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Unexpected ratios of neutrino 
flavours observed in experiments

Electron neutrino

Muon neutrino

Tau neutrino

Probability of observing a given flavour 
changes with distance travelled

Neutrino oscillations!

Neutrino Oscillations

Figure from https://en.wikipedia.org/wiki/Neutrino_oscillation
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Eigenstates of weak interactions: 

Figure from https://en.wikipedia.org/wiki/Neutrino_oscillation
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Neutrino Oscillations

νe, νμ, ντ

ν1, ν2, ν3

4 characterisation of icecube neutrino events using graph neural networks

to be what is today known as the neutrino. Its existence was con-
firmed for the first time in 1956 by Cowan and Reines, by studying
the hypothesised mechanism of the inverse beta decay in which an
electron antineutrino collides with a proton and form a positron and a
neutron

ν̄e + p+ −→ e+ + n (1.3)

Cowan and Reines used photomultiplier tubes (PMTs7) to detect7 These will be important later.

gamma rays from the interacting products of the inverse beta decay to
confirm that the decay had occurred and consequently that the electron
antineutrino had to have existed[7, 8].

1.2.2 Oscillating Neutrinos

In addition to the electron neutrino, the existence of the muon neutrino
was confirmed in 1962 by Lederman, Schwartz, and Steinberger. The
tau flavour was not theorised until 1975 when its charged counterpart,
the tau lepton, was discovered. The first hints of the existence of a third
neutrino flavour came from the now famous Homestake Experiment.
Officially named Brookhaven Solar Neutrino Experiment, the goal of the
experiment was to measure the flux of of neutrinos emitting from fu-
sion processes in the Sun, and indeed it was the first to successfully
do so. It was in continuous operation from 1970 until 1994 and was
headed by astrophysicists John N. Bahcall who performed the theo-
retical calculations prior to the experiment, and Raymond Davis, Jr.
who designed the experiment. When comparing the predicted rates
of neutrino detection to the experimental observations, only about a
third of the expected amount of neutrinos were detected. The deficit
was eventually established to be caused by the phenomenon of neu-
trino oscillations, which were first suggested by Bruno Pontecorvo in
1957[9, 10, 11].

Neutrino oscillations are, according to current understanding, a
consequence of the fact that the eigenstates of neutrino propagation
differ from the eigenstates of the weak neutrino interactions8 which8 Elaborated in Section 1.5.

are the associated with the flavour of the neutrino. We will represent
the flavour of a neutrino α as a superposition of mass eigenstates k:

|να⟩ = ∑
k∈1,2,3

U∗
αk |νk⟩ (1.4)

where Uαk are elements of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix 


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


 , (1.5)

challenges in particle physics 5

a unitary9 matrix that specifies the mixing strength of each flavour 9 Under the assumptions of the Standard
Model. Unitarity is defined by U†U = I.and mass state combination. An n × n unitary matrix will have n2 free

parameters, which in the case of the PMNS matrix10 becomes 3 mixing 10 This is under the assumption that the
neutrino is a Dirac particle. Treating it
as a Majorana particle, where their mass
term is not invariant under rephasings
of the neutrino field, 2 additional CP
phases are needed.

angles and 6 complex phases, 5 of which can be absorbed as phases
of the lepton fields resulting in 4 free parameters. The most common
parameterisation of the PMNS matrix is the three mixing angles θ12, θ13

and θ23 and the complex phase δCP which should be zero if neutrino
oscillations are to obey charge-parity symmetry11. 11 This is theorised to not be the case. CP

violating neutrinos could help explain
the asymmetric distribution of matter
and antimatter in the universe[12].

Using the shorthand cij = cos
�
θij


and sij = sin

�
θij


, the resulting

matrix is




Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


 =




1 0 0
0 c23 s23

0 −s23 c23







c13 0 s13e−iδCP

0 1 0
−s13eiδCP 0 c13







c12 s12 0
−s12 c12 0

0 0 1


 (1.6)

The matrix has solutions on the form

|ψ(t)⟩ = e−iEt |ψ(0)⟩ (1.7)

with ψ being the quantum state and E the energy of the neutrino.
Adjusting Eq. 1.4 accordingly, the time evolution of neutrino of flavor
α can be written as

|να(t)⟩ = ∑
k∈1,2,3

U∗
αk |νk(t)⟩ (1.8)

To obtain the probabilities of oscillation, the mass eigenstates in Eq.
1.8 must be expanded in the weak eigenbasis, by inverting the PMNS
matrix using the unitary condition

|νk⟩ = ∑
β∈e,ν,τ

Uβk
νβ


(1.9)

The probability of a neutrino oscillating from flavour α to flavour β

at time t, can be found by inserting Eq. 1.7 and Eq. 1.9 in Eq. 1.8

P(να −→ νβ) =
νβ

να

2

=



νβ




∑
k∈1,2,3

U∗
αke−iEkt ∑

λ∈e,ν,τ
Uλk


|νλ⟩


2

=

 ∑
k∈1,2,3

U∗
αkUβke−iEkt


2

= ∑
k,l∈1,2,3

U∗
αkUβkUαlU∗

βl e
−i(Ek−El)t (1.10)

Instead of treating the neutrinos as a wave packet12, we assume that 12 Which has been done in [13] and is for-
tunately phenomenologically equivalent
to the result obtained here.
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Neutrino Oscillations

Probability of oscillating from one flavour state to another

6 characterisation of icecube neutrino events using graph neural networks

that the neutrino states propagate as plane waves with equal momenta,
pk = pl = p. Using E2 = p2 + m2, we rewrite the energy difference

Ek − Ej = p





1 +
m2

k
p2 −


1 +

m2
l

p2




≈
m2

k − m2
l

2p
(1.11)

where the square roots have been Taylor expanded keeping only the
first terms. Converting to units of the speed of light (and approximat-
ing that the neutrinos propagate a this speed, covering a distance L in
time t), we get t = L and E ≈ p, and using ∆m2

kl = m2
k − m2

l we can
rewrite the phase terms of 1.10

e−i(Ek−El)t ≈ 1 − 2 sin2


∆m2

kl L
4E


+ i sin2


∆m2

lkL
2E


(1.12)

which leaves the full oscillation probability

P(να −→ νβ) = δαβ − 2 ∑
k,l∈1,2,3

Re


U∗
αkUβkUαlU∗

βl


sin2


∆m2

kl L
4E



+ ∑
k,l∈1,2,3

Im


U∗
αkUβkUαlU∗

βl


sin2


∆m2

lkL
2E


(1.13)

From Eq. 1.13 it can be concluded that the probability of oscilla-
tion depends on the energy and the distance traveled by the neutrino,
the square of the mass differences between the flavour states, and the
elements of PMNS matrix. An example of this relation is shown in
Figure 1.3, where the probability of oscillation from νµ to ντ for νµ

neutrinos created in Earths atmosphere and detected in the IceCube
detector is plotted as a function of their energy and their zenith an-
gle θzenith, which corresponds to the distance traveled from the atmo-
sphere, L = 2R cos(θzenith), where R is the radius of the Earth. This
relation is why accurate reconstruction of energy and angle are of great
importance for determining the elements of the PMNS matrix[14, 15,
16].

Figure 1.3: The probability of a νµ neu-
trino created in Earth’s atmosphere and
detected in the IceCube detector oscillat-
ing to a ντ before reaching the detector
as a function of its energy and zenith an-
gle, which is is a proxy for distance trav-
eled.
Image from [17]

1.2.3 Neutrino Mass and Sterile Neutrinos

Since the neutrino oscillations require the flavour states to be linear
combinations of the mass states, a direct consequence of the discovery
of neutrino interactions is the indications that neutrinos must have
mass. As mentioned in Section 1.1, in the Standard Model, neutrinos
are described as massless point particles. In the current framework, all
fermions except for the neutrinos have been found to exist in both left-
handed and right-handed states, while the left-handed neutrino states
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Figure 1.3, where the probability of oscillation from νµ to ντ for νµ

neutrinos created in Earths atmosphere and detected in the IceCube
detector is plotted as a function of their energy and their zenith an-
gle θzenith, which corresponds to the distance traveled from the atmo-
sphere, L = 2R cos(θzenith), where R is the radius of the Earth. This
relation is why accurate reconstruction of energy and angle are of great
importance for determining the elements of the PMNS matrix[14, 15,
16].

Figure 1.3: The probability of a νµ neu-
trino created in Earth’s atmosphere and
detected in the IceCube detector oscillat-
ing to a ντ before reaching the detector
as a function of its energy and zenith an-
gle, which is is a proxy for distance trav-
eled.
Image from [17]

1.2.3 Neutrino Mass and Sterile Neutrinos

Since the neutrino oscillations require the flavour states to be linear
combinations of the mass states, a direct consequence of the discovery
of neutrino interactions is the indications that neutrinos must have
mass. As mentioned in Section 1.1, in the Standard Model, neutrinos
are described as massless point particles. In the current framework, all
fermions except for the neutrinos have been found to exist in both left-
handed and right-handed states, while the left-handed neutrino states

Figure from
 https://nbi.ku.dk/english/research/experimental-particle-physics/icecube/neutrino-oscillation/
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1.2.3 Neutrino Mass and Sterile Neutrinos

Since the neutrino oscillations require the flavour states to be linear
combinations of the mass states, a direct consequence of the discovery
of neutrino interactions is the indications that neutrinos must have
mass. As mentioned in Section 1.1, in the Standard Model, neutrinos
are described as massless point particles. In the current framework, all
fermions except for the neutrinos have been found to exist in both left-
handed and right-handed states, while the left-handed neutrino states
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The IceCube Neutrino Observatory

Figure from https://nbi.ku.dk/english/news/news19/upgrade-of-a-research-icecube/
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IceCube Events

Neutrino interaction Cherenkov Radiation DOMs

Figure from 
http://large.stanford.edu/courses/2014/ph241/alaeian2/

Figure from 
https://commons.wikimedia.org/wiki/File:ICECUBE_dom_taklampa.jpg



Kaare Endrup Iversen  -  Characterisation of IceCube Neutrino Events Using Graph Neural NetworksJune 27th 2022 16 of 81

Event signatures

Different neutrino interactions lead to different event signatures

Muons have sufficient mass and lifetime to leave a distinct track

Invisible Track (neutrino)

Electromagnetic Cascade

Hadronic Cascade

Cherenkov Track (muon)

Displaced Vertex (Tau Lepton)

Figure from 
Etienne Bourbeau, Measurement of Tau Neutrino Appearance in 8 Years of IceCube Data
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Event signatures

Different neutrino interactions lead to different event signatures

Muons have sufficient mass and lifetime to leave a distinct track

Invisible Track (neutrino)

Electromagnetic Cascade

Hadronic Cascade

Cherenkov Track (muon)

Displaced Vertex (Tau Lepton)

Figure from 
Etienne Bourbeau, Measurement of Tau Neutrino Appearance in 8 Years of IceCube Data

Figure from 
Marek Kowalski et al., Neutrino astronomy with IceCube and beyond
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Atmospheric Neutrinos

Charged particles from the Cosmos interact with atomic 
nuclei in the atmosphere

The products are mostly light unstable mesons, and 
predominantly pions

Figure from Takaaki Kajita, Atmospheric Neutrinos
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Atmospheric Neutrinos

Charged particles from the Cosmos interact with atomic 
nuclei in the atmosphere

The products are mostly light unstable mesons, and 
predominantly pions

Charged pions decay to muons and muon antineutrinos 
or antimuons and muon neutrinos

Muons decays produce electron antineutrinos

8 characterisation of icecube neutrino events using graph neural networks

their neutral (π0) and charged (π+ and π−) variants, which primarily
undergo the decay processes

π0 −→ γ + γ (98.82% of the time) (1.14)

π+ −→ µ+ + νµ (99.99% of the time) (1.15)

π− −→ µ− + ν̄µ (99.99% of the time) (1.16)

and thus are the principal contributor to the flux of neutrinos in the
energy range relevant to the study of neutrino oscillations. In addi-
tion, the muons produced in these decays will also14 contribute to the14 Given that they don’t make it all the

way to the detector without decaying,
which they often will as explained in
Section 1.4.

neutrino flux as they decay into electrons

µ− −→ e− + ν̄e + νµ (100% of the time) (1.17)

Figure 1.5: Schematic of a cosmic ray
pion decay.
Image from [23]

A schematic of the pion decay chain is shown in Figure 1.5.
At larger energies, other mesons like the kaon (K+ and K−) become

increasingly prevalent. These are also of interest to neutrino studies as
they decay as

K+ −→ µ+ + νµ (63% of the time) (1.18)

K+ −→ π0 + e+ + νe (5% of the time) (1.19)

and similarly for the K− meson. The decay of Eq. 1.19 accounts of a
significant amount of electron neutrinos. At higher energies still, the
D mesons appear. These are of interest due to their large rest mass
which allows them to decay into tau leptons, which again produce tau
neutrinos during hadronic decay

τ− −→ µτ + (1 or more π)− (64% of the time) (1.20)

Figure 1.6: Distribution of cosmic ray
secondary products (mesons) and the re-
sulting muons and neutrinos. The D me-
son frequency is scaled up by 109 to il-
lustrate the negligibility of its contribu-
tion and explain the absence of the tau
neutrino.
Image from unpublished work by A. Fe-
dynitch and R. Engel [24]
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Noise & Muons

Muons decays produce electron antineutrinos

8 characterisation of icecube neutrino events using graph neural networks
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Many muons do not decay but make it to the detector
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Noise & Muons

Most of the recorded events in IceCube are 
caused by muons or noise from the detectors

These need to be filtered out to perform an 
analysis of neutrino oscillations

Figure from 
Etienne Bourbeau, Measurement of Tau Neutrino Appearance in 8 Years of IceCube Data



Partial conclusion: Accurate reconstruction of neutrino events depends on good events selection 
and reliable reconstruction algorithms. Current methods are slow and inflexible.
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Machine Learning

Figure from http://www.cognub.com/index.php/cognitive-platform/
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Machine Learning

Machine Learning: Algorithms designed to let computers “learn” from 
examples without being explixitly programmed

Figure from http://www.cognub.com/index.php/cognitive-platform/
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Neural Networks

Neural networks: Machine learning models made up of layers of nodes connected by weights
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Neural Networks

Neural networks: Machine learning models made up of layers of nodes connected by weights

Weights (and biases) are the learnable parameters of the neural network

machine learning in icecube 25

rons in the previous layer. Sometimes, another number called a bias is
added to the sum, and often, an activation function – a function that
constrains the value as shown in Figures 3.2, 3.3 and 3.4 – is applied
before assigning to next neuron its new value. The expression for the
value a of the ith neuron in the kth layer will be

a(k)
(i) = f

(
N−1

∑
j=0

(
w(k)
(i,j) · a(k−1)

(j)

)
+ b(k)

(i)

)
(3.1)

with w being the weights, b the biases, f the activation function and N
being the number of neurons in the (k − 1)th layer.

Figure 3.2: A sigmoid activation func-
tion

f (x) =
1

1 + e−x

which keeps the output between 0 and 1.

Figure 3.3: A Rectified Linear Unit
(ReLU) activation function

f (x) = max(0, x)

which sets values below 0 to 0.

Figure 3.4: A Leaky ReLU activation
function

f (x) = max(0.05x, x)

which linearly scales values below 0.

With each neuron in one layer connected to each neuron in the next,
and each connecting having its own unique weight, in a layer with 4
neurons connected to another layers with 4 neurons, each neuron will
have 4 connections, giving 16 total connections and weights, as shown
between the layers a(1) and a(2) in Figure 3.1. The first layers is called
the input layer, and as the name suggest, is where the network receives
the input, and its dimensions are defined by the input data structure.
The last layer is the output layer, which is interpreted as the answer,
and its dimensions are constrained by the type of answer desired. The
layers between the input and output are the hidden layers, and there
can be any number of these (modern deep learning methods us hun-
dreds of layers) and they can have any number of neurons. When
applying the algorithm to an input, the neurons in each layers receives
a value based on the neurons in the previous layer, and the answer
is determined from the values of the output layer. The weights and
biases are the variable components of the model, and it is by changing
their values that the network learns to produce correct answers. This
process is addressed in Section 3.3[64].

3.2 Graph Neural Networks

Graph Neural Networks (GNNs) are a sub-type of neural networks
based on the mathematical theory of graphs. It has arisen from a desire
to incorporate information about the structure of, and relationships be-
tween components of data into machine learning. For problems where
the data has clear non-euclidian structure, such as social networks, in-
frastructure models and molecular structures, the relational informa-
tion has been shown to be an valuable asset for accurate predictions[65,
66].

3.2.1 Graphs

In the context of graph theory, a graph consist of a set of nodes and
edges that connect two nodes. A graph is often denoted by G = V, E,
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Loss

Learning is carried out by optimising the 
weights and biases to minimise the loss
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Loss

Learning is carried out by optimising the 
weights and biases to minimise the loss

The loss function differs between tasks
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Activation functions, optimisers, train/validation split, learning rates, early stopping

Machine Learning
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Graph Neural Networks

Based on mathematical theory of graphs, consisting of nodes and edges

Well suited for data the lacks a rigid grid-like structure, but still contains a hierarchy
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Uses message passing schemes between each layer

The number of node- and edge-features may change but the number of nodes stay the same

Graph Neural Networks
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KNN method is used to create graph from pulses in an event

IceCube Events as Graphs
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EdgeConv

State Graph 1

State Graph 2

[n, 256]

[n, 256]

Min Max
Mean Sum

[n,6]
MLP Prediction

[1,n_outputs]

MLP

[1,1035]

Node Aggregation

EdgeConv

Global
Statistics

EdgeConv

State Graph 3

EdgeConv

[n, 256]

State Graph 4

[n, 256]

[1,5]

k-nn 

for j in range(num_nodes):

[n,256][n,h]

EdgeConv

[n, 1030]

Input Graph

GraphNeT & DynEdge

GraphNeT is the combined GNN efforts within IceCube

DynEdge if the common GNN architecture used within GraphNeT and in this work

Figure by Rasmus Ørsøe



Partial conclusion: GNNs have already been shown to work well on IceCube regression and 
classification tasks. But what range of problems are they suited for and 
what do we stand to gain from it?
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Preface

Loss functions:

Optimiser: ADAM

Learning rate:

Sample distribution:

Comparison:

Training data:

Slanted triangular LR schedule with early stopping

Even when possible

RetroReco

IceCube MC simulations

Classification: 			   Binary Cross Entropy
Angular regression: 	 2D Von Mises-Fisher

Other regressions: 	 LogCosh
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R

IQR(R)

P84P16

Preface

Plot types

R = truth - reco	 (most often)

W(R) = IQR(R)/1.349
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Setup: Regression of the time of neutrino interaction can be useful for some 
studies, but the GNN reconstruction struggles with this task. 
The problem is likely the uneven distribution of the target variable.

Interaction Time Regression
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Approach: Apply scaling to the target variable. Attempt 1: RobustScaler

Interaction Time Regression
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Approach: Apply scaling to the target variable. Attempt 2: QuantileTransformer

Interaction Time Regression
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Approach: Apply scaling to the target variable. Attempt 2: QuantileTransformer

Interaction Time Regression
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Interaction Time Regression

QuantileTransformer

UntransformedRetroReco

RobustScaler



Conclusion: While non-linear transformations do not 
work well during ML optimisation, it can be 
necessary for some regression tasks.

The GraphNeT group has since implemented 
this in the framework. 
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Setup: GNNs have been shown to work well at separating neutrino events 
from noise and muons. But will it actually improve the OscNext 
cleaning pipeline, and if so by how much?

Event Selection Pipeline
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Event Selection Pipeline

Approach: Train particle/noise classification model



Kaare Endrup Iversen  -  Characterisation of IceCube Neutrino Events Using Graph Neural NetworksJune 27th 2022 47 of 81

Event Selection Pipeline

Approach: Train particle/noise classification model (and add neutrino/muon classifier)
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Event Selection Pipeline

Approach: Add track/cascade classification model
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Event Selection Pipeline

Approach: Add track/cascade classification model
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Event Selection Pipeline



Conclusions: Using GNNs for the OscNext events selection could improve the effeciency from 12.8% 
to 20.6% and the purity from 94.9 % to 99.5 %.

Real data comparison looks promising.

Track/cascade separation is hard but possible.
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Upgrade Pulse Cleaning

IceCube Upgrade is the envisioned low-energy-
focused extension of the IceCube detector array

Upgrade features higher detector density and 
new DOM types

Figure from Marek L. Kowalski, Next generation neutrino detectors at the South Pole
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Setup: The new Upgrade DOMs are very noisy due to contamination with radioactive isotopes.

Figure from Tania Kozynets & Tom Stuttard, GNN-assisted pulse cleaning for the IceCube-Upgrade

Upgrade Pulse Cleaning
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Setup: The new Upgrade DOMs are very noisy due to contamination with radioactive isotopes.

Promising pulse cleaning has already been demonstrated using a simple GNN.

Figure from Tania Kozynets & Tom Stuttard, GNN-assisted pulse cleaning for the IceCube-Upgrade

Upgrade Pulse Cleaning
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Upgrade Pulse Cleaning

Approach: Train a model for pulse-level noise cleaning using the DynEdge architecture



Conclusions: Pulse cleaning using DynEdge works well compared to the previous model. 

The real test should to see if the additional noise can be nullified by the pulse cleaning.
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Conclusions & Outlook
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Setup: With no real comparison for the pulse cleaning, we want 
to get a measure of its effect on the upgrade data.

Regression of Cleaned Pulses
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Approach:

Energy

Train regression models on cleaned data and uncleaned 
data with the old and new noise models.

Regression of Cleaned Pulses
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Approach:

Azimuth

Train regression models on cleaned data and uncleaned 
data with the old and new noise models.

Regression of Cleaned Pulses
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Approach:

Zenith

Train regression models on cleaned data and uncleaned 
data with the old and new noise models.

Regression of Cleaned Pulses



Conclusions: Pulse cleaning improves reconstruction performance so that 
it is comparable to the old noise model.

Reconstruction is still lacking in certain ranges, namely the 
low-energy regime and the cascade-like events.



Intermezzo 1

Revisiting Pulse Cleaning
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Setup: With reconstruction performance lacking in distinct ranges, improvements 
to the pulse cleaning or event selection could improve reconstruction.

Revisiting Pulse Cleaning
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Revisiting Pulse Cleaning

Approach 1: Train a model for low energy events separately



Kaare Endrup Iversen  -  Characterisation of IceCube Neutrino Events Using Graph Neural NetworksJune 27th 2022 67 of 81

Approach 1: Train a model for low energy events separately

Revisiting Pulse Cleaning
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Approach 2: Train a model for track/cascade-like events separately

Revisiting Pulse Cleaning
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Approach 3: Use number of pulses as a parameter for event selection

Revisiting Pulse Cleaning
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Approach 4: Use zenith kappa estimation as a parameter for event selection

Revisiting Pulse Cleaning
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Approach 3: Use number of pulses as a parameter for event selection

Zenith

Revisiting Pulse Cleaning
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Approach 3: Use number of pulses as a parameter for event selection

Azimuth

Revisiting Pulse Cleaning
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Approach 3: Use number of pulses as a parameter for event selection

Energy

Revisiting Pulse Cleaning



Conclusion: Simple event selection can improve reconstruction performance. 

More sophisticated methods like GNNs or current OscNext tools 
should improve the cleaned events beyond the old noise model.



Intermezzo 2

Quality of Cleaned Events
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Quality of Cleaned Events
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Quality of Cleaned Events



Kaare Endrup Iversen  -  Characterisation of IceCube Neutrino Events Using Graph Neural NetworksJune 27th 2022 78 of 81

Quality of Cleaned Events



Introduction My Work Conclusions & Outlook



Interaction Time Reconstruction

Event Cleaning Pipeline

Pulse Cleaning

Regression of cleaned pulses

Non-linear transformation can be beneficial for 
some regression tasks.

It the case of interaction time, it allows the GNN 
to outperform retro in the desired energy ranges.

GNNs allow for higher effeciency and purity rates 
than the current OscNext cleaning pipeline.

The new selection of events are well suited for 
regression with the GNN

Applying a simple event selection criterion makes 
this true in all but a few ranges.

+ +

The more sophisticated GNN is better at cleaning 
the additional Upgrade noise than the simple (but 
already good) GNN.

Reconstruction of cleaned pulses nullify the 
effect of the extra noise in many byt not all cases.

Conclusions



Thank you!
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Von Mises-Fisher Loss

30 characterisation of icecube neutrino events using graph neural networks

becomes

L =
1
N

N−1

∑
i=0

log(pi) (3.6)

where N is the number of training examples and pi is the corrected
probability[75, 76].

Von Mises-Fisher Loss: The VMF loss is used for angles, and can in
principle be used to regress direction in a space of any dimension. It is
based on the von Mises-Fisher distribution, a probability distribution
on a (n-1)-sphere9 in Rn. For a predicted direction x and true direction9 For mathematical definitions of n-

spheres, see [77]. µ, denoted the mean direction of the probability distribution, the PDF
is given by

pn(x|µ, κ) = Cn(κ) exp
(

κµTx
)

(3.7)

where κ is called the concentration parameter, which is analogous the
term 1

σ2 in a normal distribution: When κ is zero, the distribution is
uniform, and when it is large the distribution is concentrated around
µ. Multiple ways exists of estimating if the full underlying distribu-
tion is known κ[78, 79], but this work employs the trick of allowing of
allowing the model to output an estimation of κ alongside the predic-
tions, which has been found to work well. Figure 3.8 shows samples
drawn from distributions with different values of κ on a sphere. C is a
normalisation constant, given by[80, 81]

Figure 3.8: Samples from 3 different von
Mises-Fisher distributions with κ = 1, 10
and 50, respectively on a 3D sphere (2-
sphere).
Image from [82].

Cn(κ) =
κn/2−1

(2π)n/2 In/2−1(κ)
(3.8)

where Iv is the modified Bessel function of the first kind at order v.
In 3 dimensions, this reduces to

Cn(κ) =
κn

4π sinh(κ)
(3.9)

In this work, only one angle of direction is regressed at a time, and
thus the 2 dimensional distribution is used. This is sometimes known
just as the von Mises distribution or the circular normal distribution,
and the normalisation constant becomes

Cn(κ) =
1

2π I0(κ)
(3.10)

The probability distribution can be used to create a log function by
taking the negative log likelihood of Eq. 3.7, using the 2D normalisa-
tion from Eq. 3.10

L = − log pn(x|µ, κ) = − log(κ) + log(2π) + log(I0(κ)) (3.11)

The final term of Eq. 3.11 is non-trivial but has been treated in [83]
and [79].
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