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Previous lectures

GANs

Domain shift

Tried to connect it with previous lectures:

Week 4: GANs

Week 6: Domain shift

Find a transformation T: 𝑻𝒄 𝒑 𝒙 𝒄 = 𝒑(𝒙) 
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https://www.nbi.dk/~petersen/Teaching/ML2025/Week4/ML2025_AutoEncoders.pdf
https://www.nbi.dk/~petersen/Teaching/ML2025/Week6/ML2025_DomainShiftsAndAdversarialTraining.pdf


Correct Domain Shifts (Domain Gap, 

Domain Adaptation, Decorrelation or 

Representation learning)

using Optimal Transport
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High dimensional image space

(Cat vs dog or generated vs true)

Performance metrics

• How to measure convergence between 𝜇 and 𝜈 ?

• BCE can be used to classify the difference
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Target (𝜈)GAN Generated image (𝜇)Random noise

𝜇 𝜈



Performance metrics

• How to measure convergence between 𝜇 and 𝜈 ?

• BCE can be used to classify the difference

• Project high dimension data into 1d simplex

• Discriminator measure the ratio (vertical)

Can you think for a different measure?
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Target (𝜈)GAN Generated image (𝜇)Random noise

𝜇𝜈 𝜈 𝜇



Distance metric – performance

• How to measure convergence between 𝜇 and 𝜈 ?

• BCE can be used to classify the difference

• Project high dimension data into 1d simplex

• Discriminator measure the ratio (vertical)

Can you think for a different measure?

• Horizontal distance or transport distance

• Ratio > displacement vector

• “Optimal transport”
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𝜇𝜈 𝜈 𝜇

𝑓

Horizontal distance

𝜇

𝜇

𝜈



Transportation Theory
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Wasserstein distance

• Find the transport that minimizes the W

• 𝑊𝑝 𝜇, 𝜈 = inf
f 𝜇 =𝜈

𝑐 𝑥, 𝑓(𝑥) 𝑝
1

𝑝

• Combinatorial problem

 “try” all transport maps

• Cost: 𝑐 𝑥, 𝑦 = 𝑥 − 𝑓 𝑥
2

• By definition “order preserving”

• Cyclical monotonicity

WassersteinKL div

f

𝜇𝜈
𝜇𝜈

f

f
f



The optimal in optimal transport

• Infinite number of possible transformation f

• Which one to choose?
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x

y

Optimal transport

Select f with lowest c

𝑐 𝑥, 𝑦 = 𝑥 − 𝑓 𝑥
2

𝑎
𝑏

𝑐



Optimal transport

• Applications

• Transport is costly

• Minimum change is desirable

Nature is lazy
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Find the optimal transport using machine learning

Solving Kantorovich dual problem
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Optimal transport architecture

1101/06/2025 Malte Algren

𝕃 𝝓, 𝝍 = 𝒎𝒊𝒏𝒇𝒎𝒂𝒙𝒈 ෍ 𝒇𝝓 𝒚; 𝜽 + 𝒙 ⋅ 𝜵𝒙𝒈𝝍 𝒙; 𝜽′ − 𝒇𝝓(𝜵𝒙𝒈𝝍 𝒙; 𝜽′ , 𝜽′)  with the ෡𝑻 = 𝜵𝒙𝒈(𝒙; 𝜽′)

Optimal transport can be solved using two convex NN:

• Convex neural networks: ℎ(𝑥; 𝜃) is a convex function

• Two convex neural networks - f & g

• Transport map: ෠𝑇 = 𝛻𝑥𝑔(𝑥; 𝜃′)

Optimal Neural Solver 

𝜇

𝜈



Optimal transport in HEP

Flavour tagging in ATLAS:

1. Classify the flavour of a hadronic decay

A. Using transformer classifier using CE

B. Trained on simulation (mismodelled)

C. Evaluated and compare on real data (Domian shift)
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Optimal transport in HEP

Calibrate flavour tagging in ATLAS:

1. Evaluated on real data (Domian shift)

A. Find the optimal transport (simulate > data) 

B. Physics measurement on correct/calibrated simulation

• Simulation adapted to the data
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Decorrelate against protected variables (gender, race):

1. Train a classifier to give bank loans

2. The classifier should not use your weight as a feature

• Do not have direct access to your weight

• It can see if you subscript to a gym

Optimal transport in HEP
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Biased classification

Unbiased classification

How to optimize for 𝜆 ?!



Decorrelate against protected variables (gender, race):

1. Train a classifier to give bank loans without any decorrelation

2. Find the optimal transport between 𝑇𝑚 𝑝 𝑥 𝑚 = 𝑝 𝑥

A. Work as a post-processing of the discriminate score

B. More stable than decorrelation during training

C. Scales better to higher dimensions

Optimal transport in HEP
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Biased classification Unbiased classification

𝑇𝑚 𝑝 𝑥 𝑚 = 𝑝 𝑥
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Optimal transport - very active field of research:

• Many algorithms in development (sinkhorn, neural solver etc.)

• Various application in science

• Looking for the best ways to solve OT

• High energy physics is the perfect playground

• All forms of data sample

Outlook

Thank you for listening! 
Questions?



Backup slides
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Quick introduction to Optimal Transport and the Kantorovich duality

• Finding the optimal transport map ෠𝑇(𝑥) that satisfies:

෠𝑇 𝑥 = arginf
𝑇 𝑥 :𝑝′(𝑥′)≡𝑞(𝑥)

න 𝑑𝑥 𝑝 𝑥  𝑐[𝑥, 𝑇(𝑥)]

• It can be formulated into a dual optimisation problem

መ𝑓 𝑦; 𝜃 = arginf
𝑓∈𝑐𝑣𝑥(𝑇)

׬ 𝑑𝑦 𝑞 𝑦 𝑓 𝑦; 𝜃 + ׬ 𝑑𝑥  𝑝 𝑥 𝜃 𝑓∗ 𝑥; 𝜃  with 𝑓∗ 𝑥; 𝜃 = sup
𝑦∈𝑌

𝑥 ⋅ 𝑦 − 𝑓(𝑦; 𝜃)

• Optimising over 𝑓∗ 𝑥; 𝜃  and substituting it with another convex function

𝕃 𝝓, 𝝍 = 𝐦𝐢𝐧𝒇𝐦𝐚𝐱𝒈 σ 𝒇𝝓 𝒚; 𝜽 + 𝒙 ⋅ 𝛁𝒙𝒈𝝍 𝒙; 𝜽′ − 𝒇𝝓(𝛁𝒙𝒈𝝍 𝒙; 𝜽′ , 𝜽′) with the ෡𝑻 = 𝛁𝒙𝒈(𝒙; 𝜽′)

Which can be minimised using two convex networks f and g
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Optimal transport



Optimal transport architecture
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𝕃 𝜙, 𝜓 = min𝑓max𝑔 ෍ 𝑓𝜙 𝑦; 𝜃 + 𝑥 ⋅ 𝛻𝑥𝑔𝜓 𝑥; 𝜃′ − 𝑓𝜙(𝛻𝑥𝑔𝜓 𝑥; 𝜃′ , 𝜃′)  with the ෠𝑇 = 𝛻𝑥𝑔(𝑥; 𝜃′)

x/y can also contain conditions 𝜃/𝜃′ 

Optimal transport can be solved using two convex NN:

• f & g has to be convex (see figure below) 

• The conditional distributions 𝜃 & 𝜃′ are required to 

have the same PDF

Optimal Neural Solver 



Optimal transport in HEP

Decorrelation to protected variables (gender, sex, race)

• Classifier correlated to mass

• This can be transformed to a space independent on mass
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Biased dataset Biased classification

Results in Decorrelate

Unbiased classification

Decorrelation with Conditional 

Normalizing Flows

https://arxiv.org/pdf/2211.02486.pdf
https://arxiv.org/pdf/2211.02486.pdf
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