FACULTY OF SCIENCE
UNIVERSITY OF COPENHAGEN

Dipole Moments of Black Branes

Svavar Gunnar Gunnarsson

MSc Supervisor:
Niels Obers ya

Niels Bohr Institute, University of Copenhagen
27 August, 2014






Abstract

In recent years it has been shown that higher-order corrections, namely pole-
dipole corrections, to the blackfold approach reveal that higher dimensional
black branes possess some attributes analogous to conventional elastic ma-
terials. Pole-dipole order corrections to the effective stress-energy tensor of
charged fluid branes living on a submanifold of a background metric result in
bending moments, the effect of which is captured by a relativistic generaliza-
tion of the Young modulus and piezoelectric moduli. Applying the correction
to electrically charged black branes one uncovers that their behaviour is cap-
tured by relativistic generalizations of classical electroelasticity theory. In
the thesis the recent developments on the dynamics of charged blackfolds
and their electroelastic behaviour to higher-order corrections is reviewed.






"Some people play bingo. Other people do something fun."”
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Introduction

The idea that a sufficiently large concentration of mass can produce a gravi-
tational field so intense that not even light can escape its pull can be traced
as far back as 1783 when John Michell calculated that a ray of light could
be trapped on a massive body under the assumption that light is affected by
the pull of gravity. At the time there was no sound reasoning as to why a
massless phenomenon such as light should adhere to the force of gravity in
the same way as massive objects do. A rigorous new theory of gravity saw
the light of day as Albert Einstein published his general theory of relativity,
explaining gravity as a curvature of spacetime. A localized matter or energy
source (encoded by the stress-energy tensor 7),,) curves spacetime, captured
by its metric g,,, according a set of partial differential equations termed the
Einstein field equations,

1
R, — §Rg’“’ = 8nGT,,. (1)

Test particles in free fall will then move in straight lines in the curved space-
time (called geodesics), governed by the geodesic equation,

d?z* . da*da”
+ _ =
dr? B dr dr ’

(2)

where the Christoffel symbols '), depend on the first derivatives of the met-
ric. By looking at some solutions of the field equations one finds that the
existence of objects which curve spacetime sufficiently, so that not even light
can escape, is unavoidable. As an example, the unique spherically symmetric
static solution to the vacuum equations R,, = 0 in four dimensions reads

-1
ds? = — <1 - @) 2 + <1 - @) dr? + r2dQ>. (3)

T T
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This solution is known as the Schwarzschild solution. It contains a singular-
ity at » = 0 where the Riemann curvature is infinite and an event horizon at
r = rg, beyond which even null geodesics are confined. Solutions containing
singularities hidden behind an event horizon are known as black holes. Clas-
sically black holes only absorb, emitting no radiation, and so they must have
a non-existent temperature.

Stephen Hawking however showed by methods of semiclassical gravity, in
which matters fields are given a quantum treatment, that black holes radiate
with a blackbody spectrum and, in consequence, have a non zero temperature
(coined the Hawking temperature) and entropy. To fully understand the
nature of black holes a quantum description of gravity is in order. In 4-
dimensional gravity the uniqueness of solutions is limiting, the unique static
solution in vacuum being the Schwarzschild metric and in the stationary case,
the Kerr metric. For non-static black holes in D > 4 pure gravity (such as
the higher-dimensional generalization of the Kerr black hole, introduced by
Myers and Perry in [1]) there exist no uniqueness theorems, giving rise to
a wide range of new solutions. By far the richest collection of black hole
configurations have been found in five dimensions using special ansétze [2]
[3] [4]. The special ansétze we refer to are based of symmetry properties and
inverse scattering techniques [5] [6] [7] [8]. By examining black hole solutions
where we look at the dimensionality as a tunable parameter, we discover that
some attributes are universal while others are dimensionally dependent, such
as uniqueness and horizon topologies. It has become clear that the analysis
of higher-dimensional solutions provides a larger, more intricate field from
which we can extract knowledge of black holes.

The study of higher-dimensional black holes is especially relevant for
string theory. Type-II string theory is formulated d = 10, which can also
be arrived at from the d = 11 M-theory through duality transformations.
String theory provides a quantum description of gravity and yields a large
variety of black hole solutions. Further understanding of black holes in string
theory might provide answers to long overdue problems. An example is the
information-loss paradox. If a black hole radiates purely thermally then all
information about the original infalling matter would be destroyed once the
black hole has dissipated, in violation with the law of conservation of infor-
mation. A complete quantum description of black holes should resolve this
problem. The objects most fitting for our discussion of black holes in string
theory are p-branes.

In recent years an effective world-volume theory has been presented that



describes the dynamics of black branes, living on a submanifold embedded
in a dynamical background spacetime, that have two widely separated hori-
zon length scales [9] [10] [11] [12]. Black p-branes carrying Ramond-Ramond
charges of field strength Fj, o are of high significance to supergravity the-
ories, the low-energy limits of supersymmetric string/M-theories. These
black p-branes can also carry a ¢-brane charge (0 < ¢ < p), dissolved in
its world-volume, with associated field strength Fj o. In [13] corrections to
the monopole approximation of the stress-energy tensor are employed to 1st
order revealing fine structure of neutral bent black p-branes. The corrections
result in a dipole of the world-volume stress-energy, controlled by response
coefficients that are interpreted as a relativistic generalization of the Young
modulus of elastic materials. In [14]| 1st-order corrections were extended
onto blackfolds carrying ¢-brane charge, in that case the gauge field acquires
a electric dipole moment analogous to the piezoelectric moduli.

The aim of the thesis is to study higher-order corrections to black p-
branes and review the different concepts and tools needed to develop explicit
expressions of those corrections.

The structure of the thesis will be as follows. Chapter 1 will be an in-
troduction to charged p-brane solutions occurring in the low-energy regime
of string/M-theory. We will present the general procedure of obtaining their
conserved quantities and thermodynamics. BPS states will be discussed as
well as duality transformations and dimensional reduction of solutions and,
leading from that discussion there will be a simple example of a solution gen-
erating technique, which is necessary for the developments in chapter 4. In
chapter 2 the general framework of the blackfold approach for charged black
p-branes will be reviewed. We will demonstrate how the method is used
for charged blackfolds in supergravity carrying a dissolved g¢-brane charge.
Chapters 3 and 4 will be the main point of this thesis, concentrating on the
pole-dipole corrections to the blackfold approach. In chapter 3 the previ-
ous work done in [13| and [14] will be reviewed, where the effective world-
volume theory is corrected up to dipole order for, first, neutral blackfolds,
then blackfolds carrying higher form charge. In chapter 4 the steps leading to
quantitative expressions describing the bending effects of blackfolds carrying
higher-form charge are reviewed and the results of [14] presented.



Chapter 1

Black Branes

What is a brane? A brane is a generalization of a point particle, for example,
a point particle is a 0-brane, a string is a 1-brane, and a p-brane is a arbitrary
p-dimensional generalization. The concept of p-branes arises in supergravity
theories. In supergravity theory, the low energy limit of superstring theory,
in specific cases, a p-brane is the low energy limit of D-branes. The p-brane
solutions occurring in supergravity can be well analyzed by classical methods
and describe the non-perturbative sector of string theory. In this chapter the
necessary concepts and tools needed for our discussion in the coming chapters
are introduced. We take a general look at p-branes in arbitrary dimensions
and the ones arising from d = 10 and d = 11 supergravities. Different string
theories are intimately related to each other as well as M-theory through
duality symmetries. These symmetries are presented, along with an example
of how they are used to produce new solutions. The chapter is concluded
with the introduction of the concept of smeared brane solutions.

1.1 Introductory on branes

Let’s examine a bit the black brane pure gravity solutions to the Einstein field
equations. Neutral black branes can be modeled classically by embedding
p dimensional extended objects into a background metric. A simple way
of introducing the idea is to first take a look at the generalization of the
Schwarzschild solution to arbitrary dimensions, known as the Schwarzschild-
Tangherlini solution

D-3

ds? = —fdf? + f7ldr? +0%d03, . f=1- T, (L.1)
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where 7 is the horizon radius. This solution can be modified to represent a
Minkowskian neutral static black brane with a p+1 dimensional world-volume
Wp41 by adding p extra flat directions to the metric. It is straightforward to
show that such a procedure is also a solution to the Einstein equations. We
write it as

_—fdt2+zdg; b 202, f=1-10 (1.2)

where we have defined n = D —p— 3. The position of the brane in directions
transverse the world-volume is characterized by D — p — 1 coordinates. To
make the solution more general we should consider the possibility of velocity
fields living on the world-volume. Let us introduce so called world-volume
coordinates by o = (t,z*). Applying a boost, u® (normalized by u®u, = —1),
in the world-volume directions gives us the form

ds® = (ﬁab + uaub) do®do® 4 f~rdr? + r?dQ,, 1. (1.3)

This is the most general form of flat neutral p-brane solution when only
considering pure gravity.

A more suited way of working out black brane solutions in relation to
this thesis is to define an action, incorporating the fields we wish present,
and work out its solutions. In string theory one generally looks for equations
of motion from a specific action, so in context of the continuing discussion
it is useful to look at a generic example. A general charged dilatonic p-
brane solution can be arrived at by defining an appropriate action. The
fields entering the action should then be a graviton, g,,, a gauge field Cj,4q),
with field strength (dC')pp2], and a scalar dilaton ¢. The general form of the
action is

D 9 1 u N
~ 167 G d ”7\/_( ( 9) T2 ¢(d0)p+z), (1.4)

where n = D — p — 3, GG is the D-dimensional Newton’s constant and the
exponent, a, is the dilaton coupling constant. Assigning the coupling con-
stant the value a® = j\l] % yields a special class of solutions which are
relevant to the analysis in chapters 3 and 4. The solutions to each of the
fields are as follows. The line element of the flat dilatonic charged p-brane
reads

p
ds? = H™ 5% ( —fdf? + Y dxg) = (fdr? 4 r2d92,,). (15)
=1




While the dilaton and gauge field solutions are
e = HN, A,y = VNcotha(H™ ' —1)dt Adxy A ... Ada,. (1.6)

With f being defined in the same way as earlier and the function H defined
as
Ty sinh? a

H=1+ (1.7)

rn
We need to restrict a® > 0 in order for the dilaton not to enter as a ghost.
This restriction leads to a limit on N, as it is included in the definition of a,
SO

NSQ(E+L). (1.8)

n p+1

Notice that taking the boost parameter o« — 0, the solution for the metric
(1.5) becomes the same as for the neutral p-brane (1.2). The radial coordinate
is defined in the directions transverse to the world-volume |z | = r. We will
discuss these solutions further in chapter 2 in the context of black branes
carrying higher-form charge, then put this class of solutions to use in the
results of chapter 4, so they play an integral part in context of this thesis.

We can obtain the different branes corresponding to either type-II string
theory or M-theory by plugging in the relevant quantities. For example, we
could plug in D =11, N =1, and p = 2, 5, resulting in the solutions for the
M-branes. The H functions are harmonic functions as they are required to
be solutions to the Laplace equation 9% H,(r) = 0. The partial differential
operator J, acts only on the coordinates orthogonal to the brane.

The general method of extracting conserved quantities of a system from
the far-region asymptotics of the fields characterizing a given theory is out-
lined in section 1.4.

1.2 Supergravity actions

As a concrete example of an action leading to charged dilatonic p-brane
solutions, we take a look at type-II string theory. In chapter 4, the preceding
discussion of chapters 2 and 3 are given an explicit relation to type-II string
theory, so in this section, we say a few words about it.

Type-II string theories have two sectors of massless modes, NS-NS and
R-R. The low-energy limit of a supersymmetric string theory is called a



supergravity theory. Let us write the total action for type-IIA supergravity,
split in terms of the different massless sectors and the Chern-Simons term
(that incorporates the intersections of branes),

STIA = SNS-NS + SRR +9C-S:
1 _ 1
SNSNS = e / d"z/=ge 2¢(R +4(dg)* — §(dB2)2),

11 10 2 2 (1.9)
SRR = 5755 | ¢ x((dCl) 4 (dCy + dCy A dBy) )
11

In type-ITA we have the C),, gauge fields with odd numbered n, the two
independent ones being € and C5. In addition to the two forementioned
R-R forms from there exist equally fundamental objects, related through
Hodge duality. The Hodge operator, * acting on a p-form, maps it to a dual
(D — p)-form. Acting twice with the Hodge operator maps a p-form onto
itself. So, in addition to C; and C3 we have their (magnetic) duals C7 and
Cs. In IIB the dimensionality of the R-R fields is even numbered, consisting
of the axion Cy, C5, and C; which has a self-dual field strength *xdC)y = dC}.
The object naturally coupling to the R-R four-form would be a three-brane,
that object would then be a self-dual object, so equal to its magnetically dual
counterpart. Another fundamental dual object in string theory is the NS5-
brane. Consider that the 10d fundamental superstring couples to the NS-NS
two-form Bs. The dual of Bj is a six-form potential, then the object it would
couple to is a five-brane. Thus the magnetic dual object to the superstring
is the NS5-brane. One might also note that in four dimensions it is only a
numerical coincidence that the dual to a electrically charged particle is again
a particle.

An in depth review on black holes and p-branes in string theory that
contains a wide variety of subjects relevant to this thesis is [15].

R-R p-brane states are known not be a part of the perturbative spectrum
of string theory. The study of p-branes and their magnetic solitonic duals
probe the structure of non-perturbative string theory.

We refrain from writing and examining the equations of motion of the
supergravity actions since they are not particularly relevant for the purpose
of the thesis. Continuing our discussion of supersymmetric string theory, we
present some of the basics of supersymmetry and the concept of BPS-states.



1.3 Supersymmetry and BPS-states

A very effective way of probing the non-perturbative aspect of string the-
ory is through the study of solitonic solutions. Solutions of non-linear field
equations of a theory cannot be found as perturbations of linearized field
equations [16]. The stability of these solutions is ensured by the attribute
that they carry a topological charge. Solitons are localized, finite energy so-
lutions of the classical equations of motion for a non-linear field theory. Their
mass density is usually inversely proportional to a positive power of a dimen-
sionless coupling constant so they become very massive at weak coupling and
will be vanishing in the perturbative sector of a field theory. Reviews on su-
pergravity solitons can be found in [15] [17]. Hence, the brane mass will be
very large according to the classical mass formula of quantum theory. How-
ever, we have to address the question of whether the classical mass formula
can be trusted.

Supersymmetric states saturate an inequality resulting from the super-
symmetry algebra. For a four dimensional, N’ = 2 generator theory a majo-
rana spinor () is usually written in terms of Weyl spinors ), Q4:

Q= (gz) (1.10)

We can switch to a basis of creation and annihilation operators defined by

1
+ 1 2%
a, = — + €, . 1.11
5= 5@+ es@)) (111)
In this new basis the usual extended supersymmetry algebra in the former
basis becomes a fermionic oscillator algebra. Working in rest frame yields
simple anticommutation rules,

(01,011} = 0us(0 + 2) -
{a;’a,g}:(saﬁ(M_Z)7 '

with central charge Z. With all the rest of the anticommutators vanishing.
It then naturally follows from unitarity of the operators that

M > alZ|. (1.13)

This inequality is called the Bogomolny’i bound, with "a" being the coupling
constant of the theory in which we work. This is also generally valid for



higher A/ and dimensions. Such states must be annihilated by at least one
of the supersymmetry generators. These states are associated with both the
perturbative and non-perturbative spectrum of string theory. No quantum
corrections are received by BPS states due to the renormalization theorem
of supersymmetry [18]. One can not trust the ADM mass of non-extremal
branes (not saturating the BPS-bound) because quantum corrections are
needed. In 10d the BPS supergravity solutions in string frame are

ds® = Hp(r)’%( —dt* + dxﬁ) + Hp(r)%dxi,
e® — Hp(rﬁ(ii—p), (1.14)
Cor.p = g5 (1 = Hy(r)™).

The function H,, is a harmonic function, as mentioned in section 1.1, a result
of 93 H,(r) = 0, and g; is the string coupling constant. The solution of the
Laplace equation is

Cpgs Npli ?

Hp =1+ r7-p

(1.15)

The number of p-branes is written as N,,.

1.4 Conserved quantities and thermodynamics

1.4.1 Conserved quantities

A important step is to quantify the physical quantities which are conserved
under the equations of motions of our theory. The standard way of defining
mass and angular momenta is by the method of extracting the information
as if we were looking at a non-relativistic system. It should be noted that
this procedure is only valid for p-branes of p < 7, the reason being that if the
dimension of the brane is larger then the spacetime will not be asymptotically
flat and a linearized gravity approximation will not make sense. We take a
infinitesimal perturbation to the spacetime metric g, = 7., + hu,, where
hu, << 1. We should note that linearized gravity is a very useful tool and
comes to use in the coming chapters. The time derivatives are neglected and
we assume the tt-component of the stress-energy tensor to be much larger
than the rest. The gravitational part of the action is the one relevant to

these calculations Rlg
= [ @Pa( X2 . 1.1
S / x ( Teen + £m> (1.16)
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Where Gp is the D dimensional Newton’s constant and £,, is the Lagrangian
of the matter fields. The equations of motion leading from the action are the
D dimensional Einstein equations

1 m
Ry = 50w R = 8wGpT . (1.17)
We can partially fix the diffeomorphism symmetry of the deviation to the
metric by working in a harmonic gauge,

1
O, (W™ — 517’“’h§) = 0. (1.18)

This harmonic gauge condition makes it possible for us to identify R, =
(0'0;)h,,. Putting that identification into the Einstein equations results in
a Laplace equation for h,,, to which a general solution is well known. The
solution reads

167G p T, (7 =7
o) = Ty | T
- (1.19)
T, =—|Tm ! A
wr = 7 | Lpuw _(D_2)/’7HV A :

Where 2,, = area(S™). Expanding this expression in moments and evaluating
in rest frame gives us a form convenient for reading the mass and angular
momenta off the metric. Then the ADM mass and angular momenta can
then be read off from the metric

I 167G p M n
Gt (D—2)Qp 703
167G p M
9ij T (1.20)
R 167G p 27 J9

Now, lets move on to the definition of the conserved charge. For a p-brane
charged under a R-R potential C,1; the relevant field equation is

d* (dCpiy) o< *(Jpi1). (1.21)

10



Where J,4, is the conserved current of the system. The conserved Noether
(electric) charge of the brane is the integral of the current, or equally, the
integral of the dual field strength of (dC'), 2 over the sphere SP7P~2,

o= [, ) (122

We can calculate an associated magnetic charge in a dual frame by simply
replacing *(dC) with (dC') in the integral

Qm = /S p+2(d0)p+2 (1.23)

Analogously to conventional four dimensional electromagnetism the potential
obeys the Bianchi identity d([dC],+2) = 0. From that we can write a purely
topological charge

Ppys = / (dC) s (1.24)
Sp+2

For other branes than Dp-branes these derivations would have been slightly
different but we are concentrating on the cases most relevant to black holes
in string theory. In chapter 4 we will come back to some of these aspects in
discussing a magnetic dual coupling of p-branes to ¢-form charge.

1.4.2 Black hole thermodynamics

The laws of black hole thermodynamic are in close analogy to the laws of
thermodynamics, first put forth in [19]. They depend on the existence of
classical no-hair theorems which state that a black hole is unique through
the determination of its conserved quantities. The zeroth law states that the
surface gravity, defined assuming the event horizon is a Killing horizon and
denoted as k, is constant over the horizon of a stationary black hole. The
surface gravity is determined by evaluating the gradient of the norm of the
generating Killing field at the distance of the horizon from the origin point.
Perturbed stationary black holes yield a relationship between the change in
mass/energy to the change in angular momentum, horizon area, and charge.
The first law states

dA
AM = i+ wrdJ + BedQ, (1.25)
T

11



where wg is the horizon angular velocity, wg = %]r:m with ¢ as the angular
coordinate of rotation, and ®. is the electrostatic potential of a charged
black hole, &, = —A,k"|,—,, where A, is the gauge field and k* is the Killing
generator. The second law states, assuming the weak energy condition, that
the horizon area cannot decrease with time through any physical processes,

dA
— >0. 1.26
dt — (1.26)
The third law is that the surface gravity cannot vanish by means of a physical
process such as emission of radiation.

The temperature of a thermally radiating black hole was calculated by
Stephen Hawking by methods of semiclassical gravity and was found to be

hi

Ty = —.
H 2T

(1.27)

The Bekenstein-Hawking entropy of a black hole in arbitrary dimension is

Aa

where Gy is the d-dimensional Newton’s constant and A, is the area of the
event horizon. It is noteworthy that the entropy of a black hole scales as area
rather than, more intuitively, the volume. Susskind and 't Hooft proposed a
principle in string theory called the holographic principle where the funda-
mental degrees of freedom of a system are characterized by a quantum field
theory in one less dimension and with a Planck-scale ultra-violet cutoff. An
explicit example of a conjecture in string theory that has a precise example of
this principle is the AdS/CFT correspondence (anti-de Sitter/Conformal field
theory). In fact, in context of the conclusion of chapter 4, where we review
the derivation of a set of response coefficients characterizing the bending of
charged black branes, there are signs of relevance and further development in
relation to AdS/CFT. A review on holographic principle and an introduction
to AdS/CFT can be found in the bibliography, [20] [21].

1.5 Dualities and solution-generating techniques

Duality transformations show the equivalence between theories. In superstring/M-
theory we have three dualities, S- T- and U-duality. T-duality exchanges ITA

12



and IIB by dimensional uplift and compactification on a torus. S-duality
is a manifestation of the symmetry group of IIB and maps a theory on to
the same IIB theory with an inverse string coupling constant. M-theory is
a eleven dimensional theory, d = 11 being the maximal dimension for su-
persymmetry. The strong coupling limit of ITA is equivalent to M-theory,
related by S-duality. Duality transformations can be utilized to obtain new
solutions from already known solutions. The procedure of this solution gen-
erating technique is done by a uplift-boost-reduction. The known solution
is lifted by adding an additional dimension that possesses a translational
invariance. A boost is then performed along the direction of the new dimen-
sion and finally the extra dimension is compactified by either a Kaluza-Klein
reduction or one of the duality transformations of the theory.

1.5.1 Kaluza-Klein reduction

Kaluza-Klein dimensional reduction is done by compactifying a dimension
of the metric on a circle. This method is of high importance in chapter 4
where it will be used to generate charge from a bent neutral brane solution.
We will provide an example of such a procedure in section 1.5.4. In Einstein
frame a d + 1 dimensional metric decomposes as

dsi ., = e*?ds] + ¥ (dz + A,da™)?, (1.29)

a?=1/[2(D—-1)(D—2)], = (2—- D). (1.30)

With A, as a gauge field, ¢ the dilaton, and ; are the d-dimensional spacetime
indices. The Lagrangian density will decompose as

| 1 i
A /_gd+1Rd+1 = v/ _gd(Rd — 5(6@5)2 — Ze 2(d 1) ¢F(22)), (].31)

with F{y) as the field strength of the gauge potential A,,.

There is an intimate relation between the eleven dimensional M-theory
and type-ITA string theory. They are simply related through dimensional
reduction by compactification on a circle. Denote the 11th coordinate 17
and wrap the dimension on a circle of radius

Rll = gsls (132)

13



Then the supergravity fields will decompose as

ds?, = e 2*3dst) + "3 (da' + Cdat)?,
1 1.33
(aA3) = 64(1)/3(803 - 2H301) + 56@/3(832)d1'11. ( )

If the direction that the Kaluza-Klein reduction is used to compactify is
boosted then from the lower-dimensional perspective, the off-diagonal com-
ponents of the metric can be interpreted as a gauge-field. Thus by boosting
a direction of a neutral solution and using Kaluza-Klein reduction to com-
pactify that direction we can obtain a new solution charged under a gauge

field.

1.5.2 T-duality

This symmetry is extremely relevant to our discussion in chapters three and
four. It plays an integral role in generating the higher-form charge for elasti-
cally perturbed p-brane solutions in type-II string theory carrying a smeared
g-brane charge (the concept of smearing is introduced at the end of this
chapter).

T-duality is an inherent symmetry property in superstring theory. This
can be demonstrated by noting that, although the massless spectrum of type-
ITA- and B theories differ in ten dimensions, their spectrum matches when an
isometry direction is compactified. T-duality can be seen as a map between
type-IIA string theory compactified on a circle of radius R to type-IIB of
radius [2/R. The two theories are said to be T-dual to each other with ITA
compactified on a large radius and IIB on a small radius. It can also be per-
formed along a transverse direction, for example to generate a KK monopole.
It generally changes the dimension of a brane depending on whether it is per-
formed along a world-volume direction or transverse to the world-volume.

In addition to exchanging the two type-II theories, T-duality exchanges
the winding and momentum modes of fundamental strings F'1. The radius
in string units is interchanged and the string coupling is left unchanged in
one lower dimension. We illustrate this effect on the units by

L L= (1.34)
\/ R/l

A general set of rules, known as Buscher’s rules, tells us how T-duality acts

on the fields of a theory. For an isometry direction, z, Buscher’s rules for the

s =
i=v] P
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string metric G, the two-form field B,,,, the scalar dilaton ®, and the R-R
fields C,,, acting on NS-NS fields are as follows [15] [22]:

62&3 = 62¢/Gzza ézz = /Gzza Guz = Buz/Gzza
é,uzz = G,uzz - (G,uzGuz - B,uzBlzz)/Gzza (135)
B,ul/ = B,uz/ - (B,uzGuz - G,usz/z)/Gzz-

The gauge field transforms as

: Y Gy
Ol = O8] = (= 1)t (1.36)

The above equation is not the most general expression, although valid in
special cases.

1.5.3 S-duality

This particular symmetry does not play a role in the developments reviewed
in the next chapters, however it is worth mentioning a few words about it.
Type-1IB string theory has a non-perturbative SL(2,7) symmetry. That
symmetry is manifested in the S-duality. It maps the coupling constant to
the inverse of another theory, g, — 1/gs. In the low energy limit it is a
SL(2,R). If we look at the Zy subgroup of the symmetry, where Cy = 0, we
can observe some direct effects of S-duality. I we define 7 = C© 4 je=? we
have

T— —1/1,
BQ g CQ, (137)
cf—cf.

In terms of the branes of the theory it means an interchange of F'1 with D1
and NS5 with D5, while the D3 brane is left invariant.

1.5.4 Solution-generating techniques

Solution-generating techniques are important for our discussion in chapter 4,
the examples of which we look at will be particularly relevant. In chapter 4
the steps leading to a bent neutral p-brane solution are presented and that
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solution is then used as a seed solution for the particular example shown
in this section. We can obtain new solutions consisting of new desired at-
tributes by employing different solution generating techniques. Kaluza-Klein
reduction will be useful for obtaining solutions carrying a Maxwell charge (a
g = 0 form) and T-duality will make it possible to fairly straightforwardly
obtain black brane solutions with higher form gauge fields.

Let us look at an example of an uplift-boost-reduction procedure with the
purpose of obtaining a dilatonic black p-brane with a Maxwell charge and
KK dilaton coupling from a neutral solution. We can take a D-dimensional
metric ds% and add m + 1 flat directions by taking a direct product with
R™*! Tt can be checked that such a procedure will also satisfy the Einstein
equations. Let’s write it as

dsi,, = ds} + Z(dyi)Q + da?, (1.38)
i=1

with d = p+m+n+ 3. Adding extra dimensions to a solution is known as a
lift. One of the extra dimensions added is separated from the other because
it will be the isometry direction along which the boost and reduction will
be performed. A boost will map a solution to another solution. The next
step is to perform a uniform boost in the ¢- and z-directions with [c,, s,]
(¢, = coshk, s, = sinh k), with rapidity x. The relevant metric components
will then be:

g = gucd + 52,

ggﬂ) = gus. + ..,

gt = s.cnlgn + 1), (1.39)
gzgiﬂ) = CxGtz;,

gg(f:rl) = SkGtz;-

Now that we have the boosted metric we can perform the Kaluza-Klein reduc-
tion on the z-dimension. The dimensional reduction follows decomposition
mentioned before, (1.25) and (1.27). Following that decomposition we find
the expression for the d-dimensional metric, the newly acquired gauge field,
and dilaton,

g(d+1)g(d+1) g(d—l—l)
(d) —2a¢<g(d+1>_ po_ Jvr ) A, =" e2(2-dad — (d+1)

9w =€ p d+1 — (d+1) zx
ga(:r+ ) ga(za7+ )

(1.40)
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If the solution acquired after the uplift-boost-reduction procedure is iden-
tified as a solution in string theory it can be worked on further by using T-
duality. The m remaining directions, which we are left with are produced in
order to gain a higher-form charge. We leave the procedure of using T-duality
until chapter 4, where it is used to compactify the m extra dimensions, given
a particular seed solution identified with type-II string theory.

1.6 Smearing of branes and making black holes

The procedure of smearing branes results in a larger brane solution. It
involves setting up an infinite array of branes, then approximating the sum
by taking their periodicity to be infinitesimally small. Because 92 is a linear
operator we can construct a multi-center solution, Hp. For a multi-center
solution of only one kind of BPS branes the gauge field forces cancel the
gravitational and dilatonic forces, so the system will be in static equilibrium.
Thus from the metric (1.14) of the extremal BPS p-brane, we can write

_ 1

Taking the sum from minus infinity to infinity with the periodicity of the
branes being 27 R we can approximate the sum as an integral if we assume
x; >> R. Making appropriate changes of variables makes it possible to
write that integral in a form that is straightforwardly solvable:

1 1 1
Hy~ 1+ cpgo NI P / dy—— .
1+U2(7 )

21 R 77 [p+]
Which with the integral solved and a little bit of rewriting becomes

N, L\ T
Hf) ~1+ {m} 9sCp+1 (;) . (143)

In the limit we applied we can look at an array of branes as making up a linear
density of branes. We call H; a smeared harmonic function. Comparing this
result with a harmonic function for a (p + 1) brane we can read off that the
linear density of p-branes is the same as the number of (p + 1)-branes:

(1.42)

Ny = (1.44)

(R/Ls)
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Through special intersection rules for BPS p-branes we can construct
black hole solutions. The method used is known as the harmonic function
rule. BPS black holes are extremal, so their temperature is zero. The har-
monic function rule is a systematic ansatz for construction of supergravity
solutions of pairwise intersections of BPS branes, developed in 23] [24] [25].
It involves both parallel and perpendicular intersections of branes. We re-
strict ourselves to harmonic functions that only depend on the transverse
coordinates. The metric is factorized into a product structure with respect
to intersection rules that we will not go into here. This procedure results in
smeared intersecting brane solutions. As an example of the harmonic func-
tion rule we can construct a system with a D5 brane with a smeared D1. If

1
2 = > (2%)? in string frame

i=1
it gives the metric with the D1 brane smeared in directions x2...2°

we define a overall transverse coordinate, 2 = x

1 1 1 _1
dsly = Hi(r) 2 Hs(r) "2 (—dt* + da?) + Hy(r)2 Hy *drs s+

L (1.45)
Hi(r)2HZ (dr® + r*dQ3).
While the dilaton and gauge fields are
e® = Hy(r)2Hs(r)"2, (1.46)
Cor = g5 '[1 = Hi(r)7'],  Cors =951 — Hs(r)7"]. (1.47)

Dimensional reduction can be performed for the solution to acquire different
horizons, thus resulting in different entropies. Aside from this example, many
other solutions can be constructed using the harmonic function rule.

The solutions constructed this way are generally extremal. The same
kinds of BPS branes can be put together with the multi-center construction
because they are in static equilibrium with each other. In many cases, non-
extremal branes cannot satisfy this equilibrium, causing them to attract to
each other and thus they will not satisfy the harmonic function rule.
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Chapter 2
The Blackfold Approach

The blackfold approach is a framework in which we capture the long-range
effective dynamics of fluid black branes living on a dynamical submanifold of
a background metric. We call such objects blackfolds. One requirement for
the physical system to which we want to apply the method is that the black
object has two widely separated length scales of its horizon. In four dimen-
sions all black hole horizons are approximately a sphere, the main reason for
which is the Kerr bound J < GM?. In higher dimensions we are not re-
stricted by the Kerr bound and so we can have ultra-spinning black holes. In
the case of a ultra-spinning Myers-Perry black hole, the result of taking the
limit of the length scale associated with the angular momentum being much
larger then the length scale of the mass is a pancaked horizon, equivalent to
a black brane. If we identify the larger scale as R and the smaller, horizon
thickness, as 1y, we are able to approximate the dynamics of the blackfold
in expansions of the infinitesimal factor ro/R << 1. This method gives us
the opportunity to discover new higher dimensional black hole solutions by
wrapping black branes along a submanifold of a desired topology [11]| [10]
[12]. The discussion of the blackfold approach presented here will mostly
base on the work of [26] and [27] where the blackfold approach is applied to
branes carrying brane currents.
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2.1 Blackfolds

2.1.1 Relevant tools

A few mathematical tools are needed for the discussion of the blackfold ap-
proach. The tools relevant to the world-volume geometry have to be put
forth. Embedding of a black brane with world-volume W, in a background
metric g, is parameterized by two main quantities. First, we note that the
position of the brane in the background metric is written in terms of coor-
dinates X*#(0®). The first embedding quantity we mention is the induced
world-volume metric of the brane,

Yab = gm/aaXuabeu (21)

where a,b = 0,...,p and pu,v = 0,..., D — 1. The second quantity is the
first fundamental form of the submanifold

W = 9, X1 9, X", (2.2)

which acts as a projection operator onto the world-volume coordinates. We
can similarly define a projector onto the space transverse to the world-volume,

J—;u/ = 9w — h;u/- (23)

Tensors living in the world-volume W, can only have well defined covariant
derivatives in the tangential directions, so we define a tangential covariant
derivative as

V,=hiV,. (2.4)

Lastly we define the extrinsic curvature tensor as

K", = h5V,he. (2.5)

2.1.2 The blackfold equations

Let us consider a stress-energy tensor, T*”, of a black brane. It has a support
on the p 4+ 1 dimensional world-volume. Having no orthogonal components,
it satisfies the tangentiality condition

LoTw =, (2.6)
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We make two basic assumptions of the stress-energy tensor. The first is
that it derives from the dynamics of general relativity, the second being that
spacetime diffeomorphism invariance holds. Since the stress-energy tensor
is vanishing in orthogonal components we write the conservation equations
with the tangential covariant derivative,

v, T = 0. (2.7)

Decomposing the expression into tangential and orthogonal components gives
us specially intrinsic and extrinsic equations of the brane dynamics. The
decomposition can be done in the following way,

VI = N, (T"he) =TV b + N T
= THhIN hE + WY TH (2.8)
= THKE, 4+ 0,X DT

The D equations can be split into, respectively, D —p — 1 extrinsic equations
and p + 1 intrinsic equations,

T K., =0, (2.9)

D, T = 0. (2.10)

The extrinsic equation (2.9) is a special case of Carter’s equation [26] [28].
Here we are ignoring any background fields that might couple to the p-brane.
If we define H,,9) to be the field strength of a given background potential,
Carter’s equation written out fully are [28|

1

w e p B0 fiqO
T K = i s I .11

The extrinsic equations are generalizations of the geodesic equation for free
point particles to p-branes. The similarity of the extrinsic equations to the

geodesic equation can be seen by writing them explicitly in terms of the
embedding X*(c?),

T*(Da0, X" + 10,0, X"0,X") = 0. (2.12)
While the geodesic equation for free falling point particles reads,

d?z> ., da*da”
_|_ _ =
dr? B dr dr

(2.13)
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2.2 Dynamics of blackfolds carrying electric charge

The framework for blackfolds carrying a brane charge was first developed in
[26] [27]. With the inclusion of g-brane charges carried by the p-brane it is
necessary to introduce some new quantities. Aside from our p-brane being
charged under a p-form R-R potential we can have a dissolved ¢-brane charge
on the world-volume W, ;. Now we should have a local charge density Q, of
g-branes on the world-volume. We define ®, as the local potential conjugate
to the charge density. The induced metric along the world-volume of the ¢-
brane current we identify as hé%). In addition we have the global counterparts

to the local charge density and conjugate, @, (note that Q, = @),) and q>§3’.

This section will start out by outlining the dynamics of branes carrying
a O-brane (particle) current, then move up to branes carrying string currents
and finally higher form charges. There are a lot of properties that stay
the same in the analysis throughout the different cases. It consists of first
analyzing the form of the stress-energy tensor in presence of a brane charge,
then examine how the extrinsic and intrinsic dynamics look for the relevant
cases.

Let’s start by saying a few words about the simple case of branes carrying
Maxwell charge. When ¢ = 0 the fluid brane retains its spatial isotropy and
is characterized by a eigenvalue energy density €. We can write the stress-
energy tensor in a perfect fluid form,

Tap = gy + P(vap + uguy), (2.14)

with pressure P and a unit-normalized timelike eigenvector u. Defining a
charge density Q on the fluid, we write the particle current proportional to
the velocity vector,

Jo = Qug. (2.15)

Let us move on and examine the attributes of branes carrying higher-form
(¢ > 0) charge.

2.2.1 Branes carrying a string current

Branes carrying a ¢ > 0 current have a broken isotropy. Normally, with
a spatially isotropic brane the stress-energy tensor would follow the form
of (2.14). Since, in this case, we have a string current, there is a two-form
world-volume current J,;, present associated with it. We can define a spacelike
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vector v° = u,J%, which is orthogonal to u. Demanding v to be normalized
to one makes it possible for us to write the two-current as

Jap = Q(ugvp — vaup). (2.16)

In the absence of dissipative currents, v is an eigenvector of T,,. The new
velocity vector v characterizes the directions along which the dissolved string
charges lie. Although, not totally isotropic, the stress-energy tensor of the
fluid is still isotropic in transverse spatial directions. So we can rewrite the
stress-energy tensor split in terms of parallel and orthogonal pressures,

Top = etqupy + Pjvgvy + Pr(Vab + Ugtpy — Vo). (2.17)

The introduction of the vector v through the string charge breaks the isotropy.
This pressure difference between P and P, is essentially the result of the
energy density of the strings Q. So generally for branes carrying a higher
form charge we have a pressure difference, in this case,

P, — P =®Q, (2.18)

Where ® is the string chemical potential.

Branes carrying string currents obey some recognizable thermodynamic
relations, on their world-volume thermodynamic equilibrium is satisfied lo-
cally which leads to the first law

de = Tds + ®dO, (2.19)

where 7 is the local temperature. The setting also satisfies the thermody-
namic Gibbs-Duhem relations,

e+P =Ts+ 0, (2.20)

AP, = sdT + Qd®, dP| = sdT — ®dQ. (2.21)

The current and the stress-energy tensor must obey, respectively, the current
continuity equations and the intrinsic fluid equations,

d+J =0, D" =0. (2.22)
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2.2.2 Branes carrying p-brane charge

A p-brane current carried by a fluid brane with world-volume W, has the
form

J = QpVipsn)- (2.23)

Here we have introduced ‘7(p+1) as the volume form on W,;;. The charge
is assumed to be conserved, and so it must be constant along the world-
volume, 9,Q), = 0. The characterizing quantities in this case is the same
as for a neutral fluid, the velocity vector v and the energy density . The
perfect fluid is characterized by the stress-energy tensor and the equation of
state, where (), manifests. The form of the stress-energy tensor is that of
(2.14). As in the previous case of branes carrying string charge, locally the
fluid satisfies the thermodynamic relations

de=Tds , e+ P=Ts, (2.24)

with local temperature 7 and entropy density s. The conservation of entropy
can be seen from parallel components of the fluid equations D,T% = 0 to
the local velocity u® and using the thermodynamic relations (2.24),

D,(su®) = 0. (2.25)
The transverse part of the equation results in the Euler force equations,
(v + uu®) (i, + O In T) = 0. (2.26)

The extrinsic elastic dynamics, or the dynamics of the fluid within the
background spacetime, are governed by Carter’s equations (2.11). We will
however neglect background fields as they are not considered in the chapters
to come. The extrinsic equations can thus be written as

~ PK? = 10Tk, (2.27)

The interpretation of this equation is that it captures the acceleration in the
orthogonal directions to the world-volume due to the force exerted by the
effect of the extrinsic curvature.
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- Stationary configurations

In continuation of the discussion of branes carrying a p-brane current we
look at stationary configurations. The bent brane solutions we construct in
chapter 4 are stationary so it is informative in context of the later chapters
to look at stationary solutions. The velocity field is now aligned with a
Killing vector k along the world-volume. We assume that k = £#0,, generates
isometries in both the world-volume and the background spacetime. In that
way we write,

_
Ikl

and 1, = 0,In|k|. In this setup the local temperature 7 is simply the
redshifted global temperature T" by the absolute value of the killing vector,

u

Vi) = 0. (2.28)

T

T(0%) = —. (2.29)
||
With the stationary configuration determined in this way the extrinsic equa-

tions (2.27) take the form
K? = 149, In(—P). (2.30)

It must be specified in which way k is related to the background Killing
vector &, that signifies unit-time translations at asymptotic infinity, to deter-
mine the physical quantities of the system. We write

=&+ Qy. (2.31)

Here y is a spacelike Killing vector orthogonal to &, a generator of rotations,
and () is a angular velocity constant. The Killing vector ¢ is assumed to be
orthogonal to spacelike hypersurfaces B, on the world-volume, and we say

that the unit-normal is ]

n® = Ewwﬁ“ (2.32)
where Ry measures the local gravitational shifts between points on the world-
volume. Working out the properties a little bit and writing integrations
on the world-volume as integrals over the spacelike hypersurfaces B, with

measure dV(y) [27] results in the mass, angular momentum, and entropy,
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obtained as integrals over spacelike hypersurfaces B, with a measure dV(,),

M:/ AV Tapn“€®,  J = _/ Vi) Tun X",
B, 5,

S = / dVipysun
B,

Although a different way of extracting the conserved quantities, this is ef-
fectively equivalent to what we did before in the simple case of linearized
gravity in chapter 1.

(2.33)

2.2.3 Thermodynamic properties of the blackfold fluid

Moving on to read off the characterizing quantities from the effective stress-
energy tensor will be relevant to the discussion in chapters 3 and 4. Following
the charged dilatonic p-brane solutions of the action presented in section 1.1
with (1.5), conserved quantities and thermodynamics can be calculated from
the effective stress-energy tensor as in terms of the horizon thickness ry and
charge parameter ae. We have

_ Qe Ynt1) n
167G 167G °

The local temperature 7, the local entropy density s, the charge density @),
and the local chemical potential ® are

ri(n+14+nNsinh’a), P=— r2(14+nN sinh? a). (2.34)

n Q0t1) np1 N
47rrg(cosh a)N’ ° el (cosha)
Q (n+1)

167G
The chemical potential ® is the value of the difference of the gauge field

estimated at the horizon and at spatial infinity. The Gibbs free energy,
defined as

(2.35)

Qp = —ny/Nrp coshasinha, ® =N tanha.

G=c—-Ts-9,0,=—-P—2,Q, (2.36)
takes the form,
Qny)
= ——r). 2.37
167G 0 (2:37)

The parameters ry and a encode the short scale structure of the geometry of
the black brane. The inclusion of charge results in an additional tension on
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the brane world-volume, which can becomes apparent when certain relations
are worked out between the physical quantities [27].
The Gibbs free energy density can be expressed as

1
g = ETS’ (2.38)

which can be interpreted as the Smarr relation in a Minkowski background.

2.2.4 Boundaries, extremality, and near-extremality

The fact that the charge @), has to be conserved restricts blackfolds with p-
brane charges to no open boundaries. It is however possible that the blackfold
meets the end of another brane that carries the charge.

When these kinds of black branes are taken to extremal limits (rg — 0 and
a — 00) they reach a point where their horizon becomes degenerate. Most
of those solutions have a singular horizon in the extremal limit but they
can be approached by limits of solutions that have non-degenerate solutions
[29]. Even though the intrinsic dynamics are not that of fluid dynamics, the
extremal limit solutions can have good physical interpretations and we are
able to apply the blackfold method on them.

It can be shown that the ground state of the charged p-brane corresponds
to the extremal limit so we can examine near-extremal p-branes, with a given
charge (),, by writing the excited states of the stress-energy tensor as

T = 1, — 9o, (2.39)

We can obtain the near-extremal limit by taking this difference to be as small
as possible, which happens when the chemical potential ® ~ /N [27]. When
N/2 —1/n=1/(p+1) the stress tensor is traceless, resulting in a vanishing
of the dilaton coupling. There are many known cases of these kinds of branes
in string theory.

This point does not play a particular role in this thesis but it was worth
mentioning a few words about it. Let us move on to the discussion of fluid
branes carrying a higher-form (¢ < p) charge.

2.2.5 Black branes with ¢ < p currents

In the coming chapters solutions and dynamics of bent p-branes carrying
higher-form charge is examined, so the discussion of ¢ > 1 is particularly
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important. In chapter 4 a class of stationary bent p-brane solutions in type-
IT string theory is obtained that carry smeared ¢ < p charges. We will present
the dynamics and thermodynamic properties for the general case of a p-brane
carrying a arbitrary dissolved g-brane charge, only restricted by 0 < ¢ < p.
For the purpose of this thesis it is enough that we constrain ourselves to the
case of a perfect fluid description of the p-brane. This assumption is enough
to construct stationary configurations.

Each of the g-branes living on the world-volume W,.; constitutes a
subworld-volume Cy 1, to which we associate a unit volume-form VQH. The
conserved current is defined through the volume form and the charged den-
sity, X

Jor1 = QgVar1. (2.40)

We will assume that J,,; satisfies the continuity equation for the higher-form
current d x Jg41) = 0. As we saw before when there is a charge of higher
form than Maxwell (¢ = 0) charge, the g-brane currents cause a pressure
difference in directions orthogonal and parallel to the brane, making the
fluid anisotropic.

The thermodynamic relations

de = Tds+Y_ ®,dQ,, (2.41)
q

are satisfied locally in the fluid. The prime on the sum indicates that ¢ = p
is not included. Introducing the Gibbs free energy density as

G=e-Ts—» ,Q, (2.42)
q

we can write the stress-energy tensor as

T = T suguy — GYap — Z (IDquh((l%). (2.43)
q

Where hg%) is the induced metric on the ¢-brane world-volume C,4,. The
authors of [27] point out that this form of the stress-energy tensor is not
completely proven to be the universal form of any charged brane, but it
can safely be presumed to be true for a large class of branes and for black
branes in type-11/M supergravity along with their toroidal compactifications.
There are two noteworthy points that can be made at this point. The brane
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densities Q, are constant along their world-volume and can only vary in p—gq
directions transverse to the current so they are in a sense quasi-local. The
other point is that the world-volume of two different brane currents with
q < ¢ do not necessarily intersect so they can in fact have currents along
different directions.

The Smarr relation for p-branes in type-II/M supergravity, compactified

on a torus reads 41
n
€= Ts+ > 2,Q, (2.44)
q

n

which can be rewritten using (2.42) as
1

G=—Ts. (2.45)
n

Thus we are able to express the general stress-energy tensor more conve-
niently as

1
Ty = Ts (uaub — ﬁ%b> — Z P, Qqh((l%)‘ (2.46)
q

The extrinsic equations for a fluid black p-brane carrying a g-brane charge
now take the form
TL"'“—lTK"Jrﬂ’ZcI)QK“ K" =i K" (2.47)
St E e w2 PaCaty), (0 = N Ka :
q

K (‘; ) is the mean curvature vector of the embedding of the g-brane world-
volume in the background spacetime.

2.3 Stationary charged blackfolds

We move on to the determination of the charges, potential, and thermody-
namics of stationary perfect fluid branes carrying a g-brane charge. Again,
as before, they have a velocity vector aligned with a Killing vector. The
temperature redshifts as

T
k|
where T is the global temperature. The local temperature is obtained simply

by redshifting the global temperature. According to the equipotential condi-
tion for electric equilibrium [26], the potential ®,(0) in the stationary case

T (c%) (2.48)
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does not depend on the Killing time nor directions transverse to the current.
The global g-brane potential for the stationary configuration is thus obtained
as an integration over spatial directions along the current,

oY = / %o h @ (o) V2P, (o), (2.49)

which is a constant.

The relation of the Killing vector & to the killing vector of the background
spacetime is assumed to be the same as the stationary configuration for the
branes carrying a p-brane current. The conserved quantities would then be
obtained in the same way.

The g-brane charge is obtained by considering the spatial sections of Cy1,
the world-volume of the g-brane, that are orthogonal to the normal n*. We
arrive at it by integrating the charge density over transverse directions to the
current, with the introduction of a unit g-form, w,), orthogonal to n®. So we
have

Qq=— / AVip—g)J(gr1) - (N A w(g)) = / AVy—g\/ B nenb Qy (o)

pP—q BP*‘Z
(2.50)
And the global chemical potential becomes
Ry
o = [ V(o) (251)
_hg%)nanb

These expressions for a general g-brane current simplify into the special cases
by simply plugging in the appropriate values of g.

The extrinsic equations can be obtained for the stationary configurations
from varying the action

[= —/ Ao/ =G = —5t(M —TS—QJ =) c1>§g>Qq> . (2.52)
Wo+1 q

while keeping T', €2, and (IDET?) constant. This leads to us seeing that the
analogous global first law of thermodynamics for variations of the brane
embedding is equivalent to the extrinsic equations,

dM = TdS +QdJ +Y_ odQ, . (2.53)

q
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2.4 Black p-brane solutions with dissolved g-
brane charges

Since our discussion will ultimately lead us obtaining bent brane solutions
carrying smeared higher-form charge it is natural to review the leading order
solutions. The appendix of [26] shows in detail how to obtain black p-brane
solutions carrying dissolved ¢-brane charge starting from a class of solutions
obtained by Gibbons and Maeda. It is a solution of an action of the same
form as introduced in chapter 1 with (1.4). The details of the derivation
of the solution will not be presented but the outline of the steps leading to
it will be presented as a special class of the Gibbons-Maeda solutions will
become important later.

The Gibbons-Maeda solution is an Einstein-Maxwell-dilaton (EMD) so-
lution of a specific action for a d = n + 3 spherical charged black hole with
event horizon ry and charge parameter o. The desired solution is arrived
at by a sequence of uplifts of the solution. The solution is first uplifted to
n + g + 3 dimensions to obtain g-brane charges in the same number of ex-
tended directions then, again uplifted by p — ¢ extra dimensions, leading to
the final solution.

The starting solution can be put in the form,

5% = — fh=Adt? + BB (f " dr? + r2d22, ). (2.54)

In this expression f is defined in the same way as is chapter 1, h is a radial
function that incorporates the charge parameter «, and the coefficients A
and B are related to the dilaton coupling @ of the theory. The tilde marks
over the quantities is simply to identify them as the ones associated with the
d-dimensional starting solution, in contrast to the uplifted ones. We write
the first uplift we form a warped product of the original metric, which we
write as §,,, with coordinates z#, and ¢ flat extra dimensions with coordinates
Yy,

ds? = 2?Wg , (x)datdz” 4 22795, (y)dy™ dy". (2.55)
We write a (¢4 1)-from electrical ansatz for the gauge potential in such a way
that, upon compactification is a Maxwell potential, and with the ¢ indices
lying in the added extended directions,

B[q+1} = Bm A dyl Ao N dyP, (256)
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where B[ll is the original gauge field. The dilaton ¢ is taken to be proportional
to the original one by ¢ = ygg, where v is a undetermined coefficient.

Now, writing the new Ricci scalar in terms of the one of the original
solution and the dilaton and ensuring that the d-dimensional solution also
obeys the D = n + ¢ + 3-dimensional equations of motion we are able to
solve for the dilaton coupling and the other different coefficients. We will
not write the explicit determination of the coefficients here. The uplifted
(n + ¢ + 3)-dimensional solution we end up with has the metric,

ds® = —h~A(fdt* + dy?) + hP(ftdr® + rde?nH)), (2.57)
with
4n 4(q+1)
2n(¢+1)+ (n+q+1)a? 2n(g+ 1)+ (n+q+1)a? (2.58)

The new (g + 1)-form gauge field reads

n

.
Blovy = VAT B

sinh v cosh adt A e, (2.59)

with e = dy' A ... A dyP. Finally, the dilaton is given by
1
o= —Z(A—l—B)alnh(r). (2.60)

Note that the coefficients A and B always enter as A+ B so instead of writing
them separately we simply identify them with N = A + B.

The next step to obtaining the black p-brane solutions with diluted gen-
eral g-brane charge (¢ < p) is to uplift the solution obtained above and
uplifting it by p — g extra extended directions. We will denote the new ex-
tra dimensions collectively by coordinates z®. A dimensional reduction is
performed along the y™ directions and the uplift procedure for the new di-
rections is precisely the same as we just did above. We will simply write
the solution for the higher-form charged black p-branes. The D =n+p+3
dimensional metric reads

ds® = —h=A(fdt* + di?) + hP (f 7 dr® + r2dY, ) + dZ7), (2.61)
with
4(n+p+1)

N=A+B= :
i 2+)(n+p—q)+ n+p+1)a?

(2.62)
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The solution for the gauge field is

n

Big1] = _W#O(r) sinh avcosh adt A dy' A ... A dyf, (2.63)

and the dilaton solution reads
1
= —ZNalnh(r). (2.64)

As expected, this solution reduced to the previous one when p = ¢ and setting
g = 0 one obtains the general p-brane solutions arising from EMD theory.

We conclude our discussion of the blackfold approach for charged branes
and move on to the extension of the blackfold method to 1st order in multi-
pole expansion of the stress-energy tensor, incorporating the finite thickness
effects of charged black branes.
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Chapter 3

Pole-dipole order charged
blackfolds

To the first order of derivative expansion in the blackfold approach the dy-
namics of black branes can be approximated in a way similar to the approx-
imation of planetary bodies following geodesics as point particles. Higher
order corrections yield effects incorporating a minute thickness and gravita-
tional effects such as backreaction. This chapter will follow the works done
in [13] and [14], where the blackfold approach is extended to first order in
derivative expansion to demonstrate dipole effects arising from bending a
black brane. As well as accounting for dipole moments the correction takes
into account the internal degrees of freedom. The formalism for the bending
effects of charged black branes are arrived at assuming a linear response the-
ory (this assumption is later verified), analogous to classical fluid dynamics
and material science.

Up until now we have worked with a zero thickness stress-energy tensor
with a support on its world-volume. To leading order the ADM stress-energy
tensor of black p-branes is approximated as

D(, .« af ~a
T;w :/derlx\/__,yT(;(t)z)/(S (l’ \/__); (0 ))7

where v is the induced metric on the brane, T(‘él)’ is the monopole source of
the stress-energy, x® are the spacetime coordinates, and the location of the
brane world-volume, W,.4, in the spacetime is given by X*(¢%). Our goal
is to extend on this monopole approximation to capture higher order effects.
We will only focus on the fine structure corrections. In order to do that

(3.1)
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we require the gravitational self-reaction effects to be subleading to the ones
that incorporate the bending effects. The corrections are characterized by
power expansions in (ro/R)", where n is the codimension. For codimension
n > 2 it has been shown that the self-gravitational corrections are subleading
to the fine structure corrections.

3.1 The effective stress-energy tensor and ef-
fective current

The equations of motion for the first order corrected charged pole-dipole
branes are arrived at by solving the conservation equations for the appropri-
ate effective stress-energy tensor and effective current, so our starting point
of this discussion will be to take a look at the multipole expansion of those
quantities. Earlier in our discussion of the blackfold approach, the branes
were taken to be infinitely thin. The problem is that the effects of bending
don’t manifest themselves unless the brane is of finite thickness. To visualize
this we can picture a metal rod being bent into the shape of a circular arc.
The material of which the rod consists of will stretch at the outer points
from the center of curvature and the inner points will condense, effectively
resulting in a dipole distribution of the material. Allowing higher orders in
the multipole expansion (3.1) of the effective stress-energy tensor will include
the finite thickness effects that we wish to analyze,

ey - [ R M[Tﬁ(o_a}é”(xa X))
R =

In the expansion, T(’(”]l)’ is the conventional monopole source of the stress-energy

(3.2)

v, (ngp(aa)

and T(‘f)’p is the new structure term that encodes the finite thickness effects.
This expansion is analogous to a conventional multipole expansion used in
electrodynamics for a distribution of charge. Truncating the expression to
zeroth order we obtain the zero thickness expression (3.1) which leads us to
the blackfold equations discussed in the previous chapter but here we are
considering a truncation to the first order which will lead us to the dynamics
of pole-dipole branes in a curved background spacetime.
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The multipole expansion (3.2) is written in a covariant way, invariant
under spacetime diffeomorphisms and reparametrizations of world-volume.
However, T* enjoys two other additional symmetries. It is invariant under
two gauge transformations coined by the authors of [30] as "extra symmetry
1" and "extra symmetry 2". A description of them is in order before we
continue as they are an important part of understanding pole-dipole brane
physics. These symmetries will be explained further in the next section.

The stress-energy tensor should fulfill the covariant conservation equa-
tions

Vv, T"" =0, (3.3)
and we wish to write out the equations of motion following from them using
the expansion (3.2). For later convenience let’s decompose T( py in tangential
and orthogonal components,

T(’ﬁp _ ul()”j(b)y)p Futul e + ugT(’ga. (3.4)

The reason for the parenthesis around "b" means that it is insensitive to the
symmetrization of the greek indices. Two quantities have been introduced
in this expression, j%? and d*”. We give j*” the interpretation of a current
density of transverse angular momenta, where we have defined j%" = QTﬁ’)“’

The components of the angular momenta have the properties j®7» = o7l
and u%;j*? = 0. Both greek indices should be read to be orthogonal to the
brane world-volume. The other, d*”, has the interpretation of the bending
moment of the brane. The bending moment components have the properties
der = dlab)e and uZd“bP = 0. The second property of the quantities is just
a consequence of the greek indices being orthogonal to the world-volume.
In section 3.4 the physical interpretation of the various quantities will be
discussed further.

The branes we consider from here on are generally charged under a (¢+1)-
form gauge field, except when we take explicit examples leading up to the
(¢ < p)-form charge. In the same way as we expanded the stress-energy
tensor in multipoles we should expand the total anti-symmetric current tensor
J#1-Hat1 which lives on the brane world-volume [31]:

302" — X°(0")
JH Bt L (0 _/ dp+10,\/_|:JM1 Mg+l __a
( ) Wp+1 © ( ) \/__g

(3.5)
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Just the same as with the stress-energy tensor .Jg) encodes the monopole
source of the charged g-brane current and .J(;) encodes the finite thickness.
The extra symmetries mentioned for the expansion of the stress-energy also
apply in a very similar manner for this expansion of the current tensor,
which we will make clear in the next section. The equations of motion for
the current follow from the conservation equation

¥, JHtart = (), (3.6)

3.2 Symmetry properties of the derivative ex-
pansion

The two forementioned additional symmetry properties enjoyed by the stress-
energy tensor and the charge current will now be given explicit descriptions.

e Extra symmetry 1

The first extra symmetry is a consequence of the p 4+ 1 integrations over the
d-functions in expression (3.2). The symmetry property not only valid to
Ist order but to all orders of the multipole expansion. Derivatives in the
world-volume directions are integrated out, a consequence of the multipole
expansion being an expansion in transverse derivatives. This means that
there are components of T};\” which have a gauge freedom. The action of this
symmetry on the monopole and dipole terms in the expansion is expressed
as

01Ty = —Vae™, 6T = e up. (3.7)

We have introduced, €*¥*, symmetric in y and v, as free parameters except
on the boundary of the world-volume where they are required to vanish,

S p—) (3.8)

We use n, as a normal vector to the boundary of the brane world-volume.
Now we can use this transformation to show that the tangential components
of T (’f)’p (that is T(’f;p u?), can be gauged away everywhere except for the
boundary of the world-volume,

51 (THPus) = e, (3.9)
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Hence, we see that the degrees of freedom for the dipole corrections live only
on the boundary of the world-volume.

The action of this symmetry on the current expansion has the same form
as the one on the structure components of T"” except for an additional minus
sign in the second expression of (3.7). And so, the dipole structure component
of the current can also be gauged away everywhere except for the boundary.

e Extra symmetry 2

Extra symmetry 2 is a perturbative symmetry, so in fact it is approximate,
not valid to all orders of the multipole expansion. To each of the contributions
in the multipole expansion, T(’Sg and T(‘.Sp we associate an order parameter &

and write

TW =0(1), TW =0(). (3.10)

As an example of the order parameter, for a brane of horizon thickness r
bent over a submanifold of curvature radius R, we have € = ry/R. When we
consider elastic perturbations to the monopole approximation of the stress-
energy tensor (i.e. dipole corrections) we truncate expression (3.2) to first
order and the brane acquires a bending moment. In this case, an ambiguity
arises in the position of the world-volume boundary because of the finite
thickness. This reparametrization invariance of the world-volume surface is
expressed as "extra symmetry 2". The action of the symmetry on each of
the structure components of T is a displacement of O(¢),

X% o) = X%o") +E%(0"). (3.11)

This action to first order demands the following transformation rules for the
structure components:

v v,a = )‘( V) = vp U~
0ol = —TlougVas® = 2T T E7,  &TH" = =Ter.  (3.12)
If we took the single pole approximation we would see that 52T(’8§ = 0,

making it clear that if our object is infinitely thin we would have no freedom
in choosing the world-volume surface.

Extra symmetry 2 acts in the same way on the current expansion as on
the stress-energy tensor.
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3.3 Equations of motion

Only dipole corrections will be of interest to us here so we will take %7 = 0
to avoid having to deal with the properties that arise when the brane has an
angular momentum. Then, from (3.3) and (3.4) we can write the equations
of motion as [13] [32] [14]

rab b aci, __ jac b
VoI bV, Vo d™t = v RE, (3.13)
TKD, + L0V, Vyd™ = d"" Rl . (3.14)

Here we have defined the quantity T = T(‘g; + Qd(aC“KZ)L. Taking the dipole
term to zero we recover Carter’s extrinsic equations of motion in the ab-
sence of external forces (2.9) and if one assumes the monopole structure
term to be of perfect fluid form we would reobtain the leading order black-
fold equations. These equations of motion are relativistic generalizations of
thin elastic branes [32]. We must supplement them with the integrability

condition d*k K 5}) and boundary conditions on the world-volume surface:
Pl =0, (T~ AR+ LV, — 0. (315)

In this section we will go into the equations of motion stepwise higher from
(¢ = 0) Maxwell charge to (¢ = 1) string charge and finally the 0 < ¢ < p
higher-form charge.

- Pole-dipole branes carrying ¢ = 0 charge

In the point charge case, (¢ = 0), of pole-dipole branes carrying Maxwell
charge we have a one-form current J* following the form of (3.5). In [14]
the steps of the method to arrive at the equations of motion is presented in
detail. The procedure closely follows the methods of [30] where an arbitrary
tensor field f,(z*) of compact support is introduced such that

/ dPo/=gf (z)V I =0 . (3.16)

Derivatives of f(z®) are decomposed in parallel and orthogonal components
to the world-volume, then that decomposition and the expansion of J* are
plugged into the integral. Requiring the resulting expression to vanish for
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for each component of f results a set of three equations of motion. We are
also left with a boundary term of the integral which manifestly vanishes.
Splitting f up into boundary terms and requiring the terms proportional to
them to vanish leads to boundary conditions on the world-volume. In order
to solve the equations of motion, the structures J(’g) and J(“lg are decomposed
into tangential and orthogonal components,

Jloy = Joyua + 1 0y, Jiy = m" +ugp™ + Jiug, (3.17)
such that m*” and p® are transverse in their spacetime indices. Note that
the term J(“f)l has the property J([(Ili’] = 0. For this specific case of (¢ = 0) we

make a requirement that J(alb) = J((f)b). This is because we want the equations

of motion to be invariant under extra symmetries 1 and 2. In later cases
of (¢ > 0) this requirement is not needed since the effective current enters
with more than just one index. The last term in the decomposition (3.17)
of J(“f; is left neither parallel nor orthogonal to the world-volume for the
reason that it can be gauged away everywhere except on the boundary due
to extra symmetry 1. The expression we can read out from plugging the
decomposition into the equations of motion is the constraint m* = ml*l.
Without writing details of the derivation, the equations of motion are found
to be

Ty = LEVa (0™ + JHS), (3.18)

Va(J* +p"Kp,) =0, (3.19)

where we introduce J@ = J(%) — uZVbJ(“ll;. The second equation of the last
two is the world-volume current conservation. With the decomposition, the
boundary conditions become

(palt + Jﬁc(bl))ﬂa‘awp+1 =0, (320)
Jthnatulow, ., =0, (3.21)
[Vadiy = fta(J* + ™ Ki,) Jlow,i = 0, (3.22)

where J(‘il) = J(“lb)vgﬁa are defined as the boundary degrees of freedom. One
can observe that the m*” used in the decomposition does not enter further
into the equations of motion nor the boundary conditions that we have writ-
ten.
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Now we can write out the explicit actions of extra symmetry 1 on each
of the quantities we have introduced here to characterize the charge current
to further demonstrate that it leaves the equations of motion invariant:

01J* =0,  &p™ =0, 64 =0. (3.23)

Explicit application of extra symmetry 2 on the characterizing structure leads
to

50" = — Tl ub o2 — Tl Vi + Vo (T E°).

a a x a b azxapn <324>
(52p B = —J(O)&“”, 52J(1) = _'](O)/Ubg Ng,

where the hatted indices signify that they point in normal directions. The
transformations leave the equations of motion invariant.

- Pole-dipole branes carrying ¢ = 1 charge

Pole-dipole order branes carrying (¢ = 1) string charge are characterized
by the two-form structure components J(‘g; and J(‘f;p . Following the same
procedure as for the (¢ = 0) case we can directly get the equations of motion
for this case. Again, we decompose the structures into orthogonal and parallel
components,

v v Ja v]b v
‘](%) = Ug Uy J(Ob) + QUIE#JL]@) + Jﬁu)y (3.25)

J(“Sp = 2u£“m“”]p + ubuyp™ + J{‘S“UZ- (3.26)

As before m*" and p® are orthogonal to the brane world-volume in their
spacetime indices. We will not go explicitly into the extra symmetries in this
case and for charge ¢ > 1 as they are natural generalizations of the Maxwell
charge case. That is, the extra symmetries will leave the equations of motion
invariant under the action on the individual components that characterize
the current and the last term in the decomposition of J(“Sp can be gauged
away everywhere except on the boundary. The last two components in J(’fs
are related through the dipole contributions of J("Sp via

b Ac c v v Ac c
Ty = wp LAV(JGY = m), T = LA V(G —m™). (3.27)

Using the decomposition we can now obtain the equations of motion and
boundary conditions. Without going into details we will write the results.
The current conservation equation takes the form

Vo (J% — 2p®W RY) = 0, (3.28)

cp
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where J® = J(%b) - uZul;VcJ(“ll;C is the world-volume effective current that

obeys Job = Jlabl - The boundary conditions for bent branes carrying string
charge are

(" + 215 T35 Awlow, ., = 0, (3.29)
T atilow,, = 0, (3.30)
[WEVa T — fa (0 = 2p K0) ] owy s = O, (3.31)

where J(“lb) = J{‘I’;Cucpfz(pvﬁ)vz is defined as the boundary degrees of freedom
with UZ = uZUZ Branes carrying string charge are characterized by the
world-volume effective current, the dipole moment and a boundary current.

- Pole-dipole branes carrying ¢ > 1 charge

Branes carrying general higher form fields ¢ > 1 are characterized by the
structures J(’gl)"'“q“ and J{\"""”. The steps would be the same as before,
we make a general decomposition of both the structure components, and
analogously introduce the tensors m and p that characterize the dipole con-
tributions that obey certain antisymmetrization requirements. In [14] the
authors conjecture the form of the conservation equations of motion to be of

the form
Vo, (jal-.-aq+1 + (=1)[(q + 1)!/q!]pc[al...aq(u)ngH}) —0. (3.32)

The boundary conditions are analogous to the ones presented in the string
charge case

(p™tat# + (= 1) gl LR Y hg, oy, = 0, (3-33)

TE " g o, = 0, (3.34)

(009, SO 451 i, (Jo0000 4 (—1)[(q4+1)! /gl 1200 K2 oy, = 0.
(3.35)
Where we have introduced the effective world-volume current J% %+t and

the boundary degrees of freedom J(&ll)"'dq“.
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3.4 Physical interpretation

In the previous sections we have introduced some quantities in the equations
of motion that should be given a physical interpretation. Let us start out by
discussing the angular momentum, then move on to the interpretation of the
stress-energy dipole moment and the electric dipole moment. The physical
interpretations we review here are given in [13| [32] [14].

3.4.1 Physical quantities

We start out by assuming a flat spacetime and look at uniform p-branes
extended in 2, ..., 2% directions. The total angular momentum J!* on the
transverse plane, labeled by pu, v, is defined as a constant time slice integral

> in the bulk spacetime,

T = / AP~ (TOHg” — TOvgh) = / dPo /—7(2T(01’;i) + boundary terms.
s B

’ (3.36)
The monopole structure term does not enter the expression, we thus see that
in the monopole approximation there are no intrinsic angular momenta. The
boundary terms is the expression have been ignored and we will continue
to leave them out, without further noting, in the interpretation of the other
quantities. The intrinsic angular momenta are exclusively encoded by the
dipole structure T(C;’)Li. The interpretation of 7% as a current density of
transverse angular momenta of the pole-dipole branes is justified through

the relation

= 2ug LB LK TOVN = 2T (3.37)

where p and v are orthogonal to the world-volume. The conservation of
angular momentum follows from the conservation of the current density of
the angular momenta.

The dipole term introduced before, d**?, accounts for the bending moment
of the brane. The total bending moment from the stress-energy tensor can
be computed by

Dabp:/dD 1$\/_T#V au xp_/ dPo~/— T(albi7 (338)

where the p index is orthogonal to the world-volume. The quantity d
is given the interpretation of a current density that describes the dipole
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deformations to the intrinsic stress-energy tensor,

- uZuZJ_ﬁT(‘i
Note that the definition of the dipole moment (3.38) is the same as the usual
way of writing the classical electrically induced dipole with a charge density
p(x), D= [, d°~*zZp(x) . In the single pole approximation d** does have a
non-vanishing component, d”"?, where 7 is the proper time of the world-line.
However, because of extra symmetry 2 of the stress-energy tensor, the gauge
parameter £” can be chosen in such a way that d”"” is eliminated. Single-pole
branes can thus not possess a bending moment.

In much the same way as we have interpreted the previous quantities we
can assign an intuitive interpretation to p® and m*¥, by taking the case,
q = 0 as an example. The electric dipole moment P of a charged brane is
obtained by evaluating

P“”:/EdD_lx\/—gJ“upr:/B dPo/—yp*. (3.40)

=Tl (3.39)

The structure p® is thus interpreted as a world-volume electric dipole mo-
ment density. Just as for d**?, there is one non-vanishing component in the
(p = 0) case that can however be gauged away because of the extra symmetry
2 property of J. For cases p > 1, the dipole terms cannot be gauged away.

In the case of a point particle (p = 0) carrying a Maxwell charge (¢ = 0)
the object can possess a magnetic dipole moment M* obtained by

M — / dP o/ =g(J z” — J at) :/ d?o/—ymH”. (3.41)
= By

The quantity m* is interpreted as a world-volume density of a magnetic
dipole moment associated with a dynamic charge. It is most natural to as-
sume m*” to be proportional to the spin current ;7. We can write this
relation generically for a p-brane with smeared 0O-brane charge as m* =
M) ugj®, for a world-volume function A. This can be naturally extended
to general p-branes carrying smeared ¢-brane charge. Since we are not con-
sidering any angular momentum in the range of this thesis there will be no
further analysis done on the magnetic dipole moment.

Assuming a linear response theory, the finite thickness quantities dis-
cussed above can be characterized by a set of linear response coefficients that

determine the (electro)elasticity of charged pole-dipole oder black branes.
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3.4.2 The Young modulus and piezoelectric moduli

In classical mechanics the Young modulus is the ratio of stress to strain of
elastic materials. The bending of an elastic rod will result in a dipole of
stress in the material distribution. The strain of an object in its transverse
direction is captured by the extrinsic curvature tensor K/, and the stress
induced by the deformation is encoded by the dipole moment, dgp,. In [13]
a relativistic generalization of the Young modulus is introduced. Assuming
that we have a brane that will behave according to classical elastic theory,
that is, by a linear response theory, we can write the stress/strain relation as

A = YIRS, (3.42)

where Y% has been introduced as the Young modulus of the brane. Omit-
ting tensor indices, Y = Y'I, where Y is the normalized Young modulus and
I signifies the moment of inertia with respect to the world-volume surface
choice. We note that the Young modulus should display the extra symmetry
2 ambiguity of the dipole current density d®”, according to the definition
(3.39). The Young modulus obeys the same symmetry property in its indices
as the classical elastic tensor would, Yobed = y(ab)(cd) — yedab  For jgotropic
stationary p-branes carrying Maxwell charge the Young modulus takes the
form [32]

Y/abcd _ 2()\1(1{7 T, (I)H)’Yab’YCd + )\Q(k, T, (I)H),.)/G(C,yd)b
+ A3(k; T, @)k CkD 4 Ay (k; T, ) = (k%K 74 + 42Pkk?)

1
2
+ s (k; T, @) k“k"k°k?).
(3.43)

With k* being the Killing vector field of the fluid, moving with k = | —
Yar kK| 2. We have introduced the dependency of the response coefficients on
the global temperature 7', and the global chemical potential ® 5, determined
by the stationarity of the solution and its effective blackfold fluid form. Due
to the extra symmetry 2 property that the Young modulus must have, some of
the terms in its expression are gauge dependent, so not all of the A coefficients
are independent with respect to the equations of motion. In chapter 4 we
will see this explicitly where the derivation of the response coefficients is
presented for charged black brane solutions.

As shown in the previous chapter, for the simplest anisotropic case of p-
branes carrying a string charge, we need to supplement our expressions by a
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normalized velocity vector v®, orthogonal to the velocity vector of the brane
fluid u*. For this reason the expression for the Young modulus, written above,
should be supplemented by extra terms. The classical symmetries that apply
to Y% do not necessarily apply to the extra terms. In [14] the response
coefficients are calculated for particular cases of charged black branes carrying
a ¢ > 0 charge. It is found that because of the extra symmetry property, the
extra terms can be transformed away, and thus well described by Y4 in the
isotropic case. In the case of ¢ > 0 we do however have to introduce a new
non-normalized space-like vector (¢, where v® = (%/¢ and ¢ = |[¢Cby,|Y/2.
In analogy with the introduction to the relativistic Young modulus we
now turn to the case of the electric dipole moment. If we assume the branes
follow classical electroelastic theory, we can write the form of the dipole
moment as
P = kKL (3.44)

This expression is a covariant generalization of the electric dipole moment
of classical piezoelectrics [14]. The piezoelectric moduli obey the symmetry
property #%¢ = £%*9) and enjoys extra symmetry 2. In the ¢ = 0 case, that

leads to the form

77 = —2(k1(k; T, 1) vk + ko (k; T, @11 )KKKE + i3 (k; T, @)k *y™).
(3.45)
As for the Young modulus, the response coefficients of piezoelectric moduli
are not all independent.

The introduction of the piezoelectric moduli can naturally be extended to
cases of smeared ¢ > 0 charge, where we have p®%+1? The electric dipole
moment will have the same interpretation as for the ¢ = 0 case. We must,
as before, note that the response coefficients have an additional dependency
on (*. The higher-form piezoelectric moduli inherit the symmetry properties
of pal...aq+1p’ Fo1--agribe — /%[al...aq+1]bc and go1--agribe — ~a1...aq+1(bc)‘ The an-
tisymmetry property in the first ¢ + 1 indices does not have any parallel in
classical piezoelectrics.

3.5 Response coefficients

In [14] a class of bent black brane geometries is constructed and their response
coefficients is measured. This section will outline the framework used to
obtain the coefficients from the large r-asymptotics of a charged bent black
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brane solution and in chapter 4 their derivation for stationary configurations
will be presented.
We work from a special class of solutions to the action,

1
5= 167G

D, /= 1 N T

/d m\/_g(R 2(V¢) 2+ 2)!6 Hq+2>. (3.46)
Again, we see the relevance of the setting of this action as we have mentioned
it in the introduction of black branes in chapter 1 and also in chapter 2 where
the Gibbons-Maeda class of solutions was derived for leading order p-branes
carrying higher-form smeared charge. Now, however we wish to examine the
dipole structures of the solutions. The equations of motions of motion that
lead from the action in the presence of sources are

1
G;w - §VM¢VV¢

1 , 1 , (3.47)
. a¢ (1 HPvPatt — — — _[?q., | =87GT,,,
2((]+1)!6 ( HPL---Pg+1""V 2(q+2) gu) ™ 122
a
YV, (e% gvitatt)y = —16rGJHFart . O — ——— e H? = (. (3.48
(e ) = —16m OO e (3.48)

The stress-energy tensor and the current are given by the multipole expan-
sions (3.2) and (3.5). To measure the response coefficients for the Young
modulus and the piezoelectric moduli we look at the large r-asymptotics.
Far away from the solution, the geometry, and the gauge field are replaced
by effective stress-energy sources and current. The bending moments for the
stress-energy and electric current are related to dipole corrections of the fields
as they approach spatial infinity. The dipole moments for the bending and
the gauge field are related through (3.47) and (3.48) to the dipole corrections
we obtain for the fields approaching spatial infinity, where they have a fall-
off behaviour O(r~""!) by definition [13]. For convenience, we decompose
the spacetime metric into the Minkowski metric, and monopole and dipole
contributions, and perform the same decomposition for the gauge field,

Guw = N + B + BB + O(r72), (3.49)
Ao = ADD 4+ AD) L O ). (3.50)

The labels (M) and (D) indicate the monopole and dipole contributions. The
procedure of extracting the response coefficients is done by considering the
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linearized equations of motion of the action (3.46), assuming that there are
no background fields and that the background metric is asymptotically flat.
The dilaton field receives no bending corrections and is thus unnecessary for
the discussion.

Plugging in the decomposition of the stress-energy tensor into the right-
hand side of the equation of motion (3.47) we see that the dipole contribution
to the metric should satisfy linearized equations of motion

VIRD) = 167Gd;50, 6" (r), V.hi =0, (3.51)
where

~o) _ oy M (D) _ (D)

b = 1) = = B =B, (3.52)

The Laplacian is in the transverse directions to the brane world-volume, and
r, = rcos#f is transverse to the bending direction of the brane. Writing out
the explicit r- and #-dependence of the asymptotic dipole contributions will
yield a convenient form to write the dipole contributions to the metric. We
write

WD) _ (D) o gT D) D) g
o = fap cosf — hyy) = [ cosf =l
r r
2 (3.53)

- g fg(zg) cos 6

)

pyn+l :

With a little bit of rewriting, using the transverse gauge condition, leads to
an expression of the dipole contributions to the metric in terms of the newly
defined f corrections,

dap = f0) = £ — £ 010, (3.54)

Through this expression the Young modulus can then be obtained by d** =
Yy abed ¢ P after the f’s are determined in the asymptotic region. The hat-
ted notation of the dipole moments means that we have written d, =
%r%cﬁb and omitted writing the transverse index r; and we will do
the same for the electric dipole moment.

Using the analogous approach, we can arrive at the electric dipole moment
for a (¢ < p) charged bent brane through a linearized version of the multi-
pole expansion of the brane current and the structure decomposition. We
introduce asymptotic gauge field coefficients a,(f,),,uq ., that are independent
of r and #. We write electric dipole moment as

ﬁa1~~~aq+1 = ag?.?.aq_H' (355>
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The piezoelectric moduli can then be read from p®-te+1P = gor-as+ibe g0
after evaluating the asymptotic gauge field and dipole contributions.

In [14], a special class of solutions of the action is considered, namely
generalized Gibbons-Maeda solutions. A bent version is then obtained for a
subset of those solutions. In the last subsection of chapter 2 we presented
the steps that lead to the smeared g-brane charged p-brane solution and the
resulting metric was

ds® = h™4(—fdt* + dg) + hP(f ' dr® + r?dQ}, ) + d2), (3.56)
o L
firy=1- g h(r) =1+ r—nsmh a, (3.57)

with ¢ labeling the ¢ directions of the gauge field, z’ labeling the p—¢q smeared
directions, and ry and « labeling the horizon radius and charge parameter
respectively. The gauge field is given by

,’,.TL

rh(r)

Ajgr = —VN cosh asinh adt A dy* A ... A dyf, (3.58)

and the dilaton reads )
o= §Na log h(r), (3.59)

with N = A+ B. The constants A and B depend on p, ¢, n and a.

The goal is to arrive at the dipole corrections to the metric and gauge
field. The first step towards obtaining them is to generate bent black brane
solutions with smeared ¢-brane charge and Kaluza-Klein dilaton coupling by
taking an elastically perturbed neutral black brane [13] as a seed solution
for a series of solution generating techniques. The first class considered is
obtained by the m + 1 dimensional uplift and Kaluza-Klein reduction on
the boosted spatial direction, this gives us a bent brane solution carrying
a Maxwell charge. The second class of solutions considered are to type-II
string theory, obtained by a sequence of T-duality transformations, resulting
in higher-form gauge fields. The solutions considered are required to have
N = 1. In the next chapter, the steps of the construction of the seed solution
will be presented along with the solution generating techniques used to obtain
the desired bent solutions. From there on the response coefficients will be
read off the large-r asymptotics using the relations we have outlined in this
section.
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3.6 Thermodynamics

The stress-energy tensor 7] (‘6’3 and world-volume electric current J(aol)'”aq+1 of
the generated solutions are characterized by thermodynamic quantities which
we present here briefly. The leading order effective stress-energy tensor has
the form

q q
T(%g = cuu’ + P, <7“b + uu® — Z v&)vé’i)) + B Z v&)vé’i), (3.60)
i=1

=1

and the leading order world-volume effective current takes the form

Jg)l)"'aqH = (¢ + 1)!Qu[“1v?f)...v?;)“}. (3.61)
The form of the effective world-volume stress-energy tensor and the effective
current have the same form as they would have to leading order as they
receive no corrections to 1st order [9] [33] [31]. The interest is in stationary
solutions and it follows that the energy density ¢, the parallel, and transverse
pressure, P and P, take the form of leading order results [26] presented for
the blackfold effective fluid in chapter 2 with (2.34) and (2.35). The only
difference is in the pressure, the parallel pressure obtains the same form as
the one in (2.34), but the transverse pressure is

Qnt1)

Pl =———r".
+ 167TGT0

(3.62)
The transverse pressure has the same form as the Gibbs free energy except
that it has the opposite sign. The local temperature 7, the local entropy
density s, the local charge density Q and the local chemical potential ® all
have the same form as before.
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Chapter 4

Derivation of the response
coeflicients

In this chapter the techniques and steps leading to an explicit expression
of the response coefficients of the relativistic generalization of the Young
modulus and piezoelectric moduli for charged black p-branes are presented.
The relativistic Young modulus was first measured for neutral black strings
in [13]. The analysis was expanded upon in [33], to more general bent neutral
p-brane solutions. In practice it turns out, in general, to be very difficult to
perturb charged branes to obtain their bent versions. Another way exists
to arrive at these solutions. To obtain the solutions for charged bent black
p-branes a series of solution generating techniques, with a stationary bent
neutral black brane as a seed solution, are used to produce bent solutions
carrying a Maxwell charge, then smeared Dg-brane solutions pertaining to
type-1II string theory. We will start this chapter with an introduction to
how bent neutral p-brane solutions are obtained, then present the explicit
steps needed for the seed solution that we will use. The derivation of the
Maxwell charged- and higher-form charged solutions, generated from the seed
solution is presented, then the response coefficients are read from their large-r
asymptotics.

51



4.1 The seed solution

4.1.1 Neutral bent black brane solutions

As shown in chapter 1, a basic form of neutral flat black p-brane solutions
to the Einstein equations can be written as

n

ds?® = (Tlab + :_Sluaub) do*do® + [~ dr® + TQdQ%nH)’ f=1--—2 (A1)

In [30] the world sheet equations and boundary conditions in pole-dipole
order are obtained for neutral p-branes of finite thickness. A important
technique used in obtaining a bent solutions is matched asymptotic expansion
(MAE for short). The method was introduced in [34], and later refined for
use in [35] [36] [37] [38]. Let us go into the procedure of how to obtain bent
brane solutions by looking at the example of how the perturbed black string
is constructed.

The solution we describe the steps for is a bent Schwarzschild string,
computed by first order in ro/R, where ry is the horizon thickness and R
is the radius of curvature. This solution is constructed in detail in [9]. The
Einstein equations are solved by using matched asymptotic expansion, where
solution is obtained separately for the near horizon region r << R and the
far, weak field approximation r >> 7. These two zones are then matched
with each other by their boundary conditions. Note that we require that
an overlap zone exists, that is when the horizon thickness is much smaller
than the curvature radius, rg << R. The geometry of a straight boosted
Schwarzschild black string reads

d 2
ds =2 — 77 <d92 + sin? QdQ%n)>
1 "0
_ < _ T_O) (cosh adt + sinh adz)2 + (cosh adz + sinh adt)Q.
,r.n

The steps we take in the method of MAE are as follows, well summarized
in [13]: In the near horizon zone the spacetime geometry is that of the
straight boosted Schwarzschild black string. Like we did to obtain conserved
quantities in chapter 1, we linearize the Einstein equations with the black
string stress-energy tensor and obtain the metric in the far region r >> rg.
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As the source of the linearized gravity we take the ADM stress-energy tensor
of the string to zeroth order in the multipole expansion, T}, = T,Sg) 62 (r):

QT
Ty = i(),;;go(n cosh? a + 1),
QT
v = %1();’0” cosh asinh «, (4.3)
m
QT
T = —i 6;12;0 (nsinh?a —1).

This stress-energy tensor enters into the linearized approximation for the far
zone, DBW = —167TGT$). The large-r field is now bent along a manifold of
curvature 1/R because it is corrected to first order in 1/R. Note that only
stress-energy components satisfying the conservation equation, V#T, ,53) =0,
can enter as they are the only ones that can couple to the gravitational field.
Next the near zone is perturbed to order 1/R by using the far field approx-
imation as a boundary condition. Leading from the first order corrected
near zone we can obtain the corrected stress-energy tensor source for the far
zone. The corrected stress-energy tensor can then be used to compute the
corrected far field solution. In principal we could go on and obtain higher
order corrections but we limit ourselves to the first order corrections.

The 1st order corrected stress-energy tensor for the bent boosted Schwarzschild
string was derived in 9], and in [13] the next step was taken for the far field
geometry sourced by that stress-energy was computed.

In order to find the corrections to the far field the metric obtained to
1st order correction is decomposed into the flat Minkowski metric, monopole
contributions, and dipole contributions (as we did in chapter 3),

G = N + hyf ) 4 hf}? + O(r~ ), (4.4)

The monopole correction to the flat metric is the correction from the lin-
earized approximation sourced by the boosted Schwarzschild black string.
The task is then to solve for the dipole corrections to the metric, hL’B).

We now see how bent black brane solutions can be constructed with the
method of MAE. We move on by reviewing the derivation of the stationary
bent black p-brane seed solution that we later use to generate bent charged
black branes.
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4.1.2 Obtaining the seed solution

The deformations of the brane geometry in its transverse coordinates is char-
acterized by the extrinsic curvature tensor. This subsection will review the
construction detailed in [33], which is also reviewed in the appendix of [14].
It is in order to define a coordinate system in which will be convenient to
work in for the purpose of the derivation. The coordinate system most adapt
to arriving at a bent neutral solution suitable for the solution generating
techniques is analogous to a Fermi normal coordinate system. Fermi normal
coordinates is a localized coordinate system in the neighborhood of a given
point. The first derivatives of the metric generally vanish at the point which
the normal coordinate system is localized around (therefore, also the Christof-
fel connections). There is a constraint on this system, the world-volume that
the coordinate system is adapted to cannot be geodesically embedded in the
background spacetime. Some of the first derivatives do not vanish as they
encode the embedding of the brane in the world-volume.

Our first step is to construct the background spacetime metric in Fermi
normal coordinates. Let us choose normal world-volume coordinates o% in
a way that all the Christoffel symbols are vanishing on the world-volume,
I', = 0. It is convenient to write the transverse directions to the world-
volume separately as y%, i = p+ 1,..., D , such that the brane sits at the
origin 4 = 0. The transverse indices we have introduced are raised, lowered,
and contracted using the Cartesian delta symbol d;;. Ignoring corrections to
first order, the flat metric takes the form

ds? = nydo®de® + dy;dy' + O(c*/R2 ). (4.5)

Here we have omitted that there are in fact two characteristic lengths, the
extrinsic- and extrinsic curvature radius. They are typically of similar order
[39] so only the intrinsic curvature radius is left in the higher order corrections
O(c?/Riy).

Let us now look at corrections to the metric of first order in y/R. The
only corrections characterizing the brane bending is the extrinsic curvature
tensor K', [33], and so the induced metric on the brane can be written in
terms of it. The Fermi normal coordinates for the neutral bent p-brane take
the form

ds® = (ay — 2K ;) dodo® + dysdy' + O(y? ) R?). (4.6)

This is the first derivative order form of the metric that describes the back-
ground surrounding the brane.

o4



Now we can write the slowly fluctuating metric of a first order perturbed
p-brane embedded in a background spacetime with a generic extrinsic per-
turbation,

d82 = <77ab ZKlbyl uaub) do‘adO' + f 1d7” + rdeQnJrl (4 7)

+h, (y')dztdz” + O(r* | R?).

The additional perturbating terms h,,, (") are dependent on 7 and u® and are
linear in K';, thus of first order in 1/R. In (4.7) f is defined in the same way
asin (4.1). The radial coordinate r is orthogonal to the world-volume, defined
as 1 = v/y;yt. With Fermi normal coordinates the transverse perturbations,
induced by the extrinsic curvature, in the directions y* decouple from each
other, so we can view them separately in each normal direction. Thus we
continue on, and confine ourselves to the case where K, is non-zero in only
one transverse direction, which we label i = i. The coordlnate y* is identified
with a direction cosine as

y2 =rcosf . (4.8)
The line element (4.7) now takes the form

ds® = <77ab —2K',rcosf + %uaub) dodo® + f~dr? + r2df (4.9)

+12dO, 1) + b (1, 0)dat da” + O(r? | R?).

Furthermore, since the perturbations are of dipole nature we can write hy,, (r, §) =

cos Bh,,,(r) |9]. The problem of finding the solutions to the Einstein equations
is now distilled to solving a set of coupled ordinary differential equations of
the form

By (r)dat'dz” = hay(r)do®do® + Ry, (r)dr? + hag(r)(d6* +sin? 0dQ2,) ). (4.10)

Direct computation of the Einstein tensor G, specifically components
G.¢ and G, of (4.9) leads us to the leading order extrinsic equation of motion

TK?, = 0. (4.11)
The leading order stress-energy tensor for the neutral p-brane is

Qnt1
Tab — (n+1) n a, b ab ) 4.12
(0) 167G ( ) ( )



We look for solutions of the perturbations Euy (r) so that the horizon remains
regular and satisfy the above equation extrinsic equation (4.11) with the
stress-energy tensor (4.12) with d*? = 0. Taking the stress-energy tensor
into account, this condition is equivalent to nu®u’ Ky, = K. We have dropped
the 7 notation and will continue to do so from here on. Since hW are of linear
order in the extrinsic curvature they must be proportional to structures of
order 1/R, constructed with Kgp, 14, and u®. With use of the extrinsic
equations of motion, independent terms entering the metric corrections can
be written in terms of five functions

hap(r) = Kaphy (7) + 1o Kyyeho(r) + Kuguphs (), (4.13)
hoy(r) = K f~ ho(r), (4.14)
hao(r) = Kr?ho(r). (4.15)

A coordinate transformation invariance allows us to express the perturba-
tions in terms of four coordinate gauge invariant functions by taking certain
combinations of them. The function h,(r), however, is gauge dependent so a
specific gauge choice is needed to specify the complete metric. It is subject
to an asymptotic boundary condition and its value at r = r( is constrained
by the requirement of horizon regularity. The specific gauge-choice for h,
is made only for convenience as it will not affect the value of the response
coefficients.

We focus on large r-asymptotics of these four functions that character-
ize the metric perturbations in order to obtain the bending moment of the
stress-energy tensor. In the large-r region the asymptotics of the remaining
functions for the neutral bent p-branes with n > 2 are [14]

l Tg 52( ) . + O(T_(n+2))
nret n4+2 7“”“ ’
Tn n+2

To —(n
hy(r) = _27,n - — 28(n ) — +O0(r (n+2)y,
2 3 ry 4+7n—|—2n2 rot?

hy(r) =

_ = —(n+2)
b (r) = n 2l n?(n + 2) &)t rrtl + 00 )
2 n—3 1 4+ 3n + n? rnt2
h _Z._ 0 0 O —(n+2)
o(r) n n?(n—1)r"=1  n2(n+2)(n+ 1)&(”)7“7”rl +0(r )

(4.16)
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where

NN
&2(n) = F{éH&}Q = ntzr;(%/n) A2, (4.17)
F[L“rlP

n

Here, A has been defined as the constant A = 2r, SR For the compu-

tations at hand it is convenient to parameterize the e:symptotics of h, by
coefficients by, by, k1, by, and ky. By choosing by = 0 and b; = % we are able
to eliminate some leading order terms in h, and hg, we do not need them
as they do not characterize the bending effects. Their asymptotic behaviour
can then be written,

ho(r) =|

n? — 6+ (4n® — 8n)b4] rh
r

277,2 n—1
4+ Tn + 2n? rnt2? (4.18)
0 —n—2
+ l(k1+2k2)+ 2 1 2) 2( )} g +O0(r"77),
3 —2by(n® —2n)] ry
hﬂ(r) :{ n2<n o 1) prn—1
- (4.19)

Ty

)| 55+ 06

{2(/{1 — nky) 4 4 3n + n?
n(n+1) n?(n+2)(n+1)

For later convenience we should read off the dipole contributions f(P), de-
scribed in the previous chapter (3.53), that are used to determine the bending
moment. Later, this will make it possible for us to write the dipole contribu-
tions of the charged solutions in terms of the neutral seed solution dipole con-
tributions. From the large-r asymptotics of the metric perturbations (4.16),
(4.18), (4.19), we can write the dipole contributions,

fa(r) = Kab( - ff(f;) (Ko (~262(n) + Kuqwhi,

4+ Tn+ 2n?
n2(n + 2) 52(7”] ’ (420)
2(k1 — nks) 4+ 3n+n?
n(n+1) n?(n+2)(n+1)

POy =K [k;l + 2ky +

D
CHOR| &)
Here we could continue, and obtain the dipole moment, from there on read off
the response coefficients and obtain the explicit form of the Young modulus
for neutral bent p-branes but instead we’ll move on to the generating of the
charged solutions.
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4.2 Generating bent branes carrying Maxwell
charge

In chapter 1 it was described how to generate new solutions by an uplift-
boost-reduction procedure. The example shows how we can take a neutral
seed solution, uplift it by adding m + 1 extra dimensions, boost the solution
in one of the isometry directions, and finally compactify that direction on a
circle. The resulting solution is a charged dilatonic p-brane.

Let us write p instead of p and for the associated parameters for the
bent neutral brane solution acquired in the previous section. The example
presented in chapter 1 can be directly applied by taking the bent neutral
p-brane solution, shown in the previous section, as the seed solution for

dsiy = dsh + Y (dy;)* + da”. (4.21)
i=1
The seed solution (4.9) will enter as ds%. This new solution has dimension-
ality d = p+m +n + 3. Following the same procedure as in the example we
arrive at a extrinsically perturbed solution for black p = p+m brane carrying
Maxwell charge. We have to obtain the large asymptotics of the generated
solutions to arrive at the dipole corrections, and from the dipole corrections,
calculate the response coefficients. The large-r asymptotics of the generated
bent Maxwell charged brane solutions are written explicitly in the appendix.
The generated charged bent p-branes constitute a bent version of a subset
of Gibbons-Maeda family of solutions which we discussed in chapters 2 and
3. We will denote the critical boost velocity from the neutral seed solution as
u*. The generated solution can be identified with the Gibbons-Maeda subset
by identifying the dilaton coupling as
0 = A(d—1)%r = 2PEmAnt2) (4.22)
p+m+n+1

The critical boost of the neutral solution can be identified with the boost

and charge parameter from the family of solutions in a way that

il cosh k = ugcosha, @' =u'cosha, sinh®a = @2 sinh? k. (4.23)

We can write the exponents from the action of the Gibbons-Maeda solutions
correspondingly,

A=—"2 B=_——_, (4.24)



These identifications all correspond to the case of N = 1.

4.3 Generating bent branes carrying higher-form
charge

The new solution can be developed further by using T-duality to compactify
the remaining m isometry directions. Details of the T-duality symmetries
and general examples were presented in chapter 1 and will be employed here
to develop extrinsically perturbed p-brane solutions carrying smeared g-brane
charge with ¢ < p. It is necessary to impose the condition that n+p+m =7
and m > 1. This will make it possible for us to construct configurations in
D = 10 type-II string theory. The configurations will be consistent with a
truncated action where we set the NS-NS B; field to zero and only allow one
of the R-R fields. The relevant 10-dimensional action is

1 1 3—q
_ 10, /— 2t 2 Lt 34gg
S = /d AV glR 2(8¢) 2(q—|—2)!6 H[q+2]]‘ (4.25)
Before writing up the transformations let us write ngS = —¢, where ¢ is the

original dilaton, to make an identification of the black brane solution before
and the supergravity field. Now, in Einstein frame, the T-duality transfor-
mation taken in an isometry direction z takes the form

12 . (. Q zgl/z
Guv = €8¢(gzz)4 (g,uu - /; )7

14 _3
zZz T € 8 zz 47
g (922) (4.26)

020 —

Agra) = Apgrr) Az,

where the hatted entries are the fields before transformation. The next step
is to apply the transformation first on the ¢ = 0 solution generated with the
Kaluza-Klein procedure and applying T-duality on the remaining m isome-
tries to generate a bent p-brane solution carrying a (m + 1)-form gauge field.
One ends up with a relation between the m’th transformation and the original

fields
m . m=7 7 n
guu = €6 ¢g,ul/7 gyiyj - 6ije 6 ¢a ¢ = —¢ (427)
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The y; coordinates come from the compactified isometry directions and the
greek indices are the remaining directions. Taking m = 0 we reobtain the
starting solution. One can see that this results overlaps with the Gibbons-
Maeda solutions of (3.56).

We wish to work with the large-r asymptotics of the solution as before.
They are obtained from the generated solution in the previous section by
plugging (A.2), (A.3), (A.5), into the T-duality transformations (4.27) and

noting . . i3 .
Litl gtz 14 (4.28)

A=77 g d—2 )

4.4 Obtaining the response coefficients

For the solutions obtained for the bent black branes carrying Maxwell- and
higher-form charge we will now read off the dipole contributions to the metric
and gauge field. From the dipole contributions it is then possible to read off
the response coefficients to give the Young modulus and the piezoelectric
moduli an explicit form.

4.4.1 The g =0 case

Generically for a solution of the intrinsic equations with ¢ = 0, stationar-
ity of the overall configuration is required u® = k®/k, where k* is a Killing
vector along the brane fluid. Accordingly, the global horizon temperature
T and global horizon potential are set to 7' = |k|T and &y = |k|P [26].
Stationarity, however, is ensured by the fact that the seed solution was con-
structed to be stationary. Because of the stationarity of the solution, we can
write the horizon thickness ry and charge parameter « in terms of global
thermodynamic quantities,

n 02\ Oy
Ty = 47‘(‘_T|k| (]_ - W) s tanh o = m (429)

The world-volume stress-energy tensor components to order O(€) are

a Q n+l) n a a iYj iYj
T(og = 1((3?7"0 n cosh? auu® — n b , T(%)y = P oYY, (4.30)

with a = (¢, z;).
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Before arriving at the response coefficients we need to write the dipole
contributions f,Sf,’). The dipole contributions can be read from the asymptotic
form of the metric (A.3) and gauge field (A.5) obtained by the Kaluza-Klein
procedure. We will denote the dipole contributions of the charged solution
with a hat, flsj,?). For the charged solution, the dipole contributions can be
written in terms of the dipole contributions of the neutral solution according

0 (3.53) and (3.54),

; d— .

ft(t (1 _'_ d 2 )ftt Y ft(Zl Cﬁftz 9

2 1

fz(lDZ’) B dTSth(tD) - fgg?’ fyzyl ftt ) (4.31)

; 1 D D D
f#j)) = m K t(t )+fr7" ) s(m) = msiftt +f§(m)-

If one takes the rapidity  — 0, the original neutral solution contributions
are reobtained. The transverse gauge condition gives us the constraint,

(N fup + mfyy) + frr + (0 — 1) foq = 0. (4.32)

This leads to a relation, along with a specific gauge choice for ks, which we
write

2 ~ n+1)(n—4 2
b= o (Gln) k), —Rea(n) - G ED 2>)sz<n> ~r(r2),
(4.33)
Through the harmonic gauge condltlon we can see that f(P) = 2foq, and the
gauge choice shows us that fQQ = —&(n)kK is purely a gauge artifact and

hence, also the dipole terms in those directions.

Expressing the non-vanishing dipole moments in terms of the neutral
dipole coefficients and choosing a specific gauge for & to make contact with the
generalized Gibbons-Maeda solutions one obtains the world-volume bending
moment,

Ky 3n+4
dop = — cosh? = + 2uu(  Kpye + ————nap K
’ &(n) “ (n +2) cosh® a et n?(n + 2)77 ’
— k& (n)[n cosh? auguy — Nab) K.
(4.34)

This form of the bending moment is only valid under the assumption that
K, = 0 for all a. From the assumption that the bending moment behaves
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according to classical elastic theory,
4 = Y URY, (4.35)

we can now read off the Young modulus of the Maxwell charged bent black
brane. The covariant form of the Young modulus is found to be [14]

3n+4
n?(n + 2)

— k& (n)r2 [T n + a5 )

1
N7 + 5,08 + 2ug 5(C

yed =P r2€,y(n) cosh? a
ab 1rota(n) (n + 2) cosh® a

(4.36)

From this result and the relation of the solution parameters ry and o we can
read off the four non-vanishing response coefficients, only three of which are
found to be independent. The response coefficients obtained from (4.29) and
(3.43) of the bending effects are as follows,

Q n+1 n n+2 n CI)Z

B

Q(n+1) n o\ n+2 5+l 1
Nk T, p) = —— — ) |k[**? —
(ki T, @) 167?G§2(n)<47rT> | |k|2 2(n +2)’
Qns1) n 2 (I)2 2
kT, oy) = —— — 1 —
M T, @) = =26 (m) (15 ) Ik ( )

M T, @) = Ms(k; T, ®)nk.
(4.37)

We now turn to the dipole contributions to the gauge field. The non-
vanishing dipole terms for the asymptotic gauge field are from (A.5)

aED) = cﬁsnft(tD), zl_ = s,{ftzl ) (4.38)

From this and the relations to the Gibbons-Maeda solutions on can construct
the electric dipole moment (3.44),

Pa = —&2(n) cosh asinh afu Ko, + ku K. (4.39)

Using the bending moment and the electric dipole moment the form of the
piezoelectric moduli can be written a covariant form

Rt = —=&(n)rg (%Q(zbuc) + %Jéo)ﬂbc) (4.40)
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The two response coefficients can be read from the piezoelectric moduli, of
which only one of them is found to be independent. From (3.45) and (4.29)
the electric response coefficients are as follows,

Qi1 &a(n) ¢ n \m+2 %\ 2
KT, ®p) = ( ) Oplkln(1— L)
& 1) = TorG 2 \aaT K k|2

ka(k; T, @) = vy (k; T, Py )nk.

(4.41)

4.4.2 The g < p case

The T-duality transformations allowed us to generate a higher-form charged
bent brane solution for type-II string theory D = 10. The generated solu-
tions are solutions of the truncated action (4.25) for black p-branes carrying
smeared Dg-charge. For these solutions the leading order stress-energy tensor
takes the form,

ab Q(”‘H) rn
O~ 167G 0

with a = (¢, ;).

We turn to the calculation of the bending moment and the electric dipole
moment for bent black branes carrying higher-form charge, leading to the
explicit form of their Young modulus and piezoelectric moduli and their
response coefficients. The procedure is the same as in the Maxwell charge
case. Again, noting f as the dipole contributions of the charged solution we
write them in terms of the neutral dipole contributions,

~(D 7 —
t(t)_(1+ 3 )ftt ) tz = Hftz ,

o (n cosh? auu® — n™), T(y(f)yj = Pjo¥Yi, (4.42)

A( +1

fzzzz L th +fz(iDZi)’ fyzyz 8 — 2ftt ) (4'43)
C]+1 5 q+1

S =T st 1P e = T s+ e

To obtain the non-zero bending moment components we follow the same
procedure as for the previous case of Maxwell charge. The relations obtained
from the transverse gauge condition all remain the same as before after the T-
duality transformations. The higher-form charge obtained by the T-duality
transformations is always smeared along the bending direction of the brane.
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The directions which the ¢-brane charge lies is always flat and this never
critically boosted. In chapter 2 an additional set of vectors U((f), 1=1,...,q,
is introduced to describe the ¢ directions in which the smeared charge is
located. We now write the bending moment in terms of the Gibbons-Maeda
boost and charge parameters using (4.23),

Kab 4 2uc Koy 4 3n+4
U U(q c T~ oV
(n + 2) cosh? a (@20) n?(n+ 2)

dp = — &5(n) cosh? a[ nabK}

q
— k&(n) [n(cos.h2 gy — sinh? a Z vc(f)vél)) - nab] K.
i=1

(4.44)

The same assumptions for the extrinsic curvature are made here as in the

previous case. The electric dipole moment is obtained as

aq]
(4.45)

From this expression, the piezoelectric moduli can be written and the re-

sponse coefficients read from them.

The general form of the bending moment and the electric dipole moment
is the same as in the case of the Maxwell charge, the reason being that the
extrinsic perturbations are always along the smeared directions.

Let’s first look at the case of bent branes carrying a string charge then
examine general higher-form charge. Black branes carrying a string charge
q = 1 have, to leading order, the stress energy tensor (omitting the index (1)
inv

)

Doar..a, = —(q + 1)1&(n) cosh asinh a [ucv(l) .UO(LZ)K;,]C + lzru[bvc(i)...v

[al..

a Q(n‘H) n a a : a a
T(O% =T (nu“u® — 4* — nN sinh® a(—uu® + v*")). (4.46)

The equilibrium condition to leading order for solutions with N =1 is ob-
tained by solving the 1st order corrected extrinsic equations of motion (3.14),
while setting d*” = 0,

n(u®u® cosh® @ — v™’ sinh® a) K, = K'. (4.47)

And the leading order intrinsic equation (3.13) is solved for ¢ = 1 by requir-
ing, as in the previous case, stationarity and taking the global temperature
and potential, T" = |k|T and &y = 27|(||k|®. The horizon thickness and
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charge parameter can then be written in terms of the global thermodynamic
quantities,

n 1 @2 \2 1 Dy
o1 = H ) fanha = — —H_ 148
7 '( 2 (KIIC])? 27 K[ (4.48)

The form of the Young modulus, calculated from the bending moments for
p-branes carrying g < p charge, ends up taking the same form as the Young
modulus in the ¢ = 0 case except that we use the leading order stress-energy
tensor Tég) written in the beginning of this section (4.42). The non-vanishing
response coefficients can then be extracted from the Young modulus and take
a form written in terms of the global thermodynamic quantities. Again, since
the Young modulus has the same form as before, of the four non-vanishing
response coefficients, only three are found to be independent. In terms of
(4.48) the response coeflicients are as follows,

Qn11) n_\m L @ \#( 3n+4
Mk, G T, ®y) = 7)) (o
1(k, G T, ®p) 167TG§2(H)<47TT> N 27 | k||| 2n2(n+2)

nt 1 92\
) n+1 n+2 —_ —
Aoll, G, @) = =0 (TH a (1 \klld) n+2
nt 1 % \?
K, GT, ) = S0 gy ) (2 L

Aa(k CT(I)H)—AZi( CTCD)n/?:
(4.49)

The piezoelectric moduli obtained from the electric dipole moment takes
the form

Rop = —&(n)r (2%6[(:vb]u + kI Cd>, (4.50)

and £ = H[(SZZ]). This form of the piezoelectric moduli is a natural gen-
eralization of the one obtained for the case of ¢ = 0. The non-vanishing
response coefficients corresponding to the piezoelectric moduli only have one

independent component. They read

Qng) &a(n) f n \n+2 1 %4 2
k,(;T, oy) = O, k"1 - ———H
e G, @n) = 35075 <47TT> ik or [k[|C]) © (4.51)
rs(k, (T, @y) = ka(k, G T, @ )nk.
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For branes carrying charges 1 < ¢ < p, the Young modulus is again,
simply the same as before except with the general ¢ stress-energy tensor
(3.60). Naturally, the number of independent response coefficients will again
be three. The piezoelectric moduli is a natural generalization to arbitrary g,

e Q (e
Rid 0 = —§g(n)7’(2)((q+ 1)!55[(,)0(91)... o + k) 0 ) (4.52)

with the property /ibal ag = /%Egjfmaq]. There is only one independent response

coefficient characterlzlng the piezoelectric moduli.
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Discussion

In chapter 1 we took together the tools needed to go from general relativity
and string theory to the discussion of the theory of blackfolds. The general
idea of what a p-brane is was introduced and it was explained how string
dualities can be used to generate new solutions, which turned out to be of
great use for the developments in [14], reviewed in chapters 3 and 4. A
simple example of smearing a brane solution was presented for the purpose
of clarifying the concept of smeared g-charges carried by a black p-brane.

The main topic of the thesis was the bending effects on charged fluid
black branes embedded in a background spacetime, characterized by two
widely separated horizon length scales. In other words the bending effects
on charged blackfolds. The blackfold approach for charged black p-branes
was reviewed in chapter 2, mainly the work of [26] and [27|. Necessary
concepts concerning the mathematics of embedding of p-branes in a back-
ground spacetime were presented and it was shown how the conservation
of the stress-energy tensor leads to the blackfold equations. The effective
stress-energy tensor and effective world-volume current was discussed for the
cases of branes carrying Maxwell charge and a higher-form charge and the
thermodynamic properties arising from them.

Following the introduction of the blackfold theory of charged black branes,
the framework of the blackfold approach in the 1st order correction of the
multipole expansion of the stress-energy tensor and charge current was re-
viewed, based on [13] [14]. A generalization of the neutral pole-dipole branes
obtained in [13] and [30] was presented for the case of electrically charged
branes. When the blackfold approach is expanded to 1st order correction,
while ensuring that backreaction effects are subleading and assuming a linear
response theory, it is shown that the bending effects of stationary charged
(an)isotropic fluid branes are captured by a relativistic generalization of con-
cepts in classical elastic theory. That is, the Young modulus and piezoelectric
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moduli, each of which is described by a set of response coefficients that char-
acterize the bending of the brane.

With the response coefficients of the charged black branes introduced in
chapter 3 we moved on to the explicit derivation of them for a special class of
solutions in chapter 4. Perturbing charged black brane solutions to first or-
der, to obtain their bent versions, turns out to be a difficult task, so instead,
the route taken to arrive at those solutions was to feed a bent neutral black
brane solution as a seed solution for a series of solution generating techniques.
In chapter 4 we began by introducing the method of matched asymptotic ex-
pansion, used to find bent black brane solutions, then we showed the specific
construction of the solution used to obtain the charged bent black branes. A
uplift-boost-reduction procedure, introduced in chapter 1, was used to obtain
the isotropic bent Maxwell charged brane by compactifying one of the up-
lift directions. Following from that, an anisotropic solution of type-II string
theory, carrying smeared ¢-charge, was obtained by successive T-duality com-
pactifications of the remaining uplifted directions. From the fact that these
solutions were obtained by use of solution generating techniques it follows
that the charge obtained is always smeared in the bending directions of the
branes.

It is, in fact, natural that fluid branes in the blackfold approach possess
attributes described by generalizations of concepts in fluid dynamics and
material sciences. The blackfold approach is a long wavelength theory and
fluid dynamics and material science are universal long wavelength theories,
so in the blackfold limit we expect them to be analogous to each other.

Finally, the dipole contributions to the metric and gauge field in the large-
r asymptotics of the solutions was derived for the case of 0-brane charge and
(¢ < p)-brane charge. From the dipole contributions it was possible to use
the framework from chapter 3 to write the Young modulus and piezoelectric
moduli for each case. Expressing the horizon thickness and charge parameter,
ro and «, in terms of global thermodynamic quantities made possible to write
every non-vanishing independent response coefficient in terms of numbers
characterizing the branes. In each case the bending effects were captured by
a total of 3 + 1 = 4 response coefficients, three for the Young modulus, and
one for the piezoelectric moduli. It is of interest to see how more general
bent black brane geometries, where the bending is not only in the smeared
directions but also in the directions which the brane is charged.

The work reviewed in the thesis sheds important light into further un-
derstanding of finite thickness effects of the blackfold approach to charged
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branes in supergravity. A complete characterization of stationary blackfolds
with ¢ > 1 smeared charge has not been developed yet. In that relation,
expanding the approach to higher order approximation is of obvious interest.

The authors of [14] mention the interesting developments that can be
made in context of AdS/CFT, which we briefly mentioned in the thermo-
dynamics section of chapter 1. Finding the metric of a bent D3-brane in
type-1IB string theory, we would expect a measurable extra contribution to
the dipole electric (magnetic) moment which would make it possible to mea-
sure electric (magnetic) susceptibilities. Further, in the context of AdS/CFT,
it is worth examining whether the response coefficients provide clues regard-
ing the microscopics of black holes and branes. Generally, it holds potential
in shedding further light on flat space holography.

Yet to be computed explicitly are the magnetic response coefficients, that
should arise if the angular momentum of the branes considering hadn’t been
put to zero. Naturally, there would be an induced magnetic dipole caused
by the angular motion of the charged brane. Another kind of magnetic
response coefficient can also be derived. Working in a magnetic dual frame,
by calculating the hodge dual of the produced gauge fields A = A, we could
obtain the magnetic dual of the electric dipole response coefficients.
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Appendix A

Large r-asymptotics of the bent
Maxwell charged solution

For convenience we define the object
H,, = cosf [}Ahw — ZT’KHU} , (A.1)

where h,,, is given by (4.13)-(4.16) and (4.18) and (4.19). The large-r asymp-
totic of the dilaton solution is

B 2~2 .n 2 d—3rn 7,71-‘1-2
—2a¢ _ 1 4 “x% 70 5 po (1 0 .2~2 0 A9
e +—d—2_7”n+d—2 tt ——Tns u +O " . < . )
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The large-r asymptotics of the generated metric components are

d—3 T d— 3, T"+2
gtt:ntt+( T3 i)r—°u§+Hﬁ(1+d 25 + OCtt>+(9( n+2)
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Ty d—3rg rot?
Gtz; = Cmr_nutui + Hticm 26& d 9 pn + O(Tn+2 )
2 rn n n+2
o 3 Sl To Sk d—3ry 5.9 To
e = 2 T g T 2H”< N ﬂr_nsﬁut> +O<rn+2)’
52 , 2
< ) +Hrr+d 2Htt+ OCTT_I_O( SL+2)7
n g 1Sj Iﬁ? ,rn+2
(A.3)
where
,d—=3( s
G = sy 2(d—2_ Ci)’
s [ . d—3
C..z, 7 _”‘2 [uinj + (uzu] — mjd — 2 23 2) Htt] 25, upti i H e,
A4)
s [ d—3 (
Crr - d—_2 [U?Hrr + < d—2 i 2) Htt:|7
s2u? d—3
Con = H H
20 =T, < QQ — Ygg; ey 255),

with H;; = H...., Nij = 02,2, and 4; = u,,. We have written ge¢, as the metric
for a (n + 1)-sphere of radius r. In terms of the parameters of the neutral
solution, the large-r asymptotics of the gauge field generated is

A rn T.61+2
t = SkCx rut—i—Htt 1—23 _Ut +O ) s

. 270 ~ - gt
A, = Sp | — Uty + Hy — 25, —ta Hy, | + O = |-
/,«n TTL n

(A.5)
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