡6WYX�R
(T a)αβ(T

a)γδ =
1

2
δαδδ

γ
β .

F¿íb` ñ5` æ�å�M
� X�OQZ_¢�½ £ X�`�F¿íb` ñ5` æ�ï�MyN3Z5aBF¿íb` ñ5` æ���M���J�·5Z5a

δabδcd Tr
(
T a(T cC)

)
Tr
(
T b(T dD)

)
= δcd Tr

(
T a(T cC)

)
Tr
(
T a(T dD)

)

=
1

2
δcd Tr(T cCT dD)

=
1

2
Tr(T cCT cD)

=
1

4
TrC TrD F¿íb` ñ5` ê���M

�y�_O� Y�x§_WY¡0¥�J�X?½ £ `�F¿íb` ñ5` æ�í�M8` ² OQL­OQPVN3W�PQ«±ª¿¡6W?½ £ `�F¿íb` ñ5` æ���M8`� Zs§EN3W���O�  ¤ PVN3W]��J�·5Z5as���EN3�
Tr
(
T al+2 · · ·T al−1

)
Tr
(
T bl+2 · · ·T bl−1

)
= 4δalblδal+1bl+1 Tr

(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)
.F¿íb` ñ5` êbºLM



º8��� ��ïtðtñ~z��Cò�·Xõ°z�ït�
SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

´ ¡6WYJ�¡�¥IJ.W�®b�y�EJ8Z J O�X?J.¥�J.Z Ü Ë*ÖmÒ­Ô,ÕCÕ*øVá Ý&ÑfÔ\ÖfÞ\à~}�ÑfÔ5Ò¨��àfÝ&Ñ J Ø2û­Ô,ÕCÕ����8ß ��J��EN�¥�J
N2 Tr

(
T al+2 · · ·T al−1T bl+2 · · ·T bl−1

) (
δa1b1 · · · δal−1bl−1δal+2bl+2 · · · δaJbJ

)

= N Tr
(
T al+2 · · ·T al−1

)
Tr
(
T bl+2 · · ·T bl−1

)(
δa1b1 · · · δal−1bl−1δal+2bl+2 · · · δaJbJ

) F¿íb` ñ5` ê�æ�M
X�OQZ5 �J�^(¡6���HX�O�a_J�X?J.¥�N3P ¤ N3�YJ"�Y¡ (1

4

)J−2
2 N3.¦ OQ���±���5J�XYJ~��WiN6 �J]O�a_J.Z&��OQ��O�J�X�®&��J~ �N3Z¬Z5¡�� �yW�OQ�YJ~���5J~WYJ�X ¤ PQ�Fª¿¡6W����5J�abOVN3¢�WiN3L ¡6^_�iN3OQZ5J�a±ª�WY¡6L���5J���WYJ�J8KMP�J8¥IJ.PmabOVN3¢�WiN3L�^&«�WYJ.L�¡�¥&OQZ_¢����5J il �Y¡ jl §_WY¡6§EN3¢IN3�Y¡6W~N3Z5a¬���5J il+1

�Y¡ jl+1
§_WY¡6§EN3¢IN3�Y¡6WN3Z5a¬OQZ5XYJ.W���OQZ_¢����5J~ª¿¡ ¤ WÄKqXY �N3PVN3W?OQZ&�YJ.WiN6 .��O�¡6ZBabOVN3¢�WiN3LxR

−g2N
Γ(2− ω)2Γ(ω − 1)2Γ(3ω − 4)

16πωΓ(2ω − 2)2Γ(4− 2ω)

(
− δiljl+1

δil+1jl − δiljlδil+1jl+1
+ 2δilil+1

δjljl+1

)

×
(
δi1j1 · · · δil−1jl−1

δil+2jl+2
· · · δiJ jJ

)(
δa1b1 · · · δaJbJ

)

× Tr
(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)( 1

4πωx2

)J
. F¿íb` ñ5` ê�ê�M

ë��5J"abOQ¥IJ.W�¢�J.ZI�]§EN3W��]¡3ª*���_O�XyO�X
− g

2N

8π2ε

(
− δiljl+1

δil+1jl − δiljlδil+1jl+1
+ 2δilil+1

δjljl+1

)(
δi1j1 · · · δil−1jl−1

δil+2jl+2
· · · δiJ jJ

)

×
(
δa1b1 · · · δaJbJ

)
Tr
(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)( 1

4π2x2

)J
. F¿íb` ñ5` ê3ñXM

ë��5J.WYJ8ª¿¡6WYJ�®_���5J"WYJ.Z5¡6W�L�N3PQOQ¹�J�a;º�Ã � +~WYJ�J.Zm¾ X�ª ¤ Z5 .��O�¡6Z Γ
(2)
i1···iJ

O�Xy¢�OQ¥�J.Zx^I«
[
δiljlδil+1jl+1

+
g2N

8π2ε

(
− δiljl+1

δil+1jl − δiljlδil+1jl+1
+ 2δilil+1

δjljl+1

)]

×
(
δi1j1 · · · δil−1jl−1

δil+2jl+2
· · · δiJ jJ

)(
δa1b1 · · · δaJbJ

)

× Tr
(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)( 1

4π2x2

)J
. F¿íb` ñ5` ê�í�M

OM` J�`����5J?X ¤ L�¡3ª,���5Jy��WYJ�J8KMP�J.¥�J.PEWYJ�X ¤ PQ��N3Z5a­���5J? �¡ ¤ ZI�YJ.W��iJ8WYL N6XYXY¡I .OVN3�YJ�a��yOQ�������5J?¡6Z5J8KMP�¡I¡6§�WiJ.X ¤ PÂ�¡6^_�iN3OQZ5J�a¨ª�WY¡6L�OQZ5XYJ.W���OQZ_¢	���5J�ñ6KqXY �N3PVN3W�OQZ&�YJ.WiN6 .��O�¡6Zm`¤��¡6L­§EN3W�OQZ_¢µ���_O�X��Y¡	½ £ `VF¿íb` �b` ê�MC��Jy �¡6Z5 .P ¤ a_J���EN3�
Z

···jljl+1···
···ilil+1··· = δiljlδil+1jl+1

− g2N

8π2ε

(
δiljl+1

δil+1jl + δiljlδil+1jl+1
− 2δilil+1

δjljl+1

)
. F¿íb` ñ5` ê���M

- àCØ2û�Ø2û{}~àfÔX�¶Ý�Ü\ÝIÓ
}~Ø�ÑÎÕ*Ø2û�ß_ÞEÓ3ÝIÝ&ö�Ý&Ñ\Ò#��ØVÒ0àÎÒ0àmÝ ÝIõ,ùCÓ3ÝIû�û3Ø2Ô\Ñ
Z

(b)···jljl+1···
···ilil+1···

Ø�Ñw�±Ý�/ Ì��2Ú¤�n�
Ü ù ÌFü ß����
ÿ*t�ô�tIæ v DF<3>5@�� n �fDí�E�	� � >CÈm:t�'Èm> w:�f<*�fDÎ>nm�� � :,D'Èm>	� n :£Èm@�:t�
K~¡��°��Jµ �¡6Z5X�O�a_J.W~���5J¶abOVN3¢�WiN3LÊ¡6^_�iN3OQZ5J�axª�WY¡6L©���5J	��WYJ�J8KMP�J.¥IJ8P�abOVN3¢�WiN3L©^I«sWYJ.L�¡0¥&OQZ_¢±���5J il �Y¡
jl
§_WY¡6§EN3¢IN3�Y¡6W­N3Z5a����5J il+1

�Y¡ jl+1
§_WY¡6§EN3¢IN3�Y¡6W­N3Z5a�OQZ5XYJ.W���OQZ_¢H���5J�¢IN ¤ ¢�J�^(¡�XY¡6Z;OQZI�YJ.WiN6 .��O�¡6Z



·Xõ ·Xõ°z�ït��ð~}��Dm#ð�lE�¶���â¹��4m#��})�&�p��}ím#ð~z�ò]��Å º8�bº
abOVN3¢�WiN3Lx` ´ ¡6WYJ�X�§(J� .O ·\ �N3PQPQ«I®���J� �¡6Z5X�O�a_J.Wx¡6Z_PQ«÷���5J�abOQ¥IJ.W�¢�J.ZI�s§EN3W��x¡3ª¶���_O�XxabOVN3¢�WiN3L �y�_O� i�J.¥�N3P ¤ N3�YJ�Xy�Y¡_R

g2

4π2ε

(
fealblfeal+1bl+1

)(
δa1b1 · · · δal−1bl−1δal+2bl+2 · · · δaJbJ

)

×
(
δi1j1 · · · δiJ jJ

)
Tr
(
T a1 · · ·T aJ

)
Tr
(
T b1 · · ·T bJ

)( 1

4π2x2

)J

=
g2N

4π2ε

(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

)
Tr
(
T a1 · · ·T aJ

)(
T b1 · · ·T bJ

)( 1

4π2x2

)J F¿íb` ñ5` ê�ï�M
�y�5J.WYJ"��J"�EN�¥IJ ¤ XYJ�ax½ £ X�`�F¿íb` ñ5` ï�MyN3Z5aBF¿íb` ñ5` êbºLM8`ë��5J.WYJ8ª¿¡6WYJ�®_���5J"WYJ.Z5¡6W�L�N3PQOQ¹�J�a;º�Ã � +~WYJ�J.Zm¾ X�ª ¤ Z5 .��O�¡6Z Γ

(2)
i1···iJ

O�Xy¢�OQ¥�J.Zx^I«
(

1− g2N

4π2ε

)(
δa1b1 · · · δaJbJ

)(
δi1j1 · · · δiJ jJ

)( 1

4π2x2

)J F¿íb` ñ5` ê���M
OM` J�`����5J?X ¤ L�¡3ª,���5Jy��WYJ�J8KMP�J.¥�J.PEWYJ�X ¤ PQ��N3Z5a­���5J? �¡ ¤ ZI�YJ.W��iJ8WYL N6XYXY¡I .OVN3�YJ�a��yOQ�������5J?¡6Z5J8KMP�¡I¡6§�WiJ.X ¤ PÂ�¡6^_�iN3OQZ5J�a¶ª�WY¡6L OQZ5XYJ.W���OQZ_¢"���5J�XYJ.PÂª2KqJ.Z5J.W�¢�«¨abOVN3¢�WiN3Lx`���¡6L­§EN3W�OQZ_¢	���_O�X*�Y¡"½ £ `±F¿íb` �b` ê�Mf��J� �¡6Z5 .P ¤ a_J���EN3�

Z
···jljl+1···
···ilil+1··· =

(
1− g2N

4π2ε

)
δiljlδil+1jl+1

. F¿íb` ñ5` ê�å�M
- àCØ2ûBØ2û{}]àfÔ¤�¶Ý�Ü\ÝIÓ
}]Ø�Ñ Õ*Ø2û0ß_ÞEÓ0Ý&Ý&ö�Ý&Ñ\Ò¥��ØVÒ0à°Ò0àfÝ Ý�õmùCÓ3ÝIû�û0Ø2Ô\Ñ

Z
(a)···jljl+1···

···ilil+1···
Ø�Ñ��±Ý�/ Ì=�2Ú¤�n�

Ü ù ÌFü ß����
°)Ù4° è é_Ûùæ0p_ßÖ�Óæ0oZß ãz� ²_Ý6�ÓÛ�p � ÝZß0p �Óæ�ç0ä3Ý$ê
´H¤ PQ��OQ§_PQ«&OQZ_¢�½ £ X�`�F¿íb` ñ5`Qº�å�M8®�F¿íb` ñ5` ê���MyN3Z5aBF¿íb` ñ5` ê�å�M���J~·5Z5a
Z

···jljl+1···
···ilil+1··· = δiljlδil+1jl+1

+
λ

16π2ε

(
δilil+1

δjljl+1
+ 2δiljlδil+1jl+1

− 2δiljl+1
δil+1jl

)
. F¿íb` íb`QºLM

ë��5Jy�Y¡6�iN3P Z ªMN6 .�Y¡6W�O�X����5Jy§_Wi¡Ia ¤  .��¡�¥IJ.W�N3PQP5PQOQZ_SbX�¡3ª,���5J?J8Åb§_WYJ�XYX�O�¡6Z�OQZ#F¿íb` íb`QºLM8`��5¡6WF �¡6Z&¥�J.Z_O�J.Z5 �J��J� �N3Z¬WYJ.�yW�OQ�YJ~���5J~WYJ�X ¤ PQ��OQZ¬�YJ.W�L�Xy¡3ªf�q��¡¨J.P�J.L�J.ZI�iN3W�«¬¡6§\J.WiN3�Y¡6WYXy�y�_O� Y�HN6 .��¡6ZsJ�N6 i�¬PQOQZ_S(RI���5J��WiN6 �J	¡6§\J.WiN3�Y¡6W
K
jljl+1

ilil+1
= δilil+1

δjljl+1
, F¿íb` íb` æ�M

N3Z5a¬���5J"§(J.W�L ¤ �iN3��O�¡6ZB¡6§(J.WiN3�Y¡6W
P
jljl+1

ilil+1
= δiljl+1

δil+1jl .
F¿íb` íb` ê�M

¦ OQ���s���_O�XyZ5¡6�8N3��O�¡6Zm®_���5J"�Y¡6�iN3P Z ªMN6 8�i¡6W? �N3Zx^\J"�yW�OQ���YJ.ZxOQZx���5J�ª¿¡6W�L
Z =

J∏

l=1

[
δiljlδil+1jl+1

+
λ

16π2ε

(
K
jljl+1

ilil+1
+ 2δiljlδil+1jl+1

− 2P
jljl+1

ilil+1

)]
. F¿íb` íb` ñXM
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SO(6)

�X�~�yz��Eò �DQ N = 4 SU(N)
��ú�m z�ït�t�Eò!ú

ë��5J¶WYJ.Z5¡6W�L�N3PQOQ¹�N6��O�¡6Z�ªMN6 .�Y¡6W Z a_J.�YJ.W�L­OQZ5J�X����5J¶L�N3��W�OÂÅ Γ ¡3ª�N3Z5¡6L�N3P�¡ ¤ X"abOQL�J.Z5X�O�¡6Z5X"���_WY¡ ¤ ¢�����5J�WYJ.Z5¡6W�L�N3PQOQ¹0N3�YO�¡6ZH¢�WY¡ ¤ §HJ £I¤ N3��O�¡6Z
Γ =

1

Z

dZ

dµ
. F¿íb` íb` í�M

D~O�XY �N3WYabOQZ_¢��YJ.W�L�X?¡3ª�¡6WYa5J8W λ2 N3Z5as�_OQ¢��5J.W�®_���5JµN3Z5¡6L�N3P�¡ ¤ X]abOQL�J.Z5X�O�¡6ZHL�N3��W�OÂÅx �N3Zs^(J��yW�OQ���YJ.Z
Γ =

λ

16π2

J∑

l=1

(
K
jljl+1

ilil+1
+ 2δiljlδil+1jl+1

− 2P
jljl+1

ilil+1

)
. F¿íb` íb` ��M

À~Xy¡6^5XYJ.W�¥IJ�a¬OQZBGQº�êLIq®_���_O�XyO�Xy���5J	¸�N3L­OQPQ�Y¡6Z_OVN3ZH¡3ª�N3ZxOQZI�YJ.¢�WiN3^5PQJ SO(6) X�§_OQZH Y�EN3OQZm`� ZI�YJ.¢�WiN3^_OQPQOQ�U«­L�J�N3Z5XF���EN3�F���5J.WYJ]J8ÅbO�X��YX�N	XYJ.�F¡3ª3SM�_OQ¢��5J.WHU] i�EN3W�¢�J�X Q2, Q3, . . .
���EN3�� �¡6L­L ¤ �YJN3L�¡6Z_¢s���5J.L�XYJ.PQ¥�J�X�® [Qr, Qs] = 0 ®,N3Z5aB���EN3�µN3WYJ¨ �¡6Z5XYJ.W�¥�J�a�OQZ����5J¨XYJ.Z5XYJ¶���EN3�"���5J.«B �¡6L­L ¤ �YJ�yOQ���u���5J±¢�J.Z5J.WiN3�Y¡6WYX­¡3ª~���5J N = 4 X ¤ §\J.WY �¡6Zbª¿¡6W�L�N3P]N3PQ¢�J.^_WiN psu(2, 2|4) ¦ OM` J�`Q® [J0, Qr] = 0 `�FW ¤  .OVN3PQPQ«�®����5J?¢�J.Z5J.WiN3�Y¡6W�¡3ªmabOQPVN3�iN3��O�¡6Z5X D2

L ¤ X���^\J?OQZ5 .P ¤ a_J�a�OQZ����5J?XYJ.�F¡3ªm �¡6Z5XYJ.W�¥IJ�a� Y�EN3W�¢�J�X ¦OM` J�`
D2 = Q2

ª¿¡6WµOQZ5X��iN3Z5 �J�`fÀ ��J.PQPÂKMS&Z5¡0�yZuX ¤ ö� .O�J.ZI�¨ �¡6Z5abOQ��O�¡6Zoª�¡6WµOQZ&�YJ.¢�WiN3^_OQPQOQ�q«;O�X	���EN3�µ���5J
R KML�N3��W�OÂÅxXiN3��O�XÄ·EJ�X]N ³ N3Z_¢6Kg
yN0Åb�YJ.W]J £I¤ N3��O�¡6Zm`ë��5J SO(6) XYJ� .�Y¡6WFO�X�N	 .P�¡�XYJ�a�X ¤ ^5XYJ� .�Y¡6W�`�
�«�N õ  .P�¡�XYJ�a,¾IX ¤ ^5XYJ� .�Y¡6WF��J?L�J�N3Z¬N"X ¤ ^EX�§EN6 �J H0¡3ªF���5J¨�Y¡6�iN3P�¸]OQPQ^(J.W��"X�§EN6 �J H ¡3ªF¢IN ¤ ¢�J¨OQZ&¥�N3W�OVN3ZI�	¡6§(J8W8N3�Y¡6WYX"¡3ª N = 4 SU(N) ²�³"´ ���5J�¡6W�«I®X ¤  Y�H���\N3�]���5J¨N6 .��O�¡6Z�¡3ª����5JµabOQPVN3�iN3��O�¡6Z�¡6§(J.WiN3�Y¡6W D  .P�¡�XYJ�X~¡6Z H0

¦ ���EN3�~O�X�®5���EN3�]���EJ	OQL�N3¢�J¶¡3ª
H0 ¤ Z5a_J.W D O�X? �¡6ZI�iN3OQZ5J�axOQZ H0

®bOM` J�` D(H0) ⊆ H0
`
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� N3L ¥�J.W�«¨¢�WiN3�iJiª ¤ P\�Y¡	Lµ«�X ¤ §\J.W�¥&O�XY¡6WDK]O�J.P�X�ý]^(J.WYX�ª¿¡6W��_O�XF¢ ¤ O�a5N3Z5 �J�N3Z5a�§\J.WYX�O�X��YJ.Z&��J.Z5 �¡ ¤ WiN3¢�J8KL�J.ZI�YX?���_WY¡ ¤ ¢��5¡ ¤ �]���_O�Xy§_WY¡6TÄJ� .��`� ��¡ ¤ P�a�N3P�XY¡�PQOQSIJ��Y¡����EN3Z_S¨Ã*¡ ¤ PE¸~J.Z_W�OQS¨D"N3L­¢IN�N3WYa,®�¸~J.W�^(J.W��'K~J ¤ ^(J.W�¢�J.W�N3Z5a­J�X�§(J� .OVN3PQPQ«¨ëfWY¡IJ.P�X¸�N3W�L�N3W�S�N3Z5a�Ã�N6¡6P�¡�D~O5¼FJ� � Y�_OVN�ª¿¡6WFOQPQP ¤ L­OQZEN3��OQZ_¢¨abO�XY  ¤ XYX�O�¡6Z5X�`�À]P�XY¡µN	X�§\J� .OVN3PE���EN3Z_SbX��Y¡¨�F�EN3WÄKP�¡6���YJ!�CP��IJ���W�O�X��¿T�N3Z5XYJ.Z¬N3Z5a��]¡6Z5X��iN3Z&��OQZ,a(N3WYJ.L¶^\¡	ª¿¡6WFWYJ.L�N3W�SbX�¡6Z����5J] �¡6L­§ ¤ �iN3��O�¡6Z5X�OQZ��F�EN3§bK�YJ.W]íb`
´ ¡6WYJ�¡�¥IJ.W � �yO�X��¬�Y¡¨J8Åb�YJ.Z5a¬Lµ«�¢�WiN3��OQ� ¤ a_J��Y¡ ² �iJiªMN3Zxã]¡6¹�J.ZI�iN3PfN3Z5a¬¸�N3Z_ZEN��~¡6^&«&PÂOQZ5X�S&Omã]¡6¹�J8Z_K�iN3PM¾ X~�E¡ ¤ Z5a5N3��O�¡6Zsª¿¡6Wy·5ZEN3Z5 .OVN3PfX ¤ §_§(¡6W���`
XY¡6L�J ¤ XYJ8ª ¤ P,WYJ8ª¿J.WYJ.Z5 �J�X�RG ���LIq®�G ��ï8Iq®�G ���LIq®�G ��åPIq®KG å��PIq®KG åbºmIq®KG å�æPI
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GQºJI�p5` ´ ` ´ N3P�a5N6 �J8Z\Nb®¤Sqë��5J"PVN3W�¢�J N PQOQL­OQ�]¡3ª�X ¤ §(J.WY �¡6Zbª¿¡6W�L�N3P,·EJ.P�as���5J�¡6W�O�J�X~N3Z5aX ¤ §\J.W�¢�WiN�¥&OQ�q«I® U��ÖxZ~Z]:ÕETLU!uZV^]��×X�RITL] ã T%�*Ï^] ó FÄº�å�å���Myæ�êbº��&æ�í�æb®��n���'�Y�
�n�
�����
�����
�5`
G æLI ² ` ² `R+ ¤ ^5XYJ.W�® � `_ãµ`n��P�J.^EN3Z5¡�¥(®\N3Z5axÀ¶` ´ `_ÃC¡6PQ«&N3S�¡0¥(®XSH+"N ¤ ¢�J"���5J�¡6W�«s �¡6W�WYJ.PVN3�Y¡6WYXyª�WY¡6LZ5¡6ZbKq .W�OQ��O� �N3PCX���W�OQZ_¢����5J�¡6W�«�® U ã T��ZÏ�]tÒGU;R&R�] Þ¨,(ó 4 FÄº�å�å���M"º8��í��Eº�º.ñ5®n�n���'�Y�
�n�
�� Q�Q�����Q�_`
G êLI¶½?` ¦ OÂ�Y�YJ.Zm®XSqÀ]Z&��OÂKqa_J ² OQ���YJ.W]X�§EN6 �JµN3Z5as�5¡6P�¡6¢�WiN3§_�I«I® U��0xZ~Z]0ÕETLU,uZV^]��×X�RITL] ã T%�*Ï^] ó FÄº�å�å���Mæ�í�ê��&æ�åbº�®n�n���'�Y�
���
�� 
�Q����¡��5`
G ñ*I¶½?` ¦ OQ���YJ.Zm®XSqÀ]Z&��OÂKqa_J ² OQ���YJ.W?X�§EN6 �J�®b���5J.W�L�N3Pm§_�EN6XYJ���W8N3Z5X�OQ��O�¡6Zm®5N3ZEas �¡6Zb·5Z5J.L�J.ZI�]OQZs¢IN ¤ ¢�J���5J�¡6W�O�J�X�® U��0xZ~Z]:Õ�T5U!uZV^]��×X�RITL] ã T%�*Ï^] ó FÄº�å�å���Myí���í��&í�ê�æb®��n���'�Y�
�n�
�� 
�
¢���¢���`
G íLI ² ` ¦ `_¸�N��yS&OQZ_¢�N3Z5a6D¨`LK¨`bÃ�N3¢�J�®¤Sqë��5J.W�L�¡&ab«&ZEN3L­O� �X~¡3ª*^_PVN6 iS±�5¡6P�J�X?OQZxÀ]Z&��OÂKqa_J ² OÂ�Y�YJ.WX�§EN6 �J�® U¤£�uZW�W�{B�£]��×X�RITL] ã T%�*Ï^] 4 ü FÄº�å���ê�Myí�ï�ïY�&í����b`
G �LI­ý¶`_À]�EN3WY¡6Z&«�®�p5` ´ N3WYXiN3Z5¡_® ² ` ´ OQZI�yN3PQPVNb®��­`5Ã*N3§EN6a_¡&abOQL�N6X�®\N3Z5a ´ `b¼FN3ZHã~N�N3L�XYa_¡6Z_S(®Sqë��5J	¸�N3¢�J�a_¡6W�Z\¯3a_J� �¡6Zb·5Z5J�L�J.Z&�]§_�EN6XYJ"��WiN3Z5X�OQ��O�¡6ZxOQZx��J�N3S&PQ«¬ �¡ ¤ §_P�J�axPVN3W�¢�J N ¢IN ¤ ¢�J���5J�¡6W�O�J�X�® U��0xZ~Z]:Õ�T5U!uZV^]��×X�RITL] ã T%�*Ï^] 4 F¿æ����3ñXM�����ê��X��å��b®��n���'�Y�
�n���
¢����Q�� Q¡_`
G ï8I_
�` ²I¤ Z5ab^(¡6W�¢5®¤Sqë��5J	¸�N3¢�J�a_¡6W�ZH��WiN3Z5X�OQ��O�¡6Zm®5a_J� �¡6Zb·5Z5J.L�J.Z&��N3Z5a N = 4 ²�³"´ ���5J�¡6W�«I® U¥ {L[;Y�] ã T%�*Ï^] Þ Ù ü±� F¿æ�������Myê3ñIå��&ê���êb®��n���'�Y�
�n�
�
���
 
�
����`
G �LI­ý¶`_À]�EN3WY¡6Z&«�®�p5` ´ N3WYXiN3Z5¡_® ² ` ´ OQZI�yN3PQPVNb®��­`5Ã*N3§EN6a_¡&abOQL�N6X�®\N3Z5a ´ `b¼FN3ZHã~N�N3L�XYa_¡6Z_S(®XSqÀ·5WYX��?¡6WYa_J.W]a_J� �¡6Zb·5Z5J.L�J.Z&�]��WiN3Z5X�OQ��O�¡6ZHOQZsPVN3W�¢�J N ³ N3Z_¢6K ´ OQPQP�X?���5J�¡6W�«¬¡6ZBN¨X�L�N3PQP S3 ® Uã T%�*Ï^]�¦0U=~Z]�§ ü\Ú F¿æ�����í�M�º�æ�í��bº8�b®��n���'�Y�
�n���Q¡��Q���Y¨©�_`
G åLI_D¨` ³ N3L�N6a5N�N3Z5asò�`R+¨` ³ N0»,J�®XSqÃ��EN6XYJ	abOVN3¢�WiN3L�¡3ª N = 4 X ¤ §\J.WÄK ³ N3Z_¢6K ´ OQPQP�X?���5J�¡6W�«¬�yOQ���

R KqX�«&L­L�J.��W�«s Y�5J.L­O� �N3Pf§(¡6�YJ.ZI��OVN3P�X�® U«ªZ� Í ã­¬Eâ F¿æ�������M���æ�ï&®n�n���'�Y�
�n���Q®��Q���
�
¨E`
GQº8�LI¶ë"`_¸�N3W�L�N3W�SxN3Z5a ´ `Eý]WYXYJ.PQPQOM®¤SH
 ¤ N3ZI� ¤ L�L�J� i�EN3Z_O� �N3PCXYJ� .�Y¡6WYXyOQZs���5J.W�L�N3P N = 4 X ¤ §(J.W³ N3Z_¢6K ´ OQPQP�X?¡6Z R× S3 ® U ¥ {L[;Y�] ã T%�*Ï^] Þ�ü Ù ü F¿æ�������M"º�º0ïY�Eº.ñIíb®n�n���'�Y�
�n���Q®��Q¡
��¢�¨\`
GQº�ºJI¶À¶`0�F�EN3Lµ^_PQOQZm®Eãµ`_½�L­§EN3WiN3Zm®3�~`_¼¨`np�¡6�_Z5XY¡6Zm®EN3Z5axãµ`0�~` ´ «IJ.WYX�®�SH�F�EN3W�¢�J�aHÀ?a ² ^_PVN6 YS�5¡6P�J�X]N3Z5ax �N3�iN6X���WY¡6§_�_O� 	�5¡6P�¡6¢�WiN3§_�I«I® U ã T%�*Ï^]�¦0U=~Z]�§ $�¬ FÄº�å�å�å�M����3ñ��bº8�b®

�n���'�Y�
�n�
�
���Q�����
�5`
º8��í
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GQº�æLI ´ `0�F¥�J.��O�¯µN3Z5a ² ` ² `R+ ¤ ^5XYJ.W�®XSqÃ��EN6XYJ�X]¡3ª R Kq Y�EN3W�¢�J�ax^_PVN6 YS¬�5¡6P�J�X�®5X�§_OQZ_Z_OQZ_¢�^_WiN3Z5J�X]N3Z5aX���WY¡6Z_¢�PQ«¬ �¡ ¤ §_P�J�ax¢IN ¤ ¢�J"���5J�¡6W�O�J�X�® U«ªZ� Í ã­¬ , F�º�å�å�å�M���æ3ñ5®n�n���'�Y�
�n�
�
���Q�����
¡_`
GQº�êLI�p5`_À¶` ´ OQZEN3�EN3Z�N3Z5a,�­`'a(N3WYJ.Lµ^(¡_®±Sqë��5J�
�J8�Y�5J8KUN3Z5XiN3��¹"ª¿¡6W N = 4 X ¤ §\J.W ³ N3Z_¢6K ´ OQPQP�X�® UªZ� Í ã­¬ � F¿æ�����ê�M��bº�êb®n�n���'�Y�
�n���Q�����
���
 5`
GQº.ñ*IzK¶`±
�J.O�XYJ.W���®0��`n��W�O�X��¿T�N3Z5XYJ.Zm®EN3Z5a ´ ` ² �iN ¤ a5N6 Y�5J.W�®±Sqë��5J	abOQPVN3�iN3��O�¡6ZB¡6§(J.WiN3�Y¡6W]¡3ª N = 4X ¤ §\J.W ³ N3Z_¢6K ´ OQPQP�Xy���5J�¡6W�«I® U ¥ {L[;Y�] ã T%�*Ï^] Þ $0$ , F¿æ�����ê�M�º�êbº��Eº8�3ñ5®��n���'�Y�
�n���
¢
�
¢
�Q®��5`
GQº�íLIzK¶`±
�J.O�XYJ.W���®XSqëy�5J" �¡6L­§_P�J.�YJµ¡6Z5J8KMP�¡&¡6§HabOQPVN3�iN3��O�¡6ZB¡6§(J.WiN3�Y¡6W]¡3ª N = 4 X ¤ §\J.W ³ N3Z_¢6K ´ OQPQP�X���5J�¡6W�«�® U ¥ {L[;Y�] ã T%�*Ï^] Þ $ ü $ F¿æ����3ñXMyê���ñIæb®n�n���°�Y�
�n���
¢
�
�
����¡_`
GQº8�LIzK¶`±
�J.O�XYJ.W��]N3Z5a ´ ` ² �iN ¤ a5N6 i�5J.W�®±Sqë��5J N = 4 ²�³"´ OQZ&�YJ.¢�WiN3^_P�JµX ¤ §\J.W]X�§_OQZx i�EN3OQZm® U ¥ {L[;Y�]ã T%�*Ï^] Þ $ ü ¬ F¿æ�����ê�M�ñIê�å���ñ���êb®��n���'�Y�
�n���
¢
�
�
��¨©�_`
GQº0ï8IzK¶`±
�J.O�XYJ.W���®XSqëy�5J

su(2|3) ab«&ZEN3L­O� µX�§_OQZx Y�EN3OQZm® U ¥ {L[;Y�] ã T%�*Ï^] Þ $04 ó F¿æ����3ñXM�ñ���ïY�&í�æ��b®�n���'�Y�
�n���
¢����Q�
¡
�_`
GQº8�LIzK¶`¤
�J.O�XYJ.W���®_¼¨`¤D~OQ§_§(J.PM®5N3Z5a ´ ` ² �iN ¤ a5N6 Y�5J.W�®±SqÀÁZ5¡0¥�J.P,P�¡6Z_¢�WiN3Z_¢�J"X�§_OQZx i�EN3OQZBN3Z5a¬§_PVN3ZEN3W
N = 4 X ¤ §(J.W ³ N3Z_¢6K ´ OQPQP�X�® U«ªZ� Í ã	¬ ü FMæ����3ñXM���ï6íb®n�n���'�Y�
�n����¨Q�Q¡��
����`

GQº�åLI¶ë"`_¸~¡6PQP�¡0��¡&¡Ia,® ² `_Ã*`�� ¤ L�N3W�®EN3Z5axÀ¶`LK�N £ ¥&OM®�S � Z5X��8N3^_OQPÂOQ��O�J�X]¡3ª*���5J	X�L�N3PQPm^_PVN6 YS¬�5¡6P�J�R5À¥&O�J.� ª�WY¡6L N = 4 ²�³"´ ® UTªZ� Í ã­¬ Ú F¿æ�����ï�M����bº�®n�n���'�Y�
�n���Q®��
���
�
��`
G æ��LI¶ë"`_¸�N3W�L�N3W�S(®_¼¨`LK]OVN3WY i�5¡�X�®5N3Z5a K¶`_À¶`Eý]^(J.WYX�®XS � Z5X��iN3^_OQPQOQ��O�J�X]¡3ª*^_PVN6 iS¬X���W�OQZ_¢�X~N3Z5a^_WiN3Z5J�X�® U¤£GY�X*Ï6Ï^]V±>{LXZ�jR�]y²>V,XZ~Z] ó¤, F¿æ�����ï�M�ãµº��Iã~å��b®©�n���'�Y�
�n���
�
�����Q�
�_`
G æbºJI � `0+´³_WYXY¡�«I® ² `_À¶`_¸�N3W���Z5¡6PQPM®Eë"`np5`5¸~¡6PQP�¡���¡I¡&a,®EN3Z5a ² `5ÃC`�� ¤ L�N3W�®¤SqëC¡6§\¡6P�¡6¢�«x Y�EN3Z_¢�J"OQZ �¡6L­L ¤ ��OQZ_¢±XiN6a_abP�J�X]¡3ª*���5J.W�L�N3P N = 4 ²�³"´ ���5J�¡6W�«�® Uµ�n���'�Y�
�n���
�
�
¢����
�5`
G æ�æLI�p5` ´ `V�COQ¢ ¤ J.WY¡�N0KÄý¶¾ �\N3W�W�OQP�PM®±Sm
 � ²_² ëy½�Ã�ÃúP�J� .� ¤ WYJ�X]¡6ZxX ¤ §(J.WYX�«&L­L�J.��W�«�® U�n���'�Y�
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