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Simple Harmonic Oscillator
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<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Simple Harmonic Oscillator?
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<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Neural networks
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<latexit sha1_base64="1cRqv0v3II7DquIebzqP6RKxYCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IunEME8IFnC7GQ2GTL7YKZXDEt+w4sHRbz6M978GyfJHjSxoOmiqpvpKS+WQqNtf1srq2vrG5u5rfz2zu7efuHgsKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qd+q1HrrSIwgccx9wN6CAUvmAUjdR9KuEZuSa1mum9QtEu2zOQZeJkpAgZ6r3CV7cfsSTgITJJte44doxuShUKJvkk3000jykb0QHvGBrSgGs3nd08IadG6RM/UqZCJDP190ZKA63HgWcmA4pDvehNxf+8ToL+lZuKME6Qh2z+kJ9IghGZBkD6QnGGcmwIZUqYWwkbUkUZmpjyJgRn8cvLpHledirlyv1FsXqTxZGDYziBEjhwCVW4gzo0gEEMz/AKb1ZivVjv1sd8dMXKdo7gD6zPH5FTkBg=</latexit>

x(t) = NN(t)

NN = Universal approximators 
(Universal Approximation Theorem, G. Cybenko 1989)



Neural networks
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<latexit sha1_base64="1cRqv0v3II7DquIebzqP6RKxYCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IunEME8IFnC7GQ2GTL7YKZXDEt+w4sHRbz6M978GyfJHjSxoOmiqpvpKS+WQqNtf1srq2vrG5u5rfz2zu7efuHgsKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qd+q1HrrSIwgccx9wN6CAUvmAUjdR9KuEZuSa1mum9QtEu2zOQZeJkpAgZ6r3CV7cfsSTgITJJte44doxuShUKJvkk3000jykb0QHvGBrSgGs3nd08IadG6RM/UqZCJDP190ZKA63HgWcmA4pDvehNxf+8ToL+lZuKME6Qh2z+kJ9IghGZBkD6QnGGcmwIZUqYWwkbUkUZmpjyJgRn8cvLpHledirlyv1FsXqTxZGDYziBEjhwCVW4gzo0gEEMz/AKb1ZivVjv1sd8dMXKdo7gD6zPH5FTkBg=</latexit>

x(t) = NN(t)

NN = Universal approximators 
(Universal Approximation Theorem, G. Cybenko 1989)



Neural networks
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<latexit sha1_base64="1cRqv0v3II7DquIebzqP6RKxYCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IunEME8IFnC7GQ2GTL7YKZXDEt+w4sHRbz6M978GyfJHjSxoOmiqpvpKS+WQqNtf1srq2vrG5u5rfz2zu7efuHgsKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qd+q1HrrSIwgccx9wN6CAUvmAUjdR9KuEZuSa1mum9QtEu2zOQZeJkpAgZ6r3CV7cfsSTgITJJte44doxuShUKJvkk3000jykb0QHvGBrSgGs3nd08IadG6RM/UqZCJDP190ZKA63HgWcmA4pDvehNxf+8ToL+lZuKME6Qh2z+kJ9IghGZBkD6QnGGcmwIZUqYWwkbUkUZmpjyJgRn8cvLpHledirlyv1FsXqTxZGDYziBEjhwCVW4gzo0gEEMz/AKb1ZivVjv1sd8dMXKdo7gD6zPH5FTkBg=</latexit>

x(t) = NN(t)

NN = Universal approximators 
(Universal Approximation Theorem, G. Cybenko 1989)



Neural networks
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<latexit sha1_base64="1cRqv0v3II7DquIebzqP6RKxYCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IunEME8IFnC7GQ2GTL7YKZXDEt+w4sHRbz6M978GyfJHjSxoOmiqpvpKS+WQqNtf1srq2vrG5u5rfz2zu7efuHgsKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qd+q1HrrSIwgccx9wN6CAUvmAUjdR9KuEZuSa1mum9QtEu2zOQZeJkpAgZ6r3CV7cfsSTgITJJte44doxuShUKJvkk3000jykb0QHvGBrSgGs3nd08IadG6RM/UqZCJDP190ZKA63HgWcmA4pDvehNxf+8ToL+lZuKME6Qh2z+kJ9IghGZBkD6QnGGcmwIZUqYWwkbUkUZmpjyJgRn8cvLpHledirlyv1FsXqTxZGDYziBEjhwCVW4gzo0gEEMz/AKb1ZivVjv1sd8dMXKdo7gD6zPH5FTkBg=</latexit>

x(t) = NN(t)

NN = Universal approximators 
(Universal Approximation Theorem, G. Cybenko 1989)



Neural networks
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<latexit sha1_base64="1cRqv0v3II7DquIebzqP6RKxYCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IunEME8IFnC7GQ2GTL7YKZXDEt+w4sHRbz6M978GyfJHjSxoOmiqpvpKS+WQqNtf1srq2vrG5u5rfz2zu7efuHgsKmjRDHeYJGMVNujmksR8gYKlLwdK04DT/KWN7qd+q1HrrSIwgccx9wN6CAUvmAUjdR9KuEZuSa1mum9QtEu2zOQZeJkpAgZ6r3CV7cfsSTgITJJte44doxuShUKJvkk3000jykb0QHvGBrSgGs3nd08IadG6RM/UqZCJDP190ZKA63HgWcmA4pDvehNxf+8ToL+lZuKME6Qh2z+kJ9IghGZBkD6QnGGcmwIZUqYWwkbUkUZmpjyJgRn8cvLpHledirlyv1FsXqTxZGDYziBEjhwCVW4gzo0gEEMz/AKb1ZivVjv1sd8dMXKdo7gD6zPH5FTkBg=</latexit>

x(t) = NN(t)

NN = Universal approximators 
(Universal Approximation Theorem, G. Cybenko 1989)



Harmonic Oscillator?
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<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0

2nd order ODE      1st order system:



<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

Harmonic Oscillator?
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2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Harmonic Oscillator?
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<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Harmonic Oscillator?
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<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Harmonic Oscillator?
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<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Harmonic Oscillator?
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<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



Harmonic Oscillator?

16

<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

<latexit sha1_base64="Lq7G54cVZEEQEl1zd2PzG7CFulE=">AAACGnicbVDLSgMxFM3UV62vUZdugkWpiGVGpLoRim5clQr2AZ1SMmmmDc08SDJDyzDf4cZfceNCEXfixr8xnc5CWw8Ezj3n3iT32AGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29pvBDjkkD+8znbRsJwqhHGpJKRtoBJ8i1GWnZo9up34oIF9T3HuQkIF0XDTzqUIykknq6afV9GY8TeHwNI2hZhbSO0vrMcjjC8QiO4Sms1UrRSRK7SU8vGmUjBVwkZkaKIEO9p3+qO3HoEk9ihoTomEYguzHikmJGkoIVChIgPEID0lHUQy4R3ThdLYFHSulDx+fqeBKm6u+JGLlCTFxbdbpIDsW8NxX/8zqhdK66MfWCUBIPzx5yQgalD6c5wT7lBEs2UQRhTtVfIR4ilYdUaRZUCOb8youkeV42K+XK/UWxepPFkQcH4BCUgAkuQRXcgTpoAAwewTN4BW/ak/aivWsfs9acls3sgz/Qvn4AibietQ==</latexit>

ẋ = v

v̇ = �kx+NN(v)

m

2nd order ODE      1st order system:

<latexit sha1_base64="/VpgBPbVTneTAOH86l/wVWcjEsg=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewD2lAmk2k7dB5hZiItIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7Txgzqo3nfTuFtfWNza3idmlnd2//wD0st7RMFCZNLJlUnRBpwqggTUMNI51YEcRDRtrh+G7mt5+I0lSKRzONScDRUNABxchYqe+WeS+KpEknGTyH4wm8gV7frXhVbw64SvycVECORt/96kUSJ5 wIgxnSuut7sQlSpAzFjGSlXqJJjPAYDUnXUoE40UE6vz2Dp1aJ4EAqW8LAufp7IkVc6ykPbSdHZqSXvZn4n9dNzOA6SKmIE0MEXiwaJAwaCWdBwIgqgg2bWoKwovZWiEdIIWxsXCUbgr/88ippXVT9WrX2cFmp3+ZxFMExOAFnwAdXoA7uQQM0AQYT8AxewZuTOS/Ou/OxaC04+cwR+APn8wdAgZNJ</latexit>

mẍ+ kx = 0



<latexit sha1_base64="ALI7DjmVNhVZlx/ij7BbY/v04RA=">AAACB3icbZDLSgMxFIbPeK31NupSkGARBKHMiFQ3QtGNywr2Au1QMmmmDU1mhiQjLUN3bnwVNy4UcesruPNtTNtBtPWHwMd/zklyfj/mTGnH+bIWFpeWV1Zza/n1jc2tbXtnt6aiRBJaJRGPZMPHinIW0qpmmtNGLCkWPqd1v389rtfvqVQsCu/0MKaewN2QBYxgbay2fSBanU6k08EInSC/9YOoP0CXyGnbBafoTITmwc2gAJ kqbfvT3EESQUNNOFaq6Tqx9lIsNSOcjvKtRNEYkz7u0qbBEAuqvHSyxwgdGaeDgkiaE2o0cX9PpFgoNRS+6RRY99RsbWz+V2smOrjwUhbGiaYhmT4UJBzpCI1DQR0mKdF8aAATycxfEelhiYk20eVNCO7syvNQOy26pWLp9qxQvsriyME+HMIxuHAOZbiBClSBwAM8wQu8Wo/Ws/VmvU9bF6xsZg/+yPr4BnTnl8E=</latexit>

mẍ+ bẋ+ kx = 0

Damped Harmonic Oscillator!
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<latexit sha1_base64="+z8gaWdBxjDMUCD9EESEfUQtorE=">AAACGHicbVDLSsNAFJ34rPEVdelmsCiCWBOR6kYounFZwT6gCWUynbRDJw9mJqEl5DPc+CtuXCjitjv/xmmahbYeGDj3nHtn5h43YlRI0/zWlpZXVtfWSxv65tb2zq6xt98UYcwxaeCQhbztIkEYDUhDUslIO+IE+S4jLXd4P/VbCeGChsGTHEfE8VE/oB7FSCqpa1zYvVCmowye3MIE2rae10len9seRzgdwhE8g24Cs9TPukbZrJg54CKxClIGBepdY6JuxLFPAokZEqJjmZF0UsQlxYxkuh0LEiE8RH3SUTRAPhFOmi+WwWOl9KAXcnUCCXP190SKfCHGvqs6fSQHYt6biv95nVh6N05KgyiWJMCzh7yYQRnCaUqwRznBko0VQZhT9VeIB0ilIVWWugrBml95kTQvK1a1Un28KtfuijhK4BAcgVNggWtQAw+gDhoAg2fwCt7Bh/aivWmf2tesdUkrZg7AH2iTH3/DnjY=</latexit>

ẋ = v

v̇ = �kx+ bv

m

<latexit sha1_base64="yeuw7l5y376+G11QZofok0W60EM=">AAACEnicbVC7TsMwFHXKq4RXgJHFogLBQJUgVFiQKlgYi0QfUhNVjuu0Vh0nsp2qVZRvYOFXWBhAiJWJjb/BTTtAy5EsnXvOvbbv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29howSgUkdRywSLR9JwigndUUVI61YEBT6jDT9we3Ebw6JkDTiD2ocEy9EPU4DipHSUsc6dbuRSkcZPL6GQ+i6Zl4P8/rMDQTC6QCOsjTMOlbJLts54CJxZqQEZqh1rC99F05CwhVmSMq2Y8fKS5FQFDOSmW4iSYzwAPVIW1OOQiK9NF8pg0da6cIgEvpwBXP190SKQinHoa87Q6T6ct6biP957UQFV15KeZwowvH0oSBhUEVwkg/sUkGwYmNNEBZU/xXiPtI5KJ2iqUNw5ldeJI3zslMpV+4vStWbWRxFcAAOwQlwwCWogjtQA3WAwSN4Bq/gzXgyXox342PaWjBmM/vgD4zPHzKqnJc=</latexit>

ẋ = v

v̇ = �kx

m

2nd order ODE      1st order system:
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Machine learning

Scientific

Scientific Machine Learning



Structure
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VGG-16 CNN (ImageNet)

• The major advances in machine 
learning were due to encoding more 
structure into the model
• More structure = faster and better fits 

from less data
• Convolutional Neural Networks are 

structure assumptions



Extrapolation and generalization
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(arXiv:2102.12695)

• LIGO Black Hole dynamics from the 
gravitational wave data



TICRA
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📍 Copenhagen, Denmark

👶 Founded in 1971

⚡ Electromagnetic radiation

🚀 Long partnership with the European Space 
Agency (ESA), spacecraft manufacturers, and 
satellite operators

📡 Flagship product: TICRA Tools

GRASP CHAMP3DESTEAM QUPES POS

TICRA TOOLS 

UQ

🤓 50 employees
≥ 80% with MSc
~ 60% with Ph.D. 



TICRA Core Customers

• Space agencies

• Satellite operators

• Satellite, payload and antenna manufacturers

22



Design Philosophy – Scientific Machine Learning
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ML-AIDED ANTENNA DESIGN

Domain knowledge

High quality data
Advanced Algorithms 

Scientific Machine Learning

Core assets:

• Tailored, state-of-the art simulation and 
optimisation tools for antenna design

• Solutions to  antenna design task that 
competitors cannot currently solve



www.ticra.com

Incorporating physics into ML models 
2025/06/04



Why incorporate physics?

• Traditional methods for solving SciML problems can be slow
o ML surrogate models could alleviate computational bottlenecks

• SciML data has rich structure that we can take advantage of
o Data is generated by physics and therefore well-defined 

(unlike e.g. predicting human behaviour)
o The physics is often theoretically well-understood

• Incorporating physics makes prediction task easier
o Shrinks space of possible solutions
o Acts as a regularizer
o Can allow for extrapolation, instead of just interpolation
o Can make models more interpretable and/or trustworthy



Basic example



www.ticra.com

PINNs (Physics-informed NN)
Enforcing physics through soft constraints

2025/06/04



Enforcing physics through soft constraints: PINNs

• Introduced in 2019

• Idea: 

o Given a PDE, e.g.                                      , approximate its solution with a NN

o Train it to minimize



Enforcing physics through soft constraints: PINNs

>14k citations, making it the most cited numerical methods paper of the 21st century

Still, lots of problems:
• Training instabilities, especially in high-frequency domain
• Only works for small networks (typically less than 0.5M parameters)
• No accuracy guarantees, as opposed to traditional numerical methods
• Uses expensive second order optimization 

methods (L-BFGS), which has implications 
for activations functions
• etc. 



www.ticra.com

Satisfying physical laws
Enforcing physics through hard constraints

2025/06/04



Enforcing physics through hard constraints: Via problem formulation

• Suppose you were designing an antenna, 
trying out different designs

• Every change requires you to wait 
minutes before you can see if it got 
better 

• Train a surrogate model to predict the 
antenna's EM field from the design 
parameters!



Enforcing physics through hard constraints: Via problem formulation

From design parameters, predict 
• EM field in grid (3264 predicted variables)



Enforcing physics through hard constraints: Via problem formulation

From design parameters, predict 
• EM field in grid (3264 predicted variables)
• Expansion (SWE) coefficients encoding the EM field (96 predicted variables)

o Compressed representation
o Guarantees that the predicted field is a solution to Maxwell's equations (!!)



Enforcing physics through hard constraints: Via problem formulation

Good performance, but quite jittery/unphysical



Enforcing physics through hard constraints: Via problem formulation

Still good performance, but much more physically correct
(this stuff matters to domain experts!)



www.ticra.com

Thank you!
Christian Buus Michelsen
Senior ML Engineer @ TICRA
Scientific Machine Learning 2025-06-04
https://github.com/ChristianMichelsen/SciMLPresentation


